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abstract. Following the definition of Grobner bases in rings of differential
operators given by Insa and Pauer(1998), we discuss some computational prop-
erties of Grobner bases arising when the coefficient set is a ring. First we give
examples to show that the generalization of S-polynomials is necessary for com-
putation of Groébner bases. Then we prove that under certain conditions the
G-S-polynomials can be reduced to be simpler than the original one. Especially
for some simple case it is enough to consider S-polynomials in the computation
of Grobner bases. The algorithm for computation of Grébner bases can thus be
simplified. Last we discuss the elimination property of Grobner bases in rings
of differential operators and give some examples of solving PDE by elimination
using Grobner bases.
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1 Introduction

Let K be a field of characteristic zero, n a positive integer, K (x1, - ,x,) the
field of rational functions in n variables over K. Let % CK(z, 0 xn) —
K(xy1,- -+ ,x,) be the partial derivative by z;,1 < i < n.

Let R be a noetherian K-subalgebra of K(x1,--- ,z,) which is stable under
a%i,l < i < n. We denote by D; the restriction of (%i to R,1 < i < n.
Let A = R[D] = R[D1,---,D,] be the R-subalgebra of Endg(R) generated
by idg = 1 and D;,---,D,. R[D] is called "a ring of differential operators
with coefficients in R”(Insa and Pauer(1998)). R[D] are non-commutative K-

algebras with fundamental relations

LTy = Tjly, Dle = DjDZ', LL‘iDj — Djl‘i = —(Sij fOT 1 < i,j < n,
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and rD; — Dyr = —D;(r) reR (1)
where 0;; is the Kronecker delta.
Then, the elements of R[D] can be written uniquely as finite sums

i1 7
E Ty, an D1 - - Dy where 7y .5 €R
(i1, in)ENT

or shortly as Y. onw D', i = (i1, -+ ,in), 7i € R. (2)

By a ring of (linear partial) differential operators, one usually means one of
the following three rings(cf. Bjork (1979)):

(i) The Weyl algebra, or the ring of differential operators with polynomial
coefficients

An:K[-/Ela"'7xn][D17"'aDn]a (3)
where K is a field of characteristic 0;

(ii) The ring of differential operators with rational function coefficients
Rn:K((Eh'"awn)[Dla"'7Dn]7 (4)

(iii) The ring of differential operators with convergent power series coeffi-
cients
DOZK{$17"'7',1:77,}[D17”'7Dn]' (5)

We see that (3) and (4) are special examples of R[D]. And there are some
other important examples for R[D]. For instance, the ring of differential oper-
ators with coefficients in a local ring R, A = R[Ds,--- , D,], where

R=Klxy, - ,xn]M:{geK(x1,~- xn) | fEK[xy, - xm),9 € M}

and M is a subset of K[z1,---,2,]\{0} closed under multiplication.

In rings of differential operators R[D], the set of "terms” is {D*, a € N"}.
Note that in this case the terms do not commute with the coefficients r; € R.

Let < be a term order on N, i.e. 0= (0,---,0) < s for all s € N"\{0} and
s+u < t+wuif s < t. For a differential operator 0 # f = >, .\ r;D* define
degree, leading coefficient and initial term as follows:

deg(f) = maz_{i | ri # 0} € N"
le(f) = Tdeg(f)
in(f) = le(f) Do)

For a subset F' of R[D] define
deg(F) = {deg(f) | | € F, f # 0}
in(F) ={in(f) | f € F, f # 0}

Insa and Pauer(1998) proved the following result about division in R[D].
Theorem 1 Let F be a finite subset of R[D]\{0} and let g € R[D]. Then there
is a 7 € R[D] and there is a family (hf)tcp in R[D] such that

() 9=>jephsf+r,

(i) forall fe Fohy=0 or deg(hsf) = deg(g),

(iii) r=0 or le(r) ¢ r{c(f); deg(r) € deg(f) + N").



