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Abstract

This thesis introduces new procedures for solving unranked unification, matching and anti-
unification problems with fuzzy similarity and proximity relations. We extend existing al-
gorithms for unranked terms in such a way that, instead of requiring syntactic equality be-
tween symbols, they can also handle both similarity and proximity relations. This allows
for the computation of approximate solutions annotated with quantitative degrees reflecting
their similarity or closeness. We prove soundness, completeness, and, whenever applicable,
termination, showing that the proposed algorithms and procedures behave correctly and ex-
haustively under the intended semantics. Each procedure is accompanied by small examples
that demonstrate its application. Overall, the thesis provides a unified framework for fun-
damental techniques for reasoning about unranked term structures that goes beyond strict
syntactic equality, allowing terms to be related by more general notions such as similarity or

proximity.
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Kurzfassung

Diese Arbeit stellt neue Verfahren zur Losung von unrangierten Unifikations-, Matching- und
Anti-Unifikationsproblemen unter unscharfen Ahnlichkeits- und Proximitétsrelationen vor. Be-
reits bestehende Algorithmen fiir unrangierte Terme werden so erweitert, dass sie anstelle der
strikten syntaktischen Gleichheit zwischen Symbolen auch Ahnlichkeits- und Proximitéitsre-
lationen verarbeiten kénnen. Dies ermoglicht die Berechnung approximativer Losungen, die
mit quantitativen Graden annotiert sind, welche den Grad ihrer Ahnlichkeit oder Néhe wi-
derspiegeln. Es werden Korrektheit (Soundness), Vollstandigkeit (Completeness) und — soweit
anwendbar — Terminierung bewiesen. Damit wird gezeigt, dass die vorgeschlagenen Algorith-
men und Verfahren unter der beabsichtigten Semantik korrekt und vollstédndig arbeiten. Jedes
Verfahren wird durch kleine Beispiele ergénzt, die seine Anwendung veranschaulichen. Ins-
gesamt bietet die Arbeit ein einheitliches Rahmenwerk fiir grundlegende Techniken fiir das
Schlussfolgern iiber unrangierten Termstrukturen, das iiber strikte syntaktische Gleichheit
hinausgeht und erlaubt, Terme iiber allgemeinere Konzepte wie Ahnlichkeit oder Proximitét

miteinander in Beziehung zu setzen.

Mara Antesberger ii



JXU

JOHANNES KEPLER
UNIVERSITY LINZ

Contents
1 Introduction 1
2 Preliminaries 4
2.1 Terms and Substitutions . . . . . . . . .. ... 4
2.2 X-Terms . . . . . . e 7
2.3 Equations and Solved Sets . . . . . . . .. .. L 10
2.4 Fuzzy Relations . . . . . . . . . 11
2.5 Ordering . . . . . . . e 15
2.6 Unification, Matching, Anti-Unification . . . . . . . . . . ... ... ... .... 15
2.6.1 Unification . . . . . . . . . . .. 16
2.6.2 Matching . . . . . . .. . 17
2.6.3 Anti-Unification . . . . . . . . . .. ... 17
3 Unification 19
3.1 Fuzzy Unranked Unification with Similarity Relations . . . ... . ... .. .. 22
3.2 Fuzzy Unranked Unification with Proximity Relations . . . .. .. ... .. .. 34
4 Matching 52
4.1 Fuzzy Unranked Matching with Similarity Relations . . . . .. .. ... .. .. 53
4.2  Fuzzy Unranked Matching with Proximity Relations . . . . .. .. ... .. .. 64
5 Anti-Unification 74
5.1 Fuzzy Unranked Anti-unification with Similarity Relations . . . . . . . .. . .. 7
5.2 Fuzzy Unranked Anti-Unification with Proximity Relations . . .. ... .. .. 86
6 Conclusion 94

Mara Antesberger iii



1 Introduction J ¥ U

JOHANNES KEPLER
UNIVERSITY LINZ

1 Introduction

Reasoning with symbolic structures is an important task in many areas of computer science,
including automated deduction, knowledge representation, program analysis, and natural lan-
guage processing. Operations like unification, matching, and anti-unification form the core
computational basis of these reasoning tasks. In their classical form, these operations work on
ranked terms, where every function symbol has a fixed number of arguments, and they assume

exact equality between symbols.

Many real-world applications, however, require more flexibility. Unranked terms, whose func-
tion symbols can take any number of arguments, appear naturally in fields such as tree-
structured data, XML representation, and natural-language syntax. In addition, exact equal-
ity of symbols is often too strict: in various practical reasoning scenarios, it is difficult to
guarantee and, therefore, it is more useful to compare symbols by fuzzy similarity or proxi-
mity relations, which describe to what degree two symbols are alike. This naturally leads to
approximate reasoning, where solutions are annotated with a degree that indicates how well

they satisfy a given problem.

A proximity relation is a reflexive and symmetric binary fuzzy relation (fuzzy tolerance), while
a similarity relation, in addition, satisfies a special form of transitivity (fuzzy equivalence).
Unification, matching, and anti-unification techniques with similarity or proximity relations is
well-studied. Early research on unification modulo similarity emerged in the early 2000s [13,
14, 15, 40, 50]. In 2002, Maria Sessa introduced her ‘weak’ unification algorithm in [49]. The
algorithm was able to handle unification problems under a similarity relation and was suitable
for practical use. Versions of similarity-based unification have been successfully integrated
into reasoning and logic programming formalisms, see, e.g., [36, 37, 42, 48, 51, 52|. In most of
these works, unifiable terms have the same arities. Later, in [1], Hassan ATt-Kaci and Gabriella
Pasi built on Sessa’s idea and extended it to work with arity-mismatched similarity unification
problems, permitting two similar terms to have different number of arguments. Signatures
that permit such terms are called fully fuzzy ones, emphasizing possible mismatch between
similar expressions not only in the names of symbols, but also in their arities. The mentioned
paper by ATt-Kaci and Pasi covers also similarity-based anti-unification problems in fully fuzzy

signatures.
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A proximity-based weak unification algorithm was developed by Pascual Julian Iranzo and
Clemente Rubio-Manzano in [22] in 2015. It utilizes proximity blocks to determine closeness
of terms, where blocks represent cliques in graphs induced by proximity relations. A restric-
tion is that the same term is forbidden to belong to two or more different cliques at the same
time. Together with Fernando Séenz-Pérez, JuliAn Iranzo proposed a further improvement
of this algorithm in [26]|. Proximity-block-based unification is the main computational mech-
anism for the fuzzy logic programming languages Bousi~Prolog [24] and FASILL [21], for
fuzzy Datalog [23|, and was used, e.g., in an integration of WordNet into fuzzy logic program-

ming [25].

A different way of handling proximity relations in unification was proposed by Temur Kutsia
and Cleo Pau in 2019 in [35] by using a class-based approach. A proximity class of an ex-
pression is a set of all expressions that are proximal to the given one by a nonzero degree. (It
corresponds to the neighbourhood of a node in a graph induced by the proximity relation).
They also studied matching and anti-unification from the proximity-class-based perspective
in [34] and constructed algorithms for solving proximity-based unification, matching and anti-
unification problems under fully fuzzy signatures in [33, 44]. More detailed descriptions of these
class-based problems and the corresponding algorithms can be found in Cleo Pau’s doctoral
thesis [43].

Unification, matching, and anti-unification for unranked terms has been explored for syntactic
equivalence in several works, e.g., [4, 6, 10, 17, 18, 29, 30, 46, 55|. These techniques found appli-
cations in knowledge representation, management, and reasoning |7, 17, 19|, program analysis,
transformation, and repair [3, 41, 46, 47, 53|, rewriting and rule-based transformations [8, 12,
18, 39], XML processing [20, 31], mathematical assistant systems |54|, etc. However, the com-
bination of fuzzy relations and unranked terms has been largely unexplored until now, except a
version of proximity-based matching [11] developed in the context of rule-based programming,
and a proximity-based generalization [5] for unranked nominal expressions. This thesis aims to
fill this gap by extending some of the unification, matching, and anti-unification procedures to
handle unranked terms together with similarity and proximity relations. We use the minimum
T-norm to lift these relations from symbols to terms, and to define the transitivity property

for similarity relations.

In order to ease the entry into this topic, we begin by collecting all the notions which that
will be needed throughout the thesis. They are presented in Chapter 2 and range from
the common concepts, such as terms and substitutions, to graded proximity classes and
orderings. The chapter also gives an informal overview of unification, matching, and anti-

unification.

Chapter 3 focuses on the unification procedure. After looking at the concept of syntactic
unranked unification introduced in |28, 29|, these ideas are then used to create procedures

first for unranked unification with similarity relations, and then for unranked unification with
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proximity relations. For solving under similarity, we take inspirations from [49], as well as
from [44] for notational conventions. Solving with proximity relations is built on the ideas of
presented in [35] and [43].

In Chapter 4, quantitative versions of unranked matching is investigated. Building on the syn-
tactic approach of Besik Dundua, Temur Kutsia, and Mircea Marin [10], the algorithms are
adapted to work with both similarity and proximity while keeping consistent with the notation
we have introduced so far. As in [10], algorithms for linear matching and for reconstructing
solutions of linearized non-linear problems are described. When solving with proximity rela-
tions, proximity classes are used in the form of extended terms (X-terms), following the ideas
from [34]. This gives a compact representation of the solution set, which is the main difference
from the algorithm presented in [11], where solutions are computed explicitly, not in a compact

form.

Based on the syntactic unranked anti-unification algorithm introduced by Temur Kutsia,

Jordi Levy and Mateu Villaret in [30], the final part deals with extending the rigid version
of syntactic unranked anti-unification to the fuzzy case. After altering all the needed notions
to work with similarity relations, we show the rewritten rules to generalize terms under con-
sideration of both a rigidity function and similarity relation. Guiding the way to incorporate

proximity relations is again [34].
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2 Preliminaries J z U

JOHANNES KEPLER
UNIVERSITY LINZ

2 Preliminaries

In this chapter the basic notions around terms and substitutions, extended terms, solved sets,
fuzzy relations and ordering, as well as an introduction to unification, matching and anti-

unification are given.

2.1 Terms and Substitutions

The inspiration for the notations for terms and substitution largely comes from [29]. We
consider a countable set of variables V and a countable set of function symbols F. The set
of function symbols is partitioned into the set of fized-arity function symbols Fi; as well as
the set of flexible-arity or variadic function symbols Fiex, hence F = Fix U Flex. The arity or
length of the argument list n of f € Fix will be written as ar(f) = n or sometimes we simply
write f € F". Constants are fixed arity function symbols with an empty argument list, i.e.,
ar(c) = 0 for a constant ¢. Flexible arity function symbols are not bound by arity, i.e., one

instance could have arity n, while another instance could have arity m.

The set of variables is comprised of the set of individual variable symbols V; and the set of

sequence variable symbols Vg, i.e., V = Vr U Vg.

The set of terms is defined over F and V and written as T(F,V). A term t € T(F,V) is

constructed as

t:=1r | tg
= | ftnotn) | ot 1)
ts =7 | tr,

where t; represents individual terms and tg represents sequence terms; also n,m > 0, x € Vr,
T € Vg, [ € Fex and g € Fix with ar(g) = n. Note that fixed arity function symbols do not

apply to sequence variables.
Here is a short overview, which symbols will be generally used to represent certain notions:

e individual variables: x,y, z,v

Mara Antesberger 4
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e sequence variables: T,%,Z,v
e individual or sequence variables: x,y,z,Vv
e constants: a,b,c
e function symbols: f,g,h
e terms: s,t,r
e sequences of terms: 3, ¢, 7
Certain chapters might have slight deviations; however, changes will be stated.

For simplicity, throughout the thesis we assume that the only fixed-arity symbols are constants,

although the results can be easily extended to the unrestricted case.

A term of the form f() can be written as simply as f. Throughout the thesis, we will be
dealing with finite sequences of terms, which we denote by "s1,...,s, . Such a sequence can
be, in particular, empty. It will be represented as " . If a sequence of terms consists of only

one element it can be simply written as a term, i.e. "t =t¢.

The head of a term is either the function symbol f if t = f(s1,...,8,) or if t = x with x € V,
then head(t) = x. The head of a sequence of terms is the sequence of the term heads, i.e.
head("s1,...,s,") = Thead(s1),...,head(s,)™.

The set of variables occurring in a term ¢ will be denoted by V(t). Analogously the set of
individual variables Vy(t), the set of sequence variables Vg(t) and the set of function symbols
F(t) occurring in t are defined. If V(¢) = 0 then ¢ is called ground. If no variable occurs more

than once in a term ¢, then ¢ is called linear.

The notion of positions of terms and sequences and how to denote them, is taken from [43] and

[30]: The set of positions of a term s is denoted by pos(s) and defined as

pos(x) = {"},

pos(f(s1...,sn) ={""}U U{zp | p € pos(s;)}.

i=1
The symbol at position p in s can be denoted as s[p], whilst we write s|, for the subterm of s
at position p. If we want to address a specific element within a sequence of terms §, we write
5|; to denote the i’th element of the sequence. In order to denote a specific subsequence of §,
we use the notation §7 with ¢ < j, which represents the subsequence of § between position 4

and j, with ¢ and j not included, i.e. 8] =§|;41,...,8)j-1

The size of a term represents the number of symbols occurring in a term: size(x) = 1,
size(f(s1,...,8n) = 1+ > i size(s;) and size("ty,...,t,") = > size(t;). Additionally,
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it is defined on pairs of sequences and their sets in a straightforward way: size((§,t)) =
size(8) + size(t) and size(S) = > (hes size((3,1)).

A substitution is a mapping from variables to terms, specifically from individual variables to
individual terms and from sequence variables to finite (possibly empty) sequences of terms. All
but finitely many variables are mapped to themselves. We will use the notation of representing

a substitution as a finite set of bindings:
{acl =1, Ty = tn, T — 1?1,...,fm — Em}
A substitution is applied to a term in the following way:

To if x € Vr,
to =< To if T € Vg,

f(tio,... tho) ift= f(tr,... ty).

We will be using 0,0, @, ... to represent arbitrary substitutions and ¢ for the identity substi-

tution, i.e., the substitution mapping everything to itself.

The set of variables which get changed by a substitution ¢ is called the domain and is defined
as

dom(o) = {x | xo # x},

the set of terms which the variables of the domain of o are mapped to is called the range and
is defined as

ran(o) = {xo | x € dom(o)},

and the set of variables occurring in the range of o is called the variable range and is defined
as
vran(o) = V(ran(o)).

In the case we want to restrict a substitution o to a certain set of variables X we can write o)y

which means for x € &' that xo|y = x0 and for x ¢ X that xop = x.
Definition 2.1
A composition o8 of two substitutions o and 0 is done in the following way:

1. 0 has to be applied to every term in ran(c) and afterwards trivial mappings such as

X — X have to be removed,
2. remove those mappings x — t of 6 where x € dom(o),

3. take the union of the modified substitutions from Step 1 and Step 2.

Mara Antesberger 6
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Another way of representing a substitution is through the triangular form, as described in [2],

which is a sequence of bindings in the form:
Ty =t ;e =t Tt Ty = Ty

which represents the composition of the single binding substitutions in the respective order:

{1‘1 — tl} v {1‘n — tn}{fl — 7?1} ce {fm — Em}

If we want to replace a specific binding within a triangular substitution, we will use the notation
as defined in [43],
rep(o, o; ~ 0%),

which given a substitution 0 ="oy1;...;0;...;0, ", replaces the binding ¢; by the new binding

A

s , A T
o;, 1.e. rep(o,0; ~ o)) ="01;...500;...;0n .

A comparison between two substitutions can be done the following ways:

Definition 2.2
A substitution o is syntactically equal to a substitution 6 on a finite set of variables X, denoted
as 0 =% 0, if xo = x0 for all x € X.

Note that if no X is written, then it is assumed over dom(o) U dom(6).
Definition 2.3
A substitution o is called syntactically more general than a substitution 8 on a set of variables

X, if there exists a substitution v such that ov =% 0. We then write o <% 0. 0 is called an

instance of o, and o is called a generalization of 6.
If it holds that o <¥ 0 and 6 <¥ o then o and 6§ are equigeneral, written as o ~* 6.

It is also possible to compare terms in the same way: A term s is said to be syntactically more
general than a term t, if there exists a substitution o such that so =t. This relation is written
1s s = t.

Since =< is also transitive, it is a quasi-ordering which is called the instantiation quasi-ordering.

2.2 X-Terms

Following [34] and [43|, we are also going to need an extension of terms that handles finite
sets of function symbols instead of just a single function symbol. Such finite sets of function
symbols will be denoted by the bold-faced letters f, g, h.

Mara Antesberger 7
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An extended term, also called X-term for short, is defined over F and V as
ti=x|f(t1,...,tn),

with x € V and f being a non-empty finite set of unranked function symbols or constants
(in the latter case, n = 0). The set of X-terms is written as 7Tx(F,)) and its elements will
be denoted by the bold-faced letters s,t,r. Slightly abusing the notion we can view ‘regular’

terms as X-terms with only one symbol in each set.
Below we extend the notions defined in Section 2.1 to X-terms.
The head of an X-term is defined as head(x) := x and head(f(t1,...,t,)) == f.

Substitutions over X-terms or extended substitutions / X-substitutions are mappings from vari-
ables to X-terms, obeying the same restrictions as their standard counterparts from Section

2.1. Not much changes with the switch to X-terms, e.g., we write
f(t1,...,tp)0 =f(t10,...,t,0).

Again we will use bold-faced letters to denote X-substitutions: o, 8, ¢.

We will define the size of X-terms as the structural size:

size(x) = 1,

size(f(t1,...,6n)) = 1+ _ size(ts).
=1

In order to extract all possible terms and substitutions from an X-term and X-substitution re-
spectively, we define terms(t) as the set of terms represented by an X-term t:
terms(x) == {x}, terms(f(t1,...,t,)) ={f(t1,...,tn) | f € £, t; € terms(t;),1 <i <n}

and the set of all substitutions represented by an X-substitution o as:

subs(o) = {0 | o(x) € terms(o(x)) for all x € V}.

A finite, possibly empty, sequence of X-terms can be written as § = "sq,...,8, . We will use

§,t,T, to denote sequences of X-terms.

Mara Antesberger 8
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Next, we define the notion of intersection of two extended terms. Let s = f(§) and t = g(t).

The intersection s Mt is defined as:

0, if fNg=0andsMt # 0,
(fNg)(8Nt), otherwise.

sMt=

The intersection of sequences of X-terms Mt is defined recursively as follows:

[_7|—||_7:[_7’
xMx=x, forallx €V,

r T b 1 —
_ _ r,(f1M¥g) ifr=riMry #0,
fr1,F1 'MTrg, T2 ' = '
0, otherwise,

I_f, ri' nt = I_El, (fl I Eg)—', for t = I_El,Eg—',

SNy, Fa7 =8y, (§MF2)7, for § = 8,857,

In any other case, the intersection yields ().

Note that the last two steps can lead to branching due to the sequence variables and how
much to assign to them. Some branches might lead to () while others result in a sequence of

X-terms.

Ezxample 2.1. Let s = {f,g}({a,b,c},z,{a}) and t = {g}({b, ¢}, z, {a,c}).
Then s Mt = {g}({a, b}, x,{a}).

Ezample 2.2. Let s ={f,g}({a,b,c},z,{a}) and t = {g}({b, ¢}, x, {b, c}).
Then s Mt = 0.

Ezxample 2.3. Given

§="{f}({a,0}),{f, 9}(x), 7" and t = "{f, h}({0}), {f} (=), {h} ({b}), {9, P} (¥)",
we will compute §Mt:
e position 1: {f}({a,b}) M {f, h}({b}) = {f}({b})

e position 2: {f,g}(x) T{f}(x) = {f}(z)

e position 3: "z N "{h}({b}),{g,h}(y)" ="{h}({b}),{g, h}(y)" (this is the only success-
ful branch)

resulting in 8 11 € ="{f}({0}), {f}(x), {h}({b}), {g, h}(y)"

Mara Antesberger 9
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Ezxample 2.4. Given

"{F {a. b)), {£, 9} (@), {h}({b})" and t = "{f, R} ({0}), {f} (@), {h}({c})",

S

we will compute § 1t:
e position 1: {f}({a,0}) T {f, h}({b}) = {f}({b})
e position 2: {f, g}(x) T {f}(z) = {f}(z)
e position 3: {h}({b}) M {h}({c}) =0

therefore, this intersection is not successful and §Mt = 0.

2.3 Equations and Solved Sets

Equations between terms are pairs of term sequences, written as § ~ t. Equations between X-
terms are defined analogously. By equation we mean a term equation or an X-term equation.
A solved equation has one of the following forms: = ~ s,  ~'s, T ~ t or T ~ t, where the

right-hand side does not contain the variable in the left-hand side.

Next, we define some notions about solved equations. These are borrowed from [10].

Definition 2.4 (Solved Sets)
A solved set of equations is a set consisting of solved equations of the formx ~s, x ~s, T~ 1
or T ~ t such that the variables in the left-hand side of solved equations occur in the entire set

only once.

Definition 2.5 (Substitutions generated by solved equations)

Each solved equation generates a substitution or an X-substitution:

Definition 2.6 (Substitutions generated by solved sets)

Substitutions and X-substitutions generated from solved sets are defined as follows:

X(0)=e,
Y({eqi, ... eqn}) =01 U---Uoy,
with o; = X(eq;) for 1 <i<n,n>0

and {eqi,...,eqn} being a solved set,
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Y({eq1,...,edm}) =01 U---Uo,
with oj = ¥(eq;) for 1 <j<m,m>0

and {eqi,...,eqm} being a solved set.

Let S be a set of solved sets, then X(S) = |Jgeg L(5) is the set of substitution generated from

the set of solved sets.

2.4 Fuzzy Relations

This section establishes the basic notions of similarity and proximity relations as defined in
[49] and [35].

A binary fuzzy relation R on a set U is a mapping from U x U to the interval [0,1]. The
relation on U that is used to describe all pairs that fulfill a certain degree A\ € (0,1] is
called the A-cut and is denoted by Ry = {(a,b) | R(a,b) > A}, where X is called the cut

value.

Definition 2.7 (Proximity Relation)

A fuzzy relation R on a set U is called a proximity relation if the following properties hold:
o reflexivity: R(x,z) =1 for any x € U,
o symmetry: R(z,y) = R(y,x) for any z,y € U,
o strictness: R(z,y) =1 if x = y.

A triangular norm or t-norm A : [0,1]x[0, 1] — [0, 1] is a binary operation, which is associative,

commutative and non-decreasing, such that for any « € [0,1], zA1 = 1Az = x. In this thesis,

we will be using the minimum t-norm, due to its idempotent behaviour.

