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2.4 Solving Ideal Problems by Grobner Bases

Computation in the vector space of polynomials modulo an ideal

The ring K[X],; of polynomials modulo the ideal I is a vector space
over K. A Grobner basis GG provides a basis for this vector space.

Theorem 2.4.1. The irreducible power products modulo G, viewed as

polynomials with coefficient 1, form a basis for the vector space K[X],;
over K.

Ideal membership

By definition Grobner bases solve the ideal membership problem for
polynomial ideals, i.e.

given: f, fi,..., fm € K[X],
decide: f € (f1,..., fm)-

Let G be a Grobner basis for I = (f1,..., fm). Then f € I if and only if
the normal form of f modulo G is 0.

Example 2.4.2. Suppose that we know the polynomial relations (axioms)

4z — 4ay® —162° — 1 =0,
2%z +4x+1=0,
2022+ 2y + 2 =0

between the quantities x, y, z, and we want to decide whether the additional
relation (hypothesis)

g(x,y) = doy* +162%y* + 4> + 82 +2=0
follows from them, i.e. whether we can write g as a linear combination of

the axioms or, in other words, whether ¢ is in the ideal I generated by the
axioms.
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Trying to reduce the hypothesis g w.r.t. the given axioms does not
result in a reduction to 0. But we can compute a Grobner basis for I w.r.t.
the lexicographic ordering with z < y < z, e.g. G = {91, g2, g3} where

g1 = 322" — 2162° + 342* — 1223 — 22 + 30z + 8,
go = 2745y — 1122°% — 8122° 4+ 105922* — 6123 — 8122 + 988z + 2,
g3 = 4z — day® — 1622 — 1.

Now g —5 0, i.e. g(z,y) = 0 follows from the axioms. O

Radical membership

Sometimes, especially in applications in geometry, we are not so much
interested in the ideal membership problem but in the radical membership
problem, i.e.

given: f, fi,..., fm € K[X],
decide: f € radical({f1,..., fm))-

The radical of an ideal I is the ideal containing all those polynomials
f, some power of which is contained in I. So f € radical(/) <= f" € [
for some n € N. Geometrically f € radical({f1,..., fin)) means that the
hypersurface defined by f contains all the points in the variety (algebraic
set) defined by f1,..., fmn.

The following extremely important theorem relates the radical of an
ideal I to the set of common roots V(1) of the polynomials contained in I.

Theorem 2.4.3. (Hilbert’s Nullstellensatz) Let I be an ideal in K[X],
where K is an algebraically closed field. Then radical(I) consists of exactly
those polynomials in K[X| which vanish on all the common roots of I.

By an application of Hilbert’s Nullstellensatz we get that f &
radical((f1,..., fm)) if and only if f vanishes at every common root of
fi,--., fm if and only if the system fi1 = ... f,, = 2z- f —1 = 0 has no
solution, where z is a new variable. I.e.

f eradical({f1,..., fm)) <= 1€ (f1, ..., fm,2z- [ — 1).
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So the radical membership problem is reduced to the ideal membership
problem.

Equality of ideals

We want to decide whether two given ideals are equal, i.e. we want to
solve the ideal equality problem:
given: fi,..., fm,91,---,9r € K[X],
decide: (f1,...,fm) = {91, --. ’gk>j

A 7 A

N

1 J

Choose any admissible ordering. Let G, Gy be the normed reduced
Grobner bases of I and J, respectively. Then by Theorem 8.3.6 I = J if
and only if Gy = G;.

Solution of algebraic equations by Grobner bases
We consider a system of equations

fl(:rl,.. .,l’n) = 0,

' (2.4.1)
fm(x1, ..., x,) =0,

where f1,..., f;n € K[X]. The system (3.1) is called a system of polynomial
or algebraic equations. First let us decide whether (3.1) has any solutions
in K, K being the algebraic closure of K. Let I = (f1,..., fm).

Theorem 2.4.4. Let G be a normed Grobner basis of I. (2.4.1) is unsolv-
able in K if and only if 1 € G.

