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Abstract. This survey article provides an overview of the fundamen-
tal principles used to simplify multi-sums into indeőnite nested sums
over hypergeometric products in the setting of diference rings. We place
special emphasis on the algorithmic translation between hypergeometric
sums and the formal diference ring setting. Furthermore, we detail the
core summation paradigms of telescoping, creative telescoping, and re-
currence solving within diference rings, illustrating these techniques and
their underlying algorithms with concrete examples.

Keywords: Diference ring · telescoping · creative telescoping · param-
eterized telescoping · recurrence solving.

1 Introduction

Symbolic summation aims at proving identities or simplifying complex sums into
alternative forms more suitable for practical applications. To achieve this, several
core techniques are employed.

• Telescoping: Given an expression F (k) that evaluates to a sequence for k ∈ N,
the goal of telescoping is to determine an “appropriate” expression G(k) such that

F (k) = G(k + 1)−G(k) (1)

holds for all k within a specified integer range l ≤ k ≤ b. Summing the telescoping
equation (1) over k yields

b∑

k=l

F (k) = G(b+ 1)−G(l).

In this context, a “suitable” G(k) is defined by its utility: the resulting right-hand
side must provide a more concise or computationally efficient representation than
the original sum. Typically, such a solution is sought either within the same
functional domain as F (k) or within a targeted extension of that domain.

• Creative telescoping: Suppose we are given a sum of the form

S(n) =

n∑

k=l

F (n, k) (2)
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with l ∈ N and F (n, k) is an expression that evaluates to a multivariate sequence.
Then fixing d ∈ N, find an expression G(n, k) (which is simpler than the input
sum S(n)) together with coefficients c1(n), . . . , cd+1(n) of the recurrence (not all
0), which may depend on n but which are free of k, such that

c1(n)F (n, k)+c2(n)F (n+1, k)+ · · ·+cd+1(n)F (n+d, k) = G(n, k+1)−G(n, k)
(3)

holds for all l ≤ k ≤ n and n ∈ N. Then summing the found creative telescoping
equation over k one obtains a linear recurrence of order d of the form

c1(n)

n∑

k=l

F (n, k) + · · ·+ cd+1(n)

n∑

k=l

F (n+ d, k) = G(n, n+ 1)−G(n, l). (4)

One can now proceed to turn this equation to a linear recurrence for the input
sum (2)by adjusting the summation bounds in the arising sums of (4) and com-
pensating the right-hand side through the subtraction of the newly introduced
terms. This yields

a0(n)S(n) + a1(n)S(n+ 1) + · · ·+ ad(n)S(n+ d) = H(n) (5)

with ai(n) = ci+1(n) and some updated expression H(n).

• Recurrence solving: Given a recurrence of the form (5), find all solutions that
can be given in the same domain as the coefficients ai(n) and the inhomogeneous
part H(n) or an appropriate extension of that domain.

A major breakthrough was achieved with Gosper’s telescoping algorithm [25]
for hypergeometric products1 and its extension to creative telescoping by Zeil-
berger [67,42], where F (n, k) is hypergeometric with respect to both k and n.
The ability to compute all d’Alembertian solutions [8,4] using Petkovšek’s Hyper
algorithm [43] (for an improved version see [28]) established a robust toolbox for
hypergeometric summation [44]. This framework allows for the systematic dis-
covery and verification of identities by representing solutions as indefinite nested
sums over hypergeometric products.

More generally, this machinery has been extended to q-hypergeometric and
multibasic products [38], as well as to their mixed variants [11]. For modern
approaches utilizing faster linear algebra or reduction based methods, we re-
fer to [20,17] and references therein. Further generalizations [21,32], building on
Zeilberger’s holonomic systems approach [66], make it possible to apply (cre-
ative) telescoping to sequences modeled by systems of partial linear difference
or differential equations; for complete reduction-based treatments, see [18].

In addition, initial progress has been made in handling non-holonomic se-
quences [22], such as Stirling or Bernoulli numbers. For multi-summation, one
may either apply the holonomic systems approach (see, e.g., the recent develop-
ments in [41]) or use WZ-summation techniques [44], leading to algorithms and
software packages described, for instance, in [47,65,9].

1
∏k

i=l
H(i) is called hypergeometric w.r.t. k if H(x) is a rational function in x
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In this survey we elaborate on the difference ring approach initiated by
Karr’s telescoping algorithm [29] which can be considered as the discrete ver-
sion of Risch’s indefinite integration algorithm [48]. This framework elaborated
in [49,15,51,50,53,57,58,34,3,59,60,7,2,63,35] enables the fully automatic treat-
ment of (creative) telescoping and recurrence solving in terms of indefinite nested
sums over hypergeometric products, q-hypergeometric products, and, more gen-
erally, nested products, as implemented in the summation package Sigma [52,62].

To demonstrate the key ideas of the difference ring approach we start with
the following example.

Example 1. Given F (k) = Hk where Hk =
∑k

i=1
1
i

denotes the harmonic num-
bers, Sigma computes G(k) = k(Hk − 1) in the “polynomial ring” Q(k)[Hk] such
that (1) holds for all k ≥ 0. We remark that the correctness can be easily checked
by treating Hk as a variable and using the shift relation Hk+1 = Hk + 1

k+1 . Fi-
nally summing the telescoping equation (1) over k from 1 to n yields

n∑

k=1

Hk = G(n+ 1)−G(1) = (n+ 1)(Hn+1 − 1). (6)

Strictly speaking, we avoid working in rings such as Q(k)[Hk] where Hk

is treated simultaneously as a formal variable and a sequence Hk : N → Q.
Instead, we decouple these concepts. We employ a formal ring A to represent
the summation objects and a difference ring automorphism σ : A → A to model
the shift behavior through its action on the ring elements. Subsequently, we
introduce an evaluation function, such as ev(h, n) = Hn, which maps the formal
variable h to the sequence value Hn at the point n ∈ N

Following this methodology, the article proceeds by first formalizing these
definitions and then applying them to the problem of symbolic summation.
Specifically, Section 2 introduces the foundational concepts, while Section 3 fo-
cuses on the automatic modeling of indefinite nested sums and products within
formal difference rings constructed via RΠΣ∗-extensions [58,59] over Karr’s
ΠΣ∗-fields [29,30]. Leveraging this framework, Section 4 explores the under-
lying algorithms for telescoping, parameterized telescoping (including creative
telescoping), and recurrence solving. Section 4.4 demonstrates applications that
integrate these paradigms, and Section 5 concludes with further results and an
outlook on future developments in the field.

2 The difference ring machinery for telescoping

We start with basic notions of difference rings in the next subsection and present
the basic construction that enables one to rephrase the telescoping problem in
the setting of difference rings in Section 2.2.

2.1 Basic notions

We focus on a formal ring (field) A equipped with a shift operator σ : A → A

defined mathematically as ring (field) automorphism. The pair (A, σ) is referred
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to as a difference ring (or field). Within this framework, we adopt the following
conventions and definitions. Z and N denote the set of integers and non-negative
integers, respectively. All rings are commutative rings with 1. In addition, the
rings (resp. fields) contain the rational numbers as a subring (resp. subfield). A∗

is the set of units (i.e., the invertible elements w.r.t. multiplication) which forms
a multiplicative group. When it turns to algorithms, we assume that all rings
and fields are computable.

Example 2. Take the rational function field F = K(x) over a field K. Further
take the field automorphism σ : F → F defined by σ(f) = f(x+1). The obtained
difference field (F, σ) is called the rational difference field (over K).

For the construction of difference rings (resp. fields) we need the following
concept. A difference ring (resp. field) (E, σ′) is a difference ring (resp. field)
extension of (A, σ) if A is a subring (resp. subfield) of E and σ′|A = σ, i.e.,
σ′(f) = σ(f) for all f ∈ A. In short we will write A ≤σ E. Since σ and σ′ agree
on A, we do not distinguish between them anymore.

First, we will introduce S-extensions and P -extensions that enable one to
represent iterated sums and products in a naive way; cf. [59]

Example 3. Take the polynomial ring F[h] over the field F given in Example 2.
Then there is the unique difference ring extension (F[h], σ) of (F, σ) with σ(h) =
h+ 1

x+1 . Namely, it is defined by

σ
(

d∑

i=0

fi h
i
)
=

d∑

i=0

fi(x+ 1)
(
h+ 1

x+1

)i
∈ F[h].

