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Abstract

In this paper we present the first polynomial time deterministic
algorithm to compute the shortest path between two vertices of a cir-
culant graph of degree four. Our spectacular algorithm only requires
O(log3N) bit operations, where N is the number of the vertices and
it is based on shortest vector problems in a special class of lattices
for L1-norm. Moreover, the technique can be extended to weighted
and directed circulant graphs, the so called double-loop networks. Our
main tools are results and methods from the geometry of numbers and
computer algebra.

1 Introduction

Two important tools in computer algebra are: Gröbner basis theory and the
shortest vector problem. The first one was introduced by Buchberger [5]
and it is very useful for manipulating multivariate polynomial ideals. The
second one was used in the celebrated LLL algorithm of Lenstra, Lenstra
and Lovász [12] for factoring polynomials. Both of them are related to
an appropriate finite generator system: reduced basis. In this paper, we
compute a certain reduced basis and applying the basis reduction technique
we provide an algorithm to find the shortest path between two vertices in
circulant graphs of degree four.

We recall that a circulant (undirected) graph with N vertices and jumps
j1, j2, . . . , jm is a graph in which each vertex n, 0 ≤ n ≤ N − 1, is adjacent
to all the vertices n ± ji mod N , with 1 ≤ i ≤ m. The family of circulant
graphs includes the complete graph and the cyclic graph or ring among its
members.
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Circulant graphs have a vast number of applications in telecommunica-
tion networking, VLSI design and distributed computation [2, 3, 4, 14].

With every circulant graph CN (j1, j2, . . . , jm) one can associate the lat-
tice, which consist of integer solutions (x1, . . . , xm) ∈ Zm to the system of
congruences

j1x1 + · · ·+ jmxm ≡ 0 mod N.

Starting from any node or vertex r we arrive s if and only if

m∑
i=1

xiji ≡ r − s mod N.

It is natural to aim to minimize the L1-norm which is the length of the
shortest path between r and s, that is, the routing from node r to s.

For general graphs finding the shortest path between two vertices is a
well known problem. Efficient polynomial time algorithms have been devel-
oped for various shortest path problems. However, for the class of circulant
graphs, there is an important distinction to be made, and that concerns
the natural input size to a problem. For a general graph it is common to
consider the input size to be O(N2), which is the number of elements in the
adjacency matrix. However, any circulant graph can be described by only m
integers. In this representation the input size is O(m logN). Thus polyno-
mial time algorithms for general graphs may exhibit exponential complexity
in the special case of circulant graphs.

In [6] the authors establish relations between several routing problems
and the problem of finding the shortest vector in the L1− norm in a lattice.
They show that the shortest-Path problem is NP-hard for circulant graphs
of arbitrary degree.

In this paper we consider only the special case m = 2, that is, circulant
graphs of degree four. There are several algorithmic results for circulant
graphs of degree four, see [7, 8, 9, 15, 16]. The best known algorithm for
the routing problem is exponential in the input size logN . Typically, they
require O(logN) time for preprocessing and constant processing time at
each node on the route. But the lower bounds of the diameter is

√
N/2 for

undirected circulant graph of degree four and
√

3N for directed ones (see
[3]), so in both cases are exponential in the input size logN . On the other
hand, these papers use quite elementary number theoretic considerations.
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2 The algorithm

The main question of this paper is to compute the shortest path for two
vertices of any connected circulant graph of degree four with jumps j1,j2
and N nodes. A useful tool is the Ádam’s Conjecture, see [1], known to be
a theorem for circulants of degree four, see [13].

Theorem 2.1. Let N be a natural number. We have, CN (j1, j2) ∼= CN (i1, i2)⇔
∃u ∈ Z, gcd(u,N) = 1 | u{±j1,±j2} = {±i1,±i2} mod N.

So we can suppose that gcd(j1, j2) = 1 and, instead of study them, we
associate the two dimensional lattice L:

j1x+ j2y ≡ 0 mod N.

2.1 The reduction of a vector

For the rest of the paper we only consider the L1-norm ‖.‖ in two dimensional
lattice of Z2.

Given two vectors ~u and ~v, we can find α ∈ Z such that the value
‖~u − α~v‖ is minimal, that is, we want to make ~u as short as possible by
subtracting an integer multiple of ~v. The algorithms in [10, 11] require only
O(log(max(‖u‖, ‖v‖)2) bit operations. The main goal of this subsection is
to obtain, on polynomial time, a such smallest vector with extra properties.

