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Abstract. In this paper we revisit an algorithm presented by Chen, Reed, Helleseth,
and Troung in [5] for decoding cyclic codes up to their true minimum distance
using Grobner basis techniques. We give a geometric characterization of the
number of errors, and we analyze the corresponding algebraic characterization.
We give a characterization for the error locator polynomial as well. We make these
ideas effective using the theory of Grobner bases. We then present an algorithm for
computing the reduced Grobner basis over IF, for the syndrome ideal of cyclic
codes, with respect to a lexicographic term ordering. This algorithm does not use
Buchberger’s algorithm or the multivariable polynomial division algorithm, but
instead uses the form of the generators of the syndrome ideal and an adaptation of
the algorithm introduced in [11]. As an application of this algorithm, we present
the reduced Grobner basis for the syndrome ideal of the [23, 12, 7] Golay code,
and a decoding algorithm.

Keywords: Decoding, Cyclic codes, Grobner basis, Zero-dimensional ideals.

1 Introduction

From an algebraic viewpoint, cyclic codes have a very rich structure. Because of
this, many elegant decoding procedures have been developed for codes in this class.
Some of the classical ones are presented in [2, 20, 21]. Recently, several authors
(e.g. [5, 6,7, 8, 16]) have applied the theory of Grobner bases to the problem of
decoding cyclic codes. In [16] the author uses the theory of Grobner bases to solve
the key equation and presents a method for decoding with complexity equal to
that of the Berlekamp-Massey algorithm [3]. In [7, 8] the author presents
a method for decoding cyclic codes up to their true distance. This methods uses
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elimination theory and requires the computation of a Grobner basis for every
non-zero syndrome received. This is clearly undesirable given the fact that
Grobner bases computation (via Buchberger’s algorithm) have exponential com-
plexity. In [5, 6] the authors revisit the algorithm presented in [7, 8] and attempt
to improve this algorithm by proposing the computation of a “generalized”
Grobner basis to be done at the beginning, for a generic syndrome. Using this
“generalized” Grobner basis, the authors propose a decoding method for cyclic
codes similar to the method proposed in [7, 8], now eliminating the need for
a Grobner basis computation at each step. However, the complexity of computing
this “generalized” Grobner basis using Buchberger’s algorithm (with lexicographic
ordering) increases significantly, since the number of variables is much larger in the
“generalized” Grobner basis case than in the case of the Grobner basis used in [7, 8],
making the approach in [5] also impractical. In particular, if n is the length of the
code, and t is the number of errors it can correct, then an estimate for the complexity
of computing a Grobner basis for the polynomials given in [6] with respect to the
lexicographic ordering using Buchberger’s algorithm is ~ (n + 1)°® (see [4, 11]).
The method we propose will reduce this complexity to ~ (n + 1)°® (see Section 4).

The idea of applying Grobner bases techniques and elimination theory for
decoding is quite nice and was originally presented by Cooper in [7, 8]. We note
however, that in [5], the authors attempt at generalizing this method is incom-
plete. In particular, after Theorem 2.3 in that paper, the authors claim that the
reduced Grobner basis for a zero-dimensional ideal in the variables x, x5, . . . X,,
Z1, 22, - - ., 2, With respect to the lexicographic term ordering with x; < x, < ...
<Xy <z <z;_1 < -+ <z, contains exactly one polynomial in the variables x,
Xa, . . ., Xy, 2y, €Xactly one polynomial in the variables x4, x,, . . ., Xy, Z;, Z;— 1, and
soonup to xq, Xo,. .., X, Zt, Zi—1, - - - » Z1. Lhey then go on to build their entire
algorithm on this claim. This claim is clearly not true (see the examples contained
in this paper). Furthermore, as we mentioned above, the computation of Grobner
bases via Buchberger’s algorithm has exponential complexity, thus severely limit-
ing the size of cyclic codes to which the algorithm in [5] can be applied. In fact, on
a Sun SparcStation 10 with 32 megs of memory, running SunOs 4.1.3, we were not
able to compute the Grobner bases, using CoCoA, MacauLAy or the GB package
in MAPLE’s share library, even for small examples of cyclic codes.

In this paper we do two things. First, we put on solid theoretical grounds the
techniques presented in [5] of using Grobner bases for decoding cyclic codes, and
we present an algorithm, based on these ideas, for the decoding of cyclic codes.
Second, we show that one can compute a Grobner basis for the syndrome ideal
using an adaptation of the algorithm of Faugére, Gianni, Lazard, and Mora
presented in [11].

The paper is structured as follows. In Section 2 we describe the ideal and the
variety generated by the set of equations arising from the non-zero syndromes of
a code ¥. Then in Section 3 we use elimination and Grobner bases theory to relate
the error locator polynomial to a certain elimination ideal of the syndrome ideal.
In Section 4 we outline a method for computing the reduced Grobner basis for the
syndrome ideal with respect to the lexicographic term ordering. In Section 5 we
discuss some improvements on this algorithm when applied to the problem of
computing Grobner bases for binary cyclic codes. Finally, in Section 6, we present
the reduced Grobner basis for the syndrome ideal of the [23, 12, 7] Golay code.

