Formal Semantics of

Programming Languages

SS 99

Exercise

Jürgen Hartl

9756179 / 881
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Abstract syntax

P є Program

K є Block

D є Declaration

C є Command

E є Expression

B є Boolean-expr

I є Identifier

N є Numeral

P ::= K.

K ::= decl D begin C end | begin C end

D ::= D1; D2 | const I = N | var I[N] | var I

C ::= C1; C2 | while B do K | if B then K | if B then K1 else K2 | I := E | I[E1] := E2 | K | skip

E ::= E1 + E2 | E1 * E2 | I | N | I[E] | E1 - E2 | E1 / E2 | E1 % E2 | -E | I.length

B ::= E1 = E2 | E1 != E2 | E1 < E2 | E1 <= E2 | E1 > E2 | E1 >= E2 | not B | B1 and B2 | B1 or B2 | true | false

Semantic algebras

Domain Errvalue = Unit

sorts: Errvalue, Unit

Domain id є Id = Identifier

sorts: Id, Identifer

Domain True = Unit

sorts: True, Unit

Domain False = Unit

sorts: False, Unit

Domain tr є Tr = False + True

sorts: Tr, False, True, D

where D is any domain

opns:


true:
--> Tr


false:
--> Tr


not:
Tr --> Tr


and:
Tr х Tr --> Tr


or:
Tr х Tr --> Tr


_ ---> _ □ _:
Tr х D х D --> D


true
= inTrue()


false
= inFalse()


not
= λtr.cases tr of




isTrue() ---> false




□ isFalse() ---> true end


and
= λtr1.λtr2.cases tr1 of




isTrue() ---> tr2




□ isFalse() ---> false end


or
= λtr1.λtr2.cases tr1 of




isTrue() ---> true




□ isFalse() ---> tr2 end


_ ---> _ □ _
= λtr.λx.λy.cases tr of




isTrue() ---> x




□ isFalse() ---> y end

Domain n є Num = Z
sorts: Num, Tr, Z
opns:


negate:
Num --> Num


plus:
Num х Num --> Num


times:
Num х Num --> Num


minus:
Num х Num --> Num


modulo:
Num х Num --> Num


divided-by:
Num х Num --> Num


equal:
Num х Num --> Tr


less-than:
Num х Num --> Tr


lessequal-than:
Num х Num --> Tr


greater-than:
Num х Num --> Tr


greaterequal-than:
Num х Num --> Tr


unequal:
Num х Num --> Tr

Domain l є Location

sorts: Location, Tr

opns:


first-locn:
--> Location


next-locn:
Location --> Location


equal-locn:
Location х Location --> Tr


less-than-locn:
Location х Location --> Tr


lessequal-than-locn:
Location х Location --> Tr


greater-than-locn:
Location х Location --> Tr


greaterequal-than-locn:
Location х Location --> Tr


unequal-locn:
Location х Location --> Tr

Domain sval є Storable-value = Num

sorts: Storable-value, Num

Domain xval є Expressible-value = Num + Errvalue

sorts: Expressible-value, Num, Errvalue

Domain bval є Boolean-expr-value = Tr + Errvalue

sorts: Boolean-Expr-value, Tr, Errvalue

Domain cval є Constant-value = Storable-value

sorts: Constant-value, Storable-value

Domain dval є Denotable-value = Array + Location + Constant-value + Errvalue

sorts: Denotable-value, Array, Location, Constant-value, Errvalue

Domain e є Environment = Id --> Denotable-value

sorts: Environment, Id, Denotable-value

opns:


emptyenv:
--> Environment


accessenv:
Id --> Environment --> Denotable-value


updateenv:
Id --> Denotable-value --> Environment --> Environment


emptyenv
= λid.inErrvalue()


accessenv
= λid.λe.e(id)


updateenv
= λid.λdval.λe.[id |--> dval]e

Domain rval є Referenceable-value = Location + Errvalue

sorts: Referenceable-value, Location, Errvalue

Domain Declaration-result = Environment х Poststore

sorts: DeclarationResult, Environment, Poststore

Domain Getstorage-result = Denotable-value х Poststore

sorts: GetstorageResult, Denotable-value, Poststore

Domain Allocate-locn-result = Location х Poststore

sorts: AllocateLocnResult, Location, Poststore

Domain Storeaccess-value = Storable-value + Errvalue

sorts: Storeaccess-value, Storable-value, Errvalue

Domain s є Store = (Location --> Storable-value) х Location

sorts: Store, Location, Storable-value, Expressible-value, Allocate-locn-result, Storeaccess-value

opns:


mark-locn:
Store --> Location


allocate-locn:
Store --> Allocate-locn-result


deallocate-locns:
Location --> Store --> Poststore


access:
Location --> Store --> Storeaccess-value


get-storage:
Num --> Array --> Store --> Getstorage-result


update:
Location --> Storable-value --> Store --> Poststore


mark-locn
= λ(map, top).top


get-storage
= λn.λarr.λs.let (map, upper) = arr in




n greater-than upper ---> (inArray(arr), inOk(s))