Now suppose that (2.4.1) is solvable. We want to determine whether
there are finitely or infinitely many solutions of (2.4.1) or, in other words,
whether or not the ideal I is 0—dimensional.

Theorem 2.4.5. Let G be a Grobner basis of I. Then (2.4.1) has finitely
many solutions (i.e. I is O—dimensional) if and only if for every i, 1 < i <
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n, there is a polynomial g; € G such that lpp(g;) is a pure power of x;.
Moreover, if I is O—dimensional then the number of zeros of I (counted with
multiplicity) is equal to dim(K[X] /7).

The réle of the Grobner basis algorithm GROBNER_B in solving sys-
tems of algebraic equations is the same as that of Gaussian elimination in
solving systems of linear equations, namely to triangularize the system, or
carry out the elimination process. The crucial observation is the elimination
property of Grobner bases. It states that if G is a Grobner basis of I w.r.t.

the lexicographic ordering with z; < ... < x,, then the i-th elimination
ideal of I, i.e. INK|[xq,...,x;], is generated by those polynomials in G that
depend only on the variables z1, ..., x;.

Theorem 2.4.6. (Elimination Property of Grobner Bases) Let G be a

Grobner basis of I w.r.t. the lexicographic ordering x1 < ... < x,. Then
IﬂK[l’l,...,ZIZi] = <GDK[£B1,...,$Z']>,

where the ideal on the right hand side is generated over the ring

K[xl,. ,xz]

Theorem 2.4.6 can clearly be generalized to product orderings, without
changing anything in the proof.

Example 2.4.7. Consider the system of equations f; = fo = f3 = 0, where
daz — daxy? — 1622 — 1 =0,
2y%z +4x +1=0,
2022 +2y* + 2 =0,

are polynomials in Q[x,y, z]. We are looking for solutions of this system of
algebraic equations in @3, where Q is the field of algebraic numbers.

Let < be the lexicographic ordering with x < y < z. The algorithm
GROBNER_B applied to F' = {f1, fo, f3} yields (after reducing the result)
the reduced Grobner basis G = {g1, g2, 93}, where

g1 =65z + 64x* — 43223 + 16822 — 3542 + 104,
g2 =26y> — 162" + 1082" — 162° + 17z,
g3 =322° — 2162* + 642> — 4222 + 322 + 5.
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By Theorem 2.4.4 the system is solvable. Furthermore, by Theorem 2.4.5
the system has finitely many solutions. The Grobner basis G yields an
equivalent triangular system in which the variables are completely sepa-
rated. So we can get solutions by solving the univariate polynomial g3 and
propagating the partial solutions upwards to solutions of the full system.
The univariate polynomial g3 is irreducible over QQ, and the solutions are

(o

1
+ —Vav16a3 — 1082 + 16a — 17,
=vay

1
— %(64044 — 4320° + 168a* — 3540 + 104)) :

where « is a root of g3. We can also determine a numerical approximation
of a solution from G, e.g.

(—0.1284722871, 0.3211444930, —2.356700326). O

Arithmetic of polynomial ideals

In commutative algebra and algebraic geometry there is a strong cor-
respondence between radical polynomial ideals and algebraic sets, the sets
of zeros of such ideals over the algebraic closure of the field of coefficients.
For any ideal [ in K[x1,...,z,]| we denote by V(I) the set of all points in
A"(K) = K", the n—dimensional affine space over the algebraic closure of
K, which are common zeros of all the polynomials in I. Such sets V(I)
are called algebraic sets. On the other hand, for any subset V of A"(K)
we denote by I(V') the ideal of all polynomials vanishing on V. Then for
radical ideals I and algebraic sets V' the functions V' (-) and I(-) are inverses

of each other, i.e.
VI(V))=V and I(V()) =1.

This correspondence for radical ideals is called Hilbert’s Nullstellensatz.
In terms of operations on ideals and algebraic sets we get the following
relations:
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ideal algebraic set
I+J V)NV (J)
I-J, InJ V() UuV(J)
I1:J V) -V(J)=VU)-V({J)

(Zariski closure of the difference)
So we can effectively compute intersection, union, and difference of varieties
if we can carry out the corresponding operations on ideals.