Note that the variable h scopes the shift behavior of the harmonic numbers:
Hk+1 = Hk + 1

k+1 .

The derived extension belongs to the class of S-extensions.

Definition 1. Let (A, σ) be a difference ring, b ∈ A and take the ring of polyno-
mials A[t]. Then the difference ring extension (A[t], σ) of (A, σ) with σ(t) = t+b
is called an S-extension and t is called an S-monomial.

Example 4. Take the ring of Laurent polynomials F[p, p−1] over the field F given
in Example 2. Then there is the unique the difference ring extension (F[p, p−1], σ)
of (F, σ) with σ(p) = (x+1)p. Note that the variable p scopes the shift behavior
(k + 1)! = (k + 1)k!. E.g., one can model the shift behavior of k! + 1

k! by p+ 1
p
.

Definition 2. Let (A, σ) be a difference ring, a ∈ A∗ and take the ring of Lau-
rent polynomials A[t, t−1]. Then the difference ring extension (A[t, t−1], σ) of
(A, σ) with σ(t) = a t is called a P -extension and t is called a P -monomial.

One can easily extend the construction of difference rings to field versions.
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Definition 3. Let (F, σ) be a difference field and F(t) be a rational function
field. Take the difference field extension (F(t), σ) of (F, σ) given by σ(t) = a t+ b
where a ∈ F∗ and b ∈ F.

– If b = 0, it is called a P -field extension and t is called a P -field monomial.
– If a = 1, it is called an S-field extension and t is called an S-field monomial.

Example 5. The rational difference field (K(x), σ) is an S-field extension of
(K, id) with σ(x) = x+ 1.

Finally, we will introduce A-extensions to model algebraic objects like ρk for
a λth root of unity ρ. (i.e., ρλ = 1). Here the following relations hold:

ρk+1 = ρ ρk and (ρk)λ = 1.

In particular, this object introduces relations such as

(1− ρk)(1 + ρk + · · ·+ (ρk)λ−1) = 0.

In the formal setting, such objects can be handled as follows. Let λ ∈ N with
λ > 1, let (A, σ) be a difference ring and let ρ ∈ A∗ be a λth root of unity, i.e.,
ρλ = 1. We carry out the following construction given below.

1. Take the difference ring extension (A[t], σ) of (A, σ) with t being transcen-
dental over A and σ(t) = ρ t.

2. Next, take the ideal I := ⟨tλ − 1⟩ and consider the ring E = A[t]/I. Here we
have

(t+ I)λ = tλ + I = 1 + I.

I.e. the element t + I ∈ E (e.g., for the special case σ(ρ) = ρ) scopes the
relation (ρk)λ = 1.

3. Note that I is a reflexive difference ideal, i.e., it is an ideal which is closed
under σ and σ−1: for all r ∈ Z and f ∈ I we have σr(f) ∈ I. Now fix
f ∈ A[t]. Then for any a, b ∈ f + I and for any r ∈ Z we get σr(a) + I =
σr(b) + I. As a consequence, we can define the function σ̃ : A[t]/I → A[t]/I
with σ̃(f + I) = σ(f) + I which is a ring automorphism. Thus (A[t]/I, σ̃)
establishes a difference ring extension of (A/I, σ̃).

4. Finally, observe that i : A → A/I with i(a) = a + I forms a difference
ring isomorphism. In particular, identifying these objects, it follows that
(A[t]/I, σ̃) is a difference ring extension of (A, σ).

We give some further details how one computes with the elements in A[t]/I.
Since tλ − 1 is monic, it follows that any f ∈ A[t] can be written in the form
f = q (tλ−1)+r with q, r ∈ A[t] and deg(r) < λ. In particular, if A is computable,
this can be accomplished with the polynomial division algorithm (without the
need to invert elements in A). As a consequence, we get f + I = r + I and the
set of representants of the equivalence classes of A[t]/I can be given by

R =
{ λ−1∑

i=0

fi t
i | fi ∈ A

}

.
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Then the addition and multiplication using the elements of R work as follows:

( λ−1∑

i=0

fi t
i

︸ ︷︷ ︸

∈R

+I
)

+
( λ−1∑

i=0

gi t
i

︸ ︷︷ ︸

∈R

+I
)

=

λ−1∑

i=0

(fi + gi) t
i

︸ ︷︷ ︸

∈R

+I (7)

and

( λ−1∑

i=0

fi t
i

︸ ︷︷ ︸

∈R

+I
)

·
( λ−1∑

i=0

gi t
i

︸ ︷︷ ︸

∈R

+I
)

=

2λ−2∑

i=0

timodλ
i∑

j=0

fjgi−j

︸ ︷︷ ︸

∈R

+I. (8)

In the following we drop the ideal I and work only with f ∈ R (instead
of f + I), i.e., we consider the ring A[t] subject to the relations tλ = 1 and
σ(t) = ρ t with the operations given in (7) and (8). In particular, we do not
distinguish anymore between σ̃ and σ. This is precisely the construction that
has been implemented within the summation package Sigma.m [52].

Definition 4. Let (A, σ) be a difference ring and ρ ∈ A∗ be a λth root of unity.
Then the difference ring extension (A[t], σ) of (A, σ) subject to the relations
σ(t) = ρ t and tλ = 1 is called an A-extension of order λ. t is called an A-
monomial.

Summarizing, we can introduce the following definition.

Definition 5. (E, σ) is an APS-extension of (A, σ) if one of the following holds:

1. it is an S-extension with E = A[t] and σ(t)− t ∈ A;
2. it is a P -extension with E = A[t, t−1] and σ(t)/t ∈ A∗;
3. it is an A-extension of order λ with E = A[t] subject to the relations tλ = 1

for some λ > 1 and σ(t)/t = ρ ∈ A∗ with ρλ = 1.

We also write

E = A⟨t⟩ =







A[t] (a polynomial ring) if t is an S–monomial

A[t, t−1] (a ring of Laurent polynomials) if t is a P–monomial

A[t] (a ring subject to tλ = 1) if t is an A–monomial.

Finally, we introduce a tower of such extensions.

Definition 6. A difference ring (E, σ) is called a (nested) A-/P -/S-/AP -/AS-
/PS/APS-extension of a difference ring (A, σ) if E = A⟨t1⟩ . . . ⟨te⟩ and for
1 ≤ i ≤ e, (A⟨t1⟩ . . . ⟨ti⟩, σ) is an A-/P -/S-/AP -/AS-/PS/APS-extension of
(A⟨t1⟩ . . . ⟨ti−1⟩, σ).

More specifically, we will focus on the special case of basic APS-extensions [59].
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Definition 7. An APS-extension (E, σ) of a difference field (F, σ) is called ba-
sic if it has the following form:

E = F[y][p1, p
−1
1 ] . . . [pr, p

−1
r ][s1] . . . [se] (9)

where

– y is an A-monomial with yλ = 1 and ρ = σ(y)
y

is a λth root of unity with

σ(ρ) = ρ (i.e., ρ is a constant w.r.t. σ);

– ti with 1 ≤ i ≤ r is a P -monomial with σ(pi)
pi

∈ fip
zi,1
1 . . . p

zi,i−1

i−1 where fi ∈ F∗

and zi,j ∈ Z.
– si with 1 ≤ i ≤ e is an S-monomial.

Similarly, we will use a tower of PS-field extensions introduced in Definition 3.

Definition 8. A difference field (E, σ) is called a (nested) P -/S-/PS-field ex-
tension of a difference field (F, σ) if E = F(t1) . . . (te) is a tower of rational
function field extensions and for 1 ≤ i ≤ e, (F(t1) . . . (ti), σ) is a P -/S-/PS-
field extension of (F(t1) . . . (ti−1), σ).

Example 6. Take the rational function field K = K(q) and consider the P -field
extension (K(z), σ) of (K, id) with σ(z) = q z. (K(z), σ) is also called the q-
rational difference field.

Example 7. Take the rational function field K = K(q1 . . . , qu) and the the P -
field extension (K(z1, . . . , zu), σ) of (K, id) with σ(zi) = qi zi. (K(z1 . . . , zu), σ)
is also called the multibasic difference field over K; cf. [11].

Example 8. Take the rational function field K = K(q1 . . . , qu) and consider the
PS-field extension (K(z1, . . . , zu)(x), σ) of (K, id) with σ(zi) = qi zi and σ(x) =
x+ 1. (K(z1 . . . , zu)(x), σ) is called the mixed difference field over K; cf. [11].