Definition 2.2. Given two vectors ~u = (u1, u2) and ~v = (v1, v2) in Z2 such
that (v1, v2) 6= (0, 0), the reduction ~w of ~u with respect to ~v is defined as
follows:

• If |v1| ≥ |v2|, let q be the quotient of the division of u1 into v1:

– If v1 > 0, then ~w is the vector with minimum norm between the
norm of the vectors ~u − q~v and ~u − (q + 1)~v. If they have same
norm, then ~w = ~u− q~v.

– If v1 < 0, then ~w is the vector with minimum norm between the
norm of the vectors ~u − q~v and ~u − (q − 1)~v. If they have same
norm, then ~w = ~u− q~v.

• If |v2| > |v1|, let q be the quotient of the Euclidean division of u2 into
v2:

– If v2 > 0, then ~w is the vector with minimum norm between the
norm of the vectors ~u − q~v and ~u − (q + 1)~v. If they have same
norm, then ~w = ~u− q~v.

3



– If v2 < 0, then ~w is the vector with minimum norm between the
norm of the vectors ~u − q~v and ~u − (q − 1)~v. If they have same
norm, then ~w = ~u− q~v.

We denote the reduction of ~u with respect ~v by Reduce~v(~u). By definition
Reduce(0,0)(~u) = ~u.

Theorem 2.3. With the above definition, let M = max(‖~u‖, ‖~v‖):

(i) The vector Reduce~v(~u) can be computed only with O(log2M) bit oper-
ations.

(ii) ‖Reduce~v(~u)‖ is minimal in the set {‖~u+ α~v‖, α ∈ Z}.

(iii) Let (w1, w2) = Reduce~v(~u):

- If |v1| ≥ |v2| then |w1| < |v1|; if |v1| > |v2| and |u1| ≥ |v1| then
‖Reduce~v(~u)‖ < ‖~u‖.

- If |v2| > |v1| then |w2| < |v2|; and if |u2| ≥ |v2| then ‖Reduce~v(~u)‖ <
‖~u‖.

2.2 Reduced basis

The following concept is the generalization of reduced lattice basis in the
celebrated algorithm [12] for lattices of rank 2 to an arbitrary norm [10].

Definition 2.4. Given two vectors ~u,~v ∈ Z2 spanning a two-dimensional
lattice (rank(~u,~v) = 2), we say that < ~u,~v > is a reduced basis if:

‖~u‖, ‖~v‖ ≤ ‖~u− ~v‖, ‖~u+ ~v‖

The algorithm in [10, 11] computes a reduced base from a base < ~u,~v >
of the lattice L in O(logM) arithmetic steps where M = max(‖u‖, ‖v‖).
The main goal in this subsection is to find a reduced basis of the lattice L
with extra properties.

Definition 2.5. We say that a basis < ~u,~v > of the lattice L is an extra-
reduced basis if

Reduce~v(~u) = ~u & Reduce~u(~v) = ~v.

The following is an important result:

Theorem 2.6. Any extra-reduced basis is a reduced basis. Moreover, given
a reduced basis < ~u,~v > we can compute an extra-reduced basis in O(log2M)
bit operations, where M = max(‖~u‖, ‖~v‖).
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2.3 The shortest path

We start with an extra-reduced basis < ~u,~v > of the lattice L and an
arbitrary path ~w from the vertex 0 to any vertex i ∈ ZN . Using the previous
results we can prove the following:

Theorem 2.7. We can compute a shortest path on cubic polynomial time
in the input size logN .

Sketch of the proof. Consider the following Reduction procedure

1. Reduce~v(~w) = ~w(1).

2. Reduce~u+~v(~w(1)) = ~w(2).

3. Reduce~u−~v(~w(2)) = ~w(3).

4. Reduce~u(~w(3)) = ~w(4).

5. Repeat ~w := ~w(4).

3 Conclusions

In this extended abstract we have presented the first polynomial time al-
gorithm to compute the shortest path for a circulant (undirected) graph of
degree four. The method can be easily extended to directed circulant graph,
the fundamental idea of the extension is find a path very close to a shortest
one, then we have bounds for his components.
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