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Abstract. We introduce concepts of “recursive polynomial remainder sequence (PRS)” and
“recursive subresultant,” and investigate their properties. In calculating PRS, if there exists
the GCD (greatest common divisor) of initial polynomials, we calculate “recursively” with
new PRS for the GCD and its derivative, until a constant is derived. We call such a PRS a
recursive PRS. We define recursive subresultants to be determinants representing the coef-
ficients in recursive PRS by coefficients of initial polynomials. Finally, we discuss usage of
recursive subresultants in approximate algebraic computation, which motivates the present
work.

1 Introduction

The polynomial remainder sequence (PRS) is one of fundamental tools in computer algebra. Al-
though the Euclidean algorithm (see Knuth ([1]) for example) for calculating PRS is simple, co-
efficient growth in PRS makes the Euclidean algorithm often very inefficient. To overcome this
problem, the mechanism of coefficient growth has been extensively studied through the theory of
subresultants; see Collins ([2]), Brown and Traub ([3]), Loos ([4]), etc. By the theory of subresul-
tant, we can remove extraneous factors of the elements of PRS systematically.

In this paper, we consider a variation of the subresultant. When we calculate PRS for poly-
nomials which have a nontrivial GCD, we usually stop the calculation with the GCD. However,
it is sometimes useful to continue the calculation by calculating the PRS for the GCD and its
derivative; this is necessary for calculating the number of real zeros including their multiplicities.
We call such a PRS a “recursive PRS.”

Although the theory of subresultants has been developed widely, the corresponding theory for
recursive PRS is still unknown within the author’s knowledge: this is the main problem which we
investigate in this paper. By “recursive subresultants,” we denote determinants which represent
elements of recursive PRS by the coefficients of initial polynomials.

This paper is organized as follows. In Sect. 2, we introduce the concept of recursive PRS. In
Sect. 3, we define recursive subresultant and show its relationship to recursive PRS. In Sect. 4, we
discuss briefly using recursive subresultants in approximate algebraic computation.

2 Recursive Polynomial Remainder Sequence (PRS)

First, we review the PRS, then define the recursive PRS. At last, we show recursive Sturm sequence
as an example of recursive PRS.

2.1 Definition of Recursive PRS

Let R be an integral domain and polynomials F' and G be in R[z]. We define a polynomial remainder
sequence as follows.

* This research was partially supported by Japanese Ministry of Education, Culture, Sports, Science and
Technology under Grant-in-Aid for Young Scientists (B), 14780181, 2002.
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Definition 1 (Polynomial Remainder Sequence (PRS)). Let F' and G be polynomials in
R[z] of degree m and n (m > n), respectively. A sequence

(P, B) (1)

of nonzero polynomials is called a polynomial remainder sequence (PRS) for F' and G, abbreviated
to prs(F, G), if it satisfies

P=F, P=G obF_2=qg1P_1+pBF;, (2)

fori=3,...,1, where as,...,a, fs,..., [ are elements of R and deg(P;_1) > deg(F;). A sequence
((as,P3),- -, (au, B1)) is called a division rule for prs(F, G) (see von zur Gathen and Liicking ([6]) ).
If P, is a constant, then the PRS is called complete. ad

If F and G are coprime, the last element in the complete PRS for F' and G is a constant.
Otherwise, it equals the GCD of F' and G up to a constant: we have prs(F,G) = (P, = F, P, =
G,...,P, = gcd(F,Q)) for some v € R. Then, we can calculate new PRS, prs(P,, del), and if
this PRS ends with a non-constant polynomial, then calculate another PRS for the last element,
and so on. By repeating this calculation, we can calculate several PRSs “recursively” such that the
last polynomial in the last sequence is a constant. Thus, we define “recursive PRS” as follows.