2.2 Telescoping in difference rings

A fundamental step in the difference ring approach to symbolic summation con-
sists of translating sequence representations, expressed via indefinite nested sums
and products, into a formal difference ring framework. The following example
demonstrates this translation process.

Example 9. We rephrase the telescoping problem from Example 1 by using the
difference ring (A, σ) introduced in Example 3 which is defined by A = K(x)[h]
with the shift-relations σ(x) = x + 1 and σ(h) = h + 1

x+1 ; here we may set
K = Q. This translation mechanism can be illustrated by Fig. 1. In essence, we
can rephrase the problem from the sequence/expression level (see the right hand
side of Fig. 1) to the difference ring setting (see the left hand side of Fig. 1) and
to solve the underlying problem there by means of computer algebra methods
(the underlying algorithms will be presented in Section 4 below).
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DR setting Example 1

Given f = h ∈ A;
őnd g ∈ A s.t.

Given F (k) = Hk;
őnd G(k) s.t.

σ(g)− g = f

computer
algebra

��

oo ev

G(k + 1)−G(k) = F (k)

g = x(h− 1) ∈ A
ev // G(k) = k(Hk − 1)

OO

Fig. 1. The translation from the sequence representation to a formal diference ring

To formalize the transition from the sequence representation to the algebraic
setting, we introduce a crucial bridge: the evaluation function ev : A × N → K;
cf. [49,54,59]. For the rational difference ring we establish this function as follow.

Example 10. Take the rational difference field (K(x), σ) from Example 2. Then
for any element f = p

q
∈ K(x) with p, q ∈ K[x] where q ̸= 0 and p, q being

coprime we define

ev(f, n) =

{

0 if q(n) = 0
p(n)
q(n) if q(n) ̸= 0.

(10)

Note that there is a δ ∈ N with q(n) ̸= 0 for all n ∈ N with n ≥ δ; in particular,
such a δ can be extracted if one can factorize polynomials over K.

Example 11. We extend ev for (K(x), σ) to ev′ : K(x)[h]×N → K for (K(x)[h], σ)
given in Example 3 by

ev′(

d∑

i=0

fi h
i, n) =

d∑

i=0

ev(fi, n)H
i
n;

again we do not distinguish anymore between ev and ev′.

We note that ev satisfies the properties of an evaluation which we define next.

Definition 9. For a difference ring (A, σ) and a subfield K of A with σ|K = id
we introduce the following functions.

1. A function ev : A× N → K is called evaluation function for (A, σ) if for all
f, g ∈ A and c ∈ K there exists a λ ∈ N with the following properties:

∀n ≥ λ : ev(c, n) = c, (11)

∀n ≥ λ : ev(f + g, n) = ev(f, n) + ev(g, n), (12)

∀n ≥ λ : ev(f g, n) = ev(f, n) ev(g, n). (13)
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In addition, we require that for all f ∈ A and l ∈ Z there exists a λ with

∀n ≥ λ : ev(σl(f), n) = ev(f, n+ l). (14)

2. A function L : A → N is called an operation-function (in short o-function)
for (A, σ) and an evaluation function ev if for any f, g ∈ A with λ =
max(L(f), L(g)) the properties (12) and (13) hold and for any f ∈ A and
l ∈ Z with λ = L(f) + max(0,−l) property (14) holds.

Example 12. An o-function L : K(x) → N for the evaluation function ev : K(x)×
N → K given in Example 10 can be defined by

L(f) = min{δ ∈ N | q(n) ̸= 0 for all n ∈ N with n ≥ δ}.

For the extended evaluation function ev′ : K(x)[h]×N → K given in Example 11
an o-function L′ : K(x)[h] → N can be given by

L′(

d∑

i=0

fi h
i) = max(L(f0), . . . , L(fd), 0).

Remark 1. (1) For the definition of an evaluation function of the q-rational,
multibasic and mixed difference field (F, σ) given in Examples 6, 7 and 8) we
refer to [59].
(2) Given a basic APS-extension over such a difference field (F, σ), one can
follow the construction exemplified above to construct an evaluation function
together with an o-function; for the details of this construction we refer to [59,
Lemma 5.4]. We emphasize that the construction is not unique. Suppose that
we are given an evaluation function ev for A and can extend it to A⟨t⟩ with
ev(t, n) = T (n). Then taking c ∈ K∗, one may also extend it to ev(t, n) = c T (n)
if t is a Π-monomial or to ev(t, n) = T (n) + c if t is a Σ-monomial.

Example 13. Given ev : K(x)[h] × N → K we can now elaborate how the trans-
lation process indicated in Example 9 works. By construction, we have that
ev(h, k) = Hk for all k ≥ 0. Thus we set up the telescoping problem

σ(g)− g = h (15)

and compute the solution g = x(h−1) in the formal difference ring (K(x)[h], σ);
the underlying procedure will be illustrated in Example 19 below. Now set λ =
max(L(g), L(σ(g)), L(h)) = 0. Then by the properties of the evaluation function
it follows for all k ≥ λ = 0,

Hk = ev(h, k) = ev(σ(g)− g, k) = ev(σ(g), k)− ev(g, k)

= ev(g, k + 1)− ev(g, k) = G(k + 1)−G(k)

with G(k) := ev(g, k) Using this information, we can proceed to obtain the
simplification given in (6).
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For convenience, we will introduce the following notion [40].

Definition 10. Let F (k) be an expression that evaluates to elements in a field
K and let (A, σ) be a difference ring with K ⊆ A with σ|K = id. Then we say that
we can model F (k) in (A, σ) if there is an evaluation function ev : A× N → K,
an f ∈ A and λ ∈ N such that

∀k ≥ λ : ev(f, k) = F (k).

We say that we can model F (k) algorithmically in (A, σ) if such an ev, f and λ
can be computed explicitly.

Suppose that we are given a sum

S(n) =
n∑

k=ℓ

F (k) (16)

with ℓ ∈ N and an expression F (k) in terms of indefinite nested sums and
products that can be evaluated (without entering poles) for all integers i with
i ≥ ℓ to F (i) ∈ K in a field K. Then following the construction elaborated above,
telescoping can be carried out in the difference ring setting as follows.

1. Construct an appropriate difference ring (A, σ) in which we can model F (k)
algorithmically. That is to say, it is built by a tower of APS-extensions
containing the subfield K with σ|K = id together with an evaluation function
ev : A → K and o-function L in which we find f ∈ A and ν ∈ N such that
ev(f, k) = F (k) holds for all k ≥ ν. Here we choose ν big enough such that
ν ≥ max(L(f), ℓ).

2. Use difference ring algorithms to compute a g ∈ A (or in an appropriate
APS-extension of it) such that

σ(g)− g = f. (17)

3. Given g extract an expression G(k) in terms of sums and products such that

∀k ≥ L(g) : ev(g, k) = G(k).

Further, set l = max(ν, L(g)). Note that l ≥ L(σ(g)) since L(g) ≤ L(σ(g)).
Following the steps as carried out in Example 9 we get for all k ≥ l that

F (k) = ev(f, k) = ev(σ(g)− g, k) = ev(σ(g), k)− ev(g, k)

= ev(g, k + 1)− ev(g, k) = G(k + 1)−G(k).

4. Summing the telescoping equation over k from l to n (note that no poles
occur for k ≥ l) produces

n∑

k=l

F (k) = G(n+ 1)−G(l). (18)
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In particular, computing the finite sum c =
∑l−1

i=ℓ F (i) ∈ K (again no poles
occur due to the assumption that the input sum (16) is properly defined for
k ≥ l) with ℓ, l ∈ N we get

S(n) = G(n+ 1)−G(l) + c

which holds for all n ≥ λ with λ = l − 1.

In the following we will discuss how the underlying summation machinery
can be carried out fully automatically. A key step for this construction is that
the design of the formal difference rings have to fulfill certain crucial properties.

P1 The existence of a solution g ∈ A of the telescoping equation (17) must be
algorithmically decidable in A.

P2 The solution g (in A or in an appropriate extension of it) of (17) (or equiv-
alently of (18)) should be as simple as possible.

P3 The representation of sequences in A using the evaluation function should
be unique: for all f1, f2 ∈ A with ev(f1, n) = ev(f2, n) with n ≥ λ for
some λ ∈ N it should follow that f1 = f2. In particular, if we define a map
τ : A → KN from A into the set of sequences with τ(f) = (ev(f, n))n≥0, it
should be injective.