Definition 2.8 (Similarity Relation)

A fuzzy relation R on a set U is called a similarity relation if the following properties hold:
o reflexivity: R(xz,x) =1 for any z € U,
o symmetry: R(z,y) = R(y,x) for any z,y € U,
o transitivity: R(x,y) A R(y, z) < R(x, z) for any z,y,z € U,

o strictness: R(z,y) =1 <=z =y.

Mara Antesberger 11
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Hence, the only difference between proximity and similarity relations is the transitivity prop-

erty: similarity relations are transitive proximity relations.

In order to relax the comparisons between terms from equality to similarity/proximity rela-
tions, we first need to define how those relations act on terms. We want to carry over the idea
that two terms are related to a degree in the range of [0, 1]. So let R be a similarity /proximity
relation defined over the sets F and V. For symbols s; and s, we require R(s1,s2) = 0
if

e 51 is a constant and so is an unranked function symbol,
e 51 € Fand sy ¢ F,
e 51,80 € V and s1 # So.

Now let s = f(s1,...,5n) and t = g(t1,...,t,) be terms and define R(s,t) in the following

way:

R(f(s1,-..s8n),9(t1,...,tn)) = R(f,9) A (/\ R(si,ti)> .
i=1

However if we have s = f(s1,...,5,) and t = g(t1,...,tn) with n # m, then R(s,t) = 0. So
for two terms s = f(s1,...,8,) and t = g(t1,...,ty) with flexible-arity function symbol as
heads, f,g € Flex, even though R(f,g) > 0, because of the mismatch of arities in the term s
and ¢ it still holds that R(s,t) = 0.

Two terms s and t are (R, \)-close, written as s ~g 5 t, if R(s,t) > A.

Given two sequences of terms § = "sq,...,8, 'andt = "t1,...,t, ", we define R(3,1) as
n
R(5,8) = \ R(si,ti)
i=1

It is clear that if § = "s1,..., 8, 'and t = "tq,...,t,,  withn # m, then R(3,%) := 0.

Definition 2.9
We define the degree of an (R, \)-equation s ~pg x t as degr (s ~g . t) = R(s,t). This notion
is also be extended to a finite set of (R, A)-equations I' as degp(I') = A yer degr(eq).

An (R, \)-prozimity class of an symbol s € U, denoted by pcg ,(s), is a set of all the elements

of U which are ‘close’ to a s with a degree of at least A\ under the proximity relation R:
PerA(s) = {t [ R(s,t) > A}.
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A (R, N)-prozimity class of a term is defined as:

PCR,A(JU) = {z}
pera(T) = {7}

PerA(f(t1s - 1)) = per A (f)(Per (1), -, PERA(ER))-

Note that by this definition, a proximity class is an X-term.

The proximity class for a sequence of terms § = "sy,..., s, 'is defined as

PCR,A(g)R,A = I_pCR)\(Sl)R,)\a e 7PC’R,)\(Sn)R,>\_|-

It is possible to associate a function symbol f with a degree « in the form of a graded function
symbol (f,a) [34]. The intersection of two sets of graded function symbols f; and fa is defined

as

finfe = {{f,anB) | (f,a) € f1,(f,B) € f2},

equivalent to a regular intersection of sets of function symbols, but taking into account the
degrees. The notion of X-term can be extended to graded X-terms, where instead of sets of

symbols, we have graded sets of symbols.

A graded (R, \)-prozimity class for a symbol s is defined as
gpcr(s) = {{t,) | R(s,t) = a > A}.

For a term, the graded (R, \)-proximity class is constructed as

gpeg \(f(t1,. .. tn)) = gPegr A (f)(8PCr A(t1), - - -, 8PCR A (t0))-

using again the graded (R, \)-proximity classes for the deconstructed term. Note that graded

proximity classes are graded X-terms.

Applying terms and subs to graded X-terms and graded X-substitutions results in sets of

graded terms and substitutions respectively. Given a graded X-term f(s1,...,sy), then:

terms(f(s1,...,sn)) =

{{(f(s1y...y8n),) | (fya0) €1, (si,cu) € terms(s;), 1 <i<n,a=ag A Aay}
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and given a graded substitution {z; — s1,..., Ty > Sp}, then
subs({z1 > S1,...,Zp > Sp}) =
{{z1 = s1,...,2n = sp ) | (si,aqq) € terms(sy), 1 <i<n,a=a1 A Aap}.

Ezample 2.5. Let R be a proximity relation with R(f,g) = 0.9, R(f,h) = 0.8, R(a,c) = 0.6
and R(b,c) = 0.7, and t = f(g(a,b), h(c)) be a term. Then the graded proximity class of ¢ is

per () = {(f,1),(9,0.9)}({(g, )} ({{a, 1), (¢, 0.6)}, {(b, 1), (¢, 0.7)}),
{(h, 1), (f,0.8)}({({c, 1), (a,0.6), (b, 0.7))).

Ezxample 2.6. Given the same proximity relation R and term ¢ as in example 2.5 and an
additional term s = h(f(a,c), f(b)) with

per(s) = {(h, 1), {f,0.8)}({(f, 1), (9,0.9), (n, 0.8)}({(a, 1), (¢, 0.6)}, {(c, 1), (@, 0.6)}),
{{(£:1),(9,0.9), (h,0.8) }({(b, 1), (¢, 0.7)})),

we can now compute the graded intersection pcg \(s) M pcg \(t) of the graded proximity

classes:

per(s) MPer (1) = {(f,0.8)}({{g,0.9)} ({{a, 1), (¢,0.6)}, {{c, 0.7) }),
{(f,0.8), (h,0.8)}({(b,0.7), (¢, 0.7)})).

Extracting the graded terms from this graded X-term gives us the set

b)),0.7), (f(g(a,¢), £(¢)),0.7),
,0.7), {g9(g(a, ¢), h(c),0.7),
);0.7), (f(g(c, ¢), f(¢)),0.7),
,0.7), {g(g(c, ¢), h(c),0.7)}-

terms(pcg A (s) Mpeg (1) = {(f(g(a, ),

(£ (9
(f(g(a, ),
(f(g(
(f(g(

=
~—

flglec
flglec

It is also possible to extend the notion of ‘more general’ from a syntactic relation to a fuzzy

relation:

Definition 2.10
A substitution o is (R, \)-equal to a substitution 0 on a finite set of variables X, denoted as

o :7){7)\ 0, if

o for allT € X there exists s1,...,Sp,t1,...,tn € T(F,V), n >0, such that

To="51,...,8, ) "t1... t, =70;
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o forallx € X, xo ~r )\ x0.

Definition 2.11

A substitution o is called (R, A)-more general than a substitution 6 on a set of variables X, if
there exists a substitution v such that ov :7)%7/\ 0. We then write o j;g’/\ 0, and 0 is called an
(R, \)-instance of o.

If it holds that o =

~

7“’%)\ 0 and 0 j%)\ o then o and 0 are equigeneral, written as o %7)%)\ 0.

It is also possible to compare terms in the same way: A term s is said to be (R, )\)-more
general than a term t, or s is an (R, A)-generalization of t, if there exists a substitution o
such that so ~g x t. This relation is written is s Sg . t. We can additionally say that s is an
(R, N)a-generalization of t if R(so,t) = a.

If R is not transitive (like with a proximity relation) then Srx t is also not transitive and

therefore not a quasi-ordering.

2.5 Ordering

We will need a well-founded ordering on multisets in order to prove the termination of some

algorithms. For this we will use the Dershowitz-Manna ordering from [9].

Definition 2.12 (Multiset Ordering)

Given a set S and a well founded partial ordering < on S. The Dershowitz-Manna Ordering
<pu is defined on the set of all finite multisets M(S) such that for M, N € M(S), M <py N
if M =(N—X)+Y for some X, Y € M(S) with ) # X C N and for all y € Y there exists
an x € X such that y < x.

To denote multisets we will use the following notation: M = {{-}}.

2.6 Unification, Matching, Anti-Unification

In this section, we explain the basic principles of unification, matching and anti-unification.
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2.6.1 Unification

The fundamental purpose of unification is to solve equations between syntactic expressions.
Solutions are substitutions which, after applying to the given expressions, turn them into equal
ones. Given two terms s and ¢, a unification problem is written as s ~’ t. A substitution which
solves a unification problem is called a unifier of the terms. If a unification problem is solvable,
it may have infinitely many solutions. Among them, the interesting ones are those that are
more general than the others. For some problems, there exists a single such unifier, which is
unique modulo variable renaming. It is called a most general unifier (mgu). Such problems

are called unitary.

An example for a unification problem could be to unify s = f(x,g(g(z))) and t = f(a, g(v)).

There are infinitely many unifiers of this problem, e.g.,

{z = a,y—g(z

}

)
{z = a,y— g(a),z— a}
b),z — b}
(a)),z > g(a)}
)

{z— a,y— g(z),u— a} (a completely irrelevant variable u in the substitution)

(
(
{z—=ay— g
{z—a,y—g(g
(

etc.

However, the substitution {z + a,y — g(z)} is more general than the others. In fact, it is the

most general unifier of the problem, which is unitary.

There are problems which have finitely or infinitely many unifiers that are not comparable
between themselves with respect to the instantiation relation, but any other unifier is less gen-
eral than some of these unifiers. They are called finitary and infinitary problems, respectively.
Such problems are characterized by minimal complete sets of unifiers: They are sets of unifiers
of the given problem such that (a) for any unifier of the problem, one can find a more general
one in this set, and (b) no two distinct elements of the set are comparable with respect to the
instantiation relation. Then finitary (resp. infinitary) problems have a finite (resp. infinite)
minimal complete set of unifiers. There exist theories and problems for which such a minimal
complete set of unifiers does not exist because minimality and completeness contradict each
other. For our unranked languages, every solvable unification problem does have a minimal

complete set of unifiers, but it can be infinite in some cases.

Exzample 2.7.

f(@ a,9) =" f(a,2)

This problem is finitary. The minimal complete set of unifiers contains two elements:
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{T—""y—z}and {T—a,z— a,5— "}

f(@,0) =" f(a,T)
An infinitary problem. The minimal complete set of unifiers has the following elements:

{Z—=""N{Z—a}, {T— "Ta,a},...

. . . . . ~ ? 7 . .
Sequences are allowed in unranked unification equations, i.e., § ~° ¢ is a valid unranked

unification problem.

2.6.2 Matching

Matching is a specialized form of unification. Whereas in a unification problem both sides can
contain variables,; in a matching problem only one (typically, the left) side contains variables,
whilst the other one is ground. This means a solution, called a matcher, has to be applied
only to the left term in order to match it to the right, as opposed to a unifier which has to
be applied to both sides to create a new, unified term. Given two terms s and ¢, with ¢ being

ground, a matching problem is written as s <’ t.
Unranked matching equations are pairs of sequences, written as § <’ £, where  is ground.

Unranked matching is finitary. For instance, the matching problem f(%,a,7) ~° f(a,a) has

two incomparable matchers: {Z — ", 7+~ a} and {Z — a,y — "}.

2.6.3 Anti-Unification

Anti-unification can be seen as a kind of dual problem to unification. Whereas the aim of
unification is to find the most general common instance of two terms s and ¢ (via applying
their most general unifier to them), anti-unification aims to compute the least general term
whose instances are s and t, i.e., the task is to find the least general common generalization (lgg)
of s and t. A more concrete example: given two terms s = f(a, f(b,b)) and t = f(a, f(c,c)),
we want to find a generalization for them. Of course, a trivial generalization would be a
new variable, e.g., y, as y can be mapped to both s and ¢. However, that is a very general
generalization. We aim to find the least general generalization or lgg. The lgg(s,t) would be
f(a, f(y,y)). Here we have preserved as much of the shared structure and generalized the
differences in the uniform way (notice the two occurrences of y). It is easy to see that y can

be mapped to b and ¢ to recreate s and t, respectively.

The following notions are based on [30]. An anti-unification triple (AUT) is the triple x : § = ¢,
where if x is an individual variable, then § and ¢ are individual terms, and x does not occur in

them. The intuition is that x, called the generalization variable, represents the (most general)
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generalization of 5 and £. An anti-unifier, or a solution of an AUT x : § £ ¢ is a substitution

o such that xo is a generalization of § and .

Similar to unification and matching, anti-unification problems may have one or more solu-
tions. For our unranked language, AUTs are always solvable, and they may have at most
finitely many incomparable generalizations. The notion of a minimal complete set of general-
izations is defined analogously, but dually, to a minimal complete set of unifiers: its elements
are those generalizations that are less general than other generalizations of the given prob-

lem.

Looking back at our small example: The lgg of z : f(a, f(b,b)) 2 f(a, f(c,c)) would be 0 =
{z = f(a, f(y,y))} withzo = f(a, f(y,y)) being an lgg of f(a, f(b, b)) and f(a, f(c,¢)).

An unranked generalization problem z : f(f(a), f(a)) £ f(f(a), f) has three elements in the
minimal complete set of generalizations: {z — f(f(a), f(¥))}, {z — f(f(@,2), f(¥))}, and

{z = f(f(,2),/(2)}
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3 Unification

In this chapter, the procedure used to unify unranked sequence problems introduced by Temur
Kutsia in Solving equations with sequence variables and sequence functions |30] will be modified

to work with similarity and proximity relations instead of syntactic equality.

In addition to the concept of more general in substitutions, we need a slight distinction if a

substitution maps a sequence variable to an empty sequence:

Definition 3.1
A substitution o is called erasing on a finite set of variables X if there exist T € X such that

To =" 1. Otherwise, it is non-erasing.

Definition 3.2

If a substitution o is syntactically more general than 6 on a set of variables X (i.e., if 0 <% 0)

and there exists a substitution v, non-erasing on X, such that ov =% 6, then o is called

syntactically strongly more general than 0. It is written as o <* 6.

The same concept can be defined in a fuzzy setting as well. If a substitution o is (R, \)-more
general than 0 (i.e., if o jig)\ 0) and there exists a substitution v, non-erasing on X, such that

ov :;{ ) 0, then o is called (R, \)-strongly more general than 6. It is written as o gg N2
The notion of a syntactic minimal complete set of unifiers is defined as follows:

Definition 3.3
The set of all syntactic unifiers of of an unranked syntactic unification problem I is denoted by

UT). A set of substitutions S is a complete set of syntactic unifiers of I' for a set of variables
X if

e SCUT), i.e., each element of S is a syntactic unifier of ', and
o for any syntactic unifier 0 of T, there exists ¢ € S such that o <% 6.

The set S is, in addition, minimal, if no two distinct elements of it are <% -comparable.

Mara Antesberger 19



3 Unification J z U

JOHANNES KEPLER
UNIVERSITY LINZ

To make this work self-contained, we first recall the original syntactic unranked unification
algorithm 4 from [30] and then show how it can be modified to deal with proximity and
similarity. The algorithm 4 works on the following inference rules J below. Note that the
rules concerning sequence function symbols are not shown here, since we do not consider those

symbols.

P-U: Projection
(T';0) = (T'Y¥;019), where ¥ # ¢, dom(9) C Vg(T') and ran(d) = 0.

T-U: Trivial
{s="s}ul’;o0) = (I';0).

0O1-U: Orient 1
Us="2}UT";0) = {x =" s}UTl’;0), ifs¢ V7.

02-U: Orient 2
(5,81, 80) =" f(@,t1,. .., tm) Y UT;0)
— {f(@,t1,.. s tm) =" f(5,51,...,8,) Y UT";0),
if s ¢ Vs.

TD-U: Total Decomposition

({f(s1,-.-,5n) =’ flt1,... )} Ul 0) = {s1 ="t 8y = th} UT";0),
if f(s1,...,8n) # f(t1,...,tn) and s;,t; ¢ Vg for all 1 <i <mn.

IVE-U: Individual Variable Elimination
Hz ="t} UT";0) = T"0;00), if z ¢ Vz(t) and 9 = {z > t}.

PD-U: Partial Decomposition
Hf (51,0 80) = flt1, ..., tm) Y UT;0)
— ({s1="t1,. .. 861 = tht, [(Sky-ny8n) = f(th... tm)}UT;0),
if f(s1,...,8n) # f(t1,...,tm), for some 1 < k < min(n,m), either s € Vg or t; € Vg,
and for all 1 <i < k we have s;,t; ¢ Vs.

SVE1-U: Sequence Variable Elimination 1
UF(@, 81,0, 80) = F(@ 1, .. tm) UL 0)
— ({f(s1,...,80) =" f(t1,...,tm)}UT";0),
if f(Z,81,...,8n) # [(T,t1, ... tm).

SVE2-U: Sequence Variable Elimination 2
UF(@, 81,0 ,80) = flt,tr, ..., tm) UL 0)
= ({f(s1,...,80) =" f(t1,...,tm)} UT'Y; 009),
if ¢ Vs(t) and ¥ = {7 — t}.
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W1-U: Widening 1
UF(@, 81,0 ,80) = flt,tr, ..., tm) UL 0)
— ({f(T,519,...,5.0) =" f(t10,...,tm?)} UTWY; 009),
ifz ¢ Vs(t) and ¥ = {z — "t, T},

W2-U: Widening 2
HF(@, 81, ,80) =" (@t tm) UL ;0)
= {f(519,...,8,09) =" f(G, 119, ...,tm0)} UT'D; 00),
with 9 = {y — "Z,77}.

These rules are applied to a configuration of the form (I'; o), where I' is a set of unification
problems and o is a substitution built along the way to be the unifier of I'. In the starting
configuration, o is set to €. Through a selection strategy, an equation is chosen from I' to
be transformed in the next step. By transforming configurations step by step (guided by
the selection strategy), a derivation of the form (T'y;01) =p/pr (I'2;02) :>JBrT (Tp;op) is
constructed, with BT being basic transformations, i.e., any rule except the projection rule.
Branching can occur by either the possibility to apply a rule in different ways, or by having
multiple rules applicable to the selected equation. A derivation either stops via a decision
algorithm, recognising when the given problem is not solvable, resulting in failure written as
L, or the final pair (();#), where 6 is a substitution solving the original unification problem
I". The decision algorithm relies on decidability of word equations, which is quite a difficult
problem [27, 38, 45]. It is possible that some branches produce a solution, whereas others
result in failure. What we get, is a finitely branching potentially infinite tree of derivations.
The set of substitutions produced by the procedure 4 is written as Soly(I"). This set can be

empty (when the problem is not solvable), finite, or infinite.

Since we will not use a decision algorithm to check whether our configurations are solvable,
a ‘lighter’ version of this unification procedure, also introduced in [29], is more appropri-
ate for us. It has the following extra rules, which take over the role of detecting failure

cases.

IVOC-U: Individual Variable Occurrence Check
Hr ="t} ul";0;0) = 1, ifz#tand x € V().

SVOC-U: Sequence Variable Occurrence Check
HF(@,81,...,80) =" flt,t1,...,tm)YUT000) = L, ifT#tand T € Vs(t).

SC-U: Symbol Clash
({f(s1,---,5n) =’ gty tm) U 050) = L, if f #g.

AD: Arity Disagreement
({f(s1,...,5n) =7 f(ty,... Jtm) U 0 a) = L
ifn#mands; ¢ Vsandt; ¢ Vsforalll<i<mand1l<j<m.
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El: Empty 1
(O =" ft,tr,...,tn) U 050) = L.

E2: Empty 2
{f(s,51,...,80) =" FOIUT;030) = L.

Due to the fact that these rules cannot detect every failure case, the procedure without the
decision algorithms is not guaranteed to terminate even if there is no solution, at least not
without further modifications. This problem will transfer to unranked unification both with
similarity and proximity relations. One example of an unsolvable unification problem, which

would not terminate with &, would be f(Z) =" f(a, ).

There are some special cases when the termination of the ‘light’ procedure is guaranteed. One
such way, is e.g., to demand that one side of the equations has to be ground, i.e., devoid of any
variables, which would just be a matching problem. Another way is to restrict the positions
where sequence variables can occur to the last position within terms and sequences of terms,
so called KIF (Knowledge Interchange Format) fragment, where it was first considered [16].

Some other terminating fragments have been considered in [32].

3.1 Fuzzy Unranked Unification with Similarity Relations

We start with the definition of a minimal complete set of unifiers modulo similarity rela-

tions:

Definition 3.4 (Minimal complete set of (R, A)-unifiers for similarity relations)

Let R be a similarity relation, \ be a cut value, and T' be a (R, \)-unification problem. The
set of all unifiers of T is denoted by U(T',R,\). (Hence, o € U(T', R, \) iff degr(T'o) > A.)
We also write 0 € U(T', R, ) if degr(T'o) = a > A.

We say that a set of substitutions S is a complete set of (R, \)-unifiers of ' for a set of
variables X if

e SCU(T,R,N), i.e., each element of S is an (R, \)-unifier of I', and

o for any (R, A)-unifier 6 of T', there exists o € S such that o jé‘éA 6.
The set S is, in addition, minimal, if no two distinct elements of it are j%)\-compamble.
In order to accommodate a fuzzy relation instead of syntactic equivalence and in order to
track the degree of similarity throughout our unification problem, we need to make some

changes to the rules of the unification procedure 4. These changes were inspired by [49] and

[44]. Tt is also worth mentioning that in contrast to the syntactic version of this procedure
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we will allow for equations of the form Z ~ \ 5, meaning equations between sequences of

terms instead of demanding the sequences of terms to be the arguments of a function sym-
bol.

P-Ugm: Projection
(I 050) = (T'0; 005 )
with ¥ # e, dom(d) C Vg(T') and ran(d) = 0.

T-Ugim: Trivial
({5 Q%A 5tul’;o;a) = (I'; 05 ).
O1-Ugjm: Orient 1
{s S%A z}UT;050) = ({z z%)\ stUT’; 05 a)

if s ¢ Vr.
02-Ugim: Orient 2
({"s,81,...,8," 2?7%7)\ Tty ..ty UL 050) =
{2t ot =k, T8, 81,080 U 05 a)
if s ¢ Vs.

HR-Ugm: Head Removal
{f(s1,---,8n) Q%A g(ti, ... tm) U 050) =
({"s1,... 8" :;%,A Tty tm FUT o3 A B)
if f(s1,...,8n) # g(t1,...,tm) and R(f,g) =5 > A.

IVE-Ugm: Individual Variable Elimination
({x Q%A tyUT;0;0) = (I"0; 00; @)
if x ¢ Vz(t) and ¥ = {z — t}.

DEC-Ugjn: Decomposition
({"s,81,...,8," 27?37)\ Tttty eyt U 050) =
{s f:%A t,751,...,8, " Z%)\ Tty ety FUT 05 0)
if s 81, 0,8, V£ Tttt ,n+m>0,s¢ Vg and t ¢ V.