An r satisfying the conditions in Theorem 1 is called a remainder of f after
division by F'.

An ideal in R[D] always means a left-ideal of R[D]. For an ideal J in R[D]
a Grobner basis of J is defined as follows.
Definition 1 Let J be an ideal in R[D] and let G be a finite subset of J\{0},
then G is called a Grébner basis (or shortly GB) of J with respect to the term
order ”<” iff for all f € J,

le(f) € r(le(g); g € G, deg(f) € deg(g) +N").

Proposition 1 Let J be an ideal in R[D], G be a Grébner basis of J.
(i) If f € J, then every remainder of f after division by G is 0.
(ii) f € J iff a remainder of f after division by G is 0.
Proof: (i) Let r be a remainder of f after division by G. Then by Theorem

1, f= dechgg—i—r and
r=0 or lc(r) ¢ gr(lc(g); deg(r) € deg(g) +N").

Because r € J and G is a Grobner basis of J, r must be 0 by Definition 1.
(ii) Let f € J, r be a remainder of f after division by G. Then by (i)
we see r = 0.
If a remainder r of f after division by G is 0, then

F=Y hgg+r="> heg,

geG geG

therefore f € J. O
Corollary Let J be an ideal in R[D] and let G be a finite subset of J\{0}, then
G is a Grobner basis of J ( with respect to the term order ”<” ) iff for all f € J,
a remainder of f after division by G is 0.

Proof. If G is a Grobner basis of J, then by Proposition 1 for all f € J a
remainder of f after division by G is 0.

If there is a remainder of f after division by G is 0, then

F=Y hgg+r="> heg,

9€G geG

therefore lc(f) = > ¢;le(gi). This means

le(f) € r(lclg); g € G, deg(f) € deg(g) +N").

So, by Definition 1, G is a Grébner basis of J. O
Insa and Pauer also describe Buchberger’s algorithm for computing Grébner
bases in R[D]. Of course it is more complex than in A, or R,.

2 Computation of Grobner bases in R[D] and
generalization of S-polynomials

We assume that we can solve linear equations over R, i.e. for all » € R and all
finite subsets S C R, we can decide if r is an element of r(S), and if yes we can



compute a family (ds)ses in R such that r = Y _od,s; for all finite subsets
S C R a finite system of generators of the R-module

{(es)ses € R® | chs =0}

ses

can be computed.
Let J be the left ideal in R[D] generated by a finite set of differential oper-
ators G, for E C G let Sg be a finite set of generators of the R-module

{(ce)ecr | Y celee) = 0} < R(RP) (6)

eck
Then for s = (¢¢)ecr € SE,

fs = Z CeDm(E)*dEQ(e)e (7)
ecEl

is called the generalized S-polynomial(G-S-polynomial) with respect to s, where
m(E) = (mazecrdeg(e)r, - ,mazecpdeg(e),) € N™.
If E = {g,h} C G includes only two elements, choose ¢,d € R such that
c-le(g) =d - le(h) = lem(le(g), le(h)) € R.

Then Sg = {(¢,d)} will be a set of generators of the R-module (6) and the
G-S-polynomial with respect to (¢, d) will be

f(c,d) = cDm({g,h})—deg(g)g _ gpm{g:hy)—deg(h)p,
It is called S-polynomial and denoted by S(g, k).

The following proposition generalizes Buchberger’s Theory to R[D] with
coefficients in a commutative noetherian ring R.
Proposition 2 (Insa and Pauer (1998)). Let J be an ideal in R[D]. Then G
is a Grobner basis of J < for all E C G and for all s = (c.)ecr € SE a
remainder of f, after division by G is zero.

If R is a PID, then G is a Grobner basis of J <= for all {g,h} € G a
remainder of S(g, h) after division by G is zero.

Therefore, the Buchberger’s algorithm is: if there is a remainder r of fs after
division by G is not zero, replace G by G | J{r}.