□ let (l, p) = (allocate-locn s) in (cases p of





isOk(s') ---> (get-storage (n plus one) (augment-array n inLocation(l) arr) s')





□ isErr(s') ---> (inErrvalue(), inErr(s')) end)


access
= λl.λ(map, top).l less-than-locn top ---> inStorable-value(map l)




□ inErrvalue()


update
= λl.λsval.λ(map, top).l less-than-locn top ---> inOk([l |--> sval]map, top)




□ inErr(map, top)


allocate-locn
= λ(map, top).(top, inOk(map, next-locn(top)))


deallocate-locns
= λl.λ(map, top).l lessequal-than-locn top ---> inOk(map, l)




□ inErr(map, top)

Domain p є Poststore = Ok + Err

sorts: Poststore, Ok, Err

where Ok = Err = Store

Domain arr є Array = (Num --> Referenceable-value) х Num

sorts: Array, Num, Referenceable-value

opns:


empty-array:
Num --> Array


augment-array:
Num --> Referenceable-value --> Array --> Array


access-array:
Num --> Array --> Referenceable-value


length-array:
Array --> Num


empty-array
= λupper.((λn.inErrvalue()), upper)


augment-array
= λn.λrval.λ(map, upper).([n |--> rval]map, upper)


access-array
= λn.λ(map, upper).((n lessequal-than upper) and (n greater-than zero)) ---> map(n)




□ inErrvalue()


length-array
= λ(map, upper).upper


Valuation functions

P: Program --> Store --> Poststore_


P[[ K. ]] = λs.K[[ K ]] emptyenv s

K: Block --> Environment --> Store --> Poststore_


K[[ decl D begin C end ]] = λe.λs.let l = mark-locn s in



let (e', p) = (D[[ D ]]e s) in



let p' = (cases p of




isOk(s') ---> (C[[ C ]] e' s')




□ isErr(s') ---> inErr(s') end) in



(cases p' of




isOk(s'') ---> (deallocate-locns l s'')




□ isErr(s'') ---> inErr(s'') end)


K[[ begin C end ]] = λe.λs.C[[C]] e s

D: Declaration --> Environment --> Store --> DeclarationResult


D[[ D1; D2 ]] = λe.λs.let (e', p) = (D[[ D1 ]] e s) in (cases p of




isOk(s') ---> (D[[ D2 ]] e' s')




isErr(s') ---> (e', inErr(s')) end)


D[[ var I ]] = λe.λs.let (l, p) = (allocate-locn s) in (cases p of




isOk(s') ---> 
((udateenv I[[ I ]] inLocation(l) e), inOk(s'))




isErr(s') ---> (e, inErr(s')) end)


D[[ const I = N ]] = λe.λs.((updateenv I[[ I ]] inConstantValue(N[[ N ]]) e), inOk(s))


D[[ var I[N] ]] = λe.λs.let n = N[[ N ]] in



(n greater-than zero ---> let (d, p) = (get-storage n (empty-array n) s) in




(cases p of





isOk(s') ---> ((updateenv I[[ I ]] d e), inOk(s'))





isErr(s') ---> (e, inErr(s')) end)



□ (e, inErr(s))

C: Command --> Environment --> Store --> Poststore_


C[[ C1; C2 ]] = λe.λs.let p = (C[[ C1 ]]e s) in cases p of



isOk(s') ---> (C[[ C2 ]]e s')



□ isErr(s') ---> inErr(s') end)


C[[ while B do K ]] = λe.fix(λf.λs.cases (B[[ B ]] e s) of



isTr(tr) ---> (tr ---> (cases (K[[ K ]] e s) of





isOk(s') ---> (f s)





□ isErr(s') ---> inErr(s') end)




□ inOk(s)



isErrvalue() ---> inErr(s) end)


C[[ if B then K ]] = λe.λs.cases (B[[ B ]] e s) of



isTr(tr) ---> (tr ---> (K[[ K ]] e s) □ inOk(s))



isErrvalue() ---> inErr(s) end


C[[ if B then K1 else K2 ]] = λe.λs.cases (B[[ B ]] e s) of



isTr(tr) ---> (tr ---> (K[[ K1 ]] e s) □ (K[[ K2 ]] e s)



isErrvalue() ---> inErr(s) end


C[[ I := E ]] = λe.λs.cases (accessenv I[[ I ]] e) of



isLocation(l) --->  (cases (E[[ E ]] e s) of




isNum(n) ---> update l n s




□ isErrvalue() ---> inErr(s) end)