While Properties P1 and P2 seem obvious if one wants to tackle the telescoping
problem, the necessity of Property P3 stems from the zero-recognition prob-
lem. If distinct ring elements map to the same sequence, the representation is
non-canonical, preventing the system from reliably identifying terms that are
effectively zero.

In Section 3, we provide further definitions and properties to rigorously an-
alyze Property P3 and its implications. Specifically, Section 3.1 introduces a
refined class of APS-extensions and PS-field extensions that facilitate the con-
struction of difference rings and fields where Property P3 is guaranteed to hold.
Building upon this foundation, Sections 3.2 and 3.3 demonstrate how products
and sums can be automatically represented within these algebraic structures.
Finally, Section 4 details the underlying summation algorithms designed to re-
solve the telescoping problems P1 and P2. Beyond telescoping, we explore the
more general algorithms of parameterized telescoping and recurrence solving.

3 Proper modeling of indefinite nested sums over

indefinite nested products in RΠΣ∗-extensions

As motivated in the previous section (see property P3 above), we aim to model
indefinite nested sums over indefinite nested products without redundancy –
ensuring that two different elements in the formal ring cannot represent the
same sequence. To formalize this construction, we will establish a connection
between these formal objects and the elements of the sequence ring using the
evaluation function.
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Suppose we are given a difference ring (A, σ), K a subfield of A with σ|K = id,
together with an evaluation function ev : A× N → K and o-function L : A → N.
Further, take the function τ : A → KN which links the elements f ∈ A to the
sequences

τ(f) = (ev(f, n))n≥0 = (ev(f, 0), ev(f, 1), ev(f, 2), . . . ). (19)

Together with component-wise addition and multiplication KN forms a commu-
tative ring with 1 = (1, 1, 1, . . . ).

Due to (12) and (13) the map τ can be turned to a ring homomorphism by
defining the equivalence relation

(fn)n≥0 ≡ (gn)n≥0 ⇔ ∃λ ∈ N ∀n ≥ λ : fn = gn.

It is easily seen that the set of equivalence classes [a] = {f ∈ KN | a ≡ f} with
a ∈ KN forms with [a] + [b] := [a + b] and [a][b] := [ab] again a commutative
ring with the identity element [1] which we will denote by S(K). In the following
we will simply write f instead of [f ]. In this setting, τ : A → S(K) forms a ring
homomorphism. In addition the shift operator S : S(K) → S(K) defined by

S((a0, a1, a2, . . . )) = (a1, a2, a3, . . . )

turns to a ring automorphism. In the literature [44,45,27] the difference ring
(S(K),S) is called the ring of germs of sequences. In the following we call it
simply the (difference) ring of sequences over K.

Furthermore, we observe that property (14) implies that

τ(σ(f)) = S(τ(f)) (20)

holds for all f ∈ A. A ring homomorphism τ with this property is also called a
difference ring homomorphism.

Finally, property (11) implies that

τ(c) = (c, c, c, . . . ) =: c (21)

for all c ∈ K. In the following we call a ring homomorphism τ : A → S(K)
with (20) and (21) also a K-homomorphism.

Note that

τ(A) = {τ(f) | f ∈ A} ⊆ S(K)

is a subring of S(K) which is closed under S. In other words, (S(K),S) is a
difference ring extension of (τ(A),S), or equivalently, (τ(A),S) is a sub-difference
ring of (S(K),S).

Example 14. Take the rational difference field (K(x), σ) with its evaluation func-
tion ev : K(x)× N → K given in (10). Then (R(K),S) with R(K) := τ(K(x)) is
a difference field and is called the difference field of rational sequences.
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Example 15. Take the S-extension (K(x)[h], σ) of (K(x), σ) from Example 3 to-
gether with ev : K(x)[h]× N → K given in Example 11. Then (H,S) with

H := τ(K(x)[h]) = τ(K(x))[(ev(h, n))n≥0] = R(K)[(Hn)n≥0] ⊆ S(K) (22)

forms the difference ring of rational sequences adjoined with the sequence of
harmonic numbers.

Going back to the desired property P3 on page 11 one of our goals is to
represent the summation objects in (A, σ) together with an evaluation function
ev such that the induced difference ring homomorphism τ : A → S(K) given by
the evaluation function ev is injective. Such a τ is also called a K-embedding (or
K-monomorphism).

If we succeed in such a construction, the difference rings (A, σ) and (τ(A),S)
are isomorphic:

(A, σ)
τ
≃ (τ(A),S),

i.e., the elements in the formal ring (A, σ) are the same as in (τ(A),S) up to the
renaming given by the ring isomorphism (bijective ring homomorphism) τ .

Example 16. It is an easy exercise to see that the K-homomorphism τ : K(x) →
S(K) is injective, i.e., forms a K-embedding. Later we will see that the K-
homomorphism τ : K(x)[h] → S(K) from Example 15 is also injective and thus
the formal difference ring (K(x)[h], σ) and the subring (H,S) with (22) of the
ring of sequences are isomorphic.

3.1 RΠΣ∗-extensions and ΠΣ∗-field extensions

In order to accomplish the desired properties P1–P3 stated on page 11, we will
refine the definition of APS-extensions (and PS-field extensions). As it turns
out, the class of RΠΣ∗-extensions [58] and ΠΣ∗-field extensions [29,30] will do
precisely this job. For this refinement the following definition is crucial.

Definition 11. For a difference ring (A, σ) we define the set of constants by

constσA = {c ∈ A | σ(c) = c}.

We note that the following properties hold for the set of constants K := constσA.

1. Q is a subfield of K (note that Q is a subfield of A by assumption).
2. K is a subring of A.
3. If A is a field, K is a field.

In this article we will consider only difference rings (A, σ) such that K =
constσA is a field, also called the field of constants or constant field. To be
more precise, we will start with the trivial difference field (K, σ) with σ = id
(i.e., constσK = K) and will adjoin APS-monomials or PS-field monomials



14 Carsten Schneider

such that the set of constants remain unchanged. Precisely this careful construc-
tion leads to the so-called RΠΣ∗-extensions/ΠΣ∗-field extensions. Notably, this
construction is related to the concepts of elementary functions (cf. [48,16]) and
Picard–Vessiot extensions [46] from differential field theory. Frameworks for the
latter have since been carried over to difference fields [45,26,37].

We start with the field versions introduced in [29,30].

Definition 12. A (nested) P -/S-/PS-field extension (E, σ) of a difference field
(F, σ) is called a Π-/Σ∗-/ΠΣ∗-field -extension if constσE = constσF. The gen-
erators are called Π-/Σ∗-ΠΣ∗-field monomials, respectively.
(E, σ) is called a ΠΣ∗-field over K if it is a ΠΣ∗-field extension of (K, σ) with
K = constσK.

Example 17. The rational difference field (K(x), σ) with σ(x) = x+1 is a ΠΣ∗-
field over K, i.e., constσK(x) = K.

As it turns out, also the q-rational, multibasic and mixed difference field given
in the Examples 6, 7 and 8 are actually ΠΣ∗-fields over K; cf. [34, Cor. 5.1].

The ring-version [58,59] reads as follows.

Definition 13. A (nested) A-/P -/S-/AP -/AS-/PS-/APS-extension (E, σ) of a
difference ring (A, σ) is called an R-/Π-/Σ∗-/RΠ-/RΣ∗-/ΠΣ∗-/RΠΣ∗-exten-
sion if constσE = constσA. The generators are called R-/Π-/Σ∗-/RΠ-/RΣ∗-
/ΠΣ∗-/RΠΣ∗-monomials, respectively.

Example 18. The S-extension (K(x)[h], σ) of (K(x), σ) with σ(h) = h + 1
x+1

introduced in Example 3 is a Σ∗-extension, i.e., constσK(x)[h] = K; note that
this follows by a simple application of Theorem 2 given below.

In the following we will mainly focus on RΠΣ∗-extensions which are basic; cf.
Definition 7. For this class of extensions we emphasize the following alternative
characterization [54,59]. This result is inspired by ideas from the Galois theory
of difference equations elaborated in [45].

Theorem 1. Let (E, σ) be a basic APS-extension of a difference field (F, σ)
with K = constσF. Suppose that (F, σ) can be embedded into the ring of sequences
(S(K),S). Then the following statements are equivalent.