Definition 2.4.8. Let I, J be ideals in K[X].
The sum I + J of I and J is defined as
I+J={f+g|felgeJ}.
The product I - J of I and J is defined as
I-J={f-glfelgelJ}).
The quotient I : J of I and J is defined as
I:J={f|f-gelforallgeJ}. 0

Theorem 2.4.9. Let I = (f1,...,f.) and J = (¢1,...,9s) be ideals in
K[X].
(a) I+J= <f17"'7f7“7gl7"'7gs>-
(c) INJ =ty -I+(1—t)-J)N K|[X], where t is a new variable.
() 1:J =y (I': (g5)) and
I:{(9)={h1/g,...,hm/g), where I N {g) = (h1,..., hmp).

So all these operations can be carried out effectively by operations on
the bases of the ideals. In particular the intersection can be computed by
the Elimination Property of Grobner bases (Theorem 2.4.6).

We always have I - J C I N J. However, I N J could be strictly larger
than I -J. For example, if I = J = (z,y), then I -J = (22, 2y,y?) and
INJ=1=J={(x,y). Both I-J and I NJ correspond to the same variety.
Since a basis for I - J is more easily computed, why should we bother with
INJ? The reason is that the intersection behaves much better with respect
to the operation of taking radicals (recall that it is really the radical ideals
that uniquely correspond to algebraic sets). Whereas the product of radical
ideals in general fails to be radical (consider I-I), the intersection of radical
ideals is always radical.
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Theorem 2.4.10. Let I,.J be ideals in K[X]. Then VINJ = VIN+VJ
(v/I means the radical of I).

Example 2.4.11. Consider the ideals

<2x4—3x y+y° =2y +yh),
= (x,y° — 4),
= (z,y° — 2y),
I4—<xy + 2y).

The coefficients are all integers, but we consider them as defining algebraic
sets in the affine plane over C. In fact, V(1) is the tacnode curve (compare

Section 1.1), V(I3) = {(0,2),(0,—-2)}, V(I3) = {(0,2),(0,0)}, V(Iy) =
{(07 0)7 (07 _2)}'

First, let us compute the ideal I5 defining the union of the tacnode and
the 2 points in V' (I3). I5 is the intersection of I; and I5, i.e.

Is=0L NI = ()11 + (1 — 2)I2) N Q[z, y]
= <—4y2 + 8y3 — 3y4 + 12:1:2y — 8zt — 2y5 + y6 — 3x2y3 + 2y2:1:4
zy? — 2xy° + zy? — 323y + 22°).

Now let us compute the ideal Is defining V(I5) — V(I3), i.e. the Zariski
closure of V(I5) \ V(I3), i.e. the smallest algebraic set containing V'(I5) \
V(Is).

Is=1I5:I3= (I5: (2)) N (I5 : (y* —2y))
= (22* — 322y + 9y — 2> +y*) N
(y° — 3y + 292 — 32%y? + 2yat — 62y + 4a?,
22° — 323y + xy? — 229> + xy?)
= (y° — 3y® + 2y — 322y + 2yz* — 622y + 42,
22° — 323y + xy? — 229> + xy?)

V(Ig) is the tacnode plus the point (0, —2).
Finally, let us compute the ideal I7 defining V' (Ig) — V' (I4), i.e. the Zariski
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closure of V(Ig) \ V(14).

Ir=1Is: Iy = (I : () N (I6 : (y* + 2y))
= 2z = 3%y + 97 —20° +yt) N (22 =3Py + 97 — 207 + )
— I,

So we get back the ideal I; defining the tacnode curve. O

Algebraic curves and surfaces

Algebraic curves and surfaces have been studied intensively in alge-
braic geometry for decades and even centuries. Thus, there exists a huge
amount of theoretical knowledge about these geometric objects. Recently,
algebraic curves and surfaces play an important and ever increasing role
in computer aided geometric design, computer vision, and computer aided
manufacturing. Consequently, theoretical results need to be adapted to
practical needs. We need efficient algorithms for generating, representing,
manipulating, analyzing, rendering algebraic curves and surfaces.