Throughout this paper we use fundamental notions concerning Grobner bases
and coding theory. We assume that the reader is familiar with the basic principles
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in each of these areas. We refer the reader to [1, 9] for a comprehensive introduc-
tion to the theory of Grobner bases and to [19] for a comprehensive introduction
to the theory of cyclic codes. For further applications of Grobner bases to
error-correcting codes see [14, 15,22]. For an overview of the applications of
Grobner bases to error-correcting codes, as well as an alternative set of equations
for decoding the Golay code via Grobner bases see [10].

2 The Syndrome Variety

First we recall some basic facts about cyclic codes. Let € be a rate k/n cyclic code
defined over IF, with generator polynomial g(x) of degree r = n — k, where we
assume ged(n, g) = 1. It is well known (see e.g. [19]) that & can be equivalently
described as the set of polynomials f(x) over IF, having degree less than n that
vanish at the roots of g(x). Let o € IF;» be a primitive n-th root of unity, where IF,» is

the splitting field of x" — 1. Let o', o>,...,a* be the roots of g(x), and
{iv, iz .. 0} ={0,1,2,...,n— 1}. Then % can be viewed as the IF,-kernel of the
parity check matrix:

1 OCil OCZi‘ a(n—l)il

1 OCiz aziz oc(nfl)iz
(1) H=

1 o o2 ... gD

Let c €I be a code word and let ¢ be the received message, then ¢ = ¢ + ¢,
where e = (e, e,...,e,—1) €lE is the error vector. To compute e we first
compute the syndrome s = (s;, s1,...,s,) = HC = HeelFj» and we solve the
following system of r equations:

() eo + el + e+ L e, o V=g, j=1,...,7

If we assume that the minimum distance of ¢ is 2t + 1 and that there are at
most t errors, and hence at most ¢t non-zero coordinates in the vector e, then there
are several well-known algorithms (see e.g., [2, 20, 21] and more recently [6, 12,
13, 16]) to solve the system defined by (2). All of these are based on the following
fundamental theorem:

Theorem 2.1 Let % be a rate & code of distance d = 2t + 1. To each error pattern
e with wt(e) <t there corresponds one and only one syndrome s.

In what follows, we present an algorithm that solves System (2) using the theories
of Grobner bases and elimination.

For the remainder of this paper we will assume that the distance of € is at least
2t + 1 and that the weight of the error vector e is t where t < t. We now express
the solutions of System (2) as points in a variety defined by multivariable poly-

nomials. As in [5], we introduce variables x;, z, and y, for j=1,...r and
Kk =1,...,t and we consider the following polynomials

fi=yizi+ 28+ . .o +yz—x;, j=1...,r
(3) he=z""'—z, k=1,...,t,

le=yil 1, k=1,...,¢t
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Next, we let

4) F={fili=1,...,rju{hlec=1,...,tju{lclxc=1,...,t}.

Let I be the ideal generated by F, and let #"(F) be the variety defined by F, that is
V(F)={peF' fi(p)=h(p)=C(p)=0,j=1,....r,xk=1,...,t} = 7).

It is easy to see that ¥"(F) contains (g — 1)'(n + 1)' points, and so I is a zero-
dimensional ideal. We will refer to #"(F) as the syndrome variety and I as the
syndrome ideal. Note that the variety ¥ (F) contains all the information needed to
decode any received word ¢. Indeed, given a syndrome s = Hé = He, where
wt(e) < t, there are points p e ¥ (F) that uniquely determines the error locations
and error values corresponding to e, namely

(3) p=(5182. 258, 00,0, 0 a2 .. 0 %, . ., % By, Bae e oy Bo),
J J

L L J L
Y Y Y
x-coordinates z-coordinates y-coordinates
where the non-zero entries of e are located in the /4, /,,. . ., /. coordinates and
have values fi1, 85, . - . , . respectively, and where * indicates that this coordinate

can be any non-zero element of IF, (there are t — 7 such y-coordinates, correspond-
ing to the t — t zero z-coordinates). In fact there are (})z!(q¢ — 1)’ ~* such points in
¥"(F) corresponding to the syndrome s: points that are obtained from (5) by
a permutation of the z-variables and the corresponding permutation of the y-
variables. Let 7; be the set of the ({)t!(¢ — 1) ° points corresponding to the
syndrome s. Let S be the set of all possible non-zero syndromes corresponding to
error patterns with weight at most t. Define & = U, g7;. It is easy to see that
& contains (¢ — 1) > 5= (7)(§)j! points. Also, all the information needed to decode
any received message is in the set &. Therefore it is natural to study the set &,
however, the polynomials in (3) define a much larger variety ¥ (F).