1. constσE = constσF = K (i.e., (E, σ) is an RΠΣ∗-extension of (F, σ).
2. (E, σ) can be embedded into (S(K),S) where the elements of K are mapped

to constant sequences.

The main consequence of Theorem 1 is that only those basic APS-extensions
can be embedded into the ring of sequences that are basic RΠΣ∗-extensions.
The theorem also implies the following result.

Corollary 1. Let (E, σ) be a basic APS-extension of a difference field (F, σ)
with K = constσF and take any2 K-homomorphism τ : E → S(K). Then τ is
injective iff constσE = K.

2 As indicated in Remark 1 an evaluation function for E is not uniquely determined
and thus, e.g., τ deőned by (19) may lead to diferent K-homomorphisms.
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Thus any K-homomorphism τ : E → S(K) for a basic RΠΣ∗-extension (E, σ)
of (F, σ) with K = constσF is automatically injective. In particular, any construc-
tion of an evaluation function ev : E×N → K yields immediately a K-embedding
with τ(f) = (ev(f, n))n≥0.

In this article, we start with the rational difference field3 (K(x), σ) and adjoin
stepwise RΠΣ∗-monomials that lead to a basic RΠΣ∗-extension. Suppose, e.g.,
that we arrive at the difference ring (E, σ) with (9) together with an evaluation
function ev. By construction ev links the generators to indefinite nested sums
over hypergeometric products, i.e., to a root of unity product

ρn = ev(y, n),

iterative products
Pi(n) = ev(pi, n), 1 ≤ i ≤ r

with Pi(l) ̸= 0 for l ∈ N, and iterative sums

Si(n) = ev(si, n), 1 ≤ i ≤ e.

Given this ev, we obtain the K-homomorphism τ : E → S(K) defined by τ(f) =
(ev(f, n))n≥0 which is injective by Corollary 1. As a consequence, we get the
subring of sequences (τ(E),S) with

τ(E) = τ(K(x))[τ(y)] [τ(p1), τ(
1

p1
)] . . . [τ(pr), τ(

1

pr
)]

︸ ︷︷ ︸

nested products

[τ(s1)] . . . [τ(se)]
︸ ︷︷ ︸

nested sums

In particular,

(E, σ)
τ
≃ (τ(E),S)

and it follows that the (Laurent) polynomial structure is carried over to τ(E):
the sequences (Pi(n))n≥0, (

1
Pi(n)

)n≥0 for 1 ≤ i ≤ r and (Si(n))n≥0 for 1 ≤ i ≤ e

produced by the products and sums are, up to the relations

(Pi(n))n≥0 · (Pi(n)
−1)n≥0 = 1, 1 ≤ i ≤ r,

algebraically independent among each other over the ring R(K)[(ρn)n≥0].
The next two subsections turn this construction to an algorithmic version.

3.2 Modeling of hypergeometric products in RΠ-extensions

To model hypergeometric products formally, the following problem is solved.
Given a finite number of hypergeometric products

F1(k) =

k∏

i=ℓ1

H1(i), . . . , Fr(k) =

k∏

i=ℓr

Hr(i) (23)

3 More ŕexible, one may take also with the q-rational, multibasic or mixed diference
őeld (F, σ) with the corresponding evaluation function ev; see Remark 1.
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with Hi(x) ∈ K(x)∗ and ℓi ∈ N where the numerator and denominator of the
Hi(x) do not evaluate to zero for all integers greater than or equal to ℓi.
Compute a basic RΠ-extension (E, σ) of (K(x), σ) in which we can model the
products algorithmically (see Definition 10). More precisely, using (algorithmic)
properties from [29,58,59], one can compute

– such a difference ring (E, σ) with an evaluation function ev : E×N → K and
an o-function L : E → N

– together with f1, . . . , fs ∈ E and λ1, . . . , λs ∈ N with λi ≥ ℓi − 1

such that ev(fi, n) = Fi(n) holds for all n ≥ λi.

Static approach: In [60], an RΠ-extension (E, σ) of (K(x), σ) can be con-
structed for a given finite set of products (23) such that the number of
Π-monomials (the transcendence degree) is minimized. Furthermore, if an
R-extension is required, its order is also minimal. While this difference ring
is optimal for the fixed products (23), it may lose optimality if a product

Fr+1(k) =
∏k

i=ℓr+1
Hr+1(i) must be added. More critically, it is possible that

no RΠ-extension (E′, σ) of the existing ring (E, σ) exists that can accom-
modate the new product Fr+1. In such instances, a complete redesign of the
ring is necessary to model the expanded set of products simultaneously.

Dynamic approach: This limitation is addressed in [50,62] through the design
of “extension-stable” RΠ-extensions (E, σ) of (K(x), σ). This approach allows
for the products Fi(n) to be processed step-wise –without requiring prior
knowledge of Fi+1, Fi+2, . . . – by extending the existing difference ring (E, σ)
into a larger RΠ-extension of (K(x), σ). Consequently, the extension process
is guaranteed never to fail. The trade-off for this flexibility is that the number
of RΠ-monomials is not necessarily minimal and can be significantly larger
than in the static approach. Furthermore, this method is applicable only if
the constant field is the quotient field of a UFD, such as the rational numbers
Q or a rational function field Q(q1, . . . , qu) over the rational numbers.

More generally, algorithms are provided in [34] to model multibasic and mixed
products (cf. Examples 6, 7 and 8) in RΠ-extensions. For a toolbox treating
nested products we refer to [35].

3.3 Modeling of nested sums in Σ∗-extensions

As described in the previous subsection, one can model all hypergeometric
products (or nested hypergeometric products of mixed products) in an RΠ-
extensions. In the following we elaborate on the task to model all nested sums
over such products. In summary, combining both constructions will lead to a full
algorithmic machinery to model nested sums over (nested) products.

We suppose that we are given F (n) =
∑n

k=ℓ H(k) where H(k) is modelled
in an RΠΣ∗-extension (E, σ) of (K(x), σ). This means, we are given explicitly

– an evaluation function ev : E×N → K together with a computable o-function
L : E → N;
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– an h ∈ E and ν ∈ N with ν ≥ max(ℓ − 1, L(h)) such that ev(h, n) = H(n)
holds for all n ≥ ν.

Note that by setting β := σ(h) ∈ E we have

ev(β, n) = ev(σ(h), n) = ev(h, n+ 1) = H(n+ 1)

for all n ≥ ν. Then we can model the sum F (n) in (E, σ) or in a Σ∗-extension
of it by utilizing the following crucial result; for the field version see [29].

Theorem 2 ([58]). Let (A[t], σ) be an S-extension of (A, σ) with σ(t) = t+ β
where β ∈ A such that constσA is a field. Then this is a Σ∗-extension (i.e.,
constσA[t] = constσA) if and only if there is no g ∈ A such that σ(g) = g + β.

On the algorithmic level, we apply our computer algebra toolbox (see Sec. 4.1)
to decide constructively, if there is a g ∈ E such that the telescoping equation

σ(g)− g = β (24)

holds. Based on that the second step splits into two cases.
Case 1: First suppose that we find a g ∈ E with (24). Then we define l :=
max(ν, L(g)) and c := F (l)− ev(g, l) ∈ K∗ and set

f := g + c ∈ E∗.

Then observe that

ev(f, n+ 1) = ev(g + c, n+ 1) = ev(g, n+ 1) + c = ev(σ(g), n) + c

= ev(g + β, n) + c = ev(g, n) + ev(β, n) + c

= ev(g, n) + c+H(n+ 1) = ev(f, n) +H(n+ 1)

and F (n + 1) = F (n) + H(n + 1) holds for all n ≥ l. Summarizing, ev(f, n)
and F (n) satisfy both the same telescoping equation for n ≥ l and have the
same initial value at l: ev(f, l) = ev(g, l) + c = F (l). Thus we conclude that
ev(f, n) = F (n) holds for all n ≥ λ with λ = l which completes the first case.
Case 2: Suppose there does not exist a g ∈ E such that (24) holds. Then by
Theorem 2 we can construct the Σ∗-extension (E[t], σ) of (E, σ) with σ(t) = t+β
and extend the evaluation function to ev : E[t]× N → K with

ev(t, n) =

n∑

k=l

ev(h, k) + c

where l = max(ν, ℓ) and c =
∑l−1

k=ℓ H(k). Then by construction,

ev(t, n) =

n∑

k=l

ev(h, n) + c =

n∑

k=l

H(k) +

l−1∑

k=ℓ

H(k) = F (n)

for all n ≥ λ with λ := l − 1. This completes the second case.
What remains to consider is the task to solve the telescoping problem in such

a tower of RΠΣ∗-extensions which will be treated in the next section.
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4 Symbolic summation algorithms and the package Sigma

As established in the previous section, expressions involving indefinite nested
sums over products can be modeled fully automatically in an RΠΣ∗-extension.
Within this framework, we now address the key summation paradigms intro-
duced in Section 1.