But in the paper of Insa and Pauer, all examples for GB computation involve

S-polynomials only, even when R is not a PID. There is no example to show that
G-S-polynomials are necessary for GB computation. The next example shows,
even if R is a commutative domain, when G includes at least three elements
G-S-polynomials will be necessary for GB computation.
Example 1 Let R = Q[z1,--26] and A = R[D1,--- Dg], J be the left ideal
of A generated by G = {f13f27f3}7 where f1 = I1D4 + 17 f2 = 93‘2D57 f3 =
(1 + xz2)Dg. Let < be the graded lexicographic order with (1,0,---,0) <
(0,1,---,0) < (0,---,0,1).



Now all S-polynomials S(g, k) in G reduce to 0 by G:
S(f1, f2) = 22 D5 fi—x1Dafo = 22 D5(21 Dy+1) =21 Dy D5 = 22 D5 = 0(modG)

S(f1, f3) = (x1+22)De f1 =1 Dy f3 = (x1+22) De(21Ds+1) =21 Dy (71 +22) Do
= (z1 4+ 22)Dg = 0(modG)

S(f2, f3) = (x1+22) D6 fo — 22 D5 f3 = (21 +12) Dex2 D5 — 22 D5 (21 +22)Dg = 0

But consider £ = G C G,

{(ce)ecE | Z cele(e) =0} = {(e1, ¢, c3) | c1x1 + caxa + c3(x1 + 22) = 0}
eckE

and s = (1,1,—1) € Sg. Then there is a G-S-polynomial

Js =c1DsDg f1 + caDyDg fo + c3DyDs f3

= DsDg(x1Dy + 1) + DyDg(x2D5) — Dy Ds[(x1 + x2)Dg] = D5 Dg

Because the remainder of f; after division by G is not zero, G is not a
GB of J. In order to get a GB of J, denote fs by f4, we must replace G by
G1 ={f1, f2, f3, f4} and then compute G-S-polynomials for all £ C G; and for
all s = (ce)ecr € SE.

But as we will demonstrate afterwards, we can conclude that G1 is a GB of
J by the fact that S(f;, f4) (i = 1,2,3) are zero after division by G1. O

If G = {g,h} include only two elements and R is a commutative domain

then most examples of computing GB in R[D] show that we can get a GB by
computing S-polynomials only. But we find an example in which that is not the
case.
Example 2 Let R = Q[z1, z2, 23] and A = R[D1, Da, D3], J be the left ideal of
A generated by G = {f1, f2}, where f1 = 21 D3 +x9D3+m2, fo = x9D3+x1 D3+
x1. Let < be the graded lexicographic order with (1,0,0) < (0,1,0) < (0,0,1).
Compute S-polynomials:

fs = 8(f1, f2) = (a5 — 27)Ds + (23 — a7)

fa=5(f1,f3) = (z )
f5 = 8(fo, f3) = (23 — 2%) (21 — x2) D
fo = S(fa, f5) = (23 — 2)(z1 + 22)
fr= (f:s, fa) = (25 — af)an
fs = S(f3, f5) = (a3 — x})s
Let Gy = {f1, fe, f3, f7, fs}, then all S(f;, f;) in Gy is zero after division by Gi:
S(f1, f2) = f3 = 0(modG)

S(f1, f3) = fa = (fs — f7)Ds + fs = 0(modG)
S(f1, f7) = (22 — )29 D3 + (23 — 22)xy = f3(D3 + 1) = 0(modG)
S(f1, fs) = (23 — 23)23 D3 + (23 — 23)23 = fsxa(D3 + 1) = 0(modG1)
S(f2, f3) = fs = (fr — fs)Ds + fr = 0(modGh)

53— a1)(x2 — 1) Ds + (23 — a})z2
53— s+ (23 — )7



S(fa, f7) = (22 — 22)22Ds3 + (23 — 22)2? = fra1(D3 + 1) = 0(modGy)
S(fa. fs) = (a3 — a)z1Ds + (23 — af)z1 = fr(Ds + 1) = 0(modG)
S(fs, f7) = fz = 0(modG)