Definition 2 (Recursive PRS). Let F' and G be the same as in Definition 1. Then, a sequence

PO, PO PO pO

() Iy 27"

PO, LB (3)

of nonzero polynomials is called a recursive polynomial remainder sequence (recursive PRS) for F
and G, abbreviated to rprs(F,G), if it satisfies

PY=F P"=ad, P =y gdP",P") withy €R,
(P1(1)7P(1)7'_'7]:al(11)) = prs(P} Jai) P( ))
d e .
PP =P, P = %Pz(kkfll)a PP =y - ged(PM PM)  with € R,
k k k k
B, PN, PP) = prs(PM, P,

fork=2 ...t If agk), ﬂgk) € R satisfy
ol )P(k)z _ (k) P(kl -|-ﬂ(k P(k) (5)
(1) ?()1))7 ( ()

fork=1,...;t andi=3,...,l;, then a sequence ((a3’, a ,B(t) 1s called a division
3 It It

rule for rprs(F,G). Furthermore, if Pl(tt) is a constant, then the recursive PRS is called complete.
O

2.2 Example of Recursive PRS: Recursive Sturm Sequence

Sturm sequence is a variant of PRS, which is used in Sturm’s method, for calculating the number
of real zeros of univariate polynomial (for detail, see Cohen ([7]) for example). Note that Sturm’s
theorem is valid for not only polynomials having simple zeros but also those having multiple zeros
(see Bochnak, Coste and Roy ([8]) for example). Here, we define “recursive Sturm sequence” to
calculate the number of real zeros including multiplicities, as follows.

Definition 3 (Recursive Sturm Sequence). Let P(z) be a real polynomial of degree m. Let a
sequence of nonzero polynomials be defined by a recursive PRS in Definition 2, calculated as

d
(complete) rprs(P(z), d—P(m)), (6)
x
with division rule given by
(o, 5") = (1,-1), (7)
fork=1,...;t and i =3,...,l;. Then, the sequence (6) is called the recursive Sturm sequence of

P(z). O
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Ezample 1 (Recursive Sturm Sequence). Let P(x) = (x + 2)?{(x — 3)(z + 1)}?, and calculate

the recursive Sturm sequence of P(x). The first sequence L1 = (Pl(l), . ,P4(1)) has the following
elements:

PM = P(z) = (x +2)*{(z — 3)(x + 1)}?,
d

Pt = EEI%m)::8m7——14m6——102x54—80m4%—460x34—66m2——558%——324,
75 45 225 3315 4815 945 (8)
p 26 225 gopt - 222,83 4 2072 2 2009 J39
57160 T 16" a7 T
128 256 256 1024 4224 2304
pl) _ 2205 290 4 2903 2 )
1 3B Tt T T Tttt s

The second sequence Ly = (P1(2), ey P4(2)) has the following elements:

‘ 128 256 , 256 1024 , 4224 2304
p® _pl) _ 220 5 490 4 29D 3 2

1 4 BT Tt T T Ty Tty Tt gy

_dpm 128, 1024 o 768, 2048 4224
T 5 25 5 25 25 ' ()
(2) 14848 , 1536 , 88576 66048
P = T° — 7 — T — ,
625 125 625 625
5 12800 ., 25600 38400

P = 2 - :

4 841 U T Tsal T Tsal

The last sequence Lz = (Pl(B), . ,P?)(B)) has the following elements:

5 12800 ., 25600 38400
P(3) — P(z) — 2 _ _
1 4 841 © T Tgar U 841’

d ) 25600 25600
p® _ 4 pe _ B 10
2 T g 4 g4l U7 R4l (10)
51200
p¥ =222
3 841

For PRS Ly, k = 1,2,3, define sequences of nonzero real numbers A(Ly, —oc0) and A(Ly, +00) as

(k) )
ML, =00) = (=" 1e(P{),.. . (=1)"e Te(R)),

(11)
ALy, +00) = (le(PM), ... 1e(PF)),

where ngk) = deg(Pi(k)) denotes the degree of Pi(k) and lc(Pi(k)) denotes the leading coefficients of
P®) Then, A(Lg, —00) and A(Lg,+o0) for k =1,2,3 are

75 128
+ = +8, — +—
)‘(L17 OO) (]-7 87 16’ 25 )7
128 128 18848 12800
Ly, +o00) = (4> 128 | 18845 12840 12
)‘( 2, OO) ( 257 5’ 625 @ /41 )7 ( )

12800 | 25600 51200

Ly, +00) = .
A(Lg, #00) = (== F =g 5ar )

For a sequence of nonzero real numbers L = (ay, ..., ay), let V(L) be the number of sign variations
of the elements of L. Then, we calculate the number of the real zeros of P(z), including multiplicity,
as

