
Pa�erns and Schur polynomials Interpolating Schur polynomials Identities Last passage percolation

Transition between characters of classical groups,

decomposition of Gelfand-Tsetlin pa�erns

and last passage percolation

(joint work with Nikos Zygouras)

Elia Bisi

(Technische Universität Wien)

Algorithmic and Enumerative Combinatorics conference

5 July 2022

1 / 14



Pa�erns and Schur polynomials Interpolating Schur polynomials Identities Last passage percolation

Summary

1 Pa�erns and Schur polynomials

2 Interpolating Schur polynomials

3 Identities

4 Last passage percolation

2 / 14



Pa�erns and Schur polynomials Interpolating Schur polynomials Identities Last passage percolation

Schur polynomials of type A

Gelfand-Tsetlin pa�ern
z = {I8, 9 }1≤ 9≤8≤= of height =:

I8, 9 ∈ Z≥0
interlacing conditions

shape , = z=

1

41

520

5310

≤ ≤

≤ ≤ ≤ ≤

≤ ≤ ≤ ≤ ≤ ≤

Schur polynomial of type A

s, (G1, . . . ,G=) :=
∑

sh(z)=,

=∏
8=1

G
|z8 |− |z8−1 |
8

where |z8 | := I8,1 +I8,2 + . . . .

Invariance: under permutations of G8 ’s.
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Schur polynomials of type C

Symplectic pa�ern
z = {I8, 9 }1≤8≤2=,1≤ 9≤d8/2e
of height 2=:

I8, 9 ∈ Z≥0
interlacing conditions

shape , = z2=

1

2

20

41

531

532

≤

≤ ≤

≤ ≤ ≤

≤ ≤ ≤ ≤

≤ ≤ ≤ ≤ ≤

Schur polynomial of type C (characters of Sp2= (C))

sp, (G1, . . . ,G=) :=
∑

sh(z)=,

=∏
8=1

G
|z28 |− |z28−1 |
8

(
G
−1
8

) |z28−1 |− |z28−2 |
Invariance: under permutations of G8 ’s and inversion G8 ↦→ G

−1
8 .
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Schur polynomials of type B

Split orthogonal pa�ern
z = {I8, 9 }1≤8≤2=,1≤ 9≤d8/2e
of height 2=:

I28−1,8 ∈ Z≥0 or

I28−1,8 ∈ 1
2 +Z≥0

every other I8, 9 ∈ Z≥0
interlacing conditions

shape , = z2=

1.5

2

31

43

632.5

653

≤

≤ ≤

≤ ≤ ≤

≤ ≤ ≤ ≤

≤ ≤ ≤ ≤ ≤

Schur polynomial of type B (characters of SO2=+1(C)) [Proctor, 1994]

so, (G1, . . . ,G=) :=
∑

sh(z)=,

=∏
8=1

G
|z28 |− |z28−1 |
8

(
G
−1
8

) |z28−1 |− |z28−2 |
Invariance: under permutations of G8 ’s and inversion G8 ↦→ G

−1
8 .
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CB-interpolating Schur polynomials

CB-interpolating Schur polynomial (with parameter V)

sCB, (x ;V) :=
∑

sh(z)=,
V
#{8 : I8,28−1∈ 12+Z≥0 }

=∏
8=1

G
|z28 |− |z28−1 |
8

(
G
−1
8

) |z28−1 |− |z28−2 |
Interpolation between characters of type C and B:

sCB, (x ;V) =
{
sp, (x) if V = 0
so, (x) if V = 1

Theorem [B.-Zygouras, 2019]

sCB, (x ;V) =
∑
,/-

vert. strip

V
|,/- | sp- (x)

0.5
2
21.5
32
322
432

←→

0
1
11
21
221
421
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Determinantal formula

Corollary [B.-Zygouras, 2019]

sCB, (x ;V) =
∑
,/-

vert. strip

V
|,/- | sp- (x)

=

det
1≤8, 9≤=

(
G
_8+=−8+1
9

−G−(_8+=−8+1)
9

+ V
[
G
_8+=−8
9

−G−(_8+=−8)
9

] )
det

1≤8, 9≤=

(
G
=−8+1
9 −G−(=−8+1)

9

)
invariance under permutation of G8 ’s and inversion G8 ↦→ G

−1
8

specialisation of Koornwinder polynomials:

sCB, (x ;V) =  , (x ; 0,0;V,0,0,0)
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Identities of CB-interpolating polynomials