SVE1-Ugm: Sequence Variable Elimination 1

{"Z,81,...,8" 2;3’)\ Tty bty FUT 050) =
({"s1,...,8," :;%,A T, oyt FUTY 05 )
AR TR T AL )

SVE2-Ugm: Sequence Variable Elimination 2
{TT, 81, 8" :;Q,A Tttty FUT 050) =
({"s1,...,8, 0 :;27)\ Tty .yt O UTY; 005 @)
if z ¢ Vs(t) and ¥ = {7 — t}.
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W1-Ugi: Widening 1
{TT, 81, 8" 2;3’)\ Tttty FUT 050) =
{"z, 519, ...,8,97 :327/\ 619, .., tn97 UTY; 00; )
ifz ¢ Vs(t) and ¥ = {z — "t, T},

W2-Ugim: Widening 2
{"T, 81, 8" E;QA Yoty ..ty U 05 0) =
{"s19,..., 8,0 :327)\ Y, 010, ..t U T 0 @)
with ¥ = {y — "Z,7}.

IVOC-Ugjy: Individual Variable Occurrence Check
({x ’:327/\ tyuTl;oy0) = L
if z € Vz(t) and = # t.

SVOC-Ugin: Sequence Variable Occurrence Check
{"Z,81,...,8," 2;3’)\ Tttty FUT 050) = L
if 7 € Vs(t) and T # t.

SC-Ugim: Symbol Clash
({f(s1,---,5n) 2%)\ g(t1,.. . tpm) U 050) = L
it R(f,g) < A

E1-Ugn: Empty 1
({ :;3)\ Tt,t1, ...ty JUT o) = L
with t ¢ Vg.

E2-Ugin: Empty 2
({"s,81,...,8n" Z;Q,A Mulo;a) = L
with s ¢ Vs.

Given a similarity relation R and a cut value A, these modified rules of the unranked fuzzy
unification algorithm with similarity relations i, are now applied to a triple of the form
(I';o;a), where I' is a set of (R, A)-unification problems, o is a substitution tasked with
building the unifier of I', and « being the new addition meant to track the degree of unification

within the problem.

Aside from the addition of a, changes have occurred in a number of rules compared to [29],
specifically those handling sequence variables. Whereas before, these rules were applied to
individual terms with the sequence variable being the first argument, now it is applied to
sequences of terms with the sequence variable being the first element of the sequence. The
rules affected by this change are (02-Ugim), (DEC-Ugim), (SVE1-Ugim), (SVE2-Ugim), (W1-
Usim) and (W2-Ugjp)-
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Another rule has to be modified, namely (SC-Ugy,). Previously, this rule would take hold in
the case that the heads of the equation sides were not equal, now however it only applies in
cases when the heads are not similar enough: R(head(s), head(t)) < A.

One more thing that has changed is the way decomposition works. Away from total and partial
decomposition, we now have a rule, (HR-Ugy,), which removes the term heads and leaves us
with the argument sequences and a single decomposition rule (DEC-Usgjy, ) which removes only

the first argument pair each time it is applied.

The way this procedure works has not changed with the modifications. An initial configuration
(T';e;1) is set and a selection strategy determines which equation of the (R, A)-unification
problem I' is to be solved next. Depending on the form of this equation, a rule is applied and
the step to the next configuration is made. This goes on until either I' becomes the empty
set or one of the failure rules applies. In the case that we end in (0;0; ), o is a computed
answer for I' with unification degree a. Later we prove that it is a valid unifier of I', solving

the problem with a degree «.

If a rule can be applied in multiple ways, or more than one rule is suitable for a chosen equation,
branching can occur and is done concurrently. Branches can still end in either failure or success

(or extend indefinitely).

The set of substitutions solving the (R, A)-unification problem I', produced by g, is denoted
by Soluglm (F)

Ezample 3.1. Let I' = {f(7, g(a), z,7) :7?37)\ 9(f(z,Z),b,a,c)}, with a similarity relation R :
R(f,9) =0.9, R(a,b) =0.7, R(b,c) = 0.8, R(a,c) = 0.7 and a cut value A = 0.6:

<F7 &; 1> :>(HR—USim) <{rfa g(a)7 €, g—l 27??,,)\ rf(x7f)7 bv a, C—I}; &; 09>

= (SVOC-Usim) -

([361) = vy ({f(9(a),2.9) 2R 5 9(f(2),b,a,0)}; {7 = TT}1)
=R Uy ({79(0), 2,77 =) "f(2), 0,0, {T = T:0.9)
= (DECUym) (19(a) 2R f(2), "2, 77 ~py Tb,a, ¢} {Z > T7}0.9)
= (HR-Usim) {a :’R \x, Tz, gyt :;M “b,a,c '} {ZT — "};0.9)
= (01-Unim) ({:c NR \a, ",y ::/)QA "b,a,c '} {xT — "};0.9)
= (IVE-Usim) {"a —RA Tb,a,c '} {T — "7, x> a};0.9)
= (DEC-Uy) ({8 210 b, 70 =k, 0, T} {Z = 77, @ a};0.9)
= HR V) (TR0 T T 2 Ta, T {E - T, @ a};0.7)
= (T-Usim) {7 72,\ Ta,c b {T = T, @ a};0.7)
= (W1-Ugim) ({y ~ ’R/\ chi{z =" x—a, = "a,7};0.7)
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:>(SVE2_Usim) <{}, {T — I——l, T = a, Yy+— I_CL, Cj}; 07>

(Fv & ]-> :>(P—Usim) <{f(fa g(a)a .17) :;’Q,)\ g(f(l',f), ba a, C)}v {y = ’_—I}; 1>
= (HR-Ugim) <{r‘§7 g(a)v z 2;’%,)\ I_f(‘r?f)a b, a, C—l}; {y = ,_—I}; 0'9>

= (SVOC-Uqim) 4

{f(g(a),2) =5 9(f(x),b,a,0)}: {T = 77, T TN 1)
{Tg(a), a7 =\ "f(2),boa, T {Z = T, G T 0.9)

{g(a) =\ f(2), "7 =\ Tbya, AT = T, F o TR 0.9)
{9(a) ~ RA f(@), 2;z,,\ b, ™ l“(7'7z,,\ "a,c};

{Z—"7 57— "7}0.9)

= (El-Ugm) -+

(T56;1) = (P-Ugm)
= (HR-Usgim)
= (DEC-Ugim)

{
{
{
{

= (DEC-Ugim)

Similar to 4, the procedure g, is not terminating. It has two reasons: first, the unifica-
tion problem might have infinitely many solutions and the procedure keeps computing them.
Second, due to the fact that the decision algorithm is not used, sometimes it might not

be able to detect that a problem at some branch is unsolvable and keep expanding that

branch.!

Next, we want to prove soundness and completeness of $l,. For this, the proofs of U are taken
from [29] and modified to accommodate the changes we made replacing syntactic equality with
similarity relations as well as the removal of sequence function symbols. In order to do that,

we need some auxiliary results:

Lemma 3.1
Given a similarity relation R, a A-cut and an (R, \)-unification problem T', if U(T, R, N)q =
UA R, N)q, then U(To, R, Ao =U(A0, R, N)o for any substitution o.

Proof.

0 € U(To, R, \)q iff degr(T'ol) =« iff 00 € U(T, R, \)q
iff 00 € U(A, R, N)a iff degr(Adh) = \iff § € U(Aa, R, \).

IThis later case can be excluded if we had a decision algorithm for similarity-based unranked unification
problems, which, in itself, would depend on decidability of similarity-based word unification, but we are
not aware of any work in this direction.
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Lemma 3.2
Given a similarity relation R, a A-cut and an (R, X)-unification problem T, if (I';o;a) =
(A;00;a A B) then U(A, R, A) =UTEO, R, N).

Additionally if ¢ € U(A, R, N)y then ¢ € UTO, R, X\)yng-

Proof. 1t is easy to see that this holds for the rules which neither change the substitution o
and therefore only replacing the unification problem with an equivalent one, nor change the

unification degree . So here we will show some of the rules which are not that trivial:
(IVE-Ugim) We have ({z 233,)\ t U 0;a) =g (A;06;a) with A =176, 0§ = {x — t} and
B=1.
Since x ¢ Vi(t) we know that z6 ~g ) t6 and therefore also I'0 = {z 23%9\ tHuT'e =
{z0 :?R,/\ o} uT’o.

“C” Let ¢ € U(A, R, \)y which also means degr(A¢p) = > A. In order to show that
0 e UTO,R,N)ypg CU(TO, R, \) we can show that:

degr (P0yp) = deg({0 ~ \ t0}p UT'0p)
= degr ({26 ~ 5 t0}¢) A degr (I'0p)
= degp ({t >R\ the) A degr (Ap)
—1Ay=BAy2> A

“D" Let ¢ € U(I'0, R, \) which also means degp (I'0p) > A. In order to show that
v € U(A,R,N) <= degr(Ap) > A, we can simply rewrite degp (I'fp) > A as we

have done above:

degr (T0p) = degr ({t ~% 5 t}p) A degr (Ap)
=1 A degr(Ayp)
= degr (Ap) = A.

(HR-Ugim) We have ({f(s1,...,5n) 2327/\ g(t1,...,tm)} UT;0;0) =pr (A;00;a A ) with
A={"s1,...,8," 2:';%)\ "ty et JUT 0 =6, 8 =R(f,g) > X and f(s1,...,80) #
g(t1,...,tm), and R(f,g) = > A
“C” Let ¢ € U(A, R, N), which also means degr (Ap) = . In order to show that

e e UTO, R, N)ypg CU(TO, R, \) we can show that:

degr (T'0p) = degr ({ f(s1,--.,n) :7?27)\ glt1, . tm) Yo UT )
?

= degr({f(51,-+,50) =g\ 9(t1, -, tm) ) Adegr(T'y)
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R(f,9) Adegr({Ts1,. - 807 =g\ b1, st }p) A degr (I'ep)

=R(f,g) Ndegr({"s1,...,8n" 2;3)\ t, e tm T UT )
R(f.9)
B

“2D” Let ¢ € UTO,R,\) = U, R,\). In order to show that ¢ € U(A,R,\) =
degr(Ayp) > A, we can again rewrite degr (I'p) = v > A as

degr () = degr ({£(s1, .-, 5n) 2 9(t1, - tm) o UT')
=R(f,g9) Ndegr({"s1,..., 8" :;3,)\ tyee o tm Fo UT )
=R(f,9) N degr(Ap).

So knowing that degr (I'¢) > v we can differentiate two cases:

Case 1: Lets assume R(f,g) < degr (Ayp). It follows immediately that degp (Ag) >
R(f,9) = A

Case 2: Lets assume R(f,g) > degr(Ap). This means R(f,g) A degr(Ayp) =
degr (Ay) and therefore degp (I'p) = degr(Ap) =7 > A

Hence degr(A,p) > A<= p e U(A, R, ).
The proofs for the other rules with changing substitutions follow analogously to [29] with

similar modification as just presented with the proof of the (IVE-Ugy,) rule. O

Lemma 3.3
Given a similarity relation R, a A-cut and an (R, \)-unification problem T, if (T';o;a) =T
(A;00;a A B), then U(A,R,A) =UTEO, R, N).

Additionally if ¢ € U(A, R, N), then ¢ € UTO, R, X\)yng.

Proof. This will be proven by induction on the number of steps, using Lemma 3.2 . If the step
length of this derivation was only 1 then this would already be proven by Lemma 3.2. Lets

assume as induction hypothesis that our lemma holds for derivations of length n.

Now let

(Ty0;0) = (A1;001,aNB1) = - = (Ap;001 - On;a ABL A A Br)
= (Apg1;001 - Oppr;a APL A A Bryr)

be our derivation where 8 =601 ---0,41 and 8= 81 A -+ A Bpy1-
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The induction hypothesis tells us that U(A,, R, \) = UT0;---0,,R,\) and by Lemma 3.2
we know that U(Ap+1, R, \) = U(Apbpt1, R, A).

We want to show that U(A,+1, R, \) =U('0, R, \) which can be done using Lemma 3.1 and

our induction hypothesis:

U(ATH‘h R? )\> = U(An0n+1, Ra A)
—UTO, - O, RN
— U(TO, R, \)

We additionally want to show that if ¢ € U(Ap1,R, )y, then ¢ € U(TO, R, \)yr5. By
induction hypothesis, if ¢ € U(A,, R, )y, then ¢ € UTO; -0, R, \)yagiA-nB,- From

Lemma 3.2 we know that if

0 €UDni1, RNy 220 € UDWn11, Ry Nyrs s

iff 909n+1 € U(An, R, )‘)’Y/\ﬁn+1

TH
— (,007,,4_1 € Z/{(Fel ce Qn, R, )\)'Y/\ﬁn-‘rl/\ﬁl/\“‘/\ﬁn
iff (NS Z/f(FQl S 0n9n+17 R, )\)7/\5

i o € UTO,R,A)yns

Lemma 3.4
Given a similarity relation R, a A-cut and an (R, \)-unification problem T, if ([;e;1) =T
(0;0; ) then 6 € UL, R, N)o with similarity degree c.

Proof. By Lemma 3.3 we know that U(0,R,\) =U(T'0, R, ). Since € € U(D, R, \); it follows
that & € U(TH, R, N ipa iff 0 € UT, R, N)a. 0

Theorem 3.5 (Soundness of gp,)
Let R be a similarity relation, \ a cut value for R, and T' an (R, X)-unification problem. Then
Soly,, (I,R,A) CUT,R,N).

Proof. This follows from the definition of the procedure iy, and Lemma 3.4. L]

The following definitions, taken from [29], will be used for proving the completeness of LUy, .
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Definition 3.5
The length of the image of a set of variables X with respect to a substitution o, denoted as
Len(X, o), is defined as ) .y len(vo), where len(vo) is 1 if vo is a single term, and is n if

vo ="t1,...,t, " for some terms t1,...,ty, n > 0.

We denote by Dif (X, 0, o) the length difference Len(X, ) —Len(X, o). Obviously, Dif(X,0,0) =
Dif(Vs(X),0,0).

Lemma 3.6
For all 0,60 and X, ifran(oc) C X and o g;g \ 0, then Len(X, o) < Len(X, ).

Proof. This follows from the properties of length of an image and (R, A)-more-general. O

Now we continue with proving completeness of the procedure ig,. We want to show that
for any solution 6 € U(I', R, \)g with similarity degree 8 > A, there exists a derivation from
the initial configuration (I';e;1) which terminates with success and the substitution in the
final configuration of the derivation is (R, A)-strongly more general than 6 and has a similarity
degree o with a > 8 > A.

Lemma 3.7

Let T' be an (R, \)-unification problem, X = V(I') the set of variables occurring in T, 6 €
UT,R,\)g a solution of the problem with similarity degree 5 > X\ and S a selection strategy.
If 0 is non-erasing on X, then there exists a derivation of the form (I'y;01; ) :>ET (0; o715 u)
where 'y =T, 01 =€ and ay = 1, such that oy, gé)\ 0 and a > B > A

Proof. The proof will be split into first constructing a fitting derivation and secondly showing

the successful termination of such a construction.

Step 1: Constructing a derivation of the form
(I'1;01;a1) =BT (I'2502;02) =BT -,

with o; g;‘;A 0 and «; > 5.

In order to construct this derivation recursively, we start with I'y =T, 01 = e and a1y = 1. It

iseasytoseethatalzsg;)\ﬁandalzlzﬂZA.

Assuming that we have already constructed the derivation up to (I'y; o ) with n > 1 and
I, # 0, we have to create a configuration (I'y41;0541; Qny1) such that (T op;an) =>pr

. . X
(Tns150n41; Ont1)s Ong1 I, 0 and g > 5.

Knowing that (I'y;; 0y; o) is already part of our derivation, we can use the fact that o, g;g \ 0,

which means that there exists a ¢, non-erasing on &X', such that o, ¢ 27{7 5 0. From this we get
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one € U, R, \) and therefore ¢ € U(I'cy,, R, A). By Lemma 3.3 and I'1 = I" we know that
eIy, R,N).

Next, we are going to take a closer look at the pair s Z?R y t chosen by the selection algorithm

from '), = {s 2;2 5 t}UTY,. The following cases emerge, depending on the chosen pair:

1.

s :%7 y t is a pair of identical terms. In this case, the next step in the derivation will be

(T 0n; o) =10, (I 0n; o). Consequently, 041 = oy, g% )\0 and a1 = ay, > f.

.S :;’2 ) t is a pair of distinct individual variables, where s =z and t = y. For ¢ = {& —

y} we want to show that 0,41 = on? g;g)\ 6. Therefore we have to show that there

exists a substitution © such that o,9¥® %é‘é y 0, meaning that for all variables z € X,
R(on¥Pz,02) > X holds. Selecting our ¢ for , we already know that z¢ ~g \ y¢ as
well as Vz € X : R(onpz,0z) > A, since o,¢ %%,A 0. Because xv) ~g ) Yy, it is easy to

see that ¥ :7){,)\ ¢ and therefore o, 1p :7)57)\ 6. Hence oy41 = ony S;;A 0.

Due to the similarity degree not changing in this step we get ay,+1 = o, > 8. We can
also set I';,11 = I'y9) and extend the derivation with the step (I'y; 0p; an) = 1vE-U

sim

<FN+1§ On+1; an+1>-

.S :%7 y tis a pair of an individual variable and a non-variable term. In the case that s =

and = ¢ V(t), we can reuse the same step (IVE-Ugn) as in case 1. However, if t = x
with s being the non-variable term and x ¢ V;(s), we continue with the derivation step
(Tpsons an) =01-Uyy, (Cnti1; 0nt1; anyr), where I'yp = {o :;z,)\ syUTL, opt1 = op
and ap4+1 = Q.

.5 o y t is a pair of distinct non-variable terms with s = f(s1,...,s,) and

t=g(t1,...,tm), where R(f,g) > A. Here the rule (HR-Ugy,) will be used, resulting in
Fpi1 = {"s1,...,8," :;%,A Tty ooyt FUTL 0pt1 = 0 and a1 = a AR(f,g9). Tt
is easy to argue that R(f,g) > [ since it would have been considered in 6 with its

unification degree of 8. Therefore a1 > 3.

? . . . . .
. § ~py tis a pair of distinct sequences of terms with s = Tsq,...,s, ' and

t="ty,...,tn". We can differentiate between the following cases:

o if s1,t; ¢ Vg(I'), the rule (DEC-Ugy,) is used. We get ay41 = « for which we

already know that o, > 3 holds and also 0,41 = oy, ,<J§ N

e if 51,%1 € Vg(I') and s1 = t;, the derivation is extended by (I'y; op; an) =svi-vg,,

)
(Tnt1; 0n1; ang1), where Dpgq = {Ts9,. 00,80 =y Tyt F UL, opgn =

On <%

NR}\‘Q and ap 1 = o, > f;

o if 51 ¢ Vg(T') and t; € Vg(T'), the step (I'y; 0n; ) =020

performed;

(T s o ) will be

sim
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o if 57 € Vg(I'), s1 ¢ Vs(t1) and m > 0, further case distinctions can be made
depending on the properties of t;. The proofs for these cases do not change much
from the original paper except for the fact that they are now applied to sequences
of terms instead of individual terms with said sequences as argument lists and the
addition of «, which remains unchanged in these steps. Therefore we will refer to

the original proof in [29].

The projection rule is not used, due to the fact that # is non-erasing on X, and therefore only

basic transformation steps make up the derivation.

Step 2: In order to show that the derivation we just built actually terminates, we construct
a complexity measure. This complexity measure is a 6-tuple (m1,mg, ms, mg, ms, mg), where
my is a multiset of natural numbers, and the other components are integers. The tuples are
ordered lexicographically, using the standard ordering on integers and the Dershowitz-Manna
ordering on multisets. Given a configuration (A;o; ), a set of variables ), and a substitution

d, the components of the measure m1, ..., mg are defined as follows:

m1 = the number of distinct variables in A,

mo = Dif(Y, 6, 0),

mg = the number of symbols in A |

myg = {{size("t1, ..., tm ") | "S1,. .., Sn ! g;u Tty ..y tm €T,

ms = the number of equations in A of the form s 2}727)\ x, where s ¢ Vy,
mg = the number of equations in A that have the form

? —
8,81,y 80 g\ Tyt tm |, Where s € V.

For the ordering on complexity measures to be well-founded, all of of their number components
have to be naturals. This is clear for all but ms: By definition of Dif, mso can also be negative,
depending on the substitutions given. However, we know that since o1 = € and because no
new variables are introduced, for each o; it holds that ran(o;) C X. Therefore we know that
Dif(X,0,0;) > 0, since o; ﬂi,x

take X in the role of ) and 0 in the role of §, we get a well-founded ordering on complexity

6. For my, the multiset ordering is well-founded. Hence, if we

measures.

The table below shows that each step strictly reduces the complexity measure:
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my | M2 | M3 | My | M5 | Mg

T-Usim: | =2 | =2 | >

Ol-Usm: | =2 | 2 | =2 | =2 | >
O2-Usim: | =2 | 2 | =2 | =2 | =2 | >
IVE-Ugim: | >

HR-Ugim: | =2 | = | >
DEC-Usm: | =2 | =2 | =2 | >
SVE1-Ugy: | > > | >
SVE2-Ugim: | >

W1-Ugi: | > | >

W2-Ugim: | > >

This means that our constructed derivation terminates successfully.

Let (Tk; ox; ax) be the final configuration in our construct. We know that I'y = (), because
otherwise another step would be possible, additionally oy g% N f and ap > (§ holds. This
finished the proof of the lemma. O

Lemma 3.8
Let T be an (R, \)-unification problem, X = V(I') the set of variables occurring in I', § €
U, R, \)s a solution of the problem with similarity degree B > X and S a selection strategy.

If 0 is erasing on X, then there exists a derivation of the form
(To; 00; a0) =>p (T1501500) =57 (0 005 ),

where I'o =T, 09 = € and a9 = 1, such that o, ﬂgx 0 and o, > B.

Proof. Assume 0 = {z7 — ",..., Ty — " ...} with T, ..., 7T € X, k > 0, being the vari-
ables mapped to the empty sequence. We perform a step with the projection rule (I'g; 0¢; avg)
—p (I'1;01;01) with oy = {Z7 = ",..., T — T}, I'1 = Tgo1 and oy = ap. By defin-
ing a substitution ¢ as @ = H\dom(g)\dom(al) and due to the fact that oy is idempotent, i.e.,
o101 = o1, we can see that 0 = 019 = o1o19 € ULy, R, \)g iff o190 € U(Too1, R, ) iff
0 €U, R,\). Since I'y = I'go; we know that 6 is now non-erasing on V(I'y).