3

> {V(AMLk, —0)) = V(AMLg, +0))} =3+ 3+2 =8, (13)
k=1

a
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3 Subresultants for Recursive PRS

Let F' and G be polynomials in R[z] such that

F(z) = foz™+ -+ foz°, G(z) = gz +---+ gox°, with m >n > 0. (14)
To make this paper self-contained and to use notations for our definitions, we first review the
fundamental theorem of subresultants, then discuss subresultants for recursive PRS.
3.1 Fundamental Theorem of Subresultants

There exist several different definitions of subresultants. Here, we follow definitions and notations
basically by von zur Gathen and Liicking ([6]).

Definition 4 (Sylvester Matrix). Let F' and G be as in (14). The Sylvester matrix of F' and
G, denoted by Syl(F,G), is an (m+n) X (m+n) matriz constructed from the coefficients of F' and
G, such that

fm 9n

Syl(F,G) = | fo fm 9o 9n
.. o (15)
fo 90
—_———— ——

Next, we define the “subresultant matrix” to derive polynomial subresultants.
Definition 5 (Subresultant Matrix). Let F' and G be defined as in (14). For j < n, the j-th
subresultant matrix of F' and G, denoted by NU)(F,G), is an (m+n—7) x (m+n —2j) sub-matriz

of Syl(F, G) obtained by taking the left n— j columns of coefficients of F' and the left m — j columns
of coefficients of G, such that

(16)

a

Definition 6 (Subresultant). Let F' and G be defined as in (14). For j <n and k = 0,...,7,
let N,g]) = N,g])(F, G) be a sub-matriz of N (F,G) obtained by taking the top m +n —2j — 1 rows
and the (m +mn — j — k)-th row (note that N,g])(F, G) is a square matriz). Then, the polynomial

S;(F,G) = det(NV)ad + - + det(N§)2° (17)

is called the j-th subresultant of F' and G. O
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Theorem 1 (Fundamental Theorem of Subresultants [3]). Let F' and G be defined as in
(14), (P1,..., Py) = prs(F,G) be complete PRS, and ((as,f3), ..., (ag,Br)) be its division rule.
Let n; = deg(P;) and ¢; = lc(BP;) fori=1,...,k, and d; = n; —n;p1 fori=1,...,k— 1. Then,
we have

S;(F,G) =0 for0<j<ny, (18)
i 3 ni_1—n;
S,.(F,G) = PiC?i_l_l H { (_l) cldzlz-i-dz1(_1)(n12—ni)(nz1—ni)} , (19)
=3 L\
Sj(F,G) =0 forn;<j<n;_—1, (20)
ey (BT
Sni,lfl(Fy G) — Pici:1171 H (_) clt_—12+ 1—1(_1)(n1—27n171+1)(m—17m'71+1) , (2]_)
=3 it
fori=3,... k. O

By the above theorem, we can express coefficients of PRS by determinants of matrices whose
elements are the coefficients of initial polynomials.

3.2 Recursive Subresultants

We construct “recursive subresultant matrix” whose determinants represent elements of recursive
PRS by the coefficients of initial polynomials.

To make help for readers, we first show an example of recursive subresultant matrix for recursive
Sturm sequence in Example 1.

Ezample 2 (Recursive Subresultant Matriz). We express P(z) and 4L P(z) in Example 1 by

d
P(z) = fsa® + - + foa®, @)= gra’ 4+ goa®. (22)

Let M1 (F,G) = NU3(F,G), then the matrices M (F,G), M{"?(F,G) and M, (F,G)
are given as

fs gr
f7 fs 96 97
Y L o S
M e | g0 5 oo o o
M) (F,G) = U] = [ 225239095 ML( P F,G) = | 3f23fs 391 392 393 |, (23)
M) f3 fa.92 93 94
L 2f1 2f2 290 291 29
fa f3 91 92 g3 fo fi go g1
f1 f2 90 91 g2
fofi goq
fo 9o

where horizontal lines in matrices divide them into the upper and the lower components. Note
that the matrix M (%) (F,G) is derived from Mg’f’) (F,G) by multiplying the I-th row by 6 — I
for I =1,...,5 and deleting the lowest row. Similarly, the (2, 3)-th recursive subresultant matrix
M®3)(F,G) is constructed as

