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~ Ramanujan’s recurrence relation
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hn) =Y d=o(n)
SN
da(n) = Z d=o(n) - 2a(n/2)

dn
dodd

- ds(n) Z d 2a(n/2)
| S d|n

]_det(n). Z d=o(n) - a(n/2) & Glaisher’s Divisors
e n/dodd |
ds(n) = Z d = o(n/2)
e »,.n/deven |
dg(n) = %2( l)d‘ld a(n) 4ar(n/2) -
- di(n) = > (- 1)"/"“1d o(n) Za(n/z)_
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- Given a divisor function, what partition
function does it correspond to (if any)?

£ » Is it easy to know which one?

+ What type of results come out from such a
- correspondence?

o Can thls Correspondence be used in the “other”
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The series divisor
| ST U =
k=0

| ZkP(k)q -—ZUQ(k)q"ZP (k)g*.

& The coefficient of

the sum of thelr serles-d1v1sors That is

at! (k) = UA(k) + UB (k)

Zoe

Idea # 1 Sum Lemma. The series divisor of a product of two senes is
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- Calculus of series-divisors
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- 4(0.0,3,0,0,3.0,0,3.0,...

+(0,0,0,4,0,0,0,4,0,0,. ..
=(1,14+2,1+3,1+2+4,...)

~  (0(1),0(2),0(3),0(4),...)

Thus the name: series-divisor
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- A&’:;Thec orrespondence

dy(n) = a(n) "_“" II = qk =3 pk)e!

k=0

dz(n) =o(n) - 2a(n/2) e~ 1‘[ o= qzk_ = Z po(k)q*

k-l | k=o

'ds(n) 2d5(n) 2a(n/2) o H Zpe(k)q
. k=0

1+q o

k=0

( 1)"“2d4(n) o H(l + 121 — g) = <P(q)
‘ k=1

.2d4(n)

| de(n) = O‘(n) 4a(n/2) s H ( 2k_1) =

& dq(n) = a'(n) 20(n/2) s H(I o8 q") = Zpd(k)q

k=1 o k"O




- A2: Overpartitions -

A= g~ A+ = 2du(n)

djl dy(n) =Z d=oa(n)—a(n/2);
| n/:!:dd' | =
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,npe(n) st(z)pe(n ) —2Za(z/z)pe(n i)

i=1 - | z—l

- | :npd(n) Zdz(z)po(n z) _de)p a1

t-l B : =1

—Z a(z) 20(2/2))pd(n i)
i=1

’. np(n) 23 da(ip(n - z) - 2Z(a(z) — o(6/2))Bn ~ i

' z==1 : | : i=1
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nrm(n)—mD( Y et) - (/2 3)

3—1

ntm(n)—mzj(am 4a@/2))tmm j)
=1

= "rm (n) := the number of ways n can be written as an ordered sum of m squares

: »'tm (n)._:—_-’ii__;h"e nu'mbe_r of ways n can be written as an ordered sum of m triangular immbers




 Special cases

ir1(0) = r4(0) = rg(0) = 1' |

ri(n) = 2"Ai,f"=-7'2‘f°1' some j > 0
- 0, otherwise

4(n) = 8(a(n) — do(n/4)) »
rg(n) = (—1)"*'16(a3(n) — 1603(n/2)) = (- 1)"‘*‘11603(11,)

Wmmmmmmmmmmm

i t1(0) = ta(0) = t3(0) = 1

t1(n) = {(1)’ lft:ejw{g + 1)/2 for some j > 0
ty(n) = o(2n + 1)
tg(n) =o3(n+1) —o3((n+1)/2) =73(n+1)




Id‘é a#2: Power recursion

Q)" = Z Pr(n)q

e

S il (n )P =

. =

Gould (1974): s=1.
General case can be obtained from there.
Actually, r and s can be anything

. nPr(n) Z(—l)’“(ZJ +1) ('n + (r/3 - )il + 1)/2) P(n—3j(j + 1)/2) .




Proofofthe power recursion

rQ(q)’ZGQ(n)q = Zna(n)q

n—l

n=1

so(q)’ZoQ(n)q - znP (n)q"

. Eliminate the generating function of series divisors

(SR (b = (Snnme) (3 Reme)
ey n=0 n=0 | n=0

i - Compare coefficients of q" on both sides |

Yo (r/s 1)) Pr(n PG) =

3—0




Nrm(n) = —Zi (n — (m+ 1)k*)rm(n — k2
b 4

ntm(n) = —Z(n—(m+1)k(k+1)/2)%(n T AP Sl AL Y AL, 7/0)

k=1

Obtained as special cases




¢ 13 9 7 6 1§ B
18 12 28 14 24 24 31 18 39
42 32 36 24 60 31 42 40 56
72 32 63 48 54 48 91 38 60
90 42 96 44 84 78 72 48

93 72 98 54 120 72 120 80 90

7(3)+a(3-2 =4+5=5 %
: o(5)+0(5—2)+0(5—-6)=6+4+0=10
n=3: o(7N)+d(7-2)+0(7-6)=8+6+1=15
n=4: o(9)+0o(7)+0(3)=13+8+4=25
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- Proof of Ramanujan’s recurrences

o 40 (odd)
7(5n+5)=0 (mod 5)

= ﬁ(l _qk)24___i7-(n+1)qn | =
k=1 * -

n=0




Q@ =) P

n=0

Pi(n) = p(n = partitions

P_54(n) = 7(n + 1) = Ramanujan’s 7 function

k . _ k(k+1
(-1) (2k.‘+1) ifn=—5
O e otherwise

Pa(n) -




m=0: 4P.(4) = (9+r)P:(3) = 5(r +1)P-(2) so P.(4) =0 (mod 5)

—1Y" (25 +1) (n+ (r/3-1)j(j +1)/2) Pr(n — §(j + 1)/2

j |

mod 5) x*x )P.(bm+4—5k)=0 (mod 5)
mod 5) (=1)112(2r —2)P.(x+) =0 (mod 5)
mod 5) (=1)*5(1 + )Py (++) =0 (mod 5)

mod 5) : (—1)*'5(1+ r)P.(++) =0 (mod 5)




(1) P.(5m+1) =0 (mod5), if r = 0 (mod 5)
- (2) P.(5m+2) =0 (modb), if r =2 (mod 5)
- (3) Pr(5m+3) =0 (mod5), if r = 4 (mod 5)
: (4) Pr(5m +4)=0 (mod 5) if r =1 (mod 5)

Some cases of Chan and Wang (2019) covered (r can be rational)

- f Letr=0 (mod 3). Then |
P.(3m + k) =0 (mod 3) for k =1, 2.




‘Thank you

Hartosh S1ngh Bal (Caravan) and Gaurav Bhatnagar (Ashoka)
July 7, 2022
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Berndt: Part 11

) o(d)p(n—d) =np(n)
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