Example 2.2 Consider the primitive narrow sense BCH code with ¢ =2, n = 31,
k =11, and t = 5. It follows from the above discussion that:

t
|61 =(q — 1) X ()()j! = 24444275

ji=1
|7 (F)| = (q — 1)'(n + 1)' = 33554432.

So #7(F) has over nine million more points that &, or in other words, over 25% of
the points in 7" (F) are not in & and so do not correspond to error vectors.

To deal with this, one could add new polynomials to F that would restrict the
variety ¥ (F) to &. Indeed, if we add the (%) polynomials z,cz,l(ifjjf) to the set F,
then the variety corresponding to the enlarged set of polynomials is &. This follows
from the fact that the new polynomials force z, and z, to be such that either at least
one of them is zero, or they are both non-zero and they are distinct. But this
approach makes the computational treatment of the variety ¥"(F) prohibitively
expansive. So we will develop a method which will allow us to extract the decoding
information from 7" (F), which is located in &, without computing & explicitly.

The key to decoding using the variety 7 (F) is to observe that the number of
errors is t minus the number of zero z-coordinates in the point p in (5), and that the
number of zero z-coordinates in the point p can be computed by looking at various
projections of the variety 7" (F) onto (x, zy,. .., z)-planes, k =1,...,t. Since
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projection corresponds to the elimination of variables in the ideal I, and since the
presence of the origin in a variety can be determined easily by inspecting the
constant terms of the polynomials of the defining ideal, we have a method for
decoding. We now make these ideas more precise.

First, recall the notion of projection.

Definition 2.3 Let X < IF)». For any a < b we define the projection of X onto the
first a coordinates by:

(6) [1.(X) = {peFin|3p eFir* such that (p, p)e X }.

Now we state the main result of this section relating the number of errors to the
projections of ¥ (F).

Theorem 2.4 Let {, be the 1 x Kk zero vector. Given ¢e€IFy and its corresponding
syndrome s = Hé, there are t errors in € if and only if (s, {) €[ ]r+.(? (F)) for all

K é t — 1 and (S, Ct—r+1)¢nr+t—r+1(V(F))'
Proof. Lets be a syndrome corresponding to an error vector of weightz, 1 <7 <+t
Then a point p as in (5) is in (¥ (F) and so we have (s, {,) €[], +.(? (F)) for all
Kk <t — 1. Now suppose that p = (8, {;—c+1) E[[r+1=<+ 1 (¥ (F)). Then p extends to
a point po = (p, po)€ ¥ (F). Let
ﬁO = (yla V2se oo s V=1 H15 M2 e o - ;/’t) = (ys ”)
L

J J
Y

v

z-coordinates y-coordinates

Clearly y is not the zero vector since this would imply that s = 0. Also, the
non-zero coordinates of y cannot all be distinct, since if they were, the non-zero
coordinates of y would represent an error pattern. Therefore we would have two
distinct error vectors associated to the same syndrome (they arise from the two
distinct points p and p,), contradicting Theorem 2.1. Therefore we must have
y; = 7; for some i, j (in particular, p, ¢ &). By the symmetry of (3) we can assume
without loss of generality that y; = y,. Now consider the point

ﬁ _ {(O: VY25 V35 o -5 V=1, N15 N1 + M2, M35 - '/’t) if M1 + N2 # 0
1 — .
(O: 0, V3> Vas- oo Ve—1o N1s N2s e v s ;/’t) OtherWISe'

Then it is easy to check that p, = (p, p1)€ 7" (F). We can proceed in this manner,
eliminating all repeated coordinates in the y vector. The remaining non-zero
distinct coordinates of the resulting y vector represent an error vector which
corresponds to the syndrome s, but with weight strictly less than t. This is
a contradiction to Theorem 2.1. Therefore (s, §;— .+ 1) €[ +1—c+ 1 (¥ (F)).

For the converse, suppose that (s, ) e€[],+(? (F)) for all k <t —1 and
(8,8 e+ )€ Lr+i—c+1 (Y (F)). Then (s, {,—.) extends to a point pe ¥ (F). Further-
more, using the same argument as above, this point can be related to a unique
error vector of weight exactly . O

The next corollary follows directly from the proof of Theorem 2.4.

Corollary 2.5 Let T = {pe? (F)lp=(s, {i—z» * *,...,%)}. Then [p4i—cs+1(I)
contains exactly t distinct points of the form (s, {, ., &’%), where the error locations of
¢aregivenby /;, 1 £i<

In the next section we turn our attention to developing a method for decoding
cyclic codes using polynomial representations of these projections.
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3 Elimination Theory and Decoding

Recall that the syndrome ideal I, is the ideal in IF,[x, y, z] generated by the
polynomials in F, where we denote the variables X, . .., x, by x the variables
V1, - - - » ¥; by y, and the variables z, . . ., z, by z. Clearly we have ¥ (I) = 7 (F).