MY

M

1,5
M)
M®3)(F,G) = 0---0 |. (24)
M£1’5) MJI:(175)

M;(175)

0---0
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M%(F,G) =
M[(]’C*ijq)
ML(Ik_l’]k_l)
Ml(]/fflukfl)
(F=T.jk—1)
M k—1
Ml(]/fflukfl)
MU(E—la]k—lj
0------ 0 0------ 0
Mék—lsjk-—ﬂ M;(k_lsjk-—l)
Mék_l’jk_l) ML(k_lsjk-—l)
Mék—l,jk—l) Ml(fk_l’jk_l)

Fig. 1. Illustration of M®*7)(F,G). Note that the number of blocks M]Ek_l’j"’_l) is jy_1 — j — 1, whereas
that of ML(k_l’“’_l) is jx_1 — j; see Definition 7 for details.

Definition 7 (Recursive Subresultant Matrix). Let F' and G be defined as in (14), and let
(Pl(l), e ,Pl(ll), e ,Pl(t), cee Pl(f)) be complete recursive PRS for F and G as in Definition 2. Let
Jjo =m and j = nl(k) fork=1,...,t. Then, for each tuple of numbers (k,j) withk =1,...,t and
j=jrk1—2,...,0, define matriz M*9)(F,G) as follows.
1. For k=1, let M) (F,G) = NO(F,G).
2. Fork>1, let M(’W)(F, G) consist of the upper block and the lower block, defined as follows:
(a) The upper block is partitioned into (jp—1—jr—1) X (jr—1—Jjr — 1) blocks with diagonal blocks
filled with Mék_l’]k’l), where M[(Jk_l’]k’l) is a sub-matriz of M*—13x-1)(F G obtained by
deleting the bottom jr—1 +1 rows.
(b) Let Mékfl’”“_l) be a sub-matriz of M k—1ix—1) (F @) obtained by taking the bottom jj_1+1
rows, and let ML(kfl’J’“_l) be a sub-matriz of M}Jk*l”’“‘l) by multiplying the (jr—1 +1—7)-
th rows by 7 for T = jx_1,...,1, then by deleting the bottom row. Then, the lower block

consists of jr—1 — j — 1 blocks of M}Jk—l’jk’l) such that the leftmost block is placed at the
top row of the container block and the right-side block is placed down by 1 row from the

left-side block, then followed by jr_1 — j blocks of M’L(k_l’jk’l) placed by the same manner
as Mékfl’j’“_l).

As a result, M%) (F,G) becomes as shown in Fig. 1. Then, M%) (F,G) is called the (k,j)-th
recursive subresultant matrix of F' and G. O

Proposition 1. Fork=1,...,t and j < ji_1—1, the numbers of rows and columns of M*9) (F,G),
the (k, j)-th recursive subresultant matriz of F' and G are

k—1

(m +n —2j1) {H(lel —2ji — 1)} (21 =2 1)+ (25)

=2

and

k-1
(m +n — 2j;) {H(2j1—1 =25 — 1)} (2fk—1 —2j = 1), (26)
=2
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respectively.

Proof. By induction on k. For & = 1, by definition of the subresultant matrix, we see that
MWD (F,G) is a (m 4+ n —j) x (m 4+ n — 2j) matrix. Let us assume that equations (25) and (26)
are valid for 1,...,%k — 1. Then, we calculate the numbers of the rows and columns of M (%7 (F, G)
as follows.

(k—1,%—1) M;(k_lyjk—l)

1. The numbers of rows of M, and are equal to j_1 + 1 and j_1, respec-

tively, hence the number of rows a block which consists of Mék_l’j’“’l) and M’L(k_l’j’“’l)

M3 (F,G) equals

in

2jk—1—J— 1 (27)
On the other hand, the number of rows of M( Lir=1) i equal to (m+n — 2]1){1_[1 5 (211 —
2 — 1)} -1, hence the number of rows of dlagonal blocks in M (*3%)(F,G) is equal to

k—1

(m +n — 2j) {H@jll ~2j 1) - 1} (2ji1 —2j — 1). (28)

=2

By adding formulas (27) and (28), we obtain (25).
2. The number of columns of M ¥=17»—1) (F, @) is equal to (m+n — 2i){TL S (et — 25— 1)},
hence the number of columns of M7 (F,G) is equal to (26).