One interesting subproblem is the rational parametrization of curves
and surfaces. Consider an affine plane algebraic curve C in A?(K) in implicit
representation, defined by the bivariate polynomial f(z,y) € K|z,y]. Le.

C ={(a,b) | (a,b) € A*(K) and f(a,b) = 0}.

Definition 2.4.12. A pair of rational functions P(t) = (z(t),y(t)) € K(t)
is a rational parametrization of the curve C, if and only if f(z(¢),y(t)) =0
and for almost every point (zg,yo) € C (i.e. up to finitely many exceptions)
there is a parameter value ty € K such that (zg,%0) = (x(to), y(to)).

The parametrization P is proper iff almost every point on C is generated
by exactly 1 parameter value. O

Only irreducible curves, i.e. curves whose defining polynomial is abso-
lutely irreducible, can have a rational parametrization. Almost any rational
transformation of a rational parametrization is again a rational parametriza-
tion, so such parametrizations are not unique.
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Implicit representations (by defining polynomial) and parametric rep-
resentations (by rational parametrization) both have their particular advan-
tages and disadvantages. Given an implicit representation of a curve and
a point in the plane, it is easy to check whether the point is on the curve.
But it is hard to generate “good” points on the curve, i.e. for instance
points with rational coordinates if the defining field is Q. On the other
hand, generating good points is easy for a curve given parametrically, but
deciding whether a point is on the curve requires the solution of a system
of algebraic equations. So it is highly desirable to have efficient algorithms
for changing from implicit to parametric representation, and vice versa.

Fig. 2.4.1: parametric cubic Fig. 2.4.2: elliptic curve

Fig. 2.4.3: tacnode Fig. 2.4.4: cardioid

Example 2.4.13: Let us consider curves in the plane (affine or projective)
over C. The curve defined by f(z,y) = y?> — 23 — 22 (see Fig. 2.4.1) is
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rationally parametrizable, and actually a parametrization is (£ —1,¢(t*—1)).
On the other hand, the elliptic curve defined by f(z,y) = y? — 23 +x
(see Fig 2.4.2) does not have a rational parametrization.
The tacnode curve (see Fig. 2.4.3) defined by f(z,y) = 22* — 322y +
y* — 293 + 4% has the parametrization

t3 — 6t> + 9t — 2 (t) = t? — 4t +4
263 + 4012 —32t+9° I\ T o 063 £ 4012 — 32t + 9

x(t) = 5

The criterion for parametrizability of a curve is its genus. Only curves of
genus 0, i.e. curves having as many singularities as their degree permits,
have a rational parametrization. O

Computing such a parametrization essentially requires the full analysis
of singularities (either by successive blow-ups, or by Puiseux expansion)
and the determination of a regular point on the curve. Elimination meth-
ods such as Grobner bases or resultants are the tools for the singularity
analysis. If the curve C is defined over the field K, then the singularitites of
C come in full conjugacy classes over K. Whereas the singularity structure
of a curve is fixed, we can control the quality of the resulting parametriza-
tion by controlling the field over which we choose the regular point for the
parametrization. Thus, finding a regular curve point over a minimal field
extension on a curve of genus 0 is one of the central problems in rational
parametrization. For a thorough introduction to rational algebraic curves
we refer to

J.R. Sendra, F. Winkler, S. Pérez-Diaz,
Rational Algebraic Curves — A Computer Algebra Approach,

Series Algorithms and Computation in Mathematics Vol. 22,
Springer-Verlag Berlin Heidelberg (2008)

Example 2.4.14: Let C be the cardioid curve in the complex plane defined
by
flz,y) = (2° + 4y +y*)* = 16(2® + ¢y*) = 0.