S(fs, fs) = fs = 0(modG1)

S(fz.fs) =0

But G, is not a GB of J because there is a G-S-polynomial f, that is not reduced
to zero by G1. Choose E = {f1, f2, f3} C G1, then

{(ce)ecE | Z cele(e) = 0} = {(e1, ea,¢3) | erle(fr1) + eale(f2) + esle(f3) = 0}
ecE

={(c1,c2,¢3) | c1w1 + cax2 + c3(23 — 23) = 0}

and s = (c1,c9,¢3) = (v1, —2,1) € SE.

Then

fs=x1fi —x2fo+ Dafs

= $1($1D§+$2D3 +$2)—$2($2D§+$1D3+$1)+D3[(($%—x%)Dg—f—(ﬂf%—l‘%)]

= (z3 —27)D3

fs may be reduced to g = (23 — x?) by Gy because that fs = f3 — (23 —z?).
Now g can’t be reduced to zero by G;.

Let Go = {f1, f2,9}. For E = G2, the set Sg of generators of the R-module
{(e1,ca,¢3) | c1m1 + cawa + c3(xd — 22) = 0} is (cf. F. Winkler(1996))

SE' = {(1'1» —Z2, 1)7 (0,.’2% - x%v _xZ)a ((E% - 1’%, 0, _1'1)}

It is easy to check all G-S-polynomials fs in G5 are zero after divided by Gs.
Therefore the GB of J is Gy = {f1, f2, 9} but it can’t be computed with S-
polynomials only. O

Generally we need to compute G-S-polynomials fs for all £ C G and for
all s € Sg in order to get a GB of J generated by G. And in the process if
we replace G by G; = GJ{r}, we must repeat the procedure for G;. If we
can get the GB by computing S-polynomials only in some conditions then the
procedure would be simplified. Now we consider in what conditions we can do
SO.

Let R be a commutative domain(not necessarily a PID), A = R[Dy,--- , D,],
J the ideal in A generated by G which is a finite subset of J\{0}. For E =

{fi i} €6,
k
{(ce)ecr | Y cele(e) =0} ={(c1,-++ ,en) | Y esle(f;) = 0}
eclk j=1
is the set of solutions of the equation
CllC(fl) +-+ Cle(fk) =0.
Denote s; = lc(f;), so the equation becomes

c181 + -+ cpsgp = 0. (8)



LetSE be the finite set of generators of the solutions of (8).

Lemma 1 For E = {f1,---, fr} C G, if some s; = lc(f;) is invertible in R, then

all G-S-polynomials corresponding to Sg can be simplified to S-polynomials.
Proof: If some s; is invertible in R, say s; is invertible, then the equation

(8) will be

k-1 5
Then & = (0,---,1,0,---,—2%), i=1,---,k—1, will be generators of the
\ ) k

i
solutions. The corresponding G-S-polynomials are:

fo = Y cDm(B)-dese) — pmlE)=des(F) f, 1 () DUE)des(Fi) f,
ecE

Note that for S-polynomials
S(fi7fk) _ Dm({fivfk})_deg(fi)fi + (_Si)Dm(({fi7fk})_deg(fk)fk

we have
fe, = D*S(fi, fx) + hifu

for some o € N, h; € R[D]. If S(f;, fr) is zero after divided by G, then fe, is
zero after divided by G. O
Definition 2 Let £y = {f1,- -, fs} C G, Es = {g1,-- ,9:} € G. Then G-S-
polynomials corresponding to Sg, (or Sg,) are said to be of grade s (or t). If
s < t, then G-S-polynomials corresponding to Sg, are said to be of lower grade
than G-S-polynomials corresponding to Sg, .
Lemma 2 For E = {f1,---, fu} C G, if some s; can be divided exactly by s;
(j #4) in R, then all G-S-polynomials corresponding to Sg can be simplified to
G-S-polynomials of lower grade.