This proves the proposition. O

Now, we define recursive subresultants by recursive subresultant matrices.

Definition 8 (Recursive Subresultant). Let F' and G be defined as in (14), and let (Pl(l), ce
Pl(ll), . ,Pl(t), . ,Plit)) be complete recursive PRS for F and G as in Definition 2. Let jo = m and
ge=n" fork=1,...,t. Forj =jr_1—2,...,0 and 7 = j,...,0, let M7 = M9 (F,G) be
a sub-matriz of the (k,j)-th recursive subresultant matriz M %3 (F,G) obtained by taking the top
(m+n-— 2j1){H;:21 (2j1—1 =251 — 1) }H2jk—1—2j — 1) — 1 rows and the (m+n— 2j1){Hf;21(2j171 -

25— 1) }(2jk—1—2j—1)+j—7)-th row (note that M*D s g square matriz). Then, the polynomial
Sk, (F,G) = det(M*)ad + .- + det (M")a° (29)

is called the (k,j)-th recursive subresultant of F' and G. a
Finally, we derive the relation between recursive subresultants and coefficients in recursive PRS.
Lemma 1. Let F and G be defined as in (14), and let (Pl(l), . .,Pl(ll), .. .,P(t) P(t)) be com-

plete recursive PRS for F and G as in Definition 2. Let c(k) lc(P z(k)), (k) — = deg(P, (k)) Jo=m
and]k—nl fork=1,...;t andi =1,... 1, and letd(k (k)—nz(»_H fork=1,...,t and

Z

i=1,...,0; — 1. Furthermore,fork:l,. ,t—1 and]—]k 1—2,...,0, define

k—1
u; = (m+n—2j;) {H(%l ~ 2 — 1)} (251 — 25 — 1),
=2
(k) (30)
3 k) it 1_”zk
(&) (k) | 4(k) ), —nl) (0, )
B, = (cl(]]:))dl,c 1~ H (iik)) (cl(ﬁ)l)(dlﬂ-’_dl*l)(_ )( =) () )
=3 !

and let up, = upj,. Fork=2,...,t and j = jpr—1 —2,...,0, define

brj=2jk1 —2j =1, rpy= (-1 DAt D) (31)

and let by, = by j, and ry = 5, . Then, for the (k,j)-th recursive subresultant of F' and G with
k=1....t and j = jy—1 — 2,...,0, we have

Sk (F,G) = Ry - S;(PF), Py, (32)
where Ry j =1 and Ry ; = ((--- ((B:lf2 19 By)s -3 Bs)ba Yokt ey By )0k “rg,j for k> 1.
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Proof. For a univariate polynomial P(z) = ap,a™ + - -+ + aoz® with a; € R for j =0,...,n, let us
denote the coefficient vector for P(z) by p = !(ay, ..., ao).

We prove the lemma by induction on k. For k£ = 1, it follows immediately from the Fundamental
Theorem of subresultants (Theorem 1). Let us assume that (32) is valid for 1,...,k — 1. Then, we
have

Sk—l,jk—l (F7 G) = Rk_l:jk—l : Sjk—l (Pl(kil)apékil))a (33)

hence we have
det(MF=19e=)) = Ry y j, - det(NUe=2) (P{F= P{FY)), (34)
for 7 = jg—1,...,0. Therefore, there exists a matrix Wj_; such that det(Wy_1) = Rj_1j, , and

that we can transform M *—1ix-1)(F G) to

(35)

M(k717jk_1)(F, G) — <Wkl| (0 ) 7

« [NUe-0 (P pIFY)

by eliminations on columns. Furthermore, by eliminations and exchanges on columns
in the block N(j’e—l)(Pl(k_l),Pék_l)) as shown in Brown and Traub ([3]), we can transform
MU=Li=1)(F, @) to
Wi_1 o
MELi-)(F,G) = NG+ : (36)

(

such that NUjk’l) is a lower triangular matrix with all diagonal elements equal to 1
and that det(M¥*=(F,G)) = By, - det(M¥ =) (F,G)), where MY H-D(F Q)
and M1 (F @) are sub-matrices of M(k=1Lik-1)(F, G) and 4 F=13x-1) (F, @), respectively,

obtained by the same manner as we have obtained Mﬁkil’j’“‘l)(F, @). Therefore, we have

det(MF=1k-1)(F, Q) = By_; - det(MF~13x-1) (F, @)). (37)