The following lemma is well-known and can be found in [ 1, Theorem 2.5.3]. By
relating projection to elimination, it provides one of the two keys for developing
the computational treatment of the Grobner bases method for decoding.

Lemma 3.1 T[, (V" (F)) = v (InF,[x, z1, . . ., Z,]).

The proof of Lemma 3.1 uses the fact that ¥"(F) is finite, therefore any
projection of the variety ¥ (F) is finite, and hence closed in the Zarisky topology
over IF, or its algebraic closure.

The second key to the decoding algorithm is the theory of Grobner bases. We
now review some basic notions that will be important for the actual implementa-
tion of this method. We refer the reader to [ 1] for a comprehensive introduction to
the theory of Grobner bases.

First we impose the lexicographic term ordering on IF,[x, y, z] with

(7) X1 <...<x<z1<...<z<py;<...<y.

Then we define 1t( f) to be the leading term of f with respect to the term ordering,
where feIF,[x, y, z]. A generatingset G = {g,,. . ., g,} for the ideal I is a Grobner
basis for I if and only if

Lt(l) = CIt(NIfel) = <It(gy), . . . . 1t(g,)> = Lt(G).

Grobner bases can be computed using Buchberger’s algorithm, and many com-
puter algebra packages have this algorithm implemented (but not over arbitrary
finite fields). Grobner bases allow us to compute elimination ideals as the following
theorem shows (see, for example, [1, Theorem 2.3.4]).

Theorem 3.2 Let G be a Gréobner basis for I with respect to the term ordering
described above. Then

G, =GnF,[x, z1,. ..,z
generates INIF,[x, z, . . ., z,], and is a Grobner basis for that ideal.

The ideals {G,» are known as elimination ideals. In view of Lemma 3.1 and
Theorem 3.2 we can restate Theorem 2.4 and Corollary 2.5 in the following form:

Theorem 3.3 There are t errors in ¢ if and only if for every geG,, we have
g(sa CK) = Oifor all k é t—1 and g(s» Ct—r+1) # Ofor some gth—r+1~

Corollary 3.4 Let G,_,+1 = {g1, g2, - - -, gu} and let &,_. be the vector (s, {,—., 2),
where z is a new variable. Then the ideal {G,-.;1(&-.))> = {g1(&-.), g2(&—>),

- gul&—)y €F,[z] is generated by the error locator polynomial. Furthermore®,
the error locator polynomial is in {g,(&,-.), g2(&=2) - - -, gu(&i=2)}.

1 The authors thank Prof. Teo Mora for pointing out references [17] and [18] which allowed the
inclusion of this last statement in the corollary, and which improved the paper.
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Proof. The first part of the Corollary follows directly from Theorem 2.4, Corollary
2.5, and Theorem 3.3. To prove the second part of the Corollary it is enough to
show that G,_, . (& -.)is a Grobner basis for the ideal <G,_.+ (&, -,)>, since, in the
case of one variable, a generating set G for an ideal J is a Grobner basis for J if and
only if the gcd is in G. But G,_, ; (& —.) is the evaluation at all but one variable of
a Grobner basis, with respect to the lexicographic term ordering, for a zero
dimensional ideal, namely I. That such an evaluation gives a Grobner basis was
proved in [17] and [18]. O

Remark 3.5. One could use the ideal {G,_.(&,—._ 1)) to compute the error locator
polynomial, since this ideal is generated by z times the error locator. This follows
from the fact that, in this case, the variety corresponds to projection of points of
& alone. Indeed, points of #"(F), with x-coordinates equal to some syndrome s,
which are not in &, can be thought of as points in ¥ where two or more of the zero
z-coordinates have been replaced by the same element of IF» (this follows from the
argument in the proof of Theorem 2.4). Since the t — 7 elimination ideal leaves only
one z-variable zero, this situation cannot occur. The same argument can be used to
see that the generator for (G, (c_{)> is z"*! —z fork <t — 1.

We now have a method to decode any incoming message. Indeed, given
a syndrome, s, we can evaluate the generators of G, kx = 1,. . ., t successively, at
x = s, and check whether the constant terms of the evaluated polynomials are zero.
Once the first non-zero constant term is found, the error locator is computed and
factored. The advantage of this method is that the difficult computation is done
once, using the generic x-, y-, and z-variables. After the elimination ideals have been
computed with the generic variables, then finding the error locator is reduced to
evaluating polynomials at the syndromes. We now take a detailed look at a simple
example to emphasize the points discussed thus far:

Example 3.6 We consider the 3 error correcting [15, 5, 7] BCH code over IF,.
Since t = 3, we have 3 z-variables, and since we are working over IF,, there are no
y-variables. So the polynomials in (3) are then
3 3 3 5 5 5
Zq +ZZ+Z3+X1,21+22+Z3+)62,21+22+Z3+X3,
z}6 + zq, 256 + Z,, zé(’ + z3.
The Grobner basis computation with respect to the lexicographic term ordering,
with x; < x, < X3 <zy <z, <zj, gives us the following results (we omit the
polynomials in the x-variables alone, since they evaluate to zero at x = s):
Gy = {z1° + zy, 21X, + 21X7 + 21X X5 + 2ixXT + 21X3 + 21 X1,
2 3 6
+ X1X3 + X3 + X1Xx; + X3,
23x3 + 23x5 + z23x1x3 + 22x8 + z;x09x3 + zx3x8x3
+ z2.x3x3 + z2.x0x,x3 + zx3xs + 2 x1%x3 4z x13x8 4 z,x]1%x%
+ 21X1X0 + Zox] 4 X1X5X3 + XTXENT + X1X3X3 4 x1°x,x3

11,9 148 11 4
+ X5X3 + X7X3 + X17x5 + X1 x5}
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16 2 2 2 2 2 2
G2:G1U{22 +Zz, 2122+22x1 +2122+22X1 +ZIX1 +21X1 +X2
3 2 2.3 3 4
+ X1, 22Xy + 23X] + Z1Z3Xy + Z1Z5X] + Z2X1X, + ZoXg
2 2.3 4 2
+ zZ1Xy + Z1X] + Z1X1X3 + Z1X] + X3 + X1X2,
2 2.5 5 6 2 2.5
22x3 +szl +212223 +2122x1 +sz1X3 +sz1 +ZIX3 +ZIX1

2 1
+ z1x1X3 + zlx? + x%x% + x?x%x% + x%x% + x?xzxg + Xi1X3 + x10x2
13,8 10,4 4 7
+ x1°x8 + x1%%% + xx, + x]}
G3 = GzU{Z3 + Zy =+ Zq —+ xl}.

This computation was done using the algorithm presented in Section 4.

Now we can apply the results of Section 3. Let o be a primitive element of IF,,
with a* + « + 1 = 0. Suppose that the zero codeword is sent and that the received
message has one error in the second position. Then s; = o, s, = «> and s3 = o and
we have

Gi(&o)={z"+z}, Gy(&) ={z"®+ 1z, z0® + Z%a}, G3(&) ={z +a}.

Both 77(G{(&,)) and 7" (G,(&;)) contain zero (with confirms, by Theorem 3.3, that
there is one error), and G3(&,) gives the error locator polynomial, by Corollary 3.4.
Note that the generator of {G,(&;)) is z? + zo. = z(z + o), that is, as mentioned
above, (G,(&,)) is generated by z times the error locator polynomial.

Now suppose that the received message has two errors, say in the second and
fourth positions. Thens; = o + a®> = 0%, s, = cand s3 = o> + « + 1 = «'® and we
have

Gy(&o) = {z'% + z, 2203 + 2207 + zo?, Z30® + 22’ + 2o},
G,(&) = {2 + z, 220° + zo® + o'3, 2203 + 2o + o2, 220 + za't + o).

77(G(&y)) contains zero (which confirms, by Theorem 3.3, that there are 2 errors),
and <{G,(&;)) gives the error locator polynomial, by Corollary 3.4. The poly-
nomials in G,(&;) which are not z'°® + z can be factored as follows:

22069 + ZO(3 + 0613 — 069(22 + ZO(g + 064) — OCQ(Z + O()(Z + 363),
22a!3 +zo” 4+ 0? = al3(2% + za® + o*) = o3z + )z + o),
220 + za* 4+ o = o3 (2% + za® + o*) = o0 (z + o)(z + o3).

Note also that the two polynomials in G, (&) which are not z1® + z are z times the
error locator polynomial.

Finally suppose that the received message has three errors, say in the second,
fourth, and seventh positions. Then s; = a + o2, 5, = a + o> and s; = &> and we
have

Gi(&p) ={z"+z, 2% + 2%0'? + za® + 0%, 27 + 2%0° + zoo + 'O},

Since 77(G4(&p)) does not contain zero, there are 3 errors by Theorem 3.3, and
G, (&) gives the error locator polynomial (by Corollary 3.4)

220’ + 220t + zo® +a? = a7 (23 + 2%0® +zo + o) = o’ (z + a)(z + &P)(z + a®).
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4 Fast Computation of G,

Computing Grobner bases is in general very difficult, with doubly exponential
complexity for arbitrary ideals and exponential for zero-dimensional ideals (such
as I). In [5] the authors suggest using Buchberger’s Algorithm for computing the
Grobner basis for I. In our situation though, we can improve greatly the computa-
tion with the following simple lemma:

Lemma 4.1 The set F of generators for 1 is a Grobner basis with respect to the
lexicographic term ordering with

(8) V<. ...<py<z1<...<z;,<x1<...<X,.