From lemma 3.7 we know that there exists a derivation of the form (Aq; d1;7v1) :>§T (0; 65 vn)
with A1 = T'1, 61 = € and 73 = 1 such that v, > S and 6, g;‘é)\ 0 with X1 = V(I').
Therefore, there exists a substitution ¢ such that 9,1 27“\%1 y 0 and v is non-erasing on A7.
From vran(d,) C Xj, we know that 016, = 01 U, and from dom(d;) C A&} due the fact
that no rule introduces new variables, we can assume that v is also non-erasing on X'. Hence,

010, :7)%/\ 0. If we have (A;;0;;v) =R (Ait1;0i+1;%i+1) for i« > 1 with R being a basic
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transformation rule, then we also have (A;;018;;7) =R (Ait+1;010i41;Yi+1) with the same
rule R. By simply choosing I'; = A;, 0; = 016; and «; = ; for 1 < i < n we can construct
the derivation (I';e;1) =>p (I'1;01; 1) =T - =BT (0; 0p; vy) Which satisfies o, gg)\ 0
and oy, > 5. O

Theorem 3.9 (Completeness of g, )
Let R be a similarity relation, \ a cut value for R, and I an (R, X)-unification problem. Then
Soly,, (') is a complete set of (R, \)-unifiers of I for var(T").

Proof. This follows from Theorem 3.5 and Lemmata 3.7 and 3.8. O

Note that Solg_ (I') in general, is not minimal, because it may contain ;jfg y-comparable
substitutions, where X = var(I"). However, this set does not contain g;g )\—comparable sub-
stitutions. This result is analogous to the one in [29], and therefore we do not go into further

details here.

3.2 Fuzzy Unranked Unification with Proximity Relations

This section uses the algorithm for class-based unification with proximity relations introduced
by Temur Kutsia and Cleo Pau in [35] to modify the unranked unification to work with

proximity. To do this we need some modifications to X-terms and some further notions taken
from [35] and [43]:

A name, denoted by the bold-faced letters n, m, k, is a symbol, designed to be a placeholder
for a constant or an unranked function symbol. If it stands for a constant, its arity is defined
as 0. Otherwise it is unranked. They themselves belong neither to the set of variables of the
language nor to the set of function symbols: They form a separate set, which we denote by A/
and assume that it is countable. A neighborhood is either a finite set of constants, or a finite
set of unranked function symbols, or a name. It will be denoted by f, g, or h. The symbol Nb
stands for the set of all neighborhoods.

Within this section, the definition of extended terms is slightly different from the one intro-
duced in Chapter 2. Whereas there the set of X-terms was defined over F and V as Tx (F, V),
here it is defined over F, N/, and V and is denoted as Tx(F,N,V), with t € Tx(F,N,V)
being defined as t :== z | Z | n(t1,...,tn) | £(t1,...,tn). We will continue to use s, t,r for
X-terms over neighborhoods. Other concepts we have defined on X-terms in Chapter 2 can be

applied on neighborhood X-terms equivalently.

In the case when an X-term has only singleton neighborhoods, meaning the neighborhood is

either a name or a single function symbol, we will refer to such an X-term as singleton X-term
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or SX-term. Even though not entirely correct, we will use the similarity of this definition
with regular terms to present terms as SX-terms, and therefore function symbols as singleton

neighborhoods.

It is possible to convert an X-term to a set of SX-terms:

S1,-.-,8n) | 8; €singl(t;),1 <i<n},
S1,...,8n) | [ € £,s; €singl(t;),1 <i<n}, wheref ¢ N.

This concept is also applicable to X-substitutions:

singl(p) := {0 | x0 € singl(xu) for all x € V}.

A finite mapping ® : N'— Nb\N associating names to non-name neighborhoods is called
a name-neighborhood mapping. A name n € dom(®P) is mapped to a finite set of constants
if its arity is 0, or to a finite set of unranked function symbols if it is unranked. Applying a
name-neighborhood mapping ® to an X-term t will result in an X-term ®(¢) where each name
n is replaced by ®(n). Using a name-neighborhood mapping on a sequence of X-terms applies
it to each of the X-terms. Applying ® to a set of unification problems I' means applying it to

both sides of each of the unification problems.

For finite sets of function symbols f and g, we denote by R(f,g) the number min{R(f,g) |
fef,geg}

The following notions are taken from [35]:

Definition 3.6 (Neighborhood equation)
Given a proxzimity relation R, a cut value X\ and two neighborhoods f and g, an (R, \)-
neighborhood equation is written as f %;’3/\ g, where the question mark denotes that this

equation s still to be solved.

We say that a name-neighborhood mapping ® is a solution to an (R, \)-neighborhood equation
f ~ka 8 if R(2(F), 2(g)) >

A finite set of (R, \)-equations is called an (R, X)-constraint. If a name-neighborhood mapping
® is an (R, A)-solution for all (R, \)-equations in a constraint C, then ® is called an (R, \)-

solution of C'.
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Definition 3.7 (X-Unification)
Let R be a proximity relation and \ a cut value. An (R, X)-X-unification problem T' is a finite
set of (R, \)-X-equations § ~% , t.

An (R, \)-solution of an (R, \)-X-equation § ~5 \ t is a pair (®, ) with ® being a name-
neighborhood mapping and w being an X-substitution, such that R(®(5u), ®(tu)) > .

If (@, 1) is an (R, \)-solution of all equations in ', then we say that (@, u) is an (R, \)-solution
or an (R, \)-X-unifier of T.

The same concepts are defined for SX-terms, in particular. Our unification problems will
actually use only SX-terms. Therefore, the notions relevant to those problems are formulated

for SX-terms below.

Definition 3.8 (Occurrence Cycle)

A set of SX-equations {x S%J\ t} UT contains an occurrence cycle for the variable x if t ¢ V
and there exist SX-terms pairs (x1,%1), ..., (Xn, Fn) with x; = x and ¥, = t, such that for each
1 <17 <n,T contains an equation Xx; E;QA r; ort; z%’k X1, at least one ¥; is not a variable,

and x;11 € V(T;) where xp41 = X1.

Lemma 3.10
A set of SX-equations T' has no non-erasing (R, \)-solution for any R and A, if it contains an

occurrence cycle for some variable.

Proof. Due to the fact that neighborhoods with different number of arguments can not be
(R, M)-close, an SX-term can never be (R, A)-close to its own subterms. If we are not allowed
to eliminate sequence variables, this means that there is no (R, A)-solution for an equation

containing an occurrence cycle. ]

Example 3.2. Unification problems with occurrence cycles can have erasing solutions. For
instance, the problem {"Z, 7" 2;3,)\ Tf(Z),a} can be solved by substitution {Z — ",y —
Tf(),a™} for any R and A.

In this section we will not use (R, A)-instantiation relation 2z A, as it would no longer be a
quasi order with our proximity relation R. Instead we use syntactically instantiation relation
=<. It means that we will be talking about syntactic minimal complete sets of unifiers, which,

therefore, may contain g y-comparable substitutions.
Similar to g, we also allow for equations between sequences.

Unranked unification with proximity relations will be split into two parts, pre-unification and
constraint solving, just as in [35] and [43]. This means the procedure goes along the following
path:
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e As the pre-unification algorithm works on SX-equations. We will take the equation
between terms of the initial unification problem and treat it as an SX-equation. The
pre-unification algorithm then either transforms it until we are left with a set V of
equations between variables (a wariables-only system), a neighborhood constraint C,
and an X-substitution p over Tx (0, N, V) with dom(p) N V(V) = 0 or it fails.

e In order to solve the neighborhood constraint C' under consideration of u we will need
the constraint solving algorithm. When successful, the algorithm creates a finite set
of name-neighborhood mappings M = {®q,...,®,} where each maps all the names
occurring in p to sets of function symbols. However, if the procedure fails, then the

initial unification problem is not solvable.

e The pair (®;, uv) solves the initial unification problem, meaning ®;(puv) is an X-unifier,
for each ®; € M and each X-unifier v of V. From them, we can extract our set of

solutions as singl(®q(uv)) U - - - Usingl(®,(uv)).

The Pre-Unification algorithm builds its neighborhood constraint by creating new copies of
each term as they are dealt with in the variable elimination rules. This is done via a renam-

ing function p, which takes (SX-)terms and returns a term which only contains names and

variables.
p(x) = x; with x; being a fresh individual variable,
p(T) =7, with T; being a fresh sequence variable,
p(n(sy,...,sp)) =n;(p(s1),...,p(sn)) with n; being a fresh name,
p(f(s1,.--,8n)) =mni(p(s1),...,p(sn)) with n; being a fresh name.

Each occurrence of a name or a function symbol is replaced by a new name, and each occurrence

of a variable is replaced by a fresh variable of the same kind.

Ezample 3.3. If we take the term f(z,a,n(z),Z) (treated as an SX-term), and apply p to it,
we get

p(f(x,a,n(z),T)) = ni(z1,n2,n3(z2), T1),

where ni, ny, ng are new names and x1,x2,x1 are fresh variables.

Given two sequences of terms 3 and £, the proximity-based pre-unification algorithm starts
with the configuration ({8 ~g \ t};0;¢), where 5 and f are viewed as SX-terms § and t. The

rules that transform configurations are given below.
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(R, A)-Pre-Unification

P-Uprox: Projection
(I Cs ) = (1'0; C; ph),
with 6 # e, dom(f) C Vg(I") and ran(f) = 0.

T-Upross Trivial
({8 2x A SYUT; Cip) = (T;C3 ).

O1-Uprox: Orient 1
({8 2\ 2} UT; i) = ({z =, s}UT; Cs ),

ifs¢V.
02-Uprox: Orient 2
({"s,S1,...,8," :;’z)\’_f t1,...,t,, JUL;Cn) =
{"Z,t1,...,t —IN’R)\ S,81,...,8, JUT;C; ),
if s ¢ Vs.

HR-Uprox: Head Removal
({f(s1,...,8n) :;')37)\ g(ty,...,t) UL Cn) =
({"s1,...,8" 2(7'7{7A "1, ..ty U CUA{F %%A ghu.
DEC-Uprox: Decomposition
({"s,s1,...,8," :7?%)\ Tt,t1,...,t, JUT; C 1)

<{S—RA Ms1, ySp ! —RArtlu-atm—l}UF;C;u>,
if s,t ¢ Vg and "s,s1,...,8, ' # "t,t1,...,ty " with n+m > 0.

IVE-Uprox: Individual Variable Elimination
({x ~ —RA tUTl; Cyp) = ({t/ ’;’;2)\ t}UI'e;C;uo),
if there is no occurrence cycle for z in {x ~% , t}UT, t ¢ V, 0 = {z > t'} and t’' = p(t).

SVS-Uprox: Sequence Variable Separation
{"Z,81,...,8," ’1%)\ Ty, ti,. by UL O ) =
<{x—72>\Y7 1, ..,sn—‘:};)\ t1, ..., ty JUTL O 1)
for T #y and n+m > 0.

SVE1-Uprox: Sequence Variable Elimination 1
{"Z,81,...,8," z%jk T, t1,...,t, JUT;Cin) =
({"s1,...,8," :;27/\ "t1, ...t JUT;Ch ).

SVE2-Uprox: Sequence Variable Elimination 2

({rf,sl,...,snjz}’aA'—t tl,..., m JUl;Cin) =
({t/ ~5 £, 710,...,8,07 =% |\ Tt10,...,t,0 7} UL'O; C; ud),
if there is no occurrence cycle for T in { T,S1,...,Sp 27?3’)\ t,t1,...,t, JULDL t €V,

0 ={ZT— t'} and t' = p(t).
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W1-Uprox: Widening 1
{"Z,81,...,8," Z%A "t,t1,.. .ty U Cp) =
({t' ~5 \ t,77,810,...,8,07 =%, "t10,...,t,0 7} UTO;C; uo),
if there is no occurrence cycle for Z in {77, s1, ..., sy 2%)\ "t,t1,. ..ty JUL, n+m > 0,
0 = {Z — "t/,77} with t' = p(t) and T’ being a fresh variable.
W2-Uprox: Widening 2
{"Z,81,...,8," :}72)\ Yot ...t JUTC ) =
{TTp T, 810,...,8,07 = 77, 410,...,t,07 UTO; C; ub),
withn+m > 0,0 ={y— 7,77} and T’ and ¥ being fresh variables.

IVOCC-Uyprox: Individual Variable Occurrence Cycle Check
{z ~H, tJUD;Ci) = L,

if there is an occurrence cycle for x in {z :;’2 yt}UT and = # ¢

SVOCC-Uprox: Sequence Variable Occurrence Cycle Check
{"Z,s1,...,8," :327)\ "ttty JULC n) = L,
if there is an occurrence cycle for Z in {"Z,s1,...,s," 2;2)\ Tt,t1,...,t, '} UL and

T #t.

E1-Ugpy: Empty 1
({r 2;2)\ t,t1,...,t, JULI;Csu) = L
with t ¢ Vg.

E2-Ugin: Empty 2
({"s,S1,...,8," :;’a,)\ ur;Cip) = L
with s ¢ Vg.

Just as with 4, termination is not guaranteed, unless some additional restrictions are imposed

on the unification problem.

Definition 3.9
A solution of an (R, A)-configuration (I'; C;u) is a mapping-substitution pair (®,v), which
fulfills the following conditions:

o (O,v) is an (R, \)-solution of T';
o & is an (R, \)-solution of C;

e for each x € dom(p), we have XV = Xpv.

Next, we want to prove soundness and completeness for Pre-Unification:
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Lemma 3.11
Let C be a configuration (I'1;C1;py).

1. If C = L by (IVOCC-Uproy) or (SVOCC-Upyey) rules, then C does not have a non-
erasing solution.

2. If C = L by (E1-Uproz) or (E2-Upyoy) rules, then C does not have a solution.
3. If C = (I'y; Co; 1y is a step performed by a non-failing pre-unification rule, then every

solution of (I'a; Co; ug) is a solution of C.

Proof.

1. Occurrence cycles can be solved with non-erasing substitutions.
2. Obvious.
3. We will show the proof of some of the non-trivial rules:

(HR-Uprox) We have

Iy ={f(s1,...,8n) :;Q,A g(t1,...,tm)UTY,

I'y = {'_Sl, .e.,Sp ! 2%7)\ "tq,... ,tm—'} UFll,
Cy=C1U {f ,’-‘\533’)\ g},
Ho = M.

Since the question whether f and g are (R, A)-close only moves from I" to C, the

configurations (I'1; C1; uy) and (I'2; C'; 2; py) have the same set of solutions.

(SVE2-Uprox) We have

Ty ={"Z,s1,...,82 =, t,t1, ... tm P UTY,

Ty ={t' =%t "510,...,8,07 >, "t10,...,t,,07} UT}0,
Cy = (1,

Hy = 1,0,

with 82 = {Z — t'}, t/ = p(t), t ¢ Vs and there is no occurrence cycle for T in I'y.
Let (®,v) be a solution of (I'y; Co; py). From the fact that p, contains 0, since T ¢
dom(p,), we know that ®(zv) = ®(Tuyv) = ¢(t'v). Additionally we know from v
solving t/ :7?27)\ tand "s10,...,8,0" :%’A Tt10,...,t,07, that R(®(t'v), (tv)) >
A and therefore it holds that R(®(zv), ®(tv)) > A, meaning that (®, v) is a solution

for the equation 2% ) t’ and therefore also for "Z,s1,...,s2” 1“:/)2 P TS TR
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For any equation eq € T} we know that eqv = egfv holds as we already know
that v = t'v = TOv, and for those variables v # T it is clear that vv = vOv.

Therefore we can say that (®,v) is a solution for I'}.

For any v € dom(p;) we have vv = vy v = v, 0v = vy v. Hence, (®,v) is a
solution of (I'1; C; py).

Lemma 3.12 (Soundness of Pre-Unification)

Let 5 and t be two sequences of terms such that our pre-unification algorithm constructs the
deriwation from their SX-forms ({8 :7?37)\ t};0;e) =* (V;C; ), with V being a variables-only
constraint, and let (®,v) be an (R, \)-solution of the configuration (V;C;u). The (R, \)-X-
unifier of {8 :;’27/\ t} is the X-substitution ®(pv).

Proof. The proof idea remains the same as in [43]: We have to show that (®, pv) is an (R, A)-
solution of (V;C;u). Knowing that dom(pu) N V(V) = 0, we get that (®, puv) is a solution of
V, since Vu =V and (®,v) being an (R, A)-solution of (V;C;u). From p being idempotent
we can say that zpuv = rppr. This means that (@, pr) is an (R, A)-solution of (V;C; ).

Using Lemma 3.11 we get from ({S :7?%)\ t};0;¢) =* (V;C; ) that (&, uv) is an (R, \)-
solution to ({§ ’:;a)\ t}:0;e).

We know that ®(Suv) = §®(uv) and ®(tpr) = t®(uv) since § and t do not contain any
names. Combining this with the fact that ®(Suv) = ®(tur) we get that §®(uv) = t®(uv),
ie. ®(pr) is an (R, A)-X-solution of {§ Q%A t}. O

Corollary 3.13

Let 5 and t be two sequences of terms, such that the pre-unification algorithm constructs
({8 2;37/\ t};0;e) =* (V;C;n). Let ® be an (R, \)-solution of C and let (®,v) be an (R, \)-
solution of (V;C;n) with v being name-free. Then every substitution in singl(®(uv)) is an
(R, \)-unifier of § and t.

Proof. This follows directly from Lemma 3.12 and the way singl is defined. Since v does not
contain any names and since we know from the construction of C' that ® maps all names
occurring in C to sets of function symbols, we get that singl(®(uv)) is a set of substitutions,

not SX-substitutions. O

We take the following proposition from [43] as is and prove it for our modified rules.
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Proposition 3.14

Let a substitution o be an (R, \)-unifier of two sequences of terms 5 and t with X = V(5) U
V(t) being the set of variables occurring in § and t. Consider a mazximal derivation con-
structed by the Pre-Unification algorithm that starts from the SX-versions of § and t. As-
sume (I'1;C1; 1) =>pr (2 Co; 1y) is a step in this derivation. If (®1,01) is an idempotent
and non-erasing (R, A)-solution of (I'r; C1;uy) with o|x = 61|x for 01 € subs(®1(01)), then
(T'a; Co; 1g) has an idempotent and non-erasing (R, \)-solution (P2, 02) with o|x = O2|x for
02 € subs(P2(02)).

Proof. We assume that dom(o) C X and prove each of the rules separately:
(TRI-Uprox) We take @1 = &5 and 03 = 0.
(O1-Uprox) Straightforward.
(02-Uprox) Straightforward.
(HR-Uprox) We have
o I'y = {f(s1,...,8n) :7?27)\ g(ty, ..., tm) UL,
o To={"s1,...,8, =, Tt1,...,ty JUTY,
o Oy =CLU{f z;&)\ g},
® U = Hy.

It is clear , that since (®1,0;) is an (R, A)-solution of (I'1; C1; uy), it is also an (R, A)-
solution of (T'9; Co; py). Therefore we choose ®9 = &1 and py = py.

(DEC-Uprox) We have

o 'y ={"s,s1,...,8," :%Art,tl,...,tm—'}uf’l with s,t ¢ Vg and s, sq,...,s, " #
"t,t1,....,t,, Tand n+m > 0,

o I'h = {S 27?27)\ t, '_Sl, Ce ,Sn—l :;)37/\ f‘th v 7tm—l} UF/I’
e Oy =C(1,
® My = Hy.

Again, since we know that ($1,01) is an (R, A)-solution of (I';C1;uy), it is also an
(R, M)-solution of (I'y; Ca; ny) and we take P9 = @1 and 02 = 0.

(IVE-Uprox) See [43].

(SVS-Uprox) Similar to (DEC-Upx) it is clear that we use 3 = 1 and 03 = 0.
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(SVE1-Upox) We have

oIy ={"Z,s1,...,s,” :}’m "F, b, b Y UTY,
e Iy ={sy,...,8," 2%)\ "t1,.., by UL,

o (Y =C1,

® My = Hy.

As this rule is quite similar to (TRI-Uprox) it is clear that (®1,01) is a solution to
(I'9; C9; 1y) and therefore we take @9 = &1 and 09 = 0;.

(SVE2-Uprox) We have
o Ty ={"Z,s1,...,80 >, Tt,te, ..t P UTY,
o To={Tt/ =}, t,80,...,8,07 > "£:0,...,t,07UT}0,
o Uy =01,
* Uy =10.
This rule can be done analogously to (IVE-Upex).
(W1-Uprox) We have

— ? .
o 'y ={"7,s1,...,8," St ,tm 1} UTY, where there is no occurrence cycle

for 7 in I'y and n +m > 0,
o Iy = {t/ :327)\ t, "7,510,...,s,0" :327)\ "t10,...,t,07} U0,
o Oy =C(1,
e uy =0 with ® = {z — "t/, 77}, t/ = p(t) and T’ being a new variable.

From (®1,0;) being an (R, A)-solution of (I'1; C1; uy), we know that
(bl(rf, S1y... ,Sn_lel) :;Q,)\ (I)l(l_t, t1,... ,tm_lel).

We start by constructing ®9 and 09 from ®; and 0; respectively. Since ($1,0;) is a
solution of I'y and ", s1,...,8, ! ’1%)\ Tt,t1,...,t, ' € 1, we know that T € dom(01).
Since t’ = p(t), we know that each symbol occurring in t’ is either a name or variable.
Let T = ®1(Z01) = "r1,...,1; ", then pos(t’) C pos(ry) since t’ has to be unifiable to
the first term in T. We will denote set of positions where a name (variable) occurs in t/
with posyr(t') (posy(t’)). Let

P = {l’l = £ | n-= t/|p7 f= I‘1|p, pE pOSN(t,)}a
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0 = [visi;.. v s, vi =, Si =rilp, {P1,-- ., Pn} = posy(t);
and set
Py =P U (b,,

02 = [rep(01, {7 = 701} ~ {7 = "t a2, ..., @i }); 0,
fe1 :q:’_qla"'aqk—l'

Since dom(®1) N dom(®’) = () we get that ®o is well-defined. The property of being
idempotent carries over to 05, since we assume 01 to be idempotent and therefore the

variables occurring in the range of @' are not a part of the domain of 0;.

Having constructed ®2 and 02, we now have to prove the following:

Proving that (P2, 03) is a solution of I's: It holds that ®2(y02) = ®1(y0;) for all
y € dom(01)\{Z} from the way we designed ®5 and 02. We also have to show the same
for T and those variables in dom(02)\ dom(04), i.e. {vy,...,v;} € dom(0’). This can

we done in one go as we get
Dy (T02) = Po("t',q2,...,q, ) =T = ©1(T01).

Since the only difference between I'y and I's is the replacement of Z with "t/, 7’7, it holds
that (@9, 02) is a solution of T's.

Proving that ®; is a solution of C3: Since we have &3 = &1 U P’ and Cy = C this
holds.

Proving y0, = yu,02 for all y € dom(p,): Let y € dom(u,) with y # Z. We get

y02 = y[rep(01,{Z — 701} ~ {T— "t/ qa,...,qx '}); 0]
= Y[rep(eb {j = fel} ~ {f = rtlelv q2,... 7qk’j})]a

since 0’ only changes the variables occurring in t’. On the other side we have

V0o = yu {T = Tt/ 7 }Hrep(01,{Z — 701} ~ {T — "t/ qo,...,qx '}); 0]
=y {T = "t 7} rep(01,{T = TO1} ~ {T = "t/ qr,...,qi })0’
=yt [rep(01,{T — 701} ~ {T +— "t'0',qa, ..., qx "})].

