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Linear extensions of posets
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The number of linear extensions of P: e(P) = |E(P)|
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k

) e(P) = Cn = 1
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e(P) = E2n

[Brightwell-Winkler]: Counting linear extensions is #P-complete.
[Dittmer-Pak]: Counting linear extensions of height 2 posets is #P-complete.
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Inequalities:

Sorting probability of x , y ∈ P:

Pr[x ≺ y ] =
|{L ∈ E(P), s.t. L(x) < L(y)}|

e(P)
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Inequalities: the 1
3–

2
3 conjecture

Sorting probability of x , y ∈ P:

Pr[x ≺ y ] =
|{L ∈ E(P), s.t. L(x) < L(y)}|

e(P)
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Conjecture (Kislitsyn ’68, Fredman ’75, Linial ’84)
For every finite poset that is not a total order, there exist x , y :

1

3
≤ Pr[x ≺ y ] ≤

2

3
.
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3 conjecture

Sorting probability of x , y ∈ P:

Pr[x ≺ y ] =
|{L ∈ E(P), s.t. L(x) < L(y)}|

e(P)

Conjecture (Kislitsyn ’68, Fredman ’75, Linial ’84)
For every finite poset that is not a total order, there exist x , y :

1

3
≤ Pr[x ≺ y ] ≤

2

3
.

[Brightwell-Felsner-Trotter’95]:“This problem remains one of the most intriguing
problems in the combinatorial theory of posets.”

[Kahn-Saks’ 84]: For every finite poset, which is not a chain, there exist x , y , s.t.

3

11
≤ Pr[x ≺ y ] ≤

8

11

[Brightwell-Felsner-Trotter ’95]:

5−
√
5

10
≤ Pr[x ≺ y ] ≤

5 +
√
5

10
.

[Linial’84]: conjecture holds for width 2 posets, improved by [Sah’18]. Other special
cases: [Brightwell’89], [Zaguia’12,’19], [Trotter, Gehrlein, Fishburn], [Pouzet].
Improvement by [Saks’85]. [Olson-Sagan’18] for (skew) Young diagrams. 3
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Sorting probability for posets: asymptotics

Sorting probability of P:

δ(P) = min
x,y∈P

|Pr[x ≺ y ]− Pr[y ≺ x]|

Conjecture (Kahn-Saks’84)
For every finite poset P on n elements

δ(P) → 0 as width(P) → ∞.

(width(P) = size of max antichain)
[Komlós ’90] Proved for posets with Ω( 1

log log n
) minimal elements.

Theorem (Chan-Pak-Panova’21+)
Let λ ⊢ n with λ1 ≥ λ2 ≥ · · · ≥ λd ≥ ϵn. Let Pλ be the
poset of the Young diagram of λ. Then there is a constants
C > 0 depending on d , ϵ, s.t.

δ(Pλ) <
C
√
n
.

λ = (3, 2) =

e(Pλ) = #SYT (λ) = f λ

1 2 3
4 5

1 2 4
3 5

1 2 5
3 4

1 2 5
3 4

1 3 5
2 4

Theorem (Chan-Pak-Panova’21+)
Let λ = (n, n), so Pλ is the “Catalan poset”. Then

δ(Pλ) ≤
C

n
5
4

.
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Refined inequalities: log-concavity

Theorem (Stanley ’81, Rivest conjecture)
Fix an element x ∈ P, set N(k) := #{L ∈ P : L(x) = k}. The

N(k)2 ≥ N(k − 1)N(k + 1).

Original proof via mixed volumes, Alexandrov-Fenchel inequality.

Theorem (Kahn-Saks ’84)
Fix elements x , y ∈ P, let F (k) := #{L ∈ E(P) : L(y)− L(x) = k}. Then

F (k)2 ≥ F (k − 1)F (k + 1).

Proofs via mixed-volumes in in the order polytope, Aleksandrov-Fenchel inequality.
[Chan-Pak-P’21]: Proof for width 2 posets via lattice paths injections.

Conjecture (Cross-product inequality, Brightwell-Felsner-Trotter’95)
Fix x , y , z ∈ P. Let F (k, ℓ) := #{L ∈ E(P) : L(y)− L(x) = k, L(z)− L(y) = ℓ}. Then

F (k, ℓ)F (k + 1, ℓ+ 1) ≤ F (k, ℓ+ 1)F (k + 1, ℓ).

[Chan-Pak-Panova, Trans. AMS’22]: Combinatorial proofs for width 2 posets via
lattice path injections.
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Log-concavity: some motivation

Theorem (Mason’s conjecture, proven by Adiprasito-Huh-Katz, 2015)
Let (X , I ) be a matroid, and f (k) = {A : A ∈ I , |A| = k}, then

f (k)2 ≥ f (k − 1)f (k + 1).
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Combinatorial proofs:
Linear extension ↔ lattice paths

•
•
•
•
•
•
•

•
•
•
•
•
•
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Lattice path inequalities

Lemma (CPP)
Consider lattice paths in a simply connected region R with monotone boundaries. Let
A,A′,B,B′ be on the same grid line, C ,D on another grid line to the right with
|AA′| = |B′B|, A′,B′ between A,B, and such that if AB||CD then |AB′| ≥ |CD|. We
then have:

Paths(A′ → C)× Paths(B′ → D) ≥ Paths(A → C)× Paths(B → D).

