[ > restart:

[> with(OreModules):

[> with(linalg):

[ >

[ > A:=DefineOreAlgebra(diff=[d,t],polynom=[t],comm=[g,11,12]):
[>

> R:=evalm([[d"2,11*d"2+g,0],[d"2,0,12*d"2+g]]);

d* 11d*+g 0

R =
i 0 D2d*+g
> Egs:=ApplyMatrix(R,[x(t),thetal(t),theta2(t)],A);
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d2
7 +g9]()+ll[—9] )]

a7

Egs = )

@ x(t) +g 02(t) +12 [i ez(z)]
a7 a7

> Integrability(R,A,[x,thetal,theta2,Phil,Phi2] ,A);
[0111d*+01 g—DI-0212d*-02 g+d2, xd*+02 12 d*+62 g—D2]

> SyzygyModule(R,A);

INJ (2)
> OreRank (R,A);
1
> DimensionRat (R,A);
1
> R_adj:=Involution(R,A);
d* d*

Radi=|11d*+g 0
0 2d*+g

> GB:=Integrability(R_adj,A,[lambdal,lambda2,mul ,mu2,mu3] , A);
GB

=[nw gd*-2wd*+12d* 11w -p3 gd*+ul g*

2 2 4 2 2 742 2 742 2 2
ted Wl -W2d*g-d 113,12 gl —d> 122 11 Wl +d* 122 )2 +12d° 11 p3—-12 g° A2
+2gu3 -+ g N2—11gu3, 2d* 1P ul-g* 2 M +12 12 g—12 11 d* w2 —d* 117 3
+g? M 1-gll 2+g 11 ul|

> CC:=remove (has,GB, {lambdal,lambda2});
cC=|pwgd-2wd*+2d* 11pi-y3gd*+l g*+gd* 11wl —d* 11 p3-w2 d* g |
> Q0 adj:=SyzygyModule(R_adj,A);
O_adj:=| 12d*11+12g dP+gll d*+g* -12d*~d’ g ~d*g—d" 11 |
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> FreeResolution(R_adj,A);

d* d*
table [ d*+g 0 (11)
0 2d*+g

> Q:=Involution(Q_adj,A);
Rgd*+12d* 11+g*+gd*1i

0:= -2d*-d*g (12)
~d*g-d* 11
> Rp:=SyzygyModule(Q,A);
> 0  Dd*+g
Rp = , , (13)
0 lld*+g -12d*-g
> Quotient (Rp,R,A);
10
14
0 1 (14)
> extl:=Exti(R_adj,A,1);
, , Rgd*+i2d*l1+g*+gd’ 1l
10]|d 0 D2d*+g .
extl := 5 . —2d"-d" g (15)
01 0 lld°+g —I2d*—g .
~d*g-d*lI
> Para:=ApplyMatrix(ext1[3],[xi(t)] A); _
Fe 4
gza(z)+[¥§(z)]zzg+( J 1+1211( 4§(t)]
¢ d*
Para = —g | —5 &) |-12 —?';(t) 16
[dz‘z dr* (16)
¢ d*
| &) |-l | g
[ 47 ( )] [ dart )
> ApplyMatrix(R,Para,A);
0 1
7
0 (17)

> S:=RightInverse(R,A);
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. Hid*-2g+llg  d'I17
' g’ (11-12) g’ (11-12)
11* d* DRd+g-12g
g’ (11-12) g (11-12)
> T:=LeftInverse(extl[3],A);
S I S
| gt Grul-12)y gt -12)

> ApplyMatrix(T,[x(t),thetal(t),theta2(t)],A);
x(t) 11=x(t) 12+11701 () - 12> 02(1)

> U:=stackmatrix(R,T);

] P
dJ>
1
2
8
> U_inv:=LeftInverse(U,A);
1P (12d°+g)

g’ (11-12)
11d*+g 0
0 2d*+g
w2
gt (l1-12)  g*(l-12)

12 (11d*+g)

g’ (11-12)
1H2d*-12g+il g
g (11-12)

117 d?

U inv:=

g’ (11-12)
s
g (11-12)

1 D2d*+llg-12¢g

Regd*+i2d* 11+g*+gd 1l

—(12d*+g) d?

g (11-12)
[>

| > B:=Brunovsky(R,A);

g’ (11-12)

~(11d*+g) d?
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-4)1);

> L:=stackmatrix(R,B);
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_dll di2
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gi(1-12) gt (l1-12)
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o 12
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> ApplyMatrix(L,[xl(é),xZ(t),u(t)],A)=evalm([f0]$2,seq([z[i]],i=1.
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d° d?
gxl(t) +gx2(t) +1I (ng(t))

d2

d2
gxl(t)ﬂgu(t) +12 (? u(t)]

xI(t) 1 —xI(t) 12+11* x2(t) - 12° u(1)

g (11-12)

[%x](z)j 11— [%xl(l)j 12+11° (%xZ(t))—IZZ (% u(f))