This is again due to 8’ only changing the variables occurring in t’. We know that y0; =

v, 01 and since the only difference between y09 and y0; as well as the only difference
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between yu,02 and yu, 07 is the replacement of occurrences of 701 by "t'0’,qa, ..., qx ",
we get that y0s = ypy02.

Let y =x. We get

70y = T[rep(01, {T = 701} ~ {Z = "t',qo,...,qr}); 0]
= T[rep(01,{Z — 701} ~ {T— "t'0", qo,...,q1'})]
="t'0,q0,...,qx "

TU02 = T{T — "t", 7"} rep(01,{T — 701} ~ {T— "t/,qa,...,qr '}); 0]
=7{T — "t 7 "} rep(01, {T > 701} ~ {T— "t ,q2,...,q; '})0’
=T{T— "t'0,q,...,q. 7}
="t'0", qo,...,q "

It is easy to see that Z09 = Ty02.

Proving that 03|y = o|x for some 0y € subs(P2(02)): Since Po(y02) = $1(y01) for
all y € dom(0) and none of the newly introduced variables in dom(0’) occurring in X,

we get that 2|y = 01|y = o|x.
(W2-Uprox) We have
o ' ={"7,s1,...,8," Z%A "y, t1,. .., ty FUTY with n +m > 0,
o Ty ={T ), T, "s10,...,5,0" :;’m 7, t10,...,t,07UT}e,
o Oy =C1,
o u, =, 0 with 8 = {yg— "7, 7'}, and 7’ and ¥’ being new variables.

This rule can be shown in a similar way to (W1-Upox). In contrast to (WI1-Uppox)
however, we take ®3 = ®; as there are no new name symbols being introduced and
02 = [rep(01, {7 — 701} ~ {¥— "7, qs,...,qr '}); 0] for 0 = {T' — r1}, ®1(y0,) =
ri,...,rz'and 01 ="qq,...,qr -

Lemma 3.15

Let R be a prozimity relation, A a cut value, o an (R, \)-unifier of two sequences of terms §
and t which is non-erasing on X with X = V(3)UV(t). Starting with the configuration for their
SX-variants ({8 2(7'7%7A E}; (0;e), there exists a derivation with only basic transformations which
ends in (V;C; ) with V' being a variable-only constraint such that for an (R, \)-solution v of
V and an (R, A)-solution ® of C, it holds that (uv)|x = o|x for p € subs(®(p)).
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Proof. Since we know that there exists a solution ¢ of § :32 A\ t, we know from soundness
of Pre-Unification that there must exist a derivation which does not end in 1. Since after
applying the rules we can only be left with an variables-only-configuration, we know that the

successful derivation ends in (V; C; u) with V' being a variable-only constraint.

Without loss of generality we assume that o is idempotent and we show first, how we construct

the derivation and then show, that the derivation terminates successfully:

2

We start the derivation with (I'g; Co; pg) with T'g = {8 ~RA t}, Co = 0 and po = ¢, and taking
@y = ) and Oy = o, it holds that (®g, 0p) is an (R, A)-solution of (I'y; Co; ug) since (Po, O¢) is
a solution of I'y, @y is a solution of Cy, for all variables x it holds that xuy0¢ = x£0¢ = x0
and choosing 0y = o € subs(®y(0¢)) we get that o|x = p|x.

The conditions for the propositions are met and we can apply it n times to reach our final
configuration of (V;Cy;n,,) for which we can construct @, and 0,, such that (®,,0,) is a
solution of (V;Cp; u,,), @, solves Cp, x0,, = xn,,0,, for all z € dom(0,,) and 0, |x = o|x for
a substitution 6,, € subs(®,(0,)).

Given an X-substitution v which is a solution of V, we can represent 6,, as 0,, = pu,, v since
vran(p,,) € V(V). Using that subs(®,(0,,)) = subs(®,(u,V)), we can select u € subs(®,,(n,,))
and v € subs(®,,(v)) such that ,, = pv. Therefore we have oy = 0, |x = pv|x.

We also have to show that the derivation we constructed can actually terminates successfully.
In order to do that we need to introduce a directed acyclic graph (dag), on which we will

define a complexity measure.

Throughout Pre-Unification we will visually represent the used variables and their connection
through a variable dependency graph G, a dag. For each variable in the original unifica-
tion problem we will have a vertex representing said variable. If for example our problem
I' has the variable set V(I') = {x,y,2,Z} then we have Vert(G) = {V,,V,,V,,Vz}. Each
of these vertices has a finite set of variables assigned to it which we will call copies, in
which we will store copies of the variables. At the start of the algorithm we would have
copies(Vy, G) = {x}, copies(V,,G) = {y}, copies(V,,G) = {z}, copies(Vz, G) = {7} for our
example. Since none of the variables are mapped at the beginning, the vertices are not
connected and Edge(G) = 0.

Through application of rules edges are added and copy sets are modified.

(IVE-Uprox) Given an equation of the form x :;37 y t, we now have to draw an edge from the
vertex to which x belongs to, to the vertices to which the variables in t belong to. Let
x € copies(V;, G) and vy, ..., v, be the variables occurring in t. Then we add an edge
from V, to V,, for v; € copies(V,,,G) for 1 < i < n. Since we create a fresh copy t’'

of t, we need to add the copies p(v1),...,p(vy) of v1,...,v, to their respective copy
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sets. Since the rule maps z to t’, we can then delete x from its vertex’ copy set, i.e.

copies(V,) = copies(V,)\{z}.

(SVE-Uprox) Given an equation of the form "z, sq,...,sp," 2;27/\ Tt,t1,...,t, |, the graph G
gets modified in the same way as for the individual variable elimination rule but in this

case for T and t.

One can see that through these two rules the copy set of the variable to be mapped gets

reduced.

We now need an ordering on such graphs. First we can say that we serialize the sequence of
vertices in such a way that a vertex comes before those vertices which it is outbound to. We
will use this serialization on our set of copy sets, meaning we have a sequence looking like
Tcopies(V1, G), ..., copies(Vy, G)™ with Vi, ..., V7 being the serialization of our vertices. We
can say that G1 >cop G2 for two graphs G and G2, which have the same set of vertices and

edges and only the copy sets being different, iff
Tcopies(V1,G1), ..., copies(Vi, G1)™ >cop Tcopies(Vh, Ga) . . ., copies(Vy, G2) ™.

The ordering >¢op holds if and only if there exists 1 <4 < k such that for all 1 < j < it
holds that copies(V}, G1) = copies(V}, G2) and copies(V;, G1) D copies(V;, G2). This can be
viewed as a lexicographic ordering on the copy sets. This ordering on serializations of copy
sets is well-founded and therefore the same holds for dags. All the other basic rules do not

change the graph.

We can now create our complexity measurement to prove that this derivation terminates. Let

(I";C";y) be a configuration with respect to an X-substitution 8§ and a set of variables Y,

then the tuple (mq,ma,..., mg) is a complexity measure of the configuration with mq,...,mg
defined as:

my = Dif(),8,v),

mg = the copy set dag,

mgz = the number of symbols in A,

myg = {size("ty, ...t ") | Ts1,...,8, " 5;“ t1,...,tym €T,

ms = the number of equations in A of the form t :;2,/\ x, with t ¢ V,

mg = the number of equations in A of the form "t,t1,...,t,," ’:;3)\ "Z,81,...,8,

with t ¢ Vg.

For mg, ms, mg are natural numbers and therefore, the standard ordering on them is well-
founded. For my4 we will use the well-founded ordering on multi-sets >py. The ordering >,

for my is well founded as well. For my we need to show that Dif (X’ y;, o) > 0 for u; € subs(u;)
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and X' = X UV (u;) with 0 < i <n. This holds because clearly ran(u;) C X’. Hence, we can

reuse the ordering on natural numbers.

We can now show that each step strictly reduces the complexity measure:

3
3
3

myg | M5 | Me

T-Uprox
O1-Uprox
02-Uprox
HR-Uprox

DEC-Upyox
IVE-Uprox
SVS-Uprox

SVEL-Uprox
SVE2-Uprox
W1-Uprox
W2-Uprox

>

AVARAY
Y
\Y

vV V IV IV V
V

VIV VIV IV IV IV IV
A\VARLY,
V

V V IVIVIVIVIVIVIVIVIV
\Y%

This means we have constructed a derivation and shown that it actually terminates. Therefore
the lemma holds. O

Lemma 3.16

Let R be a proximity relation, X a cut value, o an (R, \)-unifier of two sequences of terms §
and T, and X = V(3) UV(t). If o is erasing on X, then there exists a derivation ({8 Z;Q,A t);
0;e) =p (I'1;C1; 1) :>J§T (Tg; C; u) with Ty, being a variables-only constraint; such that
for an (R, \)-solution v of Ty and an (R, \)-solution ® of C, it holds that (pv)|x = o|x for
p € subs(®(p)).

Proof. Let py = {1 — "7,..., Ty — "} with Z1,...,T, € X being the variables that are
mapped to the empty sequence in o, for n > 0. For the first step of the derivation we will use the
projection rule (P-Upox) and get ({8 5;2,/\ t};0;¢) =p (I'1;C1; 1) with Ty = {8 l’;;z)\ thu
and C; = (). We create a substitution ¢ = U’dom(a)\dom(;u)? such that 0 = p1p = uip1e.
Since o is an (R, A)-unifier of {8 :327/\ t}, meaning R(50,t0) = R(Sp1pp, turpie) > N, we
can see that it also holds that pijp = o is an (R, A)-unifier of {Su 2(7?2,)\ ti} =T

Now o is non-erasing on X; = V(I'1) and an (R, A)-unifier of I'y. Therefore, by Lemma 3.15,
we know that there exists a derivation (I'};0;e) =% (T} Chs 1)) with I'f = 'y, such that
for an (R, A)-solution v of the variables-only configuration I'j and an (R, \)-solution ® of
Cy., it holds that (4'v)|x, = o|x, for p' € subs(®(u})). Since vran(y') € A, we know that
i = p1 Uy’ and due to v being non-erasing on X' we get that up'v|y = olx.
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Assuming we have the step (I'j; Cj; 1j) ==r (I} 1; Ci, ;5 1j ) for i > 1 and R being a basic
transformation rule of the Pre-Unification rule set, then we can achieve the step (I'}; C?; )
=R (411 Cip1s pamy) with the same rule R. Thus we can simply take I'; = I}, C; = Cj
and p; = pip} for all 1 < i < k, so that we get ({8 2%7)\ t};0;e) =p (I';C15 1) =>fip
(Tk; Ck; ug). Then it holds that (uv)ui|xy = o|x for p € subs(®(py,)). O

Theorem 3.17 (Completeness of Pre-Unification)

Let R be a prozimity relation, A a cut value, o an (R, \)-unifier of two sequences of terms
§andt, and X = V(3) U V(t~), Let § and t be SX-versions of 5 and t. Then there exists a
derivation ({8 :%7)\ t};0;¢) =T (V;C; 1) with V being a variables-only constraint such that
for an (R, \)-solution v of V and an (R, \)-solution ® of C, it holds that (uv)|x = o|x for

i € subs(®(u)).

Proof. Follows from Lemma 3.15 and Lemma 3.16. O

The way we combine two name-neighborhood mappings ® and WV is defined as follows:

oV ={f— o) |f € dom(P)\dom(¥)}U
{f > ¥(f)|f € dom(¥)\ dom(P)}U
{f—=> o) NY(f) | f € dom(P) Ndom(P)}.

In order to solve the neighborhood constraint C' we constructed in the Pre-Unification algo-
rithm, we will use the Constraint Simplification algorithm CS from as intended in [35]. As all
the necessary changes to accommodate sequence variables and flexible arity were already done
within the Pre-Unification algorithm ,ox, we can now leave the Constraint Simplification
as is. CS works on configurations of the form (C;®), where C is an (R, A)-neighborhood
constraint and ® is a name-neighborhood mapping. The algorithm needs a starting config-
uration of the form (C;0) and returns either L in the case that process fails, or ({n; :337)\
my,...,n, :;Q,A m, }; ®) with ® being a solution to C' and n;,m; ¢ dom(®) for 1 < i <

n.
Constraint Simplification Algorithm (CS5)

FFS-Uprox: Function Symbols
{f ~r\ 9} UC; @) = (C; ),
if R(f,9) >\

NFS-Uprox: Name vs. Function Symbol
({n~p\ g} UC;®) = (C;9 © {n — peg A(9)})-
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FSN-Uprox: Function Symbol vs. Name
({g ~p\n}UC;®) = ({n~) , g} UC; D).

NN1-Uprox: Name vs. Name 1
({n=f ,m}uC;® = (C;2® {n— {f},m— peg(f)}),
where n € dom(®) and f € ®(n).

NN2-Uprox: Name vs. Name 2
({m %%’)\ n}UC;®) = ({n %33’)\ m} UC;®),
where m ¢ dom(®) and n € dom(®).

F1-Uprox: Fail 1
{f ~Ra g} UC;0) = L,
if R(f,g) < A.

F2-Uprox: Fail 2
(C;9) = L,
if there exists f € dom(®) with ®(f) = (.

Branching can occur when applying the rule (NN1) as all elements of ®(f) are a possible

function symbol. The number of branches is equal to |®(f)|.

Since we did not change the CS algorithm from [35] we will omit the proof for termination,

soundness and completeness as they would not change from the original.

Example 3.4. We will revisit example 3.1 shown for g, and change the similarity relation to
a proximity relation. Let I' = {f(Z), g(a),x,7) 2;37)\ 9(f(x,T),b,a,c)}, our proximity relation
R being defined as R(f,g) = 0.9, R(a,b) = 0.7 and R(a,c) = 0.9, and A = 0.8. Several
branches are generated during the solution process of this problem, but we only show a single

successful one.

Pre-Unification:

=
&
Il
]
3
=

(T;0;¢)
T ({f(gla), 2 T) oy 9(F(@),b,a,0) s 6 {7 7))
T (rg(a), 2,57 e (@) boay b {f gy ghi B T
PRI (fg(a) s F(@), 0T ks Tha ) {f Ay g {E o T
I (fasho @ T g mh hea N S ko gk {E e T
O (ahya TG 2k Tha, Y S ARy gk @ T
(

ny g6, Y oy Tha, T {f AR gk {T e T e )
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HR-U , . ) )
= <{I——I =R T g,y =R b, a, C—I}; {f FRA G, 1SR A a};

{Z—"z—mn})

R A S N i SR TR S R AR )
PRI (o b 5~ Tan Y {f o g m mh ali (T e Tz e m))
TS (g Ta, S Ay ) i1 Ny @y Ay b T T, 2 e )

WiDgrox ({n2 =y @, J =5 chi {f AR g, M~y @, M1 Ay b
{T=" 20, ¥ ey}

I L prox {7 =k chi{f ®ra 9. 01 ARy @, 0y ARy b, My ARy al;
(T e n, g Ty, YT}

SVEZ Uprox {{n3 Z%A chA{f z%)\ g, np %%)\ a, np %;,z,,\ b, ny ”%,A at;
{2z~ mn, 7~ ng,nz"})

HR/E‘”OX 0; {f az;z’)\ g, nq %;’2)\ a, nj %%,A b, ny %7?37)\ a, n3 Qﬁ;zg\ ch;

{j = I_—la TNy, Yy I_n27n3_|}>'

Next we take our computed constraint C' = {f %%A g, ng %%A a, ng %%A b, ny %%A a,

ns %;’z y ¢} and apply the Constraint Simplification algorithm:

Constraint Simplification:

(f %;2 g, N NR,\ a, ng NR,\ b, ng ~ NR,\ a, N3 ~ NR)\ c}; 0)
g ({n1 ;z,\a nlNRAbHZNRAa n3~7z,\0} 0)
= ({n1 ~% 5 by Ry a,mg Ry o} {ny = {b, 1)
= ({ny ~% \ a,ng 2y e} {1 {b}})
= ({n3 ~% 5 ¢} {m1 = {b},na > {b,c}})
ALy (0; {ny > {b}, 02 > {b,c}.n3 — {a,c}}).

Therefore, we get ® = {n; — {b},ny — {b,c},n3 — {a,c}} and p={T - """, z+—> ny, y—
Tny, n3 '} which gives us ®(n) = {z — ",z — {b},7 — "{b,c}, {a,c}"}. Computed solutions

therefore are

singl(@ () = {{z > @ > b, - Tba),
{Z—"z— by~ b},
{Z—="Nz—byr— cal},

{Z—"Nz—byr— e}
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4 Matching

This chapter is based on the procedure to solve matching problems with free function symbols
from Variadic Equational Matching in Associative and Commutative Theories [10] by Besik
Dundua, Temur Kutsia and Mircea Marin. Said procedure will be modified in such a way that
it can work with similarity and proximity relations instead of syntactic equality. However, we

do not consider the associative and commutative equational theories.

In [10], matching problems are first linearized to get rid of multiple occurrences of the same
variable. This is done by introducing variable copies, renaming each occurrence of a variable
by a new copy. After that, the Linear Matching procedure LI is applied to find a preliminary
solution for the linearized matching problem. In the next step, in this preliminary solution,
the variables are reverted to their original form, followed by using the Reconstruct Solutions
or RS algorithm, designed to check for consistency in the non-linear case, to make sure that
the copies of the same variable are mapped to the same expression (a term or a sequence of

terms).

We keep this method of handling linear and non-linear matching problems and change the
individual rules and steps in L9 and RS such that they can deal with similarity and proxi-
mity relations. Below the set of all matchers for the matching problem I' is denoted by

M(T).
The original LI procedure has the following set of inference rules for syntactic matching of a
linear problem with free function symbols, written in our notation:
T-M: Trivial
{s <" s}ul;8) = (I} 9).

IVE-M: Individual Variable Elimination
Hr <" t}uUT;S) = (I; S U {z ~ t}).

DEC-M: Decomposition
({f(s,8) <" ft,DIUDS) = ({s <" 1, f(3) <7 f(O}UT;S),
where s ¢ Vs.

SVE-M: Sequence Variable Elimination
({f(2,3) <" f(t1, )} UT;8) = ({f(3) <" f(l2)y UT; S U{z =~ f1}).
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This procedure works on pairs (I'; S), where I" is a linear matching problem and S is a set of
equations in solved form. The algorithm starts with the initial system of (I'; @) and by applying
these rules it either ends in a successful configuration (0; S), with X(S) € M(T") (where X(.5)
is a substitution obtained from a solved form by replacing ~ by ~), or it ends in failure when

no further rule can be applied.

The original algorithm RS has the following steps to check a preliminary solution S of a

linearized matching problem for consistency:

Algorithm 1 RS - Reconstruct Solutions

Input: Sy
Output: S
1: S = Slin

2: Reinstate the original names of all individual and sequence variables in S.
Example: S = {v! = t1,v2 ~ t3} will be changed to S = {z ~ t1,z ~ t5}.
If t; = tg, then S = {z ~ {1} because S is a set.

3: If S contains two pairs =~ t; and x =~ ty for the same individual variable = € V; with
t1 # to, then STOP with failure.

4: If S contains two pairs T ~ t; and T ~ t for the same sequence variable T € Vg with
t #* to, then STOP with failure.

5: return S.

It returns a final solution S for the non-linear matching problem I' with free function symbols.

From S, a matcher for I' can then be extracted as mentioned above: ¥(S5) € M(I).

4.1 Fuzzy Unranked Matching with Similarity Relations

In order for the unranked linear matching algorithm L91 to work with similarity relations, we
need to modify the rules slightly. The way this change is done is influenced by Maria Sessa’s
[49] and Temur Kutsia’s and Cleo Pau’s [44] approaches. In contrast to the original L, we
will now allow the algorithm to work on sequences of terms and therefore add a rule which is

responsible for removing the heads of the terms.

T-Mgin: Trivial
({5 5;3’)\ StUT; S;a) = (I} S; «).
IVE-Mgim: Individual Variable Elimination
{x g;u Ul S;a) = I;SU{z =g tha).
HR-Mgin: Head Removal
({f(3) Sra 9 UT;S50) = ({8 Sp A THUT; S50 A B),
fR(f.g) =8>\
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DEC-Mgjn,: Decomposition
({"s, 87 SJ;QA Tt }UT; S a) = ({s S%)\ t, s ,S;QA tHUT;S;a A B),
where s ¢ Vs.

SVE-Mgin: Sequence Variable Elimination
{"z, 5" 5;2/\ Tt} UT; S a) = ({3 5;2)\ tHYUT; SU{T ~pa ti ) a).

We also add additional rules, to explicitly catch failure cases, as opposed to the original
procedure in [10], where failure was defined as the inability to apply any further rules to the

system of matching problems.

CLA-Mgi,: Clash
{f(3) Spa9(HYUT; S5a) = L,
if R(f,9) <\

AD-Mgjn: Arity Disagreement
({"s1,...,8n" S};QA Tty eyt JUL S ) = L,
ifn#m,s; ¢ Vg foralll <i<n.

E-Mgin: Empty
({"s,81,..y8n ' S

N%»\ Ul S;a) = 1,
with s ¢ Vs.

The fuzzy Linear Matching algorithm LM, with similarity relations R and cut values A,
works on a system (I'; S; ), where I is a linear (R, A)-matching problem, S is a set of equations
in solved form, and « is the matching degree. The above-listed rules are applied to selected
equations of the matching problem to form a derivation. Branching can occur as rule (SVE-
Mgim) has multiple ways of how it can be set up, depending on how many terms are assigned

to the sequence variable.

The initial system or starting configuration will be (I';(;1) and, after applying the rules,
either the final configuration of ((J; S; «) indicating a successful derivation will be reached, or
the process ends in L through one of the failure rules meaning that the matching problem I'

cannot be solved.

In the case where the derivation goes from (I';0;1) =T (0;S;a), S is called an (R,\)-
answer of I' and « is the accompanying matching degree. The set of all answers of I" un-
der consideration of A-cut and R, computed by the algorithm LMy, will be written as
LM (T, R, N).

Definition 4.1

Let R be a similarity relation and \ a cut value for R. A substitution o is called an (R, \)-
matcher of a (R, \)-matching problem I if degp (I'o) > X. The set of all (R, \)-matchers of
I is denoted by M(I', R, \).

Mara Antesberger 54



N JXU

JOHANNES KEPLER
UNIVERSITY LINZ

If we know that degr (T'o) = a > A\ we can also write 0 € M(T, R, \)q.

In the case £(5) € M(I', R, A)q, we can also write that S € L9Mgim (I', R, N)q-

The following proofs regarding LM, are based on the proofs of the original procedure for
syntactic unranked linear matching from [10] and are modified to handle the changes for solving

with similarity relations.

Theorem 4.1 (Termination of LMy, )

The algorithm LM, terminates for every input.