Mék_lyjk—l)
ML(kfl,jk_ﬂ

Similarly, let M’(k—l,jk,l)(E G) = < > Then, by the same transformations in the

above, we can transform M (= 1Lix=1)(F G) to

Wit O
Mk Li-)(F,G) = NG : (38)
: 7
satisfying
det(M, ¥~ Lik=1)(F, G)) = Bj_; - det(M,F~Li=1)(F, @), (39)

where M;(k_l’jk’l)(F,G) and M;(k_l’jk’l)(F,G)) are sub-matrices of M (*~1L.jx-1)(F,G) and
M'(k=Lix-1) (F G)), respectively, obtained by taking the top up_; — 1 rows and the (up_; +
je—1 — T)-th row for 7 = jr_; ..., 1. Therefore, for j < j_1 — 1, we can transform M *3)(F Q)
to M*J)(F,@) as shown in Fig. 2 by eliminations and exchanges on columns in each column
block, and let D) (F,G) be sub-matrix of M *J)(F,G) obtained by the same manner as we

have obtained M%7 (F,G). Then, we have
det (M) (F, G)) = (By_1)™3 - det (V) (F, G)), (40)

from (37) and (39) and since there exist by ; blocks of #7(*=13k-1)(F, @) and M'(k=Lix—1)(F @) in
M*3)(F,G) with each of which divided into the upper and the lower block.
Furthermore, by exchanges on columns, we can transform M (%9 (F, G) to M %9 (F, G) as shown

in Fig. 3, and let kD) (F,G) be sub-matrix of M9 (F,G) obtained by the same manner as we
have obtained MT(k’J)(F, G). Then, we have
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A 0
W] ©O
. |nFD | °
U
Wi_i] O
— — o]
(k) S L
%D (F,G) =
) E—
k
. ¢
. )
. )
Wi_i] O
. NI ©
U Wi © S
« 8§
Wk*—l N{’“O—l o
() e
. o
. )
. )
Fig. 2. Illustration of /%)) (F, ). See Lemmna 1 for details.
des(JT9) (F, G)) = s - det (VL (F, G)), (1)

because the (uy ; — (I — 1)ug_1)-th column in M*)(F,G) was moved to the (ug; — (I — 1))-th
column in M%) (F,G) for [ =1,..., by ;. Furthermore, we have

det(M#9) (F,G)) = (Rg—1.j,_, By—1)"7 - N (PH | p{0)), (42)

because the lower-right block of pgk) and pgk) in M*®9)(F,G) is equal to N@) (Pl(k),Pz(k)).

Finally, from (40), (41) and (42), we have

det(M) (F,G)) =1y ;- (Ry1j, , Bio1)™ - det(N9D (P, P{M)))

) (43)
= Ry - det(N9 (P, PM)).

Therefore, by the definitions of recursive subresultant, we obtain (32). This proves the lemma. O
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Wi _1 o
—(k—1
* NU
Wi _1 O
« |nlF?
Wie_1 [®)
P P
o (ko) =
M (F,G) =
0---0
.
.
.
We_1] ©O
« |wt
We_1] ©O
G (F=1)
* NU
Wi _1 O
—(k—1
* NU
0 0 0 0
k k
: o g
. o) ()
1 Py
k k
: o0 o

Fig. 3. Illustration of M) (F, G). Note that the lower-right block which consists of pgk) and pgk) is equal
to N(jk’)(Pl(k),Pék)), and the number of blocks Wj_; and Nl(]k_l) is br,j = 2jr—1 — 2j — 1: see Lemma 1
for details.