E =table

. |z (25)
g% (11-12)
lx2(1) -2 u(1) £
g (l1-12) z,
d d '
1| = 2| =
. ( & x2(t)] 12 ( & u(t))
g (l1-12)
=x2(1) +u(1)
_ 11-12
> E:=Elimination(L,[x1,x2,u],[0,0,seq(z[i],i=1..4),v],A);
[0 0 0] 0 0 0 -d 1 ]
000 00 -4 1 0
000 0 -d 1 0 0
1=[000|2=]|-d 1 0 0 0 (26)
00 1 0 -g 0 -l
010 00 -g 0 -2
100 ¢ 0 llg+l2g 0 1112

> ApplyMatrix(E[1],[x1(t),x2(t),u(t)] ,A)=ApplyMatrixiE[2] ,[seq(z[i]

(t),i=1..4),v(

t)1,RA);
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R2:=subs(12=11,evalm(R));
J>
R2 = P2

R2_adj:=Involution(R2,A);

R2 adj =

02 adj:=SyzygyModule(R2_ad

d
- E Z3(t) +Z4(t)

d
- E Zz(t) +Z3(t)

d
- E Zl(t) +Zz(t)

—g z,(t) =11 v(t)
—g z,(t) =12 v(1)

g7z (t) +z(2) L g+zy(t) 12g+11 12 (1)

l1d*+g 0
0 lld*+g
d* d*
lHd*+g 0
0 lld*+g
jIA);

02 adj=| l1d*+g —d* -d*

02:=Involution(Q2 adj,A);

Quotient (R2p,R2,A);

Extl:=Exti(R2_adj,A,l);

11d*+g

0 Ild*+g
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11d*+g

0 d* 0 11d*+g

0 1 -1

Extl = ) ,
0 [ld " +g

> Exti(R2_adj,A,2);
[[1][1]surRi(1)]

> TorsionElements (R2,[x,thetal,theta2],A);

d2
0,(¢) +11 0 =0
g9,(7) [ 7 5 (1 )] :

[Gz(t)=9]—92 ]

> AutonomousElements (R2,[x(t),thetal(t),theta2(t)],d);

: e()) ol 61=_C1sin(\/gt] czcos(EtH[

d
20 (1)+11
! dr

Jir Jir

0,=01(7)-02(1)]

> V:=FirstIntegral (R2, [thetal(t),theta2(t),u(t)],3);

V=1l (% ez(z)j CI sin( gt ]
i (%92“)) C2C°S(j7—] SHD Clcos[ Jﬁ_]f]@
I 02(1) _C2 Sin[ gt ] Jg -1l (%u(t)) I sin[ ng

Jegt

-1 (% u(t)) 2 cos(

+ 1T u(t) _ClI cos[%] Jg =1 u(r) C2 sin( Ve ! ] Jg

> dotV:=diff(V,t);

2 2
dotV =11 [d— 02(t ] Cl sin[ /gt ]Jrl] (d_z 92(0] C2 cos( \/\/E_t ]

dr’ JiT dr 1
+02(1) _CI sin[ Ve ! ] g
Jir

2
+02(t) _C2 cos(@] g1 [d— u(t)] _CI sin[ \/Et ]

T
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2
—l][d—zu(t))_CZCOS Je ! —u(t) _CIsin Je ! g—u(t) _C2cos Ve ! g
dr Jir Jir Jir
> a:=coeff (dotVv,diff(theta2(t), $ (t,2)));
a:=11 CIsin @ +[1 C2 cos \/Et (40)
T T
> b:=coeff(dotV,diff(u(t), $ (t,2)));
b:=-l1 CIsin @]—”_CZCOS[@] 41)
T T
[>
> sys2 := ApplyMatri:_c(RZ,[thetal(t),theta2(t),u(_t)],A);

d? d’
= 0I(t)+g02(1)+11 | — 02(¢
7 (1) (1) [dtz ()]

Sys2 = 5 5 (42)
o1 rgu() i [d— (z)]
| d7 a7 |
> L :=simplify(expand(evalm([a/1l1,b/11] &* Sys2)[1l]));
2 2
L:ZII[d_ZGZ(t))_C]sin Je ! +ll[d—92(t)]_CZCos Ve 1 (43)
dr JiT dr Ji
+02(¢) _CIsin @ g
Ji
2
+02(1) _C2 cos Jet g—ll[d—u(t)]_CI sin| V&1
NI a7 Ji
2
—lz[d_zu(t) _C2cos Ve —u(t) _CI sin Vet g—u(t) C2cos Jet g
dr Jir Jir Jir
> simplify(diff(V,t)-L);
0 (44)
>
> P2 :=Parametrization(R2,A);
L2
gil(f)”] [?&1(0]
2
P2:=| Clsin @ + C2 cos @ —(d—zﬁl(t)] (45)
NI Jir ds
L2
—— & (¢
2 & (1)

> ApplyMatrix(R2,P2,A);
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