Theorem [B.-Zygouras, 2019]

For D ∈ 1
2Z≥0, the following quantities are equal:

� :=
∑

-⊆(2D)2=
V
oddrows` · s- (G1, . . . ,G2=)

� :=

[
2=∏
8=1

G8

]D
sCB
D
2= (G1, . . . ,G2= ;V)

� :=

[
2=∏
8=1

G8

]D ∑
,⊆D=

sCB, (G1, . . . ,G= ;V) · s
CB
, (G=+1, . . . ,G2= ;V)

� =�


V = 0: [Stembridge, 1990]

V = 1: [Macdonald, 1979]

general V : consequence of [Kra�enthaler, 1998]

� = � , V = 0,1: [Okada, 1998] via determinantal calculus
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Pictorial proof of C=D

sCB
D
(2=) (G1, . . . ,G2= ;V)

=
∑
,⊆D=

sCB, (G1, . . . ,G= ;V) · s
CB
, (G=+1, . . . ,G2= ;V)

I1,1

I2,1

I3,1I3,2

I4,1I4,2

I5,1I5,2I5,3

,1,2,3

uI
′
5,1I

′
5,2I

′
5,3

uuI
′
4,1I

′
4,2

uuuI
′
3,1I

′
3,2

uuuuI
′
2,1

uuuuuI
′
1,1

uuuuuu

≤

≤ ≤

≤ ≤ ≤

≤ ≤ ≤ ≤

≤ ≤ ≤ ≤ ≤

≤ ≤ ≤ ≤ ≤ ≤

≤ ≤ ≤ ≤ ≤ ≤ ≤

≤ ≤ ≤ ≤ ≤ ≤ ≤ ≤

≤ ≤ ≤ ≤ ≤ ≤ ≤ ≤ ≤

≤ ≤ ≤ ≤ ≤ ≤ ≤ ≤ ≤ ≤

≤ ≤ ≤ ≤ ≤ ≤ ≤ ≤ ≤ ≤ ≤

←− FROZEN PART OF D’s
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Point-to-point last passage percolation

Random weights:

{,8, 9 }1≤8, 9≤#

Directed point-to-point path

from (1,1) to (#,# ):
c ∈ Π#,#

Last passage percolation (LPP)

!(#,# ) := max
c ∈Π#,#

∑
(8, 9) ∈c

,8, 9

(1,1)

(#,# )

Integrable model with geometric weights: [Johansson, 2000]

Model from the KPZ universality class: fluctuations of order
3√
#

and asymptotic distribution from random matrix theory
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Point-to-line last passage percolation

(1,1)

(2=,2=)

!V (2=,2=)

(1,1)

{8 + 9 = 2= +1}

!V (2=,2=) = 1
2!V (2=,2=)

P(,8, 9 = :) =


(1−G2=−8+1G 9 ) (G2=−8+1G 9 ): if 8 + 9 < 2= +1
1−G29
1+ VG 9

V
: mod 2

G
:
9 if 8 + 9 = 2= +1
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Point-to-line LPP distribution

Theorem

For D ∈ 1
2Z≥0, the following quantities are equal:

� := 2V ·P
(
!V (2=,2=) ≤ 2D

)
� :=

∑
-⊆(2D)2=

V
oddrows` · s- (G1, . . . ,G2=)

� :=

[
2=∏
8=1

G8

]D
sCB
D
2= (G1, . . . ,G2= ;V)

� :=

[
2=∏
8=1

G8

]D ∑
,⊆D=

sCB, (G1, . . . ,G= ;V) · s
CB
, (G=+1, . . . ,G2= ;V)

� = �: [Baik-Rains, 2001] via RSK correspondence

� = � : [B.-Zygouras, 2019] via RSK on triangular arrays
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A Pfa�ian-determinant duality

lim
=→∞
P
(
!V (2=,2=) ≤ 21= +22B

3√=
)
= �1(B)

Point-to-line LPP

CB-interpolating polynomials

Determinantal formula

Fredholm determinant

GOE Tracy-Widom law

RSK on triangular arrays

Cauchy-Binet identity

Sylvester’s identity

steepest descent

Symmetric point-to-point LPP

Schur polynomials

Pfa�ian formula

Fredholm Pfa�ian

GOE Tracy-Widom law

RSK on square arrays

de Bruijn identity

Sylvester’s identity

steepest descent
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