Proof. In order to show that the procedure terminates, we create a complexity measure and
show that it strictly decreases with each step performed in L9Mg,,. We define the complexity

measure (mi,mo) as follows:

m1 = number of variables in I,

my = {{size() | § S%j)\ teT}).

The complexity measure is ordered by the lexicographic ordering on tuples of integers and is
well founded with ordering on both natural numbers and multisets of natural numbers. We

can see that each of the non-failing rules of LI, reduces our measure strictly:

my | mo
T-Mgim: | > | >
HR-Mgjm: | > >
DEC-Mgjp: | > | >
IVE-Mgim: | >
SVE-Mgm: | >

The rules (CLA-Mgim ), (AD-Mprox) and (E-Mgin,) clearly also lead to termination. Therefore

L9 terminates for every input. O
We also need one further property:

Lemma 4.2

Given a similarity relation R, a A-cut and an (R, X)-matching problem T', if M(I'1, R, A)o =

M(T2, R, Ao, then M(T10,R,N)o = M(T20, R, N)o for any substitution o.

Proof. The proof follows along the same line as for Lemma 3.1. O
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Lemma 4.3

Given a similarity relation R, a cut value X and a linear matching problem I'y, if (I'1; S1; 1) =
(T9; So;a0) is a step in LMy, with So = S1 U S and ag = a3 A B for some S and f3,
then M(I'y, R, ) = M(I'10, R, ) with o = ¥(S). Additionally, if ¢ € M(I'2,R, ), then
e M(T'10, R, A)ya8-

Proof. We only prove this lemma for certain rules. For those not shown, the proof is either

similar or simpler.

(IVE-Mgim) We have ({z < NRA s} UTY;S1;00) = 1vEMm
S={x~gys}tand f=1.
From S we get E(S) = {z — s} and therefore we get 0 = {z — s}. We also can see,
that Tyo = {z < NR}\ s}oUT o = {zo < NR y sUT o = {zo §;€A s} UTY, where the last

equality stems from the fact that I'y is linear.

(T'3; 81 U S;aq) with Ty = T,

sim

“C7 let ¢ € M(I'2, R, A)y, which means that degp (I'2p) =7 > A.
In order to show that ¢ € M(I'10, R, A)ynp € M(I'10, R, \) we can show that:

degr (T10¢) = degr ({zo Skop st UT )
= degr ({zo Sk she) Adegr(Tp)

=degr({s < R x Stp) Adegp(Ta2p)
=1Ay=BAy> A

“D7 let p € M(T'10,R, N), i.e. degrp(T1iop) > A
In order to show that ¢ € M(I'9,R,\), which we can do by proving
degr (T'2¢) > A, we can use our rewrite of degp(I'iop) > A from the other di-

rection:

degr (T10¢) = degr ({5 Sk ste) A degr (T2p)
=1 Adegr(T2p)
= degp (T'a) > A.

(SVE—MSim) We have <{'—f, s S%’)\ '—t~1, t~2—'} U F’l; S1; Oél) =—>SVE-M
Ty = {8 SpateyUTY, S={{ZT~rati1}}and 5 =1.
From S we get X(S) = {Z + £1} and therefore we get 0 = {Z > t1}. We also can see
that Tyo = {77,357 S\ Th,ta Yo UT o = {741,37 <h T, 12 U T o

<F2; S1US; 041> with

sim
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“C” let ¢ € M(T'2, R, )y, which means that degp (I'2¢) =7 > A.
In order to show that ¢ € M(I'10, R, A\)ya3 € M(I'10, R, A) we can show that:

deg (T109) = degr ({T1,57 Sk "1, 12} UT]p)
= degr({741,57 Sk "1, 12 ) A degr (Tp)
= R(t1p,t19) A R (8¢, t2p) A degr (T'0)
= 1A degr ({3 Spoa f2}9) A degr(Te)
=1Adegr({3 Sk t2leUT] )
=1 Adegr(T2p)
=BAy> A

“2” works analogously.

Lemma 4.4

Given a similarity relation R, a X\-cut and a linear (R, \)-matching problem T'y, if
(15 S1501) =7 (Ti; Sn am)

is a derivation in LM gy, with S, = S1US and o, = aq AB, then M(T'y,, R, A) = M(T'10, R, \)
with o = 3(S). Additionally, if ¢ € M(IT'n, R, \)y then ¢ € M(T'10, R, X)yas-

Proof. In order to prove this lemma, we will use Lemma 4.3 and induction on the number of
steps n. When n = 1, the statement holds due to Lemma 4.3. Let us assume as induction

hypothesis that it holds for n — 1 steps.

Let (I'1; S1a1) = T; S1USh o AB) = - = T S1UStU---UST™ Lo ABLA-- A
Bn1) = (Tpi1;81 U ST U -~ U SY%ar A B A -+ A By be our derivation with
S=8'U---uS"and B = B1A---AB,. We denote by o; = X(S%) the substitution de-
rived from the solved sets for ¢ = 1,...,n. From our induction hypothesis, we know that
M, RN = M(T101--0,-1,R,\) with o1 --- 0,1 = 2(STU---US" 1) and Lemma 4.3
tells us that M(I'p11,R,A) = M(yo,, R, A) with o, = X(S™). In order to show that
M(Tpt1, R, A) = M(T'10, R, ) with o = 3(S) we will be using Lemma 4.2 and our induction
hypothesis.

M(Fn+1, R, )\) = M(ann; Rv A)
Lé2M(FnO'1 cOp_10n, R, )‘)

Z Mo op—10n, R, A)
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Since oy - - - 010, = B(S) = X(STU---US™), we have proven this statement. We additionally
want to show that if ¢ € M(I'y41, R, A), then ¢ € M(I'10, R, X\)ypp with o = £(S5). From

our induction hypothesis we know that
(NS M(Fn, R, A),y — pEc M(Fl()’l cOp—1, R, )\)VABI/\"'/\Bn

with o1 -+ 0,1 = B(STU---US" ). So we can show that:

0 € M(Tni1, Ry A)y 22 0 € M(Tyom, Ry A)yas,

L4.2, TH
= p e M[I101- 0100, Ry AN)yABuABIAABn_1

iff (RS M(Flal © Op—10n, R, /\)’Y/\ﬁ

with o1+ 0p_10, = 2(S) = 2(STU---US™). O

Lemma 4.5
Given a similarity relation R, a A-cut and a linear (R, \)-matching problem T, if (T';0; 1) ="

(0; S; ) is a derivation in LMy, then o € M(T, R, ) with o = X(S).

Proof. From Lemma 4.4 we know that M(0,R,\) = M(To,R,\) for 0 = X(S). Since
e € M(0,R, ), with e = X(0), it follows that € € M(T'o, R, A\)1pa <= 0 € M(I, R, \)o. O

Theorem 4.6 (Soundness of L0Mgim)
Let R be a similarity relation, X\ a cut value for R and T' a linear (R, \)-matching problem.
Then S(LMsim (T, R, A)) € M, R, N).

Proof. By Lemma 4.5 and the procedure L9y, . 0

For the proof of completeness we will use an approach similar to the proof of completeness of

the unification procedure in Chapter 3.1 based on [29].

Theorem 4.7 (Completeness of LM, )
Let R be a similarity relation, \ a cut value for R and I" a linear (R, X)-matching problem. If
6 e M(I',R,\), then G\V(p) € X(LMsim (T, R, N)o) with o > v > A

Proof. In order to prove this theorem, we will construct a derivation of the form (T'; ;1) ="
(0; S5 @), using LMy, resulting in Olyry = X(S) and a > 7. Assuming we have already
constructed our derivation up to Iy, meaning (I'1; S1;01) =T (T; Sp; ap), with T'y = T,
S1 =0 and a1 = 1, such that 6 € M(T',, R, A), Oly(s,) = £(S,) and ay, > 7.
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We now have to create the next step (I'y;Sn;an) = (Ini1;Snt1;nt1), such that 6 €
M(Tpi1, RN, Q‘V(Sn+1) = X(Sp+1) and ap41 > . For this, we will look at a pair s SJ;ZA t
from I', = {s <% , t} UI". There are several ways to extend the derivation, depending on

that pair:

1) s = ¢. In this case the derivation is extended by (I'y;Sn;an) =1, (I'hiSn;om)
with T'yp1 =T, Spy1 = Sy and api1 = . It is easy to see that 6 € M (41, R, ),
Oy, 1) = L(Snt1) and ayq1 > 7, as the only change has been to reduce the matching

problem.

2) s € V;. Let s = x, then we extend the derivation by (I'y; Sp; ) = 1vEM,,,, (Il Sn U
{x =g\ t};on) with Ty =T, Spp1 = Sp U {z =g t} and a,41 = . Since
0 € M(T',R,\) and we only removed a pair from I';,, it holds that § € M(T,,41, R, ).

Furthermore, 0]y(g, ) = Olys,) U{r = t} = B(Sp41) and apy1 = o > 7. We know

sim

that «, > v and, therefore, we just have to argue that 8 > ~ in order for ay,11 > v to
hold.

3) s = f(5) and t = g(f) with R(f,g) = 8 > X. The derivation continues with the step
(T; Sns ) =>HR My ({8 Skoa T} U T Spsan A B) with Ty = {3 Sy T UTY,
Sp+1 = Sp and apt1 = ap A B. 0 € M(Tp41, R, A) since we only removed the heads
of the terms. Further it holds that 0]y, )

a solution of I'" and must therefore solve the problem pair f(3) and g(#), v must take

= 3(Sp41) since Spy1 = S,. Since 6 is

R(f,g) into consideration and therefore v < .

4) s ="sg,5 and t = "tg,t ' with s; ¢ Vg. We perform the next step as
(T; Sni an) =>DEC-Mm ({50 Sk t0,8 Skx £ UT): Snsan A B)

with Ty 1 = {s0 g%)\ to, S 5;3/\ t} U I, Spt1 = Sp and apy1 = o, We have 0 €
M(Ty+1,R, A) because I'y 41 and I'), have the same matchers as they have the same set
of variables (V(I'n41) = V(I'y)) and since Sp41 = Sy, it is clear that 0]y(g, ) = X(Sn+1)-

5) s = Tsp,§" with s = T € Vg and t = Tt1,t27. The derivation will be extended by
(Tp; Sn; o) =svE-M,,,, ({8 5(7?3)\ t} Ul S, U{x RRA t1}; o) with Ty = {3 g%k
Ul Spe1 = S, U{Z RRA 1} and ay 41 = ay,. Similar to Case 1) it is clear that
0 e M(Tpi1, R, N, 9’V(Sn+1) = X(Sp+1) and g1 > B. Tt is also clear that a > v > 3.

We extend this derivation until we reach the final configuration of (f);S;«) for which we
know that 0]yg) = X(S). Since V(S) = V(I') it holds that 0|yr) = %(S) and therefore
Olyry € B(LM(T, R, Nsim). Also a >y > A, O

To solve a non-linear matching problem I' under similarity relations, we also have to rewrite

the RS algorithm to RSgm. In general, the way a non-linear (R, A)-matching problem T is
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approached is by first transforming I' into a linear matching problem I'j;, by renaming all n

occurrences of variables # € V(') as vl,...,v”. By doing this we are now left with a linear

» Vg -
(R, A)-matching problem I'jj,, to which we can apply L9, to obtain the computed answer
Sin and its corresponding similarity degree aj,. In order to get an answer S and degree «
to our non-linear problem, we have to revert our variables to their original names and check
for consistency of the answer. This is done with the Reconstruct Solutions algorithm RSgin,
which takes S}, and api, as inputs and either stops with failure or returns S which solves the

non-linear (R, \)-matching problem T".

Algorithm 2 RS, - Reconstruct Solutions
IHPUt: Slina Qlin
Output: S, «

1: S = Sln, @ = uin

2: Reinstate the original names of all individual and sequence variables in S.
Example: S = {vl ~p ) t1,v2 ~g ) t2} U S’ will be changed to
S={z~grti,zrr)l2}US.
If t1 = to, then S = { =g ) t1} because S is a set.

3: If S contains two pairs x ~g ) t1 and x =~ ) t2 for the same individual variable x € V;
with R(t1,t2) < A, then STOP with failure.

4: If S contains two pairs x ~g ) t1 and x ~g ) t2 for the same individual variable x € V;
with R(t1,t2) = 8 > A, then set S == {z =g ti} US or § = {z =g t2} US" and
a = a A B. Repeat Step 4.

5: If S contains two pairs T ~g ) t1 and T RRA to for the same sequence variable T € Vg
with R(f1,2) < A, then STOP with failure.

6: If S contains two pairs T ~g ) t1 and T RRA to for the same sequence variable T € Vg
with R(t1,t2) = B > A, then set S == {T ~g\ t1}US or S == {T ~g\ f2} US and
a = a A . Repeat Step 6.

7. return S and «.

Theorem 4.8 (Termination of RSgy,)

The procedure RSg;m terminates for every input.

Proof. Step 1 and Step 2 are only executed once, at the beginning of the algorithm and
Step 3 and Step 5 terminate immediately. For steps 4 and 6 we choose an alternative non-
deterministically and continue the algorithm. These two steps are applied only a finite number
of times, as many as there are individual or sequence variables in S. Therefore RS, termi-

nates. O

Theorem 4.9 (Soundness of RSgim)

Let R be a similarity relation, A a cut value, I' a non-linear matching problem and Sy, €
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LM i (Tiin, R, \) an answer of the linearized problem and oy, its accompanying degree. If the
application of RSsim to Spn and oy, gives a pair (S, «), then X(S) € M(T', R, A)q.

Proof. From Theorem 4.6 we know that X(L0Mgim (Tlin, R, A)) € M(Tjin, R, A) and therefore
Stin € M(Tin, R, A). Applying RSsim to (Shin, auin) only reinstates the original variable names
and merges bindings that correspond to the same variable in the non-linear problem. Steps 3
and 5 ensure that the procedure fails whenever two terms assigned to the same variable are
not sufficiently similar. Hence, if RSqm succeeds, all merged bindings are pairwise similar to

at least degree A.

In Steps 4 and 6, whenever two bindings  ~gr ) t; and z ~gx t2 (or the corresponding
sequence-variable pairs) are merged, the algorithm updates « to a := ayu, A B, with 8 =

R(t1,t2) > A

After all duplicates are resolved, the resulting set S contains at most one binding for each
variable. Therefore, ¥(S) defines a proper substitution for I'. Since all merged terms satisfy
the similarity constraint with respect to R and A, the substitution 3(S) is a valid matcher
for T with similarity degree a, i.e., X(S) € M(T, R, \)q. O

Theorem 4.10 (Completeness of RSgin,)

Let R be a similarity relation, A a cut value, I' a mon-linear matching problem and 0 €
M, R, N)y, where v > X. Let Spp, € LM gim(Liin, R, A) with degree auiy,. Then there exists
a derivation performed by RS s Starting from Sy, and oy, that computes S and o such that
B(8S) = Olyry and a > 7.

Proof. Linearizing I' and 0 yields a linear matcher 6y;, for I'j;,. From Theorem 4.7 we get that
the linear algorithm produces an answer Sy, € LMgim (Tin, R, A) with accompanying degree

Qi satisfying agi, > v, and furthermore that 6y, is an instance of Syy,.

After Step 2, every variable is renamed to its original name. This means that S contains,
for each original individual variable z and each sequence variable Z, sets of bindings {x ~x \
t1, x AR to, ..., TR}, and {T ~g oyt TRRA L2, ..., T &R b}, where each ¢; is
the term and each ¢; is the sequence of terms assigned to the corresponding occurrence in the
linear solution. Because 6y, is an instance of Sy, and 6 is its projection, each t; and each ¢; is

R-similar to 26 and 76 respectively to degree at least ~.

For any pairs ¢;,t; and tis th arising from occurrences of the same original individual variable
z and sequence variable T we have R(t;,t;) > v > A and R(¢;,¢;) >~ > A, from the fact that
0 is a solution of degree . Therefore the tests in Step 3 and Step 5 are not triggered along

the branch consistent with 6.

Mara Antesberger 61



N JXU

JOHANNES KEPLER
UNIVERSITY LINZ

When RS, encounters two bindings for the same variable, it can choose either binding
(nondeterministically) in Step 3 (analogously for Step 6) and set a := a A § where § =
R(ti,tj) > v (or B = R(t;,t;) > 7). To reconstruct @, at each such choice we select the
binding that agrees with 6.

Each application of steps 4 and 6 strictly reduces the number of duplicate bindings for some
original variable. Since the number of occurrences is finite, after finitely many merges no
duplicates remain and the algorithm terminates, returning a set S with at most one binding

per original variable and a final degree a.

By the choices in steps 4 and 6, the binding left in S for each individual variable z and
sequence variable T coincides with z6 and x6, respectively, to degree at least . Therefore,
the substitution ¥(S) equals 0 restricted to the variables of T, i.e. X(S) = 0]y(r). Also, the
final computed degree « satisfies a > . O

Ezample 4.1. Let I' = {f(x, g(a,T,b,x), h(ZT,7),7) g%’)\ g(b,h(c,b,a),g(a,b),c,a) with a simi-
larity relation R: R(f,g9) = 0.9, R(g,h) = 0.8, R(h, f) = 0.8, R(a,b) = 0.7, R(b,c) = 0.7,
R(c,a) = 0.8 and a cut value A = 0.6.

The linearized version of I" would be
Tiin = {f (v}, 9(a, 5, b,v2), h(v2,0}),72) Sroa 9(b, h(c,b,a), g(a,b),c,a)}.

Now we use LM, to find a solution for I'y;,:

<F1in; @7 1>

= M%lm <{I—U:ca g(a yz? b ’U;%)a h@%, @%)7 5%1 5327)\ ,_b> h(C, b7 CL), g(a, b)’ ¢, a_l};
0;0.9)

DEC- MSlm

(vl Shoa b, "g(a, 0k, b,02), h(W2,58), 037 <y Thie,ba), g(a,b), ¢, a7);
0;0.9)

NS (g (a, 0L, b,02), h(T2,08), 727 ko) Thieb,a), g(a,b), a7}

{vi < N?z,\ b};0.9)

<{g<a,vx, b,v2) <oy heb,a), Th(v2,05),927 <k \ Tg(a,b),c.a7);

{vi < NR,\ b};0.9)

{Ta,o8,b,027 <h ) Teba7, Th(E2,7h), 527 <k, Tg(a,b), a7

{vs S NRA b};0.8)

{a <hox e, 700,027 ooy Thoa”, Th(T2,08),72) 7 <oy Tgla,b), a7

Y
{vs < NR x 0};0.8)

DEC- Mglm
HR- MSlm <

DEC-Mgim
— <
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MR (0 <2 T, ok b, 027 Sk Tha, TR(D2, Th), 27 Sk Tg(a,b), ¢ a);
{vz SR }:08)

" {0 b0l Sk 007, TR ), 7T Sk T, ), e,07h

{Ux 5?2,,\ b}; 0-8>

(76,627 S ", (T T, o o) 0

{v} mm b, @5 ~ra "1 0.8)

Svﬂ/gsim<

DEC- MSlm _9 _1\ —
<{b R, b, U 7?, PR rh(U%? U%)v /U%j SEI]QJ\ ,_g(a’a b)7 G a—l};

{vi ~ro b, U AR A T} 0.8)
=" ({02 Sk a Th(E5),027 Sk Tglab),ca};
{vg R b, Tp 2R TT}0.8)
{Th(v2,05), 027 Srox T9(a,b),ca);
{Ux ~r b, ﬁ% RraT vg, ~Rr.a a};0.8)
({n(v2 1) NRA g9(a,b), v <R/\ ¢, a't;
{vx ~r.A b, @5 AR, vz ~r a};0.8)

2 1 7 ?
(s, ij SR,/\ "a,b’, vy SRA Te,al;

IVE- Mg (
DECMim

HR-Mgim

{vy mr A b, T2 ~r A T, 02 2R a);0.8)

SVE-Mim , (—
= <{U%<? R G0 <7z,\ e,a);

1. 1 2 - .
{vi ~rA b, Tz 2R A", V2 R G, T2 ~gA "} 0.8)

TE(T S T

1 o =1 2 o —2 =1 .
{vg RN b, Dz ~r A T v AR 0, V5 AR AT, Uy R Ta, 0115 0.8)

SVE-Maim
1. 71~ 2 o T2 A~ 7l 72 .
{vg BRA D, Dz mr A T v AR A, D RRA T, Uy AR Ta, b, U R Teal
0.8)

Note that this set of solved equations St = {vl ~py b, 0L ~g\ 77, v2 =g\ a, V2 ~p.)
R ﬁ% ~ra"a, b’ ﬁ% ~Rr. " ¢,a} is only one of the possible branches splitting at the (SVE-
Mgim) rules. The other branches, which do not result in failure deliver the following sets of

solved equations:

2 1 ~ =1 ~ 2 ~ =2 ~ =1~ I
Siin = {vz BrA b, Uz RrA T, vy RRA A, VE A Ta, Uy NRA "o, vg ~ra e a’}
1 =1 2 =2 2
Sy = {vs RrRA b, T mrA T, 02 AR A, T2 RpA Ta, b, Up AR A T, s AR e al)

In order to compute solutions for the non-linear problem I' we feed these linear solutions into
the RSy, algorithm:
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Step 1: St = Sllin, a = Qin

Step 2: S'={z~g b, Tag) " Lz ARN A YRR a0, g TC,a}, a=0.8
Step 4: S'={z g b, Tary ", Yrra Ta, b, YR Te,a}, a=0.7

Step 6: S'={zm~r b, TrrA ", Yrra Ta, b} a=0.7

Therefore, one solution for I' would be S' = {z ~g ) b, T ~g\ ", ¥ ~g "a,b"}, with a
similarity degree of « = 0.7. Through branching at steps 4 and 6 we get also different versions

of S, e.g with ~rraand y R\ c,a’.
Next we input Sﬁn into RSgim:
Step 1: §2 := Sﬁn, a = Qin

L@ ~ _ ~ ~ N =
Step2: S = {z =g b,T =gx ",z Rr) a,T Ry "a, T Rry 0L Y =ra cal},

Step 4: S?={z~gra, TRy LTag)a, Yary b, YRRy Te,a}, a=0.7
Step 5: FAILURE (R("7,7a™) = 0 < A)

The same thing would also happen for Sﬁ’n.

4.2 Fuzzy Unranked Matching with Proximity Relations

This section combines the algorithm of [10] for syntactic unranked matching and the one from
Matching and Generalization Modulo Proximity and Tolerance Relations by Temur Kutsia and
Cleo Pau [34] for ranked matching with proximity relations to create a procedure to match
unranked terms under consideration of a proximity relation R and a cut value A. Similar to
the original unranked matching in [10] and our modification for similarity relations in Section
4.1, this algorithm will also be split for linear and non-linear problems. However, in contrast to
the algorithm for solving with similarity relations, we will not be actively tracking the degree.
We will again work on sequences of terms and therefore have a rule removing the heads of

terms.