□ isConstantValue(cval) ---> inErr(s)



□ isArray(arr) ---> inErr(s)



□ isErrvalue() ---> inErr(s) end


C[[ I[E1] := E2 ]] = λe.λs.cases (accessenv I[[ I ]] e) of



isLocation(l) --->  inErr(s)



□ isConstantValue(cval) ---> inErr(s)



□ isArray(arr) ---> (cases (E[[ E1 ]] e s) of




isNum(idx) ---> (cases (access-array idx arr) of





isLocation(ref) ---> (cases (E[[ E2 ]] e s) of






isNum(n) ---> update ref n s






□ isErrvalue() ---> inErr(s) end)





□ isErrvalue() ---> inErr(s) end)




□ isErrvalue() ---> inErr(s) end)



□ isErrvalue() ---> inErr(s) end


C[[ K ]] = λe.λs.K[[ K ]] e s


C[[ skip ]] = λe.λs.inOk(s)

E: Expression --> Environment --> Store --> Expressible-value


E[[ E1 + E2 ]] = λe.λs.cases (E[[ E1 ]] e s) of



isNum(n1) ---> (cases (E[[ E2 ]] e s) of




isNum(n2) ---> inNum(n1 plus n2)




□ isErrvalue() ---> inErrvalue() end)



□ isErrvalue() ---> inErrvalue() end


E[[ E1 * E2 ]] = λe.λs.cases (E[[ E1 ]] e s) of



isNum(n1) ---> (cases (E[[ E2 ]] e s) of




isNum(n2) ---> inNum(n1 times n2)




□ isErrvalue() ---> inErrvalue() end)



□ isErrvalue() ---> inErrvalue() end


E[[ E1 - E2 ]] = λe.λs.cases (E[[ E1 ]] e s) of



isNum(n1) ---> (cases (E[[ E2 ]] e s) of




isNum(n2) ---> inNum(n1 minus n2)




□ isErrvalue() ---> inErrvalue() end)



□ isErrvalue() ---> inErrvalue() end


E[[ E1 / E2 ]] = λe.λs.cases (E[[ E1 ]] e s) of



isNum(n1) ---> (cases (E[[ E2 ]] e s) of




isNum(n2) ---> (n2 equal zero ---> inErrvalue() □ inNum(n1 divided-by n2))




□ isErrvalue() ---> inErrvalue() end)



□ isErrvalue() ---> inErrvalue() end


E[[ E1 % E2 ]] = λe.λs.cases (E[[ E1 ]] e s) of



isNum(n1) ---> (cases (E[[ E2 ]] e s) of




isNum(n2) ---> (n2 equal zero ---> inErrvalue() □ inNum(n1 modulo n2))




□ isErrvalue() ---> inErrvalue() end)



□ isErrvalue() ---> inErrvalue() end


E[[ -E ]] = λe.λs.cases (E[[ E ]] e s) of



isNum(n) ---> inNum(negate n)



□ isErrvalue() ---> inErrvalue() end


E[[ I ]] = λe.λs.cases (accessenv I[[ I ]] e) of



isLocation(l) ---> (cases (access l s) of




isStorable-value(sval) ---> inNum(sval)




□ isErrvalue() ---> inErrvalue() end)



□ isConstant-value(cval) ---> inNum(cval)



□ isArray(arr) ---> inErrvalue()



□ isErrvalue() ---> inErrvalue() end


E[[ I[E] ]] = λe.λs.cases (accessenv I[[ I ]] e) of



isLocation(l) ---> inErrvalue()



□ isConstantValue(cval) ---> inErrvalue()



□ isArray(arr) ---> (cases (E[[ E ]] e s) of




isNum(n) ---> (cases (access-array n arr) of





isLocation(ref) ---> (cases (access ref s) of






isStorable-value(sval) ---> inNum(sval)






□ isErrvalue() ---> inErrvalue() end)





□ isErrvalue() ---> inErrvalue() end)




□ isErrvalue() ---> inErrvalue() end)



□ isErrvalue() ---> inErrvalue() end


E[[ N ]] = λe.λs.inNum(N[[ N ]])


E[[ I.length ]] = λe.λs.cases (accessenv I[[ I ]] e) of



isLocation(l) ---> inErrvalue()



□ isConstantValue(cval) ---> inErrvalue()



□ isArray(arr) ---> inNum(length-array arr)