Proofs via injective maps:
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A
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•
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•C ′
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E ′
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Stanley’s inequality

Theorem (q–Stanley inequality, Chan-Pak-Panova’21+)
Let P = (X ,≺) be a finite poset of width two, let x ∈ X , and let
X = {α1, . . . , αa, β1, . . . , βb} with α1 ≺ α2 ≺ · · · ≺ αa and β1 ≺ β2 ≺ · · · ≺ βb be its
two chains.

Nq(k) :=
∑

L∈E(P) : L(x)=k

qL(α1)+···+L(αa) .

Then:
Nq(k)

2 ⩾ Nq(k − 1)Nq(k + 1) for all k > 1 ,

where the inequality between polynomials in q is coefficient-wise.

Proof:
let x = αr and A = (r − 1, k − r + 1), A′ = B′ = (r − 1, k − r),

B = (r − 1, k − 1 − r), A1 = (r, k − r + 1), A′1 = B′
1 = (r, k − r),

B1 = (r, k − r − 1).

Nq(k) = q

(
a+1
2

)
+k−r ∑

γ∈Reg(P):A′,A′
1∈γ

qarea(γ)

B1

A1

A′1

B

A

A′

0

Q

αr

βk−r

βk−r+1

αr−1 αr+1

Nq(k)
2 − Nq(k − 1)Nq(k + 1)

= (0 → A′)2q(A
′
1 → Q)2q − (0 → A)q(0 → B)q(A1 → Q)q(B1 → Q)q

9
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Equality in Stanley’s inequality

Let x = αr . We say that x satisfies a k-pentagon
property if

αr−1 ≺ βk−r ≺ βk−r+1 ≺ αr+1

and
αr || βk−r , αr || βk−r+1 ,

α −1r

α
+1r

r

β
k-r

+1β
k-r

α

Theorem (Chan-Pak-Panova’21 1)
Let P = (X ,≺) be a finite poset of width two. Fix x ∈ X , and let N(k), Nq(k) be
defined as earlier. Suppose that N(k) > 0. Then the following are equivalent:

1. N(k)2 = N(k − 1)N(k + 1),

2. N(k) = N(k + 1) = N(k − 1),

3. Nq(k)2 = Nq(k − 1)Nq(k + 1),

4. Nq(k) = qϵNq(k − 1) = q−ϵNq(k + 1), where ϵ = ±1

5. element x satisfies k-pentagon property.

1Equivalence of 1. and 2. proven in general by Shenfeld-van Handel, analysis of Aleksandrov-Fenchel inequality.
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Random Walks

Theorem (Chan-Pak-Panova’21)
Let Γ ⊂ Z2 be a simply connected region with boundary ∂Γ = α ∪ η+ ∪ η− ∪ β , s.t.
α ⊂ {x = 0}, β ⊂ {x = m} –vertical intervals, and η+, η− are two x-monotone
lattice paths.
Let {Xt} be the nearest neighbor lattice random walk, s.t. X0 = O ∈ α, and is
absorbed whenever Xt tries to exit the region Γ. Denote by T the first time t such
that Xt ∈ β, and let p(k) be the exit probability that XT = (m, k). Then {p(k)} is
log-concave:

p(k)2 ≥ p(k + 1) p(k − 1) for all k ∈ Z, such that (m, k ± 1) ∈ β.

α

β
η+

η−

O X
TX

t

Γ

11
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Random Walk injections
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Generalizations: weights

Transition probabilities:

Pr
[
(i , j) → (i ± 1, j)

]
= π±(i , j), Pr

[
(i , j) → (i , j ± 1)

]
= ω±(i , j),

π+(i , j) + π−(i , j) + ω+(i , j) + ω−(i , j) = 1,

y -invariant:

π±(i , j) = π±(i , j ′), ω±(i , j) = ω±(i , j ′) for all i , j and j ′.

Theorem (Chan-Pak-Panova’21)
Let Γ ⊂ Z2 be the lattice region as before. Let {Xt} be the lattice random walk in Γ
starting at X0 = O ∈ α with transition probabilities as above, absorbed if Xt ̸∈ Γ. Let
T = min{t : Xt ∈ β}, and let p(k) = Pr[XT = (m, k)]. Then {p(k)} is log-concave:

p(k)2 ≥ p(k + 1) p(k − 1) for all k ∈ Z, such that (m, k ± 1) ∈ β.