We get the following set of rules:

T-Mprox: Trivial
({3 Sra SPUT;S) = (I3 5).

HR-Mpr0x: Head Removal
{f(3) S 9(D}UT;S) = ({3 SH, THUTSS),
if R(f,9) > A
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DEC-Mpr0x: Decomposition
({"s, 87 5%,\ Tt }uUTl;S) = ({s 5%,\ t,§ 5%,\ thuT;S),
where s ¢ Vs.

IVE-Mprox: Individual Variable Elimination
{z Sk sYUT;S) = (T; S U {2 =g x pera(s)}),
with s §é Vs.

SVE-Mprox: Sequence Variable Elimination
{2,387 Shp T B UT;S) = ({8 Sy L} UT; SU{T ~roa peg a(f)})-

CLA-Mp;ox: Clash

{f(3) Sra9BHIUT;S) = L,
if R(f,9) < .

AD-Mprox: Arity Disagreement
({'_81, ceey Sy S;Q,A Tt1,... ,tm—l} ul; S> — 1
if n#m;s; ¢ Vg for 1 <i<mnand R(f,g) > A

E-Mprox: Empty
{75, 57SrATHUT;S) = L,
with s ¢ Vg

This procedure L9 ,0x works on pairs of the shape (I'; S), with I" being a linear set of matching
problems and S being the store of equations in solved form. Given the initial configuration of
({s 57?37)\ t}; 0), a proximity relation R and a cut value A, the algorithm applies the rules until
either the state (f); S) is reached, meaning that the matching was a success, or it ends with

one of the failure rules.

Again branching can occur as rule (SVE-Mp,0x) has multiple ways of how it can be set up.
From our computed (R, A)-answer S we get an X-substitution {o} = 3(S) from which we can
extract the set of (R, A\)-matchers as {0 | o € subs(o)}.

For the rest of this section, if not explicitly stated otherwise R will refer to a given proximity
relation and A € (0, 1] to a cut value. An explanation on how to compute the approximation

degree will be given at the end of this section.

Definition 4.2
A substitution o is an (R, \)-solution of (I'; S) if and only if for allz~t € S andT~t € S

we have xo € terms(t) and To € terms(t); and o is an (R, \)-matcher of T.

Definition 4.3

A substitution o is called a relevant matcher of a term s to a term t, if it is a matcher for s
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to t and dom(o) C V(s). A relevant matcher for sequences of terms and X-terms is defined

analogously.

Lemma 4.11

The algorithm LM ,r.y terminates for every input.

Proof. To prove the termination of the procedure we create a complexity measure (mj,ms)
ordered by the lexicographic ordering on tuples and show that each step reduces it strictly.
We define

mq = the number of variables in T,

my = {{size(t) | § SpateTH.

which gives us a well-founded complexity measure as mi, mg € N.

Now we can show that each of the rules in L90x strictly decreases (mq,ma):

mi | Mo
T-Mprox | > | >
HR-Mprox | = | >
DEC-Mprox | > | >
IVE-Mprox | >
SVE-Mprox | >

Since the rules (CLA-Mprox), (AD-Mprox) and (E-Mp.ox) all stop the procedure immediately,

the algorithm terminates for all inputs. O

Lemma 4.12

Given a prozimity relation R and a cut value X, if (I'1;S1) == (I'2;52) is a step in LM prop
with Sy = S1 U S for some S, then o is an (R, \)-solution of (I'1; S1) if and only if it is an
(R, \)-solution of (T'2; Sa).

Proof. Only the proofs for a few of the most interesting rules will be shown:

(HR-Mprox) We have ({f(3) <k 9(f)} UTY; 81) = (T'g; Sa) with

~

Ty = {5 <k THUTY, S =51 and R(f,9) > \.

“C” We know that o is an (R, \)-solution of (I';;.S1) and want to show that o is an
(R, A)-solution of (I'z; S2). This means we have to show that for all z ~ q € Sy

and for all T ~ q € S5 it holds that zo € terms(q) and ZTo € terms(q); and o is an
(R, A)-matcher of I'.
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Since Sy = S; we already know from o being an (R, \)-solution of (I';;S;) that
for all x = q € Sy and for all T =~ @ € Sy it holds that xo € terms(q) and

To € terms(q).

In order to prove that o is an (R, \)-matcher of T'9, it has to be shown that for
all 7 5;3>\ g € T’y it holds that 70 ~x \ ¢. It is already known that o is an
(R, A)-matcher for all the equations in I'}, leaving only § S;QA t to show. Given
that

F(3)0 = 9() # R(F(3)o, g(D) > A

iff R(f,g9) A R(50,t) > A

it is clear that R(30,%) > A, which means that 30 ~g , t.

We know that o is an (R, A)-solution of (I'y; S2) and want to show that o is an
(R, A)-solution of (I';;.S1). Again since S = S it is already given that zo €
terms(q) and To € terms(q) holds for all z ~ q € S} and for all T ~ q € 5.

For the proof that o is an (R, A)-matcher of (I';;.S1) we only have to show that
R(f(5)o,g(t)) > X holds. Since we know that §o ~g ) ¢ and R(f,g) > A, this

follows immediately.

(DEC-Mprox) We have ({Ts,57 <Ly "6, UL S81) = (I';S) with Iy = {s <5, ¢,
5 S;z)\ t} UTY and S = ), which means that S = 5.

L(C)?

L(D)?

Since Sy = S; we already know from o being an (R, \)-solution of (I';;S;) that
for all x = q € Sy and for all T =~ @ € Sy it holds that xo € terms(q) and

To € terms(q).

In order to prove that o is an (R, A)-matcher of I'g, it has to be shown that for all
T ,S%’A g € T'y it holds that 7o ~g \ ¢. It is already known that o is an (R, \)-
matcher for all the equations in I'}, leaving only s 5;; , tand s SJ;Q A\ t to show.

Given that

Ts,570 g T 1 iff R(Ts, 570, 17) >

A
iff R(so,t) AN R(50,t) > A

it is clear that R(so,t) > A and R(S0,t) > A, which means that so ~g \ ¢t and
50 >R\ t.
We know that o is an (R, A)-solution of (I'2;S2) and want to show that o is an

(R, A)-solution of (I';;S1). Again since S = Sy it is already given that zo €
terms(q) and To € terms(q) holds for all z ~ q € S and for all T ~ q € 5.
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The proof that o is an (R, A\)-matcher of (I';;.S1) can be done analogously to the

other direction.

(IVE-Mprox) We have ({x S%,)\ s}UTY;81) = (T'9;S2) with Ty =T and S = {z =~z
PCR,/\(S)}~

“C” Since I'y = I}, o being an (R, \)-solution of T'y is already given by it being a

solution to I'y and therefore I'.

It is already known that for all z =~ q € S and for all T ~ q € Sy, z0 €
terms(q) and To € terms(G). This leaves us to show for x ~g \ pcg ,\(s) that
ro € terms(pcg (s)). In order to prove wo € terms(peg y(s)) it suffices to show

that xo ~g s, which we know from the fact that o is an (R, X)-solution of I';.

“2” We know that o is an (R, \)-solution of (I'y;.S2) and want to show that o is an
(R, A)-solution of (I';;.S1). For this direction we already know for all x ~ q € Sy
and for all 7 ~ q € Sz that zo € terms(q) and To € terms(g) holds as Sy =

S1U{x =g\ PerA(5)}-

Proving that ¢ is an (R, A)-matcher of I'; can be reduced to showing that for
T SJ;Q y s the condition xo ~x ) s holds. Since for x ~x ) s € Sz we already know

that zo € terms(pcg \(s)) we are already done with this part.

Theorem 4.13 (Soundness of L9M,rox)
Let R be a proximity relation, X a cut value and T' = {s S;Q \ t} a linear matching problem. If
the procedure LMo constructs a derivation of the form (T;0) =T (0; S), then o € subs(o)

is a relevant matcher of s to t with o = X(S).

Proof. We know that o € subs(o) with o = 3(S) if and only if ¢ is an (R, A)-solution of
(0;S). Given the construction of (I'; ) = (0; S) we can use induction on Lemma 4.12 to
show that o is an (R, A)-matcher of s to . Seeing as no new variables are created and added to

S while applying the rules of L9,.ox and therefore o is a relevant (R, A)-matcher of s to¢t. [

Theorem 4.14 (Completeness of L9rox)
Let R be a proximity relation, X a cut value and T' = {s 5;3 \ t} a linear matching problem. If

o is a relevant (R, \)-matcher of s to t and the procedure LIy, constructs a derivation of
the form (T';0) =T (0; S), then o € subs(o) with o = X(S).
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Proof. Similarly to the proof of Theorem 4.7, we will first show how to construct the derivation

via induction:

For our induction hypothesis we say that we have already executed the procedure steps up
until (I'y; Sp) and it holds that o is an (R, A)-matcher of T';, and oly(g,) € subs(o,) with
on = X(Sh).

Next we prove that we can make the step (I'y; Sn) =g (In+t1;Sn+1), such that o is an
(R, A)-matcher of T',, 11 and O"V(Sm_l) € subs(op41) with 6,41 = X(Sp+1). Looking at a pair
s’ 5;’% \ U €Ty, we get the following options for rule R for the next step of the derivation:

1) We chose R as T-Mprox if 8" = t'. This means we get (I'n; Sn) ==T-Mpox (I Sn) with
i1 =T, Spe1 = Sp. Due to only removing a trivial pairing from the problem set,
it is clear that the properties of o being an (R, A)-matcher of I'y 41 and oly(g €

subs(o,41) with o1 = 3(S,+1) hold.

n+1)

2) If s’ = f(3) and ¢/ = g(t) with R(f, g) > A, we use HR-Mprox and get (Ui Sn) =HR-Mpyox
({5 5%7/\ t}uTy;S,) with T'yyq = {3 fj%’)\ t}UTY and S,11 = Sy. o is still an (R, \)-
matcher of I',,11 as the set of variables occurring in I';, and 'y, 1 are equal. It holds that

O"V(Sn+1) = 0'|V(Sn) € subs(oy,), since Sp4+1 = Sy.

3) If 8 = Tsf,5" and ¢ = Tt), 1" with s; ¢ Vg, we use the DEC-Mpox rule and get
(Fn; Sn> ==DEC-Mprox <{36 533,)\ t67 s ,S;z,)\ {} U F;ﬁ Sn> with I‘n+1 = {36 5;2,/\ t67 s 5(7'717)\
t}UT”, and Sy 41 = Sy. Since V(T'y,) = V(I'y11), we know that o is still an (R, \)-matcher
of 'y 1. Due to Spy1 = Sy we know that oly(s,.,) = oly(s,) € subs(ay).

4) In the case that ' = z € V; we have to use IVE-Mp,0x for R. We extend the derivation
by (T Sim) == 1VE-Mprox (T3 Sn U {2 Bro Pera(t)}) with Tigq = I7 and Sy =
SpU{z =rx pcg (')}, The substitution o is still an (R, A)-matcher of T’ since we
only removed a pair form I',, and it holds that oy (g, ) = olyr,) U{z = pega(t)} €
subs(o41)-

5) For s = 2,57 and t' = Tt1,13" we use SVE-Mp,ox for R. This gives us (I'y; Sp)
=SVE-Mprox ({8 Siox T2} U5 S0 U{T = peg(f1)}) with Tnpn = {8 Sk T2} UTY,
and Spi1 = Sp U{T = peg \(f1)}. It is clear that o is an (R, A)-matcher of I';11 and

T[V(Spy1) € SUbS(Ont1).

From the fact that o is a relevant (R, \)-matcher of I', we know that we do not need to apply
any of the terminating rules. Therefore we can simply continue to extend this derivation until
we hit the final configuration of ((); S), for which we know that o is an (R, A\)-solution. By the
way we have computed S, we get that o € subs(o) with o = 3(S). O
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In order to be able to solve non-linear matching problems with proximity relations, we will

again modify the Reconstruct Solutions algorithm from [10]:

Algorithm 3 RS« - Reconstruct Solutions

Input: Sy,
Output: S
1: S := Sjn

2: Reinstate the original names of all individual and function variables in S.
Example: S = {vl ~pg ) t1,02 &g\ t2} U S’ will be changed to
S={z~ryti,z =gt} US".
If t1 = t2, then S = {x =g ) t1} because S is a set.

3: If S contains two pairs x ~z ) t; and x =~ ) t2 for the same individual variable z € V;
with s = t1 Mty = (), then STOP with failure.

4: If S contains two pairs x ~ ) t1 and x ~g ) t2 for the same individual variable
x €V with s = t1 M tg # 0, then set S := {x =g ) s} US’. Repeat Step 4.

5: If S contains two pairs T ~g \ I and T =g t for the same sequence variable Z € Vg with
s =7t =0, then STOP with failure.

6: If S contains two pairs T ~g \ T and T ~g ) t for the same sequence variable Z € Vg with
S=TrMt#0, then set S := {T ~g 5} US". Repeat Step 6.

7. return S.

Reminder: all the right hand sides of the solved equations in S are X-terms, obtained from

proximity classes and their intersections.

Theorem 4.15 (Termination of RSprox)

The procedure RSprop terminates for every input.

Proof. Same as for Theorem 4.1 steps 1 and 2 are only executed once at the start and steps 3
and 5 lead to immediate termination. Step 4 and Step 6 are only executed a finite number of

times, depending on the variables occurring in S. Therefore RSpox terminates. O

Theorem 4.16 (Soundness of RSprox)
Let R be a proximity relation, \ a cut value, T' = {s é;z \ t} a non-linear matching problem
and Siin € LMprog(Liin, R, X) an answer of the linearized problem. If the application of RSproq

to Sun constructs S, then o € subs(X(S)) is a relevant matcher of s to t.

Proof. The proof is similar to that of Theorem 4.9. O
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Theorem 4.17 (Completeness of RSprox)

Let R be a proximity relation, X a cut value, I' = {s é;&)\ t} a non-linear matching problem
and o a relevant (R, X)-matcher of s to t. Let Sin € LM prow(Liin, R, A). Then there exists a
derivation performed by RS prop starting from Syy that computes S such that o € subs(X(5)).

Proof. The proof is similar to that of Theorem 4.10. O

If we want to know the exact proximity degree of our (R, A)-matchers, we can change the
procedure slightly: The linear matching algorithm would then work on triples (I'; S; ), with
« collecting the degrees between function symbols and being initialized by 1. Instead of regular
proximity classes, we would use graded proximity classes, as introduced in Section 2.4. We

have to slightly change the rule HR-Mpox:

HR-Mprox: Head Removal
({f( ) Ska 9( HYUT;S;a) = ({8 S tHUT;S;an B),

All of the other rules simply carry the degree along.

Let (0; S; ) be the final configuration of the modified LM pox. For the graded substitution
(0, 05) € subs(3(S)) we can compute the actual degree of the (R, \)-matcher o by taking the
minimum of the degree between the function symbols o, computed by LI, and oy, i.e.

a A a4 is the approximation degree of the (R, A)-matcher o.

In the case that we have to first use the RS}, ox algorithm to get the solutions for the non-
linear problem, RSprox is used on the graded proximity classes and the function symbol
degree «, which was computed by LMo, gets combined with the degrees returned by
RSprox-

The following example is slightly modified from [34]:
Ezxample 4.2. Let T' = {f(x,z,T) <R>\ g(h(a),p(b),c,d)} be a matching problem with a

proximity relation R defined as R(f,g) = 0.8, R(h,p) = 0.8, R(a,b) = 0.9, R(h,d) = 0.7,
R(p,c) = 0.6, R(p,d) = 0.8 and a cut value A = 0.6.

The linearized version of I' would be T, = {f(v},v2,01) <% | g(h(a), p(b),c,d)}.

[L’?{E?J}N,

Now we use L9 rox to find a solution for I'yy,:

<Flin; (D; 1>
HRigmx ({rol 02, olo SR)\ Th(a),p(b),c,d};0;0.8)
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PRI (ol hoy ha), T2 0T S Tp(b), e d ) 050.8)
TR (2 nh S (), e d )
{0l mro {(B 1), (p,0.8)}({(a, 1), (6,0.9)})};0.8)
PR (02 ko p(0), T Sk Ted);
{0l 2o (1), (p,0.8)}({(a, 1), (6,0.9)})}; 0.8)
Y= (ol gha Ted )
{0l g {(h 1), (p,0.8)}({(a, 1), (6,0.9)}),
o2 2 {(p, 1), (1, 0.8), (¢,0.6), (d, 0.8)} ({(b, 1), (a,0.9)})}; 0.8)
TR (T gha Th
{0l g {(h 1), (0,0.8)}({(a, 1), (6,0.9)}),
02 2 {(p, 1), (1, 0.8), (¢,0.6), (d, 0.8)} ({(b, 1), (a,0.9)}),
ok ~r (e, 1), (p,0.6)), {(d. 1), (h,0.7), (p,0.8)} };0.8)
i (0;

{vz ~r {(h 1), (. 0.8)}({(a, 1), (b,0.9)}),
Uc% %R,A {<p> 1>a <h7 0'8>7 <Cv 0'6>a <d7 0'8>}({<b> 1>a <(I, 0'9>})7
5% R r‘{<c’ 1>7 <pa 0'6>}a {<da 1>7 <hv 0'7>7 <p7 0'8>}—|}; 0'8>

Next we use RSprox to transform the solved set Sy, we just computed with LI« to a

solution of I':
Step 1: S = Sin

Step 2: S = {x ~rx {(h,1), (p,0.8)}({(a, 1), (b,0.9)}),
z=p . {(p 1), (h,0.8),(c,0.6), (d,0.8)}({(b, 1), (a,0.9)}),
x RR,A '_{<C, 1>, <p7 06>}7 {<d7 1)? <h7 O'7>7 <p7 08>}—|}

Step 4: S = {z ~ro {(h,0.8), (p,0.8)}({(a,0.9), (b,0.9)}),
x AR ,_{<C7 1>7 <p7 06>}7 {<d7 1>7 <h7 0'7>7 <p7 08>}—|}

Here we can see the computed solutions in a compact format in

S :{m NRA {<h7 0'8>7 <p7 08>}({<a7 0'9>7 <b’ 09>})7
x NRA ,_{<C7 1>’ <p7 06>}7 {<d7 1>7 <h7 0'7>7 <p7 O8>}—|}

from which we can get the following (R, A)-matchers of I' with their proximity degrees:

o1 = {z — h(a),T— "e,d 7}, a1 =08A09ATALIA08 =038
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), T — Te,d},

o3 ={x— h(b),T— "c,d},
o4 ={z = p(b),Z— "c,d},
(a),Z— "c,h7},

— Tc,h7},

o9 = {x — pla

8|

9

R

& \

o5 = {x — h(a),

E% \

o6 = {x — p(a),

o7 ={x+ h(b),T+— "c,hT},
og = {x — p(b), T~ "c,h},
o9 ={x— h(a), T~ "e,pT},
o010 ={z = pla),T— Tc,p},
o11 ={x— h(b),T— "¢, p},
12={xz—=pb), T~ "c,p},
13 ={z — h(a),z— "p,d"},
o114 ={z — p(a), T — "p,d},
o15 ={x — h(b), T — "p,d},
o16 = {z — p(b),T— "p,d},
o7 ={x— h(a),T— "p,h},
o18 = {z = p(a),T— "p,h7},

o19 = {x — h(b),T— "p,hT},
o2 = {z+— p(b), 7 — "p,h7},

021 = {l‘ — h(a)) = I—p’p—l})
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az =08AN09A1TATA08=0.8
a3 =08AN09A1TATA08=0.8
ay =08AN09ATATA08=0.8
a5 =08AN09AN1TA07TA08=0.7
g =08AN09AN1TA0TA08=0.7
a7 =08AN09AN1TA0TA08=0.7
ag =08AN09AN1TA0TA08=0.7
ag=08AN09AN1TA08AN08=0.8
a0 =08AN09AN1TA08AN08=0.8
a11 =08A09A1TA0.8A0.8=0.8
12=08A09A1AN08A08=0.8
13 =08AN09A06A1A0.8=0.6
014 =08AN09A06A1A0.8=0.6
o153 =08AN09A06A1A0.8=0.6
a16 =08AN09AN06A1A0.8=0.6
a7 =08AN09AN06AN07A0.8=0.6
a8 =08A09AN06AN07A0.8=0.6
a9 =08A09AN06A07A0.8=0.6
020 =08AN09AN06AN07A0.8=0.6
021 =08AN09AN0.6 AN0.8A0.8=0.6
022 =08AN09AN0.6 AN0.8A0.8=0.6
023 =08AN09AN0.6 AN0.8A0.8=0.6
024 =08AN09AN0.6 AN0.8A0.8=0.6
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5 Anti-Unification

In this chapter, we will focus on a procedure to solve unranked anti-unification problems.
The starting point is the paper by Temur Kutsia, Jordi Levy, and Mateu Villaret in Anti-
unification for Unranked Terms and Hedges [30]. The paper, as reflected in its title, uses
the term hedges in place of sequences; however, the two notions are essentially the same. To
remain consistent with our naming convention, we will simply replace the term hedge with

Sequence.

As we did in the previous chapters, we first recall the existing crisp method (in this case,
the generalization algorithms from [30]), and then show how it can be extended to deal with

proximity and similarity relations.

The standard procedure &, introduced in [30], is a rule-based algorithm working on systems
(I'; S;0), where T' is a set of syntactic unranked anti-unification triple (AUTSs) of the form
{v1 : §1 = qiy---,Un : Sp =X t~n}, with each generalization variable 7; being unique and the
sequences to be generalized being variable disjoint, S is a store of AUT’s in solved form and o
is the anti-unifier computed so far. In I (which is called a syntactic unranked anti-unification
problem), it is assumed that the sides of AUTs do not share variables. Starting the algorithm
with the triple ({7 : 5 27 #};0;¢) and applying the rules defined in [30] as they fit, the
procedure ends in (; S; o) with o being an anti-unifier for I' and To being a generalization for
both 5 and £. From S we can create two substitutions (v1,14), as described in Section 2.6.3,

such that Tov; = § and vovs = t.

However, since & is highly nondeterministic, a modified version called Rigid Generalization
&(Z) is given in [30]. The idea behind introducing rigidity is to maintain as much structure
of the terms as possible, in order to reduce some of the less interesting solutions computed by
the standard procedure. Its main task is deciding which common subsequence of two given

sequences to retain in their generalization.
The following notions are based on their counterparts from [30]:
Definition 5.1 (Alignment)

Let §="s1,...,8,  andt ="ty,... .ty " be two finite sequences of terms. A sequence of the

form Taylit, g1l ..., aklig, ji| " is called an alignment between s and t if
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o [l € {L,..on} x {1,...,m} for 1 <Lk,
o i < - <ipandj <--- < Jk, and

e a; = head(3];,) = head({];,) for 1 <1 <k.