Theorem 2. With the same conditions as in Lemma 1, and for k=1,...,t and i = 3,4,... 1,
we have
Sk;(F,G) =0 f0r0<]<nl(), (44)
) _
Sk (k>(F G) = )( ('k))di’l 1Rk,n(,k)
()
ﬁlk) o () (@) 1y (nE=ni) (n*), —n()
x H g () UEILS , (45)
@
Ski(F,G) =0 fornt® <j<n® —1, (46)
. 2
Sk7ngli)171(F7 G) = Pz'(k) (Cgi)l)l 4 LR, i -1
i k) ”l 1_”'( )1'1"1
y <ﬁz(k)> (P (@2 i) () (D=2 () a1 L (47)
1=3 @

Proof. By substituting S;(P; (%) P(k)) in (32) by (18)—(21), we obtain (44)-(47), respectively. O
We show an example of the proof of Lemma 1 for recursive subresultant matrix in Example 2

Ezxample 3. Let us express Pi(k) in Example 1 by

Pi(k) (.27) — a(k)(k)m Ek) + -+ a(k) 0 (48)

Z’Il
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with ngk) = deg(Pi(k)). By eliminations and exchanges of columns as shown in Brown and Traub ([3]),

(1,5) (1,5)
we can transform M9)(F,G) = (%) and M'9)(F,G) = (Ml{l’5)> in (24) to M1)(F, @)
L L

and M (1) (F, @), respectively, as

1
ayy 1
ol a1
ay) ) ag) 1
aooner- (0L ) | Flta i |
e St e
I Gl
B I U
o T
a3,0|%4,0 (49)
1
ayy 1
o a1
5 ay) as) ay) 1
WO EG) = (N 0 ) | Sl sl sallT 5l |
2 el aafl] ) salf ol
3al') 3all} 30 3001 3]
2a5) 2ay,) 2ay | 2ay)|2a))
T all) g G o
2,0 @30 931 |%1
where dg}j) = ag}j) / aé}%. Furthermore, we have
det(M*5)(F,GQ)) = By - det(M*2)(F,G)) for 7 =35,...,0, “
det(M. 9 (F,G)) = By - det (3 W) (F,@)) forr=5,...,1, (50
with
Bi = —(a§)*(af}0)%, (51)

where M) (F,G) and M, (F,G)) are sub-matrices of M%) (F,G) and M (%) (F, G), respec-
tively, obtained by taking the top 4 rows and the (10 — 7)-th row. Therefore, by eliminations and
exchanges on columns, we can transform M > (F, Q) in (24) to M ?3)(F,G) as

NP o
NPl o
_ NGl o
ME3(F,G) = 0---0 |, (52)
« [p?] « |p®
N G
D>
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satisfying det(MT(M) (F,G)) = (B1)?- det(MT(273) (F,@)). Furthermore, by exchanges on columns,

N

I
S
=
o

MEA(F,G)

Py’ (53)

N ’
% NG(PP pP)

satisfying det(M > (F, @) = ra5 - det(MP? (F, Q) = ry5 - det(NP (PP, P?)). Therefore, we
have

det(M>¥(F,G)) = (B1)*ras - det(N® (P, P?)) = Ry 5 - det(N® (PP, P?)),  (54)

for 7 =3,...,0, and we have
S2.3(F,G) = Ray - S3(P), PY)) = {(a$9)?(a§0)? ¥ (a$))? - P, (55)
O

4 Conclusion and Motivation

In this paper, we have defined recursive PRS as well as recursive subresultants, and proved a similar
theorem as the fundamental theorem of subresultant.

The concept of recursive subresultant is inspired, in approximate algebraic computation, by
representing coefficients in recursive PRS by the coefficients of initial polynomials. For example,
consider calculating recursive Sturm sequence of a polynomial with floating-point number coeffi-
cients by floating-point arithmetic. In the case the initial polynomial has multiple or close zeros,
there may exist a polynomial in the sequence such that it is difficult to decide whether the poly-
nomial becomes zero or not. Also, zero recognition of very small leading coefficient is another
important problem because it plays crucial role in calculating the number of real zeros.

For the problem of zero recognition of very small leading coefficients, the present author and
Sasaki ([5]) have proposed a criterion for calculating the number of real zeros correctly by Sturm’s
method: if the Sturm sequence satisfy certain condition on Sylvester matrix, then we can neglect
the small leading coefficient which makes computation of the Sturm sequence more stable. We
expect that the recursive subresultant (matrix) will be useful for zero recognition of a polynomial
in recursive Sturm sequence, by representing its coefficients by the coefficients of initial polynomials
then analyzing it by numerical methods; this is the problem on which we are working now.
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