□ isErrvalue() ---> inErrvalue() end

B: Boolean-expr --> Environment --> Store --> Boolean-expr-value


B[[ E1 = E2 ]] = λe.λs.cases (E[[ E1 ]] e s) of



isNum(n1) ---> (cases (E[[ E2 ]] e s) of




isNum(n2) ---> inTr(n1 equal n2)




□ isErrvalue() ---> inErrvalue() end)



□ isErrvalue() ---> inErrvalue() end


B[[ E1 != E2 ]] = λe.λs.cases (E[[ E1 ]] e s) of



isNum(n1) ---> (cases (E[[ E2 ]] e s) of




isNum(n2) ---> inTr(n1 unequal n2)




□ isErrvalue() ---> inErrvalue() end)



□ isErrvalue() ---> inErrvalue() end


B[[ E1 > E2 ]] = λe.λs.cases (E[[ E1 ]] e s) of



isNum(n1) ---> (cases (E[[ E2 ]] e s) of




isNum(n2) ---> inTr(n1 greater-than n2)




□ isErrvalue() ---> inErrvalue() end)



□ isErrvalue() ---> inErrvalue() end


B[[ E1 >= E2 ]] = λe.λs.cases (E[[ E1 ]] e s) of



isNum(n1) ---> (cases (E[[ E2 ]] e s) of




isNum(n2) ---> inTr(n1 greaterequal-than n2)




□ isErrvalue() ---> inErrvalue() end)



□ isErrvalue() ---> inErrvalue() end


B[[ E1 < E2 ]] = λe.λs.cases (E[[ E1 ]] e s) of



isNum(n1) ---> (cases (E[[ E2 ]] e s) of




isNum(n2) ---> inTr(n1 less-than n2)




□ isErrvalue() ---> inErrvalue() end)



□ isErrvalue() ---> inErrvalue() end


B[[ E1 <= E2 ]] = λe.λs.cases (E[[ E1 ]] e s) of



isNum(n1) ---> (cases (E[[ E2 ]] e s) of




isNum(n2) ---> inTr(n1 lessequal-than n2)




□ isErrvalue() ---> inErrvalue() end)



□ isErrvalue() ---> inErrvalue() end


B[[ not B ]] = λe.λs.cases (B[[ B ]] e s) of



isTr(tr) ---> inTr(not tr)



□ isErrvalue() ---> inErrvalue() end


B[[ B1 and B2 ]] = λe.λs.cases (B[[ B1 ]] e s) of



isTr(tr1) ---> (tr1 ---> (B[[ B2 ]] e s) □ inTr(false))



□ isErrvalue() ---> inErrvalue() end


B[[ B1 or B2 ]] = λe.λs.cases (B[[ B1 ]] e s) of



isTr(tr1) ---> (cases (B[[ B2 ]] e s) of




isTr(tr2) ---> inTr(tr1 or tr2)




□ isErrvalue() ---> inErrvalue() end)



□ isErrvalue() ---> inErrvalue() end


B[[ true ]] = λe.λs.inTr(true)


B[[ false ]] = λe.λs.inTr(false)

N: Numeral --> Num

Properties of Simple language

· stack-base store

· no types ( single type language, type is Num (=Integers)

· one-dimensional homogenenous arrays with upper boundary, lower boundary constant 1 and "attribute" length

· scalar integer constants

· scalar integer variables

· array variables

· nested block structure
1. Comments

2. Tr-Operation ( __ ---> _ □ _:
Tr х D х D --> D ) could not be implemented as a function of class Tr, because the function-call would request the evaluation of the given parameters, which are the domain values to choose between. But this cannot be allowed, because the evaluation of the option not to be choosen may lead to an error or change the store. Therefore, if-then-else has to be used whereever this operation appears.

3. Some extra domains have been introduced (e.g. Storeaccess-result) which could be omitted. But in Java, you need a class for every complex object. To maintain close relation between Simple-interpreter in Java and documentation, I created these domains.

4. The implementation of while is iterative using the Java while-directive. Cannot implement fix-point for obvious reason.

5. Poststore_ means Poststore is a lifted domain.

6. Even if there exists some lifted domains, I did not implement this in the Java implementation. If a program does not terminate, I cannot recognize this.

7. Functions are implemented as single linked list. The reason is, that [a |--> b]f = f' does not destroy f but creates f'. So if I use for example an hash-table, the old function will be "destroyed" after hash-table update or the hash-table must be cloned (which is expensive too). Therefore I use a linked list, which obviously hold the complete "update history" of a function.

8. The source code is not extensively commented, because if someone knows Java, he can easily read the source code with the help of this documentation.

9. Boolean-expr B1 and B2 is defined and implemented using short-circuit evaluation, while B1 or B2 is fully evaluated. (Made it for illustration)

10. After all, it was really a lot of work.