Indeed, with any term ordering where the x-variables are greater than both the z-
and y-variables, the leading terms of the polynomials given in F are relatively
prime, and it is well-known that this condition implies that the set is a Grobner
basis. The problem with this is that it is a Grobner basis for I but not with respect
to the right term ordering. Instead of computing the desired Grobner basis using
Buchberger’s algorithm, we can use linear algebra to transform the given Grobner
basis F into the desired one. The technique was introduced in [11], works only for
zero-dimensional ideals, and has polynomial complexity in the degree of the ideal.
We now outline this method.

Let < be the term ordering given by (8) and let <, be the term orderng given
by (7). We want to compute the reduced Grobner basis G for I with respect to <.
First we define the following map:

9) R, [x, p,z] > E,[x, y, z]/I
fer+1,

where r is the unique remainder of the division of f by F using <, (the uniqueness
follows from the fact that F is a Grobner basis with respect to < ).

Remark 4.2. Since F is a Grobner basis with respect to <, the above map is
a vector space homomorphism. We will make use of the map # to compute
a Grobner basis for the kernel with respect to <,. Also note that I, [x, y, z]/I is
isomorphic to I}, where D = (n + 1)'(¢ — 1)". In fact a basis for this space is easily
deduced from the structure of F and consists of all monomials of the form
[Too iz, where 0 < a; < g —2,and 0 < b; < n.

Next, we order the power products X; (i.e. the monomials in IF,[x, y, z]) using
<2

Xo <Xy <X, <50 <X, <

Now any power product X; is either reduced with respect to G, a leading power
product of some polynomial in G, or a multiple of a leading power product of some
polynomial in G. Moreover, a polynomial with leading power product X, (with
respect to <) is in I if and only if there exists ¢ = (g, 04, . . . , 6,) €IF] such that:

n n
%( Z (TiXi> = Z Giz@(Xi) =0.
i=0 i=0
So the problem of deciding whether a polynomial with leading power product X,
is in G translates into finding an element ¢ in the kernel of the (7 + 1) x D matrix
defined by the Z(X;)’s. Since there are only finitely many reduced power products,
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there are only finitely many such systems to solve. Moreover, once a polynomial in
G has been found, we do not need to consider any power products which are
a multiple of the leading term of that polynomial. We now outline the algorithm
below (see [11] for a more detailed presentation).

INPUT:
<,and F.
OUTPUT:
G, the reduced Grobner basis for I with respect to <.
LOCAL VARIABLES:
PowerProducts - the list of power products to be considered,
ordered with respect to <.
LPP - a list containing the leading power products of G
MBasis - a list of pairs of the form [X;, Z(X;)] where X;
is a basis element of IF,[x, y, z]/<G)
SUBROUTINES:
A - as defined by (9).
NextMonom - removes first element from PowerProducts and
returns null if empty.
InsertNexts (X;) - adds to the list PowerProducts the elements
X1X,', ey XrXi,ZIXi, e ,ZtXi, Y1 Xi, e, thi:
and orders them with respect to <,

BEGIN
LPP:=[ ]; G:=[]; MBasis:=[ ];
PowerProducts:=[ ]; X;:=1;
WHILE X; # null DO
IF X; is not divisible by some element of LPP
THEN:
compute Z(X;);
IF there exists a linear relation 2(X;) = Y. 4(x, e Masis 7 2 (X;)
THEN:
gi=Xi — ZXjeMbasis O-jAXj
G:=[9:G]
LPP:= [X;, LPP];
ELSE:
Mbasis:= [[X;, Z(X;)], MBasis];
InsertNexts (X;);
X;:= NextMonom,
END: G

There is no need to compute the entire Grobner basis in our case. Since we are
only interested in the G,, one could even limit the list PowerProduct to be only
the list of monomials not containing any y; by changing the definition of the
command InsertNexts. Of course, when g > 2, one could compute the entire
Grobner basis and use the ideas presented in Section 3 to obtain the error
evaluator polynomial as well. However, there are more efficient ways to compute
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the error evaluator polynomial given the error locator polynomial (which we have
computed once we have all the polynomials in the x- and z-variables in the
Grobner basis G).

The standard implementation of the map £(X;) is via the multivariable
division algorithm, and making use of the fact that the elements of MBasis are
already partially reduced. An alternative way to compute the Z(X;) is presented in
[11]. The vectors in MBasis can be quite large even for relatively small cyclic
codes. For the code presented in Example 3.6, the vectors #£(X;) contain
212 = 4096 elements. It follows from the structure of F that the Z(X;)’s will be
relatively sparse, so techniques for computing with sparse matrices must be
employed. We will present a number of improvements in the implementation of
this algorithm in the next section for the case of binary cyclic codes.

Finally, we note that in [11] the authors estimate the complexity of their
algorithm for finding a Grobner basis with respect to <,, given a Grobner basis
with respect to <, as O(vD?), where v is the number of variables and D is the
number of points in the variety (counting multiplicity). From (3), we see that
v=2t+r and D =(n+ 1). Since 2t +r <2(n+ 1) we can approximate the
complexity of this algorithm in terms of n and ¢ as O((n + 1)**1).