For a picture of this curve in the real affine plane see Fig. 2.4.4.
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The curve C has the following rational parametrization:

—10247 + 128t — 1444t? — 22t3 + it*
2304 — 3072it — 73612 — 192it3 + 94’
1024 — 256it — 80t? + 16it> + t4
2304 — 3072it — 73612 — 19243 + 94"

x(t) = —32

y(t) = —40

So, as we see in Fig. 2.4.4, C has infinitely many real points. But generating
any one of these real points from the above parametrization is not obvious.
Does this real curve C also have a parametrization over R? Indeed it does,
let’s see how we can get one.

In the projective plane over C, C has 3 double points, namely (0:0: 1)
and (1 : i : 0). Let H be the linear system of conics passing through all
these double points. The system H has dimension 2 and is defined by

h(z,y,z,8,t) =2 + sxz +y* + tyz = 0.

Le., for any particular values of s and ¢ we get a conic in H. 3 elements of
this linear system define a birational transformation

7 = (h(z,y,2,0,1) : h(x,y,2,1,0) : h(x,y,2,1,1))
= (2 + i Fyz i d vt a2t o+t +y2)
which transforms C to the conic D defined by

1522 + Ty? + 6zy — 38x — 14y + 23 = 0.

For a conic defined over Q we can decide whether it has a point over QQ
or R. In particular, we determine the point (1,8/7) on D, which, by 71,
corresponds to the regular point P = (0, —8) on C. Now, by resticting H to
conics through P and intersecting H with C, we get the parametrization

o —1024¢3 (t) = —2048t* + 128t
T s6tt+ 322 + 10 N T 25668 + 322 + 1

()
over the reals. O

Many of these ideas which work for curves can actually be generalized
to higher dimensional geometric objects.
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Example 2.4.15: Let S be the surface constructed in the following way.
Consider a sphere of radius 2 centered at (0,0,0) and a cylinder along the z-
axis over the circle of radius 1 centered at (1,0,0) in the z — y-plane. These
two surfaces intersect in an 8-shaped curve C on the sphere. Now let a ball
of radius r roll along the curve C. The ball starts out with radius r = 0 at
the point (2,0,0), increases in diameter and shrinks again on its way back
0 (2,0,0), and then traverses the second loop of C in the same way. The
resulting surface S is a so-called canal surface; compare Fig. 2.4.5.

Fig. 2.4.5: canal surface

The surface & has a rational parametrization. O

Now that we have seen some examples of parametrization treated by
symbolic algebraic computation, let us discuss the inverse problem, namely
the problem of implicitization. If we are given, for instance, a rational
parametrization in K(t) of a plane curve, i.e.

z(t) =p)/r(t), y(t)=q(t)/r(),

we essentially want to eliminate the parameter ¢ from these relations, and
get a relation just between x and y. We also want to make sure that we
do not consider components for which the denominator r(t) vanishes. This
leads to the system of algebraic equations

- 7“(75) —p(t) =0,
-r(t) —q(t) =0,
r(t)-z 1 =0.
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The implicit equation of the curve must be the generator of the ideal

I'=(z-r(t) = p(t),y-rt) —q),r(t) -z = 1)/Kzyzn N K[z, y].

Using the elimination property of Grobner bases, we can compute this gen-
erator by a Grobner basis computation w.r.t. the lexicographic ordering
based on z <y < z < t.

Example 2.4.16. Let us do this for the cardioid curve. We start from the
parametrization

o —1024¢3 (t) = —2048t* 4 128t
T 6t + 322 + 10 N T 2568 + 322 + 1

x(t)
So we have to solve the equations

x - (256t* + 32¢% + 1) + 1024¢% = 0,
y - (256t* + 32t% + 1) + 2048t* — 128t% = 0,
(256t* +32t* +1) -2 — 1 = 0.

The Grobner basis of this system w.r.t. the lexicographic ordering based
onr<y<z<tis

G=H{.... x4yt 8a%y + 22%y? + 8y® — 1627},

The polynomial in G depending only on x and y is the implicit equation of
the curve. O

Syzyveies — Linear equations over K[X]|

For given polynomials f1,..., fs, f in K[X] we consider the linear equation

flzl + ...+ sts = f, (242)

or the corresponding homogeneous equation

f1z1 + ...+ fszs = 0. (243)
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Let I be the vector (fi,..., fs). The general solution of (2.4.3) and (2.4.3)
is to be sought in K[X]®. The solutions of (2.4.3) form a module over the
ring K[X], a submodule of K[X]* over K[X].