Throughout this section we let (E, σ) be a basic RΠΣ∗-extension of a ΠΣ∗-
field (F, σ) over K satisfying (9). In particular, we assume that the constant field
K = A(y1 . . . , yl) is built by a rational function field over an algebraic number
field A; as a special case we may choose K = Q.

4.1 Telescoping

With the algorithms from [29,59] one can solve the telescoping problem: Given
f ∈ E, decide constructively if there is a g ∈ E with (17).

Example 19. Take the Σ∗-extension (Q(x)[h], σ) of (Q(x), σ) with the constant
field K = Q and σ(h) = h + 1

x+1 and take f = h. Then we want to find, if
possible, a g ∈ Q(x)[h] with (15).

At this point we utilize the following result from [59, Lemma 7.2] (for the
specialized field version we refer to [29]).

Lemma 1. Let (A[t], σ) be a Σ∗-extension of (A, σ) where K = constσA is a
field. Let f, g ∈ A[t] such that σ(g)− g = f. Then deg(g) ≤ deg(f) + 1.

Example 20 (cont.). By Lemma 1 it follows that for any such solution we have
deg(g) ≤ deg(h)+ 1 = 2. This motivates the ansatz g = g2 h

2 + g1 h+ g0 and we
try to determine g0, g1, g2 ∈ Q(x) such that (15), i.e.,

h =
[
σ(g2 h

2 + g1h+ g0)
]
−
[
g2 h

2 + g1h+ g0
]

=
[
σ(g2)

(
h+

1

x+ 1

)2
+ σ(g1h+ g0)

]
−
[
g2 h

2 + g1h+ g0
]

(25)

holds. Performing coefficient comparison w.r.t. h2 gives the constraint

σ(g2)− g2 = 0,

i.e., g2 ∈ Q is a constant to be determined. To indicate this, we replace g2 by
the unknown constant c ∈ Q. Plugging this information into (25) gives

[
c
(
h+

1

x+ 1

)2
+ σ(g1h+ g0)

]
−
[
c h2 + g1h+ g0

]
= h

and bringing the c-contributions to the right-hand side leads to

σ(g1 h+ g0)− (g1 h+ g0) = s− c 2h(x+1)+1
(x+1)2 (26)
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with unknown g1, g0 ∈ Q(x) and c ∈ Q. Coefficient comparison w.r.t. h1 yields

σ(g1)− g1 = 1− c 2
x+1

for unknown g1 and the constant parameter c ∈ Q. Later we will call such
an equation also a parameterized telescoping equation. At this level, we solve
this equation (what this means we will explain soon) and find out that the only
possible solution is c = 0 and g1 = x+d for an unknown constant d ∈ Q. Plugging
this solution into (26) yields the parameterized linear difference equation

σ(g0)− g0 = −1− d 1
x+1 .

Solving this equation gives the solution g0 = −x and d = 0. Combining all the
determined components produces the final solution g = xh − x. Following the
translation mechanism elaborated in Example 13 (cf. Fig. 1) we get identity (6).

As illustrated in the example above, we perform a degree reduction of the
top most Σ-monomial (in our example h) and reduce the problem recursively to
solve parameterized telescoping equations in the ring below. For further details
we refer to [29,57] for the ΠΣ∗-field case and to [58] for the RΠΣ∗-case.

The full engine can be carried out with the summation package Sigma [52]
as follows. After loading it into Mathematica and inserting our sum

In[1]:= << Sigma.m

Sigma - A summation package by Carsten Schneider © RISC-JKU

In[2]:= hSum = SigmaSum[SigmaHNumber[k], {k, 0, n}]

Out[2]=

n
∑

k=0

Hk

we execute

In[3]:= SigmaReduce[hSum]

Out[3]= −n + (n + 1)Hn

In Sigma refined telescoping algorithms have been incorporated to address
Problem P2 on page 11. By default the algorithms from [53,57] are executed to
model all sums in an appropriate RΠΣ∗-extension such that the nesting depth
is minimized [55]. For instance, inserting the double sum

In[4]:= doubleSum =
n

∑

i=1

i
∑

j=1

1

2j

i
;

one obtains an expression in terms of sums having nesting depth 1:

In[5]:= SigmaReduce[doubleSum]

Out[5]= −

n
∑

i1=1

1

i12
i1

+

n
∑

i1=1

1

i1

Special emphasis has been put on finding sum representations such that the
degree of the arising denominators are minimized. Here the improved telescoping
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algorithms from [63] generalizing ideas from [5] are automatically activated. For
instance, consider the sum

In[6]:= badDen =
n

∑

k=1

(

−2+k

10(1+k2)
+

(1−4k−2k2)

10(1+k2)(2+2k+k2)
Hk +

(1−4k−2k2)

5(1+k2)(2+2k+k2)
H

(3)
k

)

;

in terms of the harmonic numbers Hk and the generalized version H
(3)
k =

∑k
i=1

1
i3

of third order. Then this sum built by the irreducible polynomials 1 + k2 and
2 + 2k + k2 ∈ Q[k] in the denominator can be simplified to

In[7]:= SigmaReduce[badDen]

Out[7]=
(n2 + 4n + 5)

10(n2 + 2n + 2)
Hn −

(n − 1)(n + 1)

5(n2 + 2n + 2)
H
(3)
n

−
2

5

n
∑

i=1

1

i2

by using in addition the harmonic numbers of second order.

4.2 Parameterized telescoping and creative telescoping

As illustrated in Example 19 and in details elaborated in [29,53,57,59], the
sketched reduction procedure for telescoping requires to solve the following more
general problem to solve parameterized telescoping equations:
Given f = (f1, . . . , fd) ∈ Ed; find all solutions of

V (f ,E) = {(c1, . . . , cd, g) ∈ Kd × E | σ(g)− g = c1 f1 + · · ·+ cd fd}.

Note that V (f ,E) forms a K-vector space and the dimension is at most d + 1.
Thus the solving task reduces to compute a basis of V (f ,E).

Solving parameterized telescoping equations opens up various general appli-
cations, such as proving algebraic independence of sequences [26,54] or finding
contiguous relations (shift relations in the arising parameters) of special func-
tions [41]. Here we emphasize the application of Zeilberger’s creative telescoping
paradigm [67] introduced with (3) in the introduction.

Example 21. We consider the sum

S(n) =

n∑

k=0

Hk

(
n

k

)

(27)

with the summand F (n, k) = Hk

(
n
k

)
. We employ our techniques from Section 3

and construct the RΠΣ∗-extension (A, σ) of (K(x), σ) with the constant field
K = Q(n) and A = K(x)[b, b−1][h] where σ(b) = n−x

x+1 and σ(h) = h + 1
x+1 .

Concisely, with the corresponding evaluation and o-function (which we ignore
here) one can model F (n, k) with f1 = b h. In this setting, one loops over d =
0, 1, 2, . . . and looks for a solution c1, . . . , cd+1 ∈ K = Q(n), not all zero, and
G(n, k) represented in A, such that the creative telescoping (3) holds. For d = 0,
the creative telescoping problem reduces to telescoping. Since our algorithms fail
to find a g ∈ A with (17) by choosing f = f1 = b h, we proceed with d = 1. Using
the property that

(
n+1
k

)
= n+1

n+1−k

(
n
k

)
holds, we can model F (n + 1, k) by f2 =
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n+1
n+1−x

h b. Thus the task is to find a non-trivial solution of the parameterized
telescoping equation

σ(g)− g = c1 f1 + c2 f2.

Unfortunately, there exists only the trivial solution: our algorithm from above
produces the basis {(0, 0, 1)} of V ((f1, f2),A). So we repeat this procedure with

one extra shift in n. Namely we model F (n+2, k) with f3 = (n+2)(n+1)
(n+2−x)(n+1−x))h b

and look for a non-trivial solution of

σ(g)− g = c1 f1 + c2 f2 + c3 f3.

