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Integer partitions
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_
_ . )

such that
, ≥ >a≥ is≥ _ . .

Partition of N if t.tt -113T . . . = N

(4/3,1) is a partition of 8 .



Integer partitions
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Integer partitions
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Integer partitions

I = (X , , 72 , Yz , _ _ . )

such that
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Ramanujan identities
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Ramanujan identities ( TODAY)
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Ramanujan identities ( TODAY)
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Theorem ( Borodin 2007)d+r=t

I
a cylindric

9
" "
=
Beautiful product
involving hooks

of profile
1

' HIT
°

=Cqᵗ;q%n>◦ ☐ c- ,
1- gnttcy

/hooked

Pref : Vertex operators
Schue polynomials

Other proofs : Hypergeometric series (KraHeather

Bijective ( Langer)
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Cylindric partitions
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gain the cylindric partitions

give

cq;g↳
•
Product of the A - G - B

identities
.

Q : How about r ≥3 ?

r= 3 D= 4

Aa - Rogers Ramanujan identities
(Andrews

, Schilling ✗ War naar 2002
C.

,
Welsh 2019 )



Conjecture
There exists a Rogers -

Ramanujan identity
for each composition
Cci

,
- - .ir) of d

for 211rad
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Up to rotation and conjugation
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• S S C = ( 1,2 , 1)0 G J o 4 G JG 4 I / 4 5 /
4g 4 1
,

/ 3 /

[ = (2,111 )

:
É = ( 1 , 1,2 )



"

Up to rotation and conjugation
"

Rotation

zc://%deg.ci C = ( 1,2 , 1)
≤ a ¢5,5
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:
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conjugation
c= ( 112,1 ) C' = ( 1

, 1,0 , 1)



Main Tool (Corte / ✗ Welsh 2019)

C = ( C
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Galt, a) = Czq; g)• Fett ;q )



Main Tool (Grteel ✗ Welsh)

C = ( C
, , _ . _

, Cr)

Maxim IN

Gc (Z ; g) = Gq ;g↓ -2 Z 9
A rofilec

s-ic.sc
, 1^1=49
* i. " s

Max (A) = 6



Main Tool [Grteel ✗ Welsh)
2019
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A profile c
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Example r=2 d. =3

630 (2)9) = Gz
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(2-9,9)
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,g) = Gso (2-9,9)+62, (2-9,9)

- Ga , (2-92,9) ( 1-zq )

= Ga , (2-9,9)-12-9 Ga , (2-92,9)



Example r=2 d. =3

Gso (2)9) = Gz
, ,
(2-9,9)

Ga , CZ
,g) = Ga , (2-9,9)-12-9 Ga , (2-92,9)
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"

Gai ↳91 = ¥;gn



Conjecture Cartel a Welsh , Warnaae)2019 2021

c. = ( C
, ,

_ . .

, er ) 4-1 . _ _
+ Cr = d k=gcdCd,r)

zn

Gc ( Z ,g) = Inq% Pan (9)



Conjecture ( Corte ✗ Welsh
,
Warnaae)

c. = ( C
, ,

_ . .

, Cn ) 4-1 . . _ ten = r D= gcdcnir)

zn

Gc ( Z ,g) = 1- I cqjqiyn Pan
(9)

Czq ; 910 '

Pgn (g) is a polynomial into
non negative coefficients

Pan 4) = K
" (afr (%) - l )

"



What is known so far ?

• r= I ✓

• r = 2 ✓

• r =3 d = 2
, 4,5

( C. 2016
,
C ✗ Welsh 2019

C. Douse a Uncle 2021
Warnaar 2021 )

D= 3 (Tsuchida 2022)



What is known so far ?

• n= I

• n= 2

• n =3 r = 2
, 4,5

( C. 2016
,
C ✗ Welsh 2019

C. Douse a Uncle 2021
Warnaar 2021 )

r =3 (Tsuchida 2022)

conjecture ( Warnaar 2021 ) K > 0

c. = ( k , k - 1
,
K - 1) c. = (3k -5,5-1,0 )

< = Ck , K , k
- 1) c- (3k - s -1

, §%k+ ,



Case D= 5
,
r =3 ( C.

, Douse a Unai)
2021

01 naorics

• g- series

• Computer algebra



C. Dressed Uncu Automatic proofs

Theorem (c.
, Dousse , Uncu 2021)

Automatic proof
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C.
,
Welsh Golz,g) = Czq;qkE(Zig )

2019

New approach Ranade ✗ Russell cool

gig >a Folz ,9 )Holt,9) =

(2-9,910
r =3 c=( K - S , S , O ) 0 < §

Andrews
, Schilling , Warham (2002)

r=3 all compositions of d≤7 CkanadeaRussell)
=/ 6 2021

all compositions of 8 ( Unca 2022)



Proof techniques
• Combinatorics

• g- series

• Computer algebra
• Lie theory



Proof techniques
• Combinatorics

• g- series

• Computer algebra
• Lie theory

① : Can we combine all those

to prove identities for c. = Cc , , _ . .ir)

compositions of d ?



① : How to guess the sum side ?

Combinatorics : could we find
more statistics on cylindric
pavilions
1ˢᵗ sum max (A)
2nd sum ? ?
:
' Linz Fall 2022



A lovely special case d=r+1

Conjecture Ca
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There are Cr RR

identities and they cue of
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☐ c- a 1- qcychook
(D)¥5 cough ,
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A lovely special case d=r+1

Conjecture Cc
, ,
. _

, er ) Catalan

There are C RR

identities and they cue of
the form

I

⇐
Pan '91

= IT
☐ c- a 1- qcychook

(D)

(gig )n

Panky) c- ING] Pan (1) = ( Cr - l)
"

Open for r≥ 4
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