Proof: If some s; can be divided exactly by s; (j # ¢) in R, say sx = hixSgp—1,
then the equation (8) will be

181+ + (egp—1 + cphi)sk—1 =0 (9)
Denote ¢j,_; = ¢x—1 + cihg, the equation (9) will be
1814+ 1851 =0 (10)

If g, = (cgi), e ,c,(:zl) are the generators of solutions of (10), then

gi = (cgi)7 e ’0211170) and a = (0, A 70) _hk, 1)
will be the generators of solutions of (9).

In fact, if ¢ = (c1,-- -, c) is a solution of (9), put ¢j,_; = cx—1 + cxhy, then
(c1, -+, Cr—2,¢,_4) is a solution of (10). So (c1,- - ,cx—2,¢_1) = > ki3 and
(c1,-++ ,Ch—2,¢_1,0) =" ki&;. Because
(c1,-++ s Che2, ¢y, 0)+cpa = (c1,- -, Ch—2, Ch—1+Crhy, 0)+(0,- -, 0, —crhy, ci)

= ¢, we get that ¢ = > k;& — cpa. This means {&;,a} are the generators of
solutions of (9).

The G-S-polynomials corresponding to a can be simplified to S-polynomials
S(frk—1, fr), and the G-S-polynomials corresponding to & can be simplified to
G-S-polynomials of lower grade. O



With Lemma 1 and Lemma 2 we get the following proposition.
Proposition 3 Let G = {f1, -, fm} and J be the left ideal of R[D] generated
by G.

(a) If all S-polynomials S(f;, f;) are reduced to zero by G, then for E =
{91, .95} € G with some lc(g;) invertible, all of G-S-polynomials corre-
sponding to F will be reduced to zero by G.

(b) If all G-S-polynomials with grade k are reduced to zero by G, then for
E={g1, 9k, gr+1} C G with some lc(g;) divided exactly by another lc(g;),
all of G-S-polynomials corresponding to F will be reduced to zero by G. O

The following corollary improves the result of Insa and Pauer (see Proposi-

tion 1).
Corollary Let G = {f1,---,fm} € R[D] and J be the left ideal of R[D]
generated by G. Then G is a Grobner basis of J <= any G-S-polynomials with
lower grade than k (k < m) are reduced to zero by G and in any k elements of
G there is an le(f) divided exactly by another le(f). O

Especially, if in G = {f1,---, fm} all S(fi, f;) are reduced to zero by G,
and for any three elements {f;, f;, fr} C G there is an lc(f) divided exactly by
another lc(f), then G is a Grobner basis of J.

The algorithm to compute GB of J in R[D] will be simplified. The following
proposition improves the result of Insa and Pauer (Prop. 4 of [5]).
Proposition 4 Let J be an ideal in R[D] given by a finite set G of generators.
In the following way we compute in finitely many steps a Grobner basis of J:
While there are a subset £ C G and a family s = (c.)ecg € Sg such that
the remainder r of G-S-polynomials f; after divided by G is zero, replace G by
G U{r}. And in the procedure we ignore those subsets FE in which there is an
le(f) divided exactly by another lc(f). O
Example 3 Let R = {% € K(z1,22) | f,g € Klz1,22],9(0,0) # 0} and
A = R[D1, Ds], J be the left ideal of A generated by G = {x1D32,22D1}. Let
< be the graded lexicographic order with (1,0) < (0,1). Example 5 in Insa and
Pauer(1998) compute the GB of J with S-polynomials only and get

G' = {x1D3, 79Dy, 29D9 — 21Dy, 23Dy, 21D} + 2D; }

in which all S-polynomials S(f;, f;) are reduced to zero by G'.