This time we find the basis {(0, 0, 0, 1), (c1, c2, c3, g)} with

c1 = 4 (1 + n), c2 := −2 (3 + 2n), c3 = 2 + n (28)

and g :=
(

−1−n
1−x+n

− x(1+n)(−2+2x−n)h
(−2+x−n)(−1+x−n)

)

b. In other words, we find for (3) with

d = 2 the solution (28) and G(n, k) =
(

−1−n
1−k+n

− k(1+n)(−2+2k−n)Hk

(−2+k−n)(−1+k−n)

)(
n
k

)
. Sum-

ming (3) over k from 0 to n we obtain (4) with l = 0. Finally, using
∑n

k=0 F (n+

i, k) = S(n+ i)−
∑i

j=1 F (n+ i, n+ j) for i = 1, 2 we get

4(1 + n)S(n)− 2(3 + 2n)S(n+ 1)− (2 + n)S(n+ 2) = 1. (29)

Within Sigma this mechanism can be carried out by inserting our sum

In[8]:= binHSum = SigmaSum[SigmaHNumber[k]SigmaBinomial[n, k], {k, 0, n}]

Out[8]=

n
∑

k=0

Hk

(

n

k

)

and computing a linear recurrence with the function call

In[9]:= rec = GenerateRecurrence[binHSum, n][[1]]

Out[9]= 4(1 + n)S(n) − 2(3 + 2n)S(n + 1) − (2 + n)S(n + 2) = 1

In general, the Sigma package computes creative telescoping solutions (3) for
definite sums

S(n) =

n∑

k=l

F (n, k)

involving indefinite nested sums and products. It solves for G(n, k) and n-
dependent constants ci(n) using the difference ring machinery of RΠΣ∗-exten-
sions. Users can manually augment these extensions or utilize built-in tools to
minimize nesting depth and find optimal sum representations for G(n, k) by
using the refined developed in [53,57,63]. Application examples are provided
in [39,36,33,10].
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4.3 Solving linear difference equations

Solving linear difference equations in a given difference ring With the
algorithms given in [6,15,51,7,2] one can solve the following problem.

Given f ∈ E and 0 ̸= a = (a0 . . . , ad) ∈ Fd+1, find all solutions of

a0 g + a1 σ(g) + · · ·+ ad σ
d(g) = f.

This task can be split into two subtasks: (1) Find a particular solution p ∈ E of
the difference equation itself, and (2) find all homogeneous solutions

H = {h ∈ E | a0 g + a1 σ(g) + · · ·+ ad σ
d(g) = 0}.

Then the set of all solutions is given by

p+H = {p+ h | h ∈ H}.

Note that H is K vector space over K and by difference field theory [23, Thm. XII]
it follows that the dimension is at most d. Thus computing a basis of H together
with a particular solution delivers all solutions of the full difference equation.

As for the telescoping problem, it turns out that one has to solve the more
general problem to find all solutions of parameterized linear difference equations.

Given f = (f1, . . . , fδ) ∈ Eδ and 0 ̸= a = (a0 . . . , ad) ∈ Fd+1, find all solutions

V (a,f ,E) = {(c1, . . . , cδ, g) ∈ Kδ × E |

a0 g + a1 σ(g) + · · ·+ ad σ
d(g) = c1 f1 + · · ·+ cδ fδ}

which forms a vector space over K with dimension ≤ d + δ. Thus the prob-
lem can be reduced to compute a basis of V (a,f ,E). Note that such a basis
characterizes the full solution space, comprising the general solution H to the
homogeneous equation and the set of all particular solutions attainable through
linear combinations of the form c1 f1 + · · ·+ cδ fδ.

If E = F, this problem can be solved for a general ΠΣ-fields; cf. [7]. In our
more general setting that (E, σ) is built by a basic RΠΣ∗-monomials, a solution
is provided in [2] by using idempotent representations [45,59]. We remark that
in applications it suffices to restrict the ΠΣ∗-field to the cases given in the
Examples 6, 7 or 8.

Hypergeometric solutions of linear difference equations So far, we have
focused on solving linear recurrences within a fixed, predefined difference field.
A more general challenge involves seeking solutions that exist in an extension
beyond the initial difference ring or field. In [7] the algorithmic ideas of [43] has
been generalized to find all hypergeometric solutions over a ΠΣ∗-field (E, σ).
This objective is achieved by addressing the following problem:

Given a = (a0, . . . , ad) ∈ Ed+1 with a0ad ̸= 0;
Find a P -extension (E[p, p−1], σ) of (E, σ) such that

a0 p+ a1 σ(p) + · · ·+ adσ
d(p) = 0.
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The underlying algorithm works recursively by solving such subproblems in
sub-difference fields, i.e., by eliminating stepwise the top ΠΣ∗-field monomial
of the given tower of ΠΣ∗-field extensions and generalizing the ideas of [43] and
using the available algorithms to solve parameterized linear difference equations.

d’Alembertian solutions of linear difference equations More generally,
one can search for all solutions that are expressible by indefinite nested sums
over hypergeometric products that are defined over the base field (F, σ). We start
with a homogeneous recurrence of the form

ad(n)A(n+ d) + ad−1(n)A(n+ d− 1) + · · ·+ a0(n)A(n) = 0. (30)

For simplicity, we assume that the coefficients of the recurrence are rational
functions ai(n) ∈ F = K(n); more generally, they may be elements of a ΠΣ∗-
field. Given our sketched algorithm from Section 4.3 we look for a hypergeometric
product solution of (30). Suppose that we succeed in this task and get L1(n) =∏n

j=λ b1(j − 1) for some rational function b1(n) ∈ H ⊆ K(n)∗ and λ ∈ N which
is nonzero for all n ≥ 0 and which is a solution of the above recurrence 30.

In the following we will switch to the operator notation, i.e., we take the shift
operator

R = ad(n)S
d + ad−1(n)S

d−1 + · · ·+ a0(n)S
0 ∈ K(n)[S] (31)

with order ord(R) = d and the shift SA(n) = A(n+1). Then the solution L1(n)
yields R = R1(S− b1(n)) for some operator R1 ∈ K(n)[S] with ord(R1) = d− 1.
By polynomial division this operator can be calculated and we can repeat this
procedure yielding the linear right-hand factorization

R = Rr

(
S − br(n)

)
. . .

(
S − b2(n)

)(
S − b1(n)

)
(32)

with an operator Rr ∈ K(n)[S] of order ord(Rr) = d−r which cannot be reduced
further. Then given this factorization we can extract r linearly independent
solutions of the operator R (or equivalently of the recurrence (30)) which are
also called d’Alembertian solutions [8,4,49].

Theorem 3. Let R ∈ K(n)[S] with (31) where ai(n) ∈ K[n]. Suppose that R
can be split into linear right-hand factors of the form (32) with bi(n) ∈ K(n)
and define the following r expressions in terms of indefinite nested sums over
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hypergeometric products

L1(n) =
n∏

j=λ

b1(j − 1)

L2(n) =

n∏

j=λ

b1(j − 1)
n−1∑

i1=λ

∏i1
j=λ b2(j − 1)

∏i1+1
j=λ b1(j − 1)

...

Lr(n) =

n∏

j=λ

b1(j − 1)

n−1∑

i1=λ

∏i1
j=λ b2(j − 1)

∏i1+1
j=λ b1(j − 1)

· · ·

ir−2−1
∑

ir−1=λ

∏ir−1

j=λ br(j − 1)
∏ir−1+1

j=λ br−1(j − 1)
.

Then ⟨L1(n)⟩n≥0, . . . , ⟨Lr(n)⟩n≥0 are K-linearly independent solutions of (30).

Similarly, one gets a particular solution of inhomogeneous recurrence (5) pro-
vided that one can find a solution P (n) with Rr · P (n) = H(n).

Theorem 4. Let R ∈ K(n)[S] with (31) where ai(n) ∈ K[n]. Suppose that R
can be split into linear right-hand factors of the form (32) with bi(n) ∈ K(n).
Let Q(n) and H(n) be expressions such that Rr ·Q(n) = H(n) for all n ≥ λ with
λ ∈ N. Then R · P (n) = H(n) with

P (n) =

n∏

j=λ

b2(j − 1)

n−1∑

i1=λ

∏i1
j=λ b3(j − 1)

∏i1+1
j=λ b2(j − 1)

×

· · · ×

ir−2−1
∑

ir−1=λ

∏ir−1

j=λ br(j − 1)
∏ir−1+1

j=λ br−1(j − 1)

ir−1−1
∑

ir=λ

Q(ir)
∏ir+1

j=λ br(j − 1)
.