13
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Other lattices and regions
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Order polynomial of P

Ω(P, t) := #{g : P → [1, . . . , t], g(x) ≤ g(y) if x ≺P y}

Ω(P, t) =
e(P)

n!
tn + O(tn−1)

poset P Linear extensions e(P) Order polynomial Ω(P, t)

chain on [n]: Cn 1
(t + n − 1

n

)
antichain on [n]: An n! tn

Cm + Ck
(m + k

k

) (t +m − 1

m

)(t + k − 1

k

)
Catalan poset, 2×m Cm =

1

m + 1

(2m
m

) (t − 1)t2 · · · (t +m − 1)2(t +m)

(m + 1)!m!

An−1 ⊕A1 (n − 1)! 1n−1 + · · ·+ tn−1

Pλ, λ = a× b f λ = n!∏
u∈[λ] hu

s(ab)(1
t) =

a∏
i=1

b∏
j=1

t∏
k=1

i + j + k − 1

i + j + k − 2
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Ω(P, t) vs e(P)

Theorem (Chan-Pak-P’22+)
For every poset P on n elements we have

Ω(P, t) ≥
e(P)

n!
tn

with equality if and only if P is an antichain.

Proof:

Injection Ψ : E(P)× [t]n → Ω(P, t)× Sn

(f , {{2, 3, 7}, {4, 6}, {1, 5}}) → (g , σ = 3274615)

x1

x
2

x7

x

3x

4
x5

x6
P

2

4

5

1

6 3

7
f

1

2

2

1

3 1

3
g

Corollary: n!Ω(P, t)− e(P)tn ∈ #P (“combinatorial interpretation”).
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Björner-Wachs inequality

Upper order ideal: B(x) :=
{
y ∈ P : y ≽ x

}
, b(x) := |B(x)|.

Theorem (Björner and Wachs)
Let P be a poset with n elements. Then

e(P) ≥ n! ·
∏
x∈X

1

b(x)
.

with equality iff P is a top rooted forest.

Proof: insertion sorting, or induction etc.

Theorem (Chan-Pak-P’22+)
Let P be a poset on n elements, and r be the number of its minimal elements. Then
for every t ∈ N we have

Ω(P, t) ≥ tr (t + 1)n−r
∏
x∈P

1

b(x)

Proof: 1) If x– unique minimal, then

Ω(P, t)

t + 1
≥

Ω(P \ x , t)

b(x)

2) If x , y – minimal, then FKG (correlation) inequality gives:

Ω(P, t)

Ω(P \ x , t)
≥

Ω(P \ y , t)

Ω(P \ {x , y}, t)
≥ · · · ≥

t + 1

b(x)
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Log-concavity, revisited

Ω(P, t; x , a) := #{ order preserving g : P → [t], s.t. g(x) = a}

Conjecture (Graham, Chan-Pak-P’22+)
Let x ∈ P be fixed. Then for every integer a we have

Ω(P, t; x , a)2 ≥ Ω(P, t; x , a+ 1)Ω(P, t; x , a− 1).

Theorem (Chan-Pak-P’22+)
Let P be a poset on n elements. then for every integer t ≥ 2 we have

Ω(P, t)2 ≥
(
1 +

1

(1 + t)n+1

)
Ω(P, t + 1)Ω(P, t − 1)

Corollary: Conjecture holds for t sufficiently large.
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Monotonicity

Conjecture (Kahn-Saks)
Let P be a poset on n elements. Then for every t ∈ N we have

Ω(P, t)

tn
≥

Ω(P, t + 1)

(t + 1)n
.

Conjecture[P]: Ω(P, t)/tn is a weakly decreasing function for t ∈ [1,+∞).

Theorem (Chan-Pak-P)
Suppose that P is such for which the conjecture holds. Let M be the set of minimal
elements of P, r := |M|. Then

Ω(P, t) ≥ tr
∏

x∈P\M
Fb(x)(t),

where Fm(t) :=
1
tm

∑t
k=1 k

m.

Proposition (Chan-Pak-P’22+)
For every k, t ∈ N then

1

tn
Ω(P, t) ≥

1

(kt)n
Ω(P, kt)

and in fact knΩ(P, t)− Ω(P, kt) ∈ #P.

Proof: injection.
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q-analogues

Ωq(P, t) :=
∑

g :P→[t]

q|g|−n

(order preserving maps g , |g | :=
∑

x∈P g(x))

Theorem (Chan-Pak-P)
For every poset P and integer t ≥ 2 we have that the following inequality between
polynomials in q holds coefficient-wise:

Ωq(P, t)2 ≥q Ωq(P, t + 1)Ω(P, t − 1).

Theorem (Reiner’22+)
The following inequality between q-power series holds coefficient-wise:∑

g :P→N
q|g| ≥q

∏
x∈P

1

1− qb(x)
.
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Vielen Dank für Ihre Aufmerksamkeit!
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