5 Computing G, over IF,

There are several improvements one can make when applying the algorithm of the
previous section to the class of binary cyclic codes. The most obvious simplifica-
tion in the binary case is that there is no need to consider the y-variables. From this
observation several things follow.

The first is that the polynomial (Y {—; z;) + x; is in the desired Grobner basis G,
and its leading term is z;. This follows from the structure of the Grobner basis for
zero dimensional ideals computed with respect to the lexicographic term ordering
(see e.g. [1, Corollary 2.2.11]). Therefore no polynomial in G, other than
(Yi=1z;) + x4, contains power products divisible by z,, and hence we can remove
the variable z, from the list of variables in the subroutine InsertNexts, giving us
one less variable to work with.

The second consequence of the absence of y-variables is that the basis for the
vector space IF,[x, z]/I simplifies to:

t
(10) ‘P={z|z=nz?‘;0§b,~§n}.
i=0

Y has (n + 1) elements and is obtained from the Grobner basis F.

The structure of the Grobner basis F also greatly simplifies the map #£. As
pointed out in [11], every monomial in PowerProducts is either x;X or z;X
where 1 <j <t (in our case we do not have z,X), and X is a monomial that has
been previously reduced with respect to F. First, we address the case of reducing
monomials of the form z;X. Let ry be the polynomial corresponding to Z(X).
Then, to compute #(z;X) one simply has to multiply each power product in ry by
z;and replace any 27! by z;. To compute the reduction of monomials of the form
x;X, one replaces x; by zj + z§ + ... + z/, and one uses the fact that Z is linear
to obtain

(11) A X) = REX) + REEX) + ..+ B X).
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The computation of the right-hand side is done exactly as indicated above,
reducing the corresponding powers of z; that appear in the respective summands.
Hence, the map £ in the case of binary cyclic codes is quite simple.

Next, we address the problem of representing the vectors in MBasis. First, we
note that to each element X =T[T;_, zi of W, we can associate the unique t-tuple
(by,bs,...,b,)eZ . Let S be the set of all t-tuples corresponding to elements of 'V,
and let 2(S) be the power set of S. Then define the map y by:

y:span(¥) —» 2(S)
[ {s|zfef }.

Instead of storing binary vectors of length (n + 1)' corresponding to £(X;) in
MBasis, we store the support set of t-tuples y(Z(X;)). One can perform the vector
addition Z(X;) + #Z(X;) using the y-representation.

(13) 1(2(X)) + 2(X;))) = [2( (X)) ox(#(X;))] minus [ 3 (2 (X)) g (R(X;))].

To check for linear relations in the WHILE loop of the algorithm, one can store
arow echelon version of the vectors in MBasgis. This requires keeping track of two
additional sets. The first is the list of supports that correspond to the pivots of the
row echelon form of MBasis, denote this set by Pivots. The second is a set that
keeps track of which vectors in MBasis have non-empty support at position j,
where j is not a pivot. We call this set MSupport. Then, after each computation of
R(X;), to check for linear relation with the preceding elements of MBasis we
proceed as follows: we intersect y(Z(X;)) with Pivots, we “add” the supports of the
vectors in MBasis corresponding to x(2(X;))nPivots to y(#£(X;)), and we check
if it is the empty set. If so, we have a new element in the Grobner basis G, namely
the sum of the corresponding X’s. If it is not empty, we obtain one more element in
the basis MBassis, we then choose one element from the remaining supports, add
this to the set Pivots, and row reduce MBasis using the set MSupport, making
sure to update MSupport as we go along.

To compute 2(z2X) using the supports is also straight forward. To do this one
simply adds b to the jth element of each member of y(#2(X)) making sure to
identify n 4+ 1 to 1 as necessary. Using this and (11), the computation of Z(X) for
any X in PowerProducts becomes relatively simple. As an alternative to storing
t-tuples corresponding to the elements of ¥, one could store integers correspond-
ing to an ordering of ¥ and work with sets of integers instead of ¢-tuples, adjusting
the map % accordingly.

(12)

6 Decoding the [23, 12, 7] Golay Code

Using the algorithm presented in Section 4 and the improvements discussed in
Section 5 we now present a method for the decoding of the binary [23, 12, 7]
Golay Code. The following Grobner basis was computed using a program written
in the MAPLE programming language.