Now for any three elements {f;, f;, fx} in G’, there is an le(f) divided exactly
by another l¢(f). So by the Corollary of Proposition 3 or Proposition 4, we
ignore all G-S-polynomials with higher grade than 2 and then G’ is a Grobner
basis of J. O

Example 4 In Example 1 we get

G ={f1, f2, 3, fa} = {x1Ds+ 1,22 D5, (x1 + x2)De, D5 Dg }

with all S(f;, f;) are zero after divided by G;. Because lc(fs) = 1 is invertible

we ignore any £ C (3 which include f4 when we compute G-S-polynomials.

So the only G-S-polynomial fs we need to consider is that corresponding to

E = {f1, f2, f3}. But we already compute f; = f; in Example 1. This means

fs is reduced to zero by G;. By Proposition 2 G; is a Grobner basis of J. O
Note that in Example 2, we get

G ={f1, fo, f3, fr. fs} = {21 D5 + 22 D5 + 22, 22D3 + 21 D3 + 21,



(23 = 21)Ds + (a5 — 21), (25 — 2¥)an, (25 — 27)aa}

with all S(f;, f;) are zero after divided by G;. But G is not a Grébner basis
of J.
This is because, if we choose 3 elements {f1, f2, f3} C G1, then

{lc(fl)’lc(f2)7lc(f3)} = {xlvx% (x% - x%)}

None of the three is divided exactly by another and we need to compute the
corresponding G-S-polynomials.

3 Elimination properties of Grobner bases in
rings of differential operators R[D]

Let R[Y] be a ring of differential operators, Y = {y1,- - ,ym} and {y1, -+, Ym}
denotes {x1,-+- ,2n, D1, -+ ,Dp} or {Dq,--+,D,}. Denote by Y; the first k
elements of Y. If I is an ideal in R[Y], then it is known that I = I (| R[Y%] is
an ideal of R[Y%], which is called the k-th elimination ideal of I.

In commutative polynomial algebras, the elimination ideal I of I can be

easily obtained if one has a Grébner basis of I with respect to a term ordering
having the ”elimination” property.
Definition 3 Let R[Y] be a ring of differential operators and ”<” be a term
order on (Y) = {Y* | « € N™} (this is equivalent to a term order on N™). If
for every s,t € (Y), s <t and t € (Y}) implies s € (Y%), then the term order is
called an elimination term order at the position k. (This is equivalent to: If for
every a = (a1, -+ ,m), 8= (81, ,Bm) EN", a< fand 3; =0 for all i >k
implies o; = 0 for all ¢ > k, then the term order is called an elimination term
order at the position k.)

It is well known (cf.[1]), a term order is an elimination term order on (Y') at
the position k iff for all s € (Yy), s < y; when j > k.

In commutative polynomial algebras, lexicographic order is an elimination
order, but degree-lexicographic order is not an elimination order. It is easy to
see this is also true for rings of differential operators.

Definition 4 Let G be a Grobner basis of an ideal I in R[Y]. If for each g; € G,

le(gi) & rlc(gs) | g5 € G,j # i,deg(gi) € deg(gy) +N™),

then G is called a reduced Grébner basis of I.

The following proposition discribes the elimination property of Grébner
bases in R[Y].
Proposition 5 Let I be an ideal in a ring of differential operators R[Y], G
be a Grobner basis of I with respect to an elimination term order ” <" at the
position k. Then the following holds:

(i) For each f € R[Yx] and g € R[Y], if

deg(f) € deg(g) +N™,

then g € R[Y%].
(ii) Gr = G R[Y4%] is a Grobner basis of I, = I'() R[Y%] with respect to the
restriction of <" onto (Yy).



(iii) If G is reduced, then G}, is reduced.

Proof: (i) Since deg(f) € deg(g) + N™, we have that the leading term if g is
in (Y%). But < is an elimination ordering, so g € R[Y}].