The above construction produces all solutions to the recurrence (5) when
H(n) = 0 or H(n) is an expression in terms of indefinite nested sum over hyperge-
ometric products; this is justified by [27, Thm. 5.1] and [49, Cor. 4.5.2]. Notably,
if r = d, i.e., R factors fully into linear factors, Theorem 3 provides a full basis
of homogeneous solutions. Moreover, a particular solution becomes trivial: with
Rd ∈ K(n), the equation Rr ·Q(n) = H(n) is satisfied by Q(n) = H(n)/Rd(n),
ensuring that Theorem 4 is always applicable.

We note that the produced solutions can be modeled in basic RΠΣ∗-exten-
sions of (F, σ). One can then use the aforementioned telescoping techniques
to simplify these expressions within suitable difference ring extensions, specifi-
cally to minimize the nesting depth and simplifying sums with bad denomina-
tors [53,57,63]. E.g., during calculations coming from particle physics [12,13,14]
we have obtained sum solutions up to nesting depth 40 that could be reduced
to sums up to nesting depth 4.
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4.4 The summation spiral and applications

We conclude this section by showing how the previous algorithms can be ap-
plied within the Sigma package to simplify definite sums. The core summation
paradigms are summarized below:

1. recurrence finding (a special case of parameterized telescoping) with the
function command GenerateRecurrence (see Section 4.2);

2. recurrence solving with the command SolveRecurrence (see below);

3. simplification of the solutions by the available telescoping methods (see Sec-
tion 4.1) and, as a by-product to ensure that the sequences of the arising
sums and products are algebraically independent among each (see Section 3);

4. and combining the solutions (in case that sufficiently many solutions are
found) with the function command FindLinearCombination.

In summary, the “Summation Spiral” illustrated in Fig. 2 provides a recursive
workflow to simplify definite sums into representations involving indefinite nested
sums and products.

deőnite sum

creative telescoping

��
simpliőed solutions

combination of solutions

22

recurrence

solving
ww

(highly) nested
product-sum solutions

indeőnite summation

VV

Fig. 2. The summation spiral of Sigma [52]

Example 22. Starting with the definite sum (27) we proceed as follows.

1. As carried out in Example 21 we obtain the recurrence (29) by using the
creative telescoping paradigm.

2. Next we solve this recurrence by the following function call of Sigma:

In[10]:= recSol = SolveRecurrence[rec[[1]], SUM[n], IndefiniteSummation → False]
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Out[10]= {{0, 2
n
}, {0,−2

n

n
∑

i1=1

1

i1

}, {1, 2
n

n
∑

i1=1

i1
∑

i2=1

1

2i2

i1

}}

Internally, the operator of the underlying recurrence could be fully factored into
two linear factors. Thus Theorem 3 delivers two linearly independent solutions
of the homogeneous recurrence and Theorem 4 provides the particular solution.
In the output, the homogeneous solutions are the second entries preceded by a
0, while the particular solution is the second entry preceded by a 1.

3. Without the option IndefiniteSummation→False also the telescoping algo-
rithms from Section 4.1 are applied. In particular the double sum is reduced a
single nested sums (cf. Out[5]):

In[11]:= recSol = SolveRecurrence[rec[[1]], SUM[n]]

Out[11]= {{0, 2
n
}, {0, 2

n

n
∑

i1=1

1

i1

}, {1,−2
n

n
∑

i1=1

1

i12
i1

}}

4. Finally, we combine all these solutions (by considering the first 2 initial values
of the input sum) and obtain a closed-form representation:

In[12]:= sol = FindLinearCombination[recSol, binHSum, n, 2]

Out[12]= 2
n

n
∑

i1=1

1

i1

− 2
n

n
∑

i1=1

1

i12
i1

In total, we obtain the simplification

n∑

k=0

(
n

k

)

Hk = 2n
n∑

i=1

1

i
− 2n

n∑

i=1

1

i2i

where the sequences of the summation objects given on the right hand side are
algebraically independent among each other.

This summation spiral with all its possibilities has been fully automatized
within the package EvaluateMultiSums [56] by using the functionality of Sigma.
For instance, after inserting the package into Mathematica

In[13]:= << EvaluateMultiSums.m

EvaluateMultiSums by Carsten Schneider © RISC-JKU

we can carry out this calculation with the function call

In[14]:= EvaluateMultiSum[

n
∑

k=0

Hk

(n

k

)

, {}, {n}, {1}]

Out[14]= 2
n

n
∑

i1=1

1

i1

− 2
n

n
∑

i1=1

2
−i1

i1

We emphasize that the Sigma approach has been successfully applied to vari-
ous summation problems coming, e.g., from enumerative combinatorics [64,33,61]
or number theory [39,36]. To determine for instance the error term of the asymp-
totic expansion of the reciprocal of the partition function [10] we relied on a
simplification of 9 sums where one of them reads as
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In[15]:= partitionSum7 =

−1+t−u
∑

s=0

−s+t−u
∑

r=0

(

−
(−1+b)2

−1+2b

)r (
1
2
(−1−2r)

−r−s+t−u

)

(−s − u)u
(

1
2 − s − u

)

1+s+u

(s + u)(s + 2u)!

where (a)k is the shifted factorial (or Pochhammer symbol) defined by (a)k =
a(a+ 1) · · · (a+ k − 1) if k ≥ 1 and (a)0 = 1.

With a single click one gets in about 10 minutes the desired result:

In[16]:= EvaluateMultiSum[partitionSum[partitionSum7], {}, {u, t}, {1, 2}, {t − 1,∞}]

Out[16]=
(−1 + 2t)

(−1)u
(

3

2
−t

)

t

t!

4u

)

(−1 + 2b)
u
−

(−1 + 2t)(t − u)

(

3

2
−t

)

t
(−t)u

(−2+t+u)!

2tu(t + u)(−1 + t + u)

+
( (−1)t+u

b
−1+2t(−1 + 2b)1−t

4u
+

(−1 + 2t)
(−1)u

(

3

2
−t

)

t

t!

4u

)

(−1+2b)
−u

+
( (−1)t+u

b
−1+2t(−1 + 2b)−t

4u

+
( (−1)t+u

b
2t(−1 + 2b)−t−u

4u
+

(−1)t+u
b
2t(−1 + 2b)−t+u

4u

)

t
∑

i1=1

(−1)i1b−2i1 (−1 + 2b)i1
(

3

2
− i1

)

i1

i1!

+

(−1 + b + 2t − 2bt)(−1)u(−1 + 2b)u
(
∑

u

i1=1

(−1)i1 (−1+2b)−i1 (−t)i1
(

−1+t+i1

)(

−2+t+i1

)

!

)(

3

2
− t

)

t

2tu

+

(−1 + b)(−1 + 2t)(−1)u(−1 + 2b)−1−u
(
∑

u

i1=1

(−1)i1 (−1+2b)i1 (−t)i1
(

−1+t+i1

)(

−2+t+i1

)

!

)(

3

2
− t

)

t

2tu

Beyond these challenges, this machinery proved essential for evaluating hun-
dreds of thousands of sums involved in the computation of Feynman integrals
for QCD; see, e.g., [12,13,14]. In particular, the work in [1] addressed definite
quadruple sums with summands requiring up to 1GB of memory.

5 Conclusion

This article surveyed key symbolic summation technologies in difference rings,
emphasizing tools capable of solving complex problems in science and engi-
neering. In particular, we detailed the summation spiral, which reduces definite
multi-sums to indefinite nested sums over hypergeometric products – a process
that extends to nested q-hypergeometric, multibasic, and mixed products. While
omitted here, the machinery also supports other types of summation objects such
as unspecified sequences [31,40].

For further reading, I recommend to consider [62] that gives further insight
on the translation process between the formal difference rings and the sequence
representation using term algebras. This survey article neglects the details on
the underlying difference ring algorithms. A detailed description of them can be
found, e.g., in [57,7].

Looking forward, the field is moving toward reduction-based methods that
decouple summands into summable and non-summable components, significantly
increasing computational speed [17,18]. Building on recent work in the differen-
tial domain [24], new telescoping algorithms for Σ∗-extensions have emerged [19].
Current research is expanding these techniques to RΠΣ∗-extensions and ΠΣ∗-
fields. These developments promise to provide a significant performance boost
for the next generation of summation algorithms.
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