Recall (see e.g. [19, Chapter 7.6]) that the non-primitive BCH code of design
distance 3 and length 23 is equivalent to the [23, 12, 7] Golay Code. Hence, from
(3) we obtain

F={x{+z,+2,+ 23 21" + 21, 23* + 25, 23* + 23}
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The G,’s obtained from the Grobner Basis for F with respect to <, are as follows:
Go = [x2% + x,]
Gy = Gou{zy + 274,

3,24 2,25 1337 1291

3 2.2 1176
Z1X1 +zixy + zix17 + zix1 + z1X1 + Z1X1

+ Z1X1

555

1153
+ z1X1

1061
+ Z1X1

1038
+ Z1X1

808
+ Z1X1

785
+ z1X7

+ Z1Xq

187

532
+ Z1X1

440
+ Z1X1

394
+ Z1X1

348
+ Z1X1

325
+ Z1X1

+ Z1X1

164 95 26 1338 1292 1177 1154 1062
+21X1 +le1 +le1 +xl +X1 +x1 +X1 +x1

1039 809 786 556 533 441 395 349 326
+ X1 + X7 + X1 + X3 + X3 + X7 + x3 + X3 + X3
280

257 1 165 9 4
+ X1 +x15 +X188+X16 +X16+X1}

24 2 2 2 2 2 2 256 3
G, = Glu{zz + 25, 2521 + 25X1 + 2227 + ZoX7 + z1X1 + z1x7 + X170 + X7,

3..24 2 24 25 2 2..24 2
Z3X1 +22x1 + ZyZ1X7 + Z7Z1Xq + ZyX1 +szl + Z1X71 + Z1X1

25 2 1337 1291 1176 1153 1061
+ z9x7” + z9x1 + X1 + X1 + X3 + X3 + X3

808
+ x7

1038
+ X1

785

555 532 440 394 348 325 187
+ X + X3 + X3 + X7 + X1 + X1 + X1 + X1

+ x1%* + x7° + x1°}
G3 = G2U{Z3 + Zy =+ Zq =+ xl}

Let s be the syndrome corresponding to a received vector with 3 or fewer
errors. According to Theorem 3.3 and to Corollary 3.4, if exactly one or 3 errors
occur in s, then Gy and G will give rise to the error locator, and it is clear which
polynomials these will be. However, if exactly two errors occur in s then one of the
two non-trivial polynomials listed in G, will give rise to the error locator, these are:

2 2 2 2 2 2 256 3
2321 + 23Xy + 2327 + ZpXT + 21X + Z29X7 + X170 + X4,

and

2..24 2 24 25 2 2..24
Z5X1 T Z3X1 + ZpZ1X1 + Z2Z1X1 + ZpXT1T + ZpX1 + Z1X1

2 25 2 1337 1291 1176 1153 1061
+ zZ1X1 + Z1X71" + z21X7 + X1 + X1 + X1 + X1 + X1

1038

+ x! 808

7 2 440 94
+ x808 4 x785 4 X350 4 xP32 4 X0 + X3

+ 1348 X3P 4 X187 4 x16% 4 xS 4 X3S,

Since, in this case, an error does occur, we must have x; # 0. If we evaluate the first
polynomial at the point (s, 0, z) we get a degree 2 polynomial with leading term sz,
and hence this is the error locator polynomial for the received word corresponding
to s. Therefore we only need to consider the first polynomial when checking for
two errors. With this in mind, let:

1176

1337 1291
+ z1X1

3..24 3 2..25 2.2
g1 = Z1Xq + Z1X1 + Z1X1 + Z1X1 + Z1X1 + Z1X1

1038

1153 1061 808
+le1 +le1 +21X1

785 555
+zx7 " Fzix1 0 4+ z1x7

187

440 394 325
+Z1X177 + 21X

532 348
+le1 +le1 +ZIX1

+ z1x7
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164 95 26 1338 1292
+le1 +le1 +le1 +X1 +X1

1039
+ X1

1177
+ X1

441
+ X7

1154
+ X3

395
+ X3

1062
+ X1

809

786
+ X7

556
+ X1

533
+ X3

349
+ X1

+ x3% 4+ x3%°

280

257
+ X1

188
+ X1

165
+ X1

96 4
+ X + X1 + X7

2 2 2 2 2 2 256 3
g2 = 2221 + 23Xy + 2221 + 2oXT + 21X + 21XT + X177 + X]

g3=Z3+Zz+Zl+X1.

Now we provide an algorithm for decoding the [23, 12, 7] Golay code which uses
only polynomial evaluation. Suppose ¢ is our received message. To find the error
locator polynomial we proceed as follows.

Step 1: Compute the syndrome s = H¢. If s = 0 then stop.

Step 2: Compute g¢(s, 0), if g;(s,0) = 0 then go to Step 3; Otherwise, the error
locator polynomial is g,(s, z), and stop.

Step 3: Compute g,(s, 0, 0), if g, (s, 0, 0) = 0 then go to Step 4; Otherwise, the error
locator polynomial is g,(s, 0, z), and stop.

Step 4: The error locator polynomial is g;(s, 0, 0, z), stop.

Note that in the above example the design distance of the code is 3, however the
actual distance is 7. The algorithm presented is able to correct up to three errors,
hence up to the true minimum distance of the code.
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