(ii) Let f € Iy = I(R[Y%]. Then f € I and since G is a Grobner basis for
I there exist gi,---,gs € G such that

le(f) € rlle(gy) |1 <5 <s)

and deg(f) € deg(g;) +N™, 1< j<s.
By (i) this means that g; € R[Y] for all 1 <j <, so

le(f) € r(le(g) | g € Gy, deg(f) € deg(g) +N™).

By Definition 1, G, = G R[Y%] is a Grobner basis for I.

(iii) The conclusion is obvious. O

Note that the definition of Grobner bases in A = R[Dy,---, D,] is a gener-
alization of the definition of Grobner bases in the Weyl algebra

An :K[l’l,... ’xn][Dh... ’Dn}
and also of the definition of Grobner bases in
Rn = K(xla"' ,-'L'n)[Dl,"' 7Dn}

Therefore, if Proposition 5 hold for A = R[Dy,---,D,], then the elimination
property holds in rings of differential operators A,,, R, and R[D], if we choose
some elimination term order and get a Grobner basis of an ideal I.

Now we give some simple examples for applying the elimination property of
Grobner bases to systems of linear differential equations.

2zy" =0
Example 5 { Y+ 1,2y/ —xy=0

This system of linear ordinary differential equations can be written as

(2zD%*)y =0
(D*+ 22D —2)y=0

where D is the differential operator a%' Put f, = 2xD?, fo = D3+ 22D — 2z,

then f1, fo € K[z][D], the Weyl algebra with one variable. Note that Klz] is a
PID, we compute a Grobner basis of I = (f1, f2) by S-polynomials with respect
to lexicographic order:

S(fi f2) = %Dfl —afy=D*— 2D +2* = f3,

then fo= (D —2%) fs + (z* + 3)(2*D — x).
So we can reduce fz to fo = (z* + 3)(22D — x).

S(f1, f3) = %fl —afs =D — 23 = 2%(2’D —2) = f4.
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Now fo = (2* 4 3)(2?D — ) = 22 f4 + 3(2®D — ), we can reduce f; to fo=
22D — z, then f3 = —xfo + D?, so we can reduce fs to f3 = D?.

S(fg,fg):ng—fog:x2D2—|—2xD—xD—1—x2D2:xD—1:f5.

Note that f; = 23fs, fo = afs, fi = 2zf;, and S(fs, f5) = 0, we see that
{D?,xD —1} is a Grobner basis of I = (f1, f2). The system of linear differential
equations can be reduced to:

y/l — O

vy —y=0

Then it is easy to see that y = cx, c¢ € C, is the general solution of the system.
O

Moller and Mora(1986) have shown how to generalize the theory of Grébner
bases to commutative polynomial modules. In fact, this generalization also
works in R[Y] modules. Here we just show an example.

zyi +y3 =0
Example 6 { 22y + gl = 0

where y; and ys are the two unknown functions in x.

Put f; = (xD?,D?) = xD?%e; + D?ey, fo = (22D,xD) = 2%2De; + xDey,
where D = 8,, fi1, fo € [R[D])?, the free R[D]-module with dimension 2 and
e1 = (1,0),e = (0,1) is the standard basis of the module. The order will be
POT extension of lexicographic order:

(t,e5) < (k,er) <= j <1 or [j=1 and i<k
Then

S(f1, f2) =xf1 — Dfy = x(¢D?,D*) — D(¢®D,xD) = (—2zD,—-D) = f3

S(f1,f3) = fi+ 3D fs = (#D? D) + 5D(~2eD, ~D) = (=D, 2D%) = J,

S(for f3) = fa+ 5ofs = (2D, 2D) + (=D, ~32D) = (0, 34D) = fs

Note that f3 = 2xfy — 2D f5, fo = —x?f1 + (xD + 1) f5. Now it is easy to verify
that {f1, f4, f5} is a Grobner basis of N = (fi, fa). The system can be reduced
to:

ayi +y;3 =0
21—y =0
zyp =0

Then y; = ¢1,y2 = cs is the solution of the system. O
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