Definition 2.4.17. Any solution of (2.4.3) is called a syzygy of the sequence
of polynomials f1, ..., fs. The module of all solutions of (2.4.3) is the module

of syzygies Syz(F') of F = (f1,..., fs). O

It turns out that if the coefficients of this equation are a Grobner basis,
then we can immediately write down a generating set (basis) for the module
Syz(F'). The general case will be reduced to this one.

Theorem 2.4.18. If the elements of F' = (f1,..., fs) are a Grobner basis,
then S is a basis for Syz(F'), where S is defined as follows.

For1 <i<slete; =(0,...,0,1,0,...,0) be the i—th unit vector and
forl1 <i<j<slet

t = lem(Ipp(fi), Ipp(f;)),
1 t 1 t

Pij = le(fi) lpp(fi) ta le(f;) lpop(f)’
and k!

ijs - - -+ ki; be the polynomials extracted from a reduction of spol(fi, f;)
to 0, such that

spol(fi, fj) = pijfi — @ij fj = qul;jfl-
1=1

Then
S=1{pi-ei—aqij-ej— (k... k)| 1<i<j<s}h

-

~"

Now that we are able to solve homogeneous linear equations in which
the coefficients are a Grobner basis, let us see how we can transform the
general case to this one.

Theorem 7.4.19. Let F = (f1,...,fs)T be a vector of polynomials in
K[X] and let the elements of G = (g1,...,9m)T be a Grobner basis for
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(fi,..., fs). We view I and G as column vectors. Let the r rows of the
matrix R be a basis for Syz(G) and let the matrices A, B be such that
G =A-F and F = B-G. Then the rows of Q) are a basis for Syz(F'), where

What we still need is a particular solution of the inhomogeneous equa-
tion (2.4.2). Let G = (g1,...,9m) be a Grobner basis for (F) and let A
be the transformation matrix such that G = A - F (G and F viewed as
column vectors). Then a particular solution of (7.1) exists if and only if
f € (F) = (G). If the reduction of f to normal form modulo G yields
f'" # 0, then (2.4.2) is unsolvable. Otherwise we can extract from this
reduction polynomials A, ..., k] such that

gihi + ...+ gmhl, = f.

So H = (h},...,h.,) - Ais a particular solution of (2.4.2).

Of course, once we are able to solve single linear equations over K[X],
we can also solve systems of linear equations by dealing with the equations
recursively. However, it is also possible to extend the concept of Grobner
bases from ideals to modules and solve a whole system of linear equations
by a single computation of a Grobner basis for a submodule of K[X]°.

Example 2.4.20. Consider the linear equation

1 1 1 “1
(:Ez—xy2—4:132—1 y2z+2x+§ x2z+y2+§x) 29 | =0,
N . o\ 23

where the coefficients are in Q[z,y,z]. A basis for the syzygies can be
computed as the rows of a matrix Q according to Theorem 2.4.19. QT may
contain for instance the syzygy
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z1
Z3

2xy? + 4y + 223y? + 4yt — 22 — 823 — 222 — 8P
—8x3y? — 425y? — dzy? — 32? — 192* — 162°
y? + 172%y? + 1621y? + 423y? + 4oyt + 8zt + 223 + 822 + 2w

In fact, using the concept of Grobner bases for modules, we get the following
basis for Syz(F):

yzz+2x+% x2z+y2+%x
—a:z+:1:y2+4x2+% , 0 ,
0 —zz +zy® +42? + 1
y4 + %xyz — 23 — %:1:2 0
—:c3y2 — :cyz — 4x* — %xz , 2z + y2 + %x . O

ryt + 4%y + 1y? + 2272 + 1o —y?z =2z — 3