Definition 5.2 (Rigidity Function)
A binary function Z that, given two sequences of terms § and t, returns a set of alignments

between § and t, is called a rigidity function.

Definition 5.3 (#-Generalization)

Let 5 and t be two variable disjoint sequences and Z a rigidity function. An Z%-generalization
of 5 and t is a sequence 7 which generalizes both § and t in such a way that either Z(5,t) = ()
and ¥ € Vs, or there is an alignment " f1[i1, j1], - - -, frlix, jr] " € Z(5,t) such that the following
hold:

1. no successive sequence variables occur in T,

2. after removing all sequence variables from 7, the remaining sequence would have the form

(T fe(Tr) T

3. there exist two sequences §' and t' such that 7, is a generalization of & and t', 3|;, = f1(3')
and t|;, = fi(f'), for 1 <1< k.

Definition 5.4 (Minimal complete set of Z-generalizations)
Given a rigidity function %, a complete set of Z-generalizations of two variable-disjoint se-

quences s and tis asetG of sequences that satisfies the properties:
e Each 7 € G is an Z-generalization of both § and t.
o For each Z-generalization § of 5 and t, there exists ¥ € G such that § < 7.

Moreover, G is a minimal if no two distinct elements of G are <-comparable.

The algorithm & (%) for solving syntactic generalization problems with regards to a rigid-
ity function Z is based on the set of rules, introduced in [30], with slight modifications to

accommodate our notions.

ZD-A: #-Rigid Decomposition
{z:527 13Ul S 0) =
Uzp: 5, 276 | 1<k <n}uly
T 3l 2T 0T S 200 1<k <n—1pufg, ST 2 us;

U{f — I—y()v f1(51)7y17 e Un—1s fn(fn)’ynj}%

if Z(5,t) contains a sequence " fi[i1, J1],- .., falin,Jn]" such that for all 1 < k < n,
8li, = fe(8k), tlj, = fe(tk), and Yy, Tj's and z’s are fresh.
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ZS-A: %-Rigid Solve
{z:527 13Ul S0) = (I;{Z: 52t} US;0),
if #(5,1) = 0.

ZM-A: #%-Merge
(T;{m1: 32,70 :52t}US;0) = ([;{T1: 5§ 2t} US;0{Ta — T1}),
if 7 7'é Z9.

ZCS-A: #Z-Rigid Clean Store
(T;{z: T 2T US;0) = ([ S;0{z — "}).

A7

This algorithm works similarly to &: To generalize 5 and £, it starts with the triple ({v: §
t};0; ), where ¥ is a new sequence variable, applies the rules in all possible ways to the selected
AUT, and ends in a configuration ((); S; o). The rule ZD-A is the one rule causing branching,
as it can be applied to all alignments returned from applying % to the chosen pair. The
algorithm computes a finite complete but not necessarily minimal set of Z-generalizations,

which can be further minimized using an unranked matching algorithm.

Since the ZD-A rule can look quite confusing, the following example inspired by Example 4.7

in [30] illustrates how it works:

Example 5.1. Let Z be a rigidity function computing the longest common subsequences. Given
the triple ({Z1 : " f(a), f(b), g(h(a), h(b))T 2" T f(a), g(h(a),h)7; D; €) we want to use Z. First
we get Z("f(a), (1), g(h(a), h(®)),™ F(a), g(h(a), b)) = {7F1,1], 913,21, " f[2,1], 913,27},
Using alignment " f[1,1]g[3, 2] we get via ZD-A

({Z1:a 2" a, 72 Thia),h(b)T 27 Th(a), K} {7y : f(0) & TTH AT = TF(Z1), U1, 9(F2)}),

and using alignment " f[2, 1]g[3, 2] we get

({z1: 027 a, 72 : Th(a), h(b)" 27 Tha), h T} {Fo : f(a) & TR AT = o, f(21), 9(22)})-

A rudimentary way of describing how this rule works is by saying that it keeps the arguments
of the subterms which have found an alignment partner in I' and moves the ‘lonely’ terms into
the store S. Since the sequences which we want to generalize are variable disjoint, we can be
certain that the alignments returned by the rigidity function % do not contain variables. By
constructing the anti-unifier ¢ the way we do, we can be sure that Condition 1: no successive

sequence variables occur in 7, is fulfilled.

Mara Antesberger 76



5 Anti-Unification J z U

JOHANNES KEPLER
UNIVERSITY LINZ

5.1 Fuzzy Unranked Anti-unification with Similarity Relations

In order to modify the algorithm to work under consideration of a similarity relation, we first
have to adapt the notions introduced earlier which are needed to formulate the procedure and

prove its properties.

Definition 5.5 ((R, A)-Alignment)
Let § = Tsy,...,8p  and t = Tty,...,tm " be two finite sequences of terms, R a similarity
relation and \ a cut value. A sequence of the form "aili1, ji1],. .., aklik, jk] 7 is called an (R, \)-

alignment between § and t if
o [i,i] €{1,...,n} x{1,...,m} for 1 <1<k,
o i << and jp < - < Jg, and
e a; ~g ) head(d|;,) and a; ~g ) head(t|;,) for 1 <1 <k.

The degrees of an (R, \)-alignment is defined as

=

k
Deg([—al[ibjl] s ak‘[iknjk]—|7 ga f) R) = </\ R(CL[, head(‘§|i1))a
=1 l

R(a, head(ﬂjz ))) .

1

Definition 5.6 ((R, A\)-Rigidity Function)

Let R be a similarity relation and X\ a cut value. A binary function Zr  that, given two
sequences of terms 3 and T, returns a set of (R, \)-alignments between § and t, is called an
(R, \)-rigidity function.

Definition 5.7 (% \-Generalization)

Let 5 and t be two variable disjoint sequences, # a rigidity function, R a similarity relation
and X a cut value. An Zg x-generalization of 5 and t is a sequence ¥ which generalizes both
5 and t under consideration of KR i such a way that either %73)\(5,2?) =0 and 7 € Vs, or
there is an alignment ™ f1[i1, j1l, - - -, frlik, jk] 7 € ZrA(5,1) such that the following hold:

1. no successive sequence variables occur in 7,

2. after removing all sequence variables from 7, the remaining sequence would have the form

(), fe(TR) 7

3. there exist two sequences § and t' such that 7, is a generalization of § and t', 3|;, = fi(3')
and t|j, = fi(t'), for 1 <1 <k.

We also say that 7 is an Xz p-generalization of 5 and t, if there exist substitutions v1 and

vy such that R(Tv1,5) = a > X and R(Fra,t) = > X (in addition to the other conditions of

being an Xr x-generalization,).
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Definition 5.8
Given a similarity relation R, a cut value A, and a rigidity function £, a substitution o is an
KR r-anti-unifier of the Zr x-anti-unification problem I, if for each v : 5 é;z A\ t €T, we have

vo as an g r-generalization of both 5 and t.
The set of all g x-anti-unifiers of I' is denoted by A(T', Zr ).

Moreover, we write that 0 € A(L', Zr \)a,p if Vo is an Br xa p-generalization for both 5 and
t for allﬁ:éé}?z’kfeﬂ

Definition 5.9 (Minimal complete set of Zr_\-generalizations for similarity relations)
Given a similarity relation R, a cut value \, and a rigidity function %, a complete set of
Hr a-generalizations of two variable-disjoint sequences 5 and t is a set G of sequences that

satisfies the properties:
e Each 7 € G is an #r x-generalization of both § and .
o For each Zr x-generalization ¢ of § and t, there exists ¥ € G such that § SRAT

Moreover, G is a minimal if no two distinct elements of G are Ir x-comparable.

Another notion that we will need is the notion of substitutions generated from a set of AUTs:
Let S be aset of AUTs S = {07 : §1 Ag.x t1,...,Vn 1 5p Ar.x tn}. Then a pair of substitutions

generated from S is defined as
Seen(S) = ({1 = 51, ., Un = S}, {01 = 1, T > T })

Now we are able to rework the rules for rigid generalization given in [30] to work with a
similarity relation R and a cut value A. This time we are going to keep track of two similarity
degrees, one for each side of our anti-unification problem. This means our system takes the
form of (I'; S; o; o; B) with T being a set of anti-unification problems of the form {77 : §1 &7 ¢,

Ty Sy A tn}, with each generalization variable 7; being unique and the sequences to be
generalized being variable disjoint, S being a store of AUT’s in solved form, ¢ being the anti-
unifier computed so far, a being the degree for the left hand sides of the AUT’s and ( being

the degree for the right hand sides of the AUT’s.

AR \D-Agim: Zr  -Rigid Decomposition
{z: 3 é;z,x tyuT;S;0;a; 8) =
{Zk : Sk é}%’)\fk |1<k<n}uUT,
{To 815 AR T U T 810 A 0 [1 <k <n—1}U
@, 30 g T U s
o{Z = "o, [1(Z1), Y1, - Un—15 fn(Zn) Un Fa Ay1s BA2),
if #r.(3,1) contains a sequence " fi[i1, j1], ..., falin, jn) " such that for all
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1 <k <mn, 8, ~rx fx(Br), tlj, ~rx fe(tr), and Ty, 7),’s and Z;’s are fresh and
Deg(" fili1, jals - s falin, gn] 75 5,8, R) = (71, 72) with 1 > X and 79 > X,

AR N\S-Asim: Zr -Rigid Solve
({z:3 é;z,x tHUL; S 0505 8) = ({7 : § Aga t} U S; 0305 B),
if ,@R,)\(g, f) = 0.

AR AM-Agim: Zr r-Merge
(T;{Z1: 51 Ara 11,72 1 52 Ay T2} US; 0505 8) =
(T3 {T1 : 51 A ) 1} U S 0{T2 = T1}sa Ay B A Y2),
if Ty # T, R(31,52) = v1 > X and R(f1,12) = 72 > A

HrACS-Agin: #Zr A-Rigid Clean Store
(Ti{z - T &g T U S 0505 8) = (15 5;0{T = "} 05 8).

Wanting to generalize the sequences of terms § and ¢, the algorithm starts with the config-
uration of ({Z : § é,?&/\ t};0;¢;1;1) with R being a similarity relation and A € (0,1] a cut
value. After applying the rules until no longer possible, the procedure ends with (0; S; o; «; 5),
such that To is a generalization of § and ¢ and we can generate substitutions (1, p2) from
S (i.e., Lgen(S) = (11, p2)) such that R(Tou,3) = a > X and R(Toug,t) = B > A. Note
that the rule Zg \D-Agm can cause branching due to having multiple alignments avail-
able.

We will now show a short example on how G, (Zr x) works:

Example 5.2. Let R be a similarity relation defined as

R(f,9) =09, R(a,b)=08, R(p.q) =017,
R(b,c) =0.9, R(g,r)=0.7,
R(a,c) =0.8, R(p,r)=0.9.

Let also A = 0.7 be a cut value and #Z be an (R, \)-rigidity function returning the longest

common subsequences. Wanting to generalize
5="f(a,p(b,c),r(c,a)), q(p(a,b,c)), p(a,b)” and t = "g(b, q(c,a)), q(r(a, b)),

we set T' = {7 : " f(a, p(b, ), v(c. ), a(pla,b,c)), pla,b)T &, Tg(b,ale,)), q(r(a,b))7}. The
following shows one branch of the procedure:

(T50;6;151)
Déim ({z1 : Ta,p(b,c),r(c,a)” égz,x Tb,q(c,a)”, Z2 : p(a,b,c) é;z,x r(a,b)};

{Z3:p(a,b) &r "} {Z = Tg(Z1), q(Z2), Z37}; 0.9; 1),
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for I_g[lv 1]7 q[27 2]j € %R )\(575)

{7 T ARA T Ts T a Ay Teal, Za i plas by o) A (a,b);
{72 : p(b,c) Ar A ™7, Z3 : p(a,b) S\ T
{7 = "9(a(y1),92,0(¥3)), 4(z2), 237} 0.9; 0.7),
for Ta[l,1],p[3,2]" € Zr A("a,p(b,c),r(c,a)”,"b,q(c,a)”)
({y5: "¢, a” é(7';,,\ fe,a’, é;z,,\ 7(a,b)};
(T 17T R T Ta tp(be) Ara T, Fs i pa,b) Ay T
{z = "g(a(1),Y2,p(¥3)), ¢(z2), Z37}; 0.9; 0.7)
ég@\ 7(a,b)};
{72 : p(b,c) Ar A", Z3 1 pa, b) Ag x T
{z = "9(a,y2,p(¥3)), a(z2), Z37'}; 0.9; 0.7)
({Z2 - p(a,b,¢) A 1(a,0)};
{Uy 1 p(b,c) 2rn "7, Z3 1 p(a,b) Ara T
{z — "g(a,7s,p(c,a)), q(Z2), Z57}; 0.9; 0.7),
for Tc[1,1],a[2,2]" € ZrA(Tc,a”,"¢c,a”)

Z2 : p(a, b, c)

{75 :"c,a NR)\ Fe,a™, Zo : pla, b, c)

({v:"a,b,c” é;z,)\ Ta,b};
{y2 : p(0,
{z = "g(a, 7, p(c,

for 7[1,1] € Zr (p(a

c) Ara ", Z3 i pla,b) Apa T
a)), q(r(v)), Z3}; 0.9; 0.7),
,b,¢c),r(a,b))
0; {vs :c2pa T Yo i p(bic) Ara T, Z3 i pla,b) Ara T
{z — "g(a,7s,p(c,a)), q(r(a,b,v3)), Z37}; 0.9; 0.7),
for "a[1,1],0[2,2]" € Zr A("a,b,c,"a,b")
(0; {vs 1 c A" Yo i p(byc) Ara T

{7 = "9(a, 95, p(c, a)), q(r(a,b,73)), ¥ '}; 0.8; 0.7)

Note that D-S-CS-Agim denotes the contracted sequence of steps of D-Agm, S-Agm and CS-

Agim- We use this, since we have already shown how this sequence of steps works and we want

to shorten this example in order to improve readability.

Now we can see that "g(a, ¥y, p(c, a)), q(r(a,b,T3)), T ' is a generalization of § and #. From
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we can extract Xgen(S) = (w1, p2) with g1 = {v3 — ¢, 7y — p(b,c)} and pp = {v3 — ™7,
Uy — "1} such that

R(Top, )

= R("g(a,p(b; ), p(c,a)), q(r(a,b,¢)), 7, " f(a, p(b, ¢), 7(c, a)), q(p(a, b, ), pla, b))
=0.8

and

R(@oua, t) = R("g(a,¥a, p(c, a)), q(r(a, )7, Tg(b, q(c, a)), q(r(a, b)) = 0.7.

Theorem 5.1 (Termination of Ggm (%R \))

The procedure & g (H#r \) terminates for every input.

Proof. In order to show that the procedure terminates, we create a complexity measurement
(M(T), M(S)) with M(T") := {size(s é;z,A H+1]z:5 é;z,x t €T} and M(S) = {size(5 A
t)+1|z:5 AR A t € S} for a given rigidity function Zx y, a set of Hr A -AUT’s T, the store
S, the Zr -anti-unifier o and the similarity degrees o and . Since M(I') and M (S) are
multisets, we will use the Dershowitz-Manna ordering >pjs. Now we have to check if each

step of the procedure strictly reduces the complexity measure.

M(T) | M(5)
AR AD-Agim | >
RRNS-Asim | >
AR A\M-Agim > >
AR NCS-Agim > >

Therefore each transformation chain terminates. Even though the decomposition rule Zx \D-
Agim can cause branching, only a finite amount of branches can split as the only a finite amount

of alignments are returned by the rigidity function. O

Lemma 5.2

Let (I'; S;05058) =g, (T'1;81;001;01;581) =R, (I'2;92;00100; c0; B2) be a sequence of
transformations performed by & gim(%r 1) where Ry € {A#r yM-Agim, #r\CS-Agim} and Ry €
{ %R \D-Agim, BRr \S-Asim}. Then there exists a transformation sequence (I'; S; 05 a; B) =g,
()5 815 000;04; B1) =R, (T'h; 55002015 ah; 8) such that To = T, So = SY, 06102 = 060201,

ag = ah and P2 = By.

Proof. Aside from the addition of the similarity degree, the proof follows the same structure as

in the syntactic case. This means that we already know I'y = T}, So = S, 001602 = 0620; from
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[30]. What is left to show is that ag = of, and 53 = 5. Both R; and Rs have the possibility
of changing the degree depending on the specific rule chosen. This means that there are four

different paths the degree evolution can take.
We start by looking at the first sequence:

e assuming we use both rules which do not change the degrees, i.e first Zg ,CS-Agim, then
%R,)\S‘Asima we get that ag = a1 = a and B2 = 51 = 5,

o if we use rule Zr \CS-Agy, first, which does not change the degrees leaving a1 = «
and 81 = B, followed by rule Zg zD-Agm which can change the degrees, we get that
ag=a; Ayr=aAv and B2 = 1 Ay = B A2,

e using rule Zg \M-Agim, which can change the degrees as a; = a Ay and 31 = B A 72,
followed by Zr 1S-Asim, leaving the degrees untouched, we get g = oy = v A y1 and

B2 =1 = BN,

e finally using both rules which can change the degrees, i.e. Zg \M-Agim and Zr yD-Agim,
we get that a1 = a Ay and therefore ay = a3 AP = a AYM AP, and B = B A
and therefore 8o = 81 A V;D =pFA ’y%/[ A 7]23.

In the second sequence we perform both rule Ry and rule Rs the exact same way as in the
first one, as was already argued in [30] for showing the equality of I'y and I';. Looking at the

four possible cases again, we get:

o if we used the order Zr \CS-Agim, Zr\S-Asim in the first sequence, we then use
RBRAS-Asim, ZrACS-Agim and therefore get oy = of = a = ay and 55 = f] = = fa,

o if we used the order Zg \CS-Agim, Zr\D-Agim in the first sequence, we then use
AR AD-Asim, #rA\CS-Asim and therefore get oy = of = a Ay = g and 5 = ] =
BNv2 = B2,

o if we used the order %Zr \M-Agm, Zr\S-Asim in the first sequence, we then use
RBRAS-Asim, #rA\M-Agim and therefore get oy = o) Ay = a Ay = az and f) =
BiAY2= BNy =P,

o if we used the order Zr \M-Agim, Zr\D-Agm in the first sequence, we then use
BRAD-Agim, #r\M-Agim and therefore get oy = o) A f2 = a A B1 A f2 = ag and
By =B AW = BNV AR = B,

This means ag = oy and Sy = 5. O
Lemma 5.3

If (T; Sy;0505 ) = (0; S2;00; 0 A yi; B A y2) is a derivation in &g (Zr 2) using only the
rules (AR AD-Asim) and (Br\S-Asim), then 6 € AL, ZR \)y1 70 -
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Proof. This proof will be done by induction on the number of steps in the sequence of trans-
formations If the derivation has only one step, i.e. ({Z : 3 é;e,A t}; S;o058) = (0; {7 :

772/\ t}US;00;aAv1; BAY2), then either § = ¢, 41 = 1 and 42 = 1 if the (#Rr 7\S-Agim) rule
is used, or § = {7 — 7y} with 7, € Vs being fresh and (v1,v2) = R(" fili1, ji1],- - fulin, jn] ™)
with T f1[i1, j1]s - - s fulin, dn] " € BroA(5,1) if (ZR AD-Agim) is used. We know that the gener-
alization in this case is a sequence variable and since we can take (v1, ) = Ygen(S) such that

R(TOv1,3) = y1 and R(TOva,t) = o, 0 it is also an RHR )1 2-generalization.

We assume as the induction hypothesis that this lemma holds for sequences of the length m
and want to prove that it is also correct for derivations of length m+1. A system taking m+1

steps to solve shall be of the form (I'y,11; Spt1;0; 3 5).

Let Ty = {7 : 8 é?R)\ U IV, and assume that it is to be transformed by (#D- Asim)
This means we get Iy, = {2+ 8 &5\ & | 1 <k < n} UL, 4, Sm = {Yo : 5o & R/\
i _ j _ 1 1
YU (g« 3 A%, I | 1<k <n— 13U, 307 AL, i U S, b =
{f = I—y[)a fl (21)7 Y15+ ynflv fn(zn)vgn—l} and (’Yl,mv 72,771) = (,_fl [llvjl]a s vfn[in,jn]—l)
defined in rule (#ZD-Agp,). Since the number of the remaining steps to solve the system
{Z s 81 Ay te | 1<k <n} UL, 05 Smp1 U Sm; 00m; @ A vim; B A y2m) =" (0 Snya U
U S0;00m 005 Ayim Ao Ay10i B A Yam A - A yap) is only m we know from the

Q

S

induction hypothesis that for S = S;,—1 U---USp, 0 = Opp—1---00, 1 = Yim—1 A - A 710
and v2 = Y2,m—1 A+ A2, then 0 € A(Ly,, Zr )14, Which means that 96 is an Zg x4, .-
generalization for both 7 and ¢ for all {v : 7 é%,)\ g} € I'y, and therefore we also know
that R(v0u1,7) = 1 and R(v0uz,§) = 72 holds for some substitutions (1, p2). Hence, this
also holds for zj for 1 < k < n and therefore we can choose (v1,12) = (11, p12) U Egen(Sm)
such that R(z6,,0v1,5) = 71 A y1,m and R(TOmOva,t) = 11 A Y2,m and therefore 76,,0 is an

RRAN 1 A1 y2 Aya.m-GeNeralization for 5 and ¢, i.e. 0,0 € A(Lri1, ZRA) v Avtm 2 Av2.m -

Next let I'ypq1 be transformed by (%Zg AS-Asim), which indicates that 2 A(5,1) = 0. We
get I'hyy =T, 01, S = {7 : 5 3;2,\ t} U Smi1, Om = € and y1m = y2.m = 1. Since
the number of the remaining steps to solve (I'yy; Smt1 U Simi00m; 0 A Yim; B A Yom) =
(0; Spp1U- - -US1; 000, - - 00; AV m A - AY1.05 BAY2m A+ - - Ay2,0) is only m we know from our
induction hypothesis that for S = S,;,—1U---USp, 0 = 05,—1 - - 00, y1 = Yim /A - -Ay1,0 and 2 =
Yom A+ NY2,0, 0 € AL, ZR.2\)v1 7, Meaning that 06 is an Zg 4, ,-generalization for both 7
and ¢ for all {v : 7 é}%k g} € I'y,. Hence we also know that R(vfuy,7) = v1 and R(00us, §) =
¥ holds for some substitutions (u1,pu2). Since ZrA(5,) = 0, 0,0 = 6 and we can choose
(v1,v2) = (p1, p2) UE(Sy,) such that R(z0vy, 5) = v1 Ay1m and R(z6vs, t)=m AY2,m, We get
that 6 is an Zg )+, ~,-generalization for both § and 7, meaning 0 € A(Tn11, ZRA)y1,70- O

Lemma 5.4
If ({7 :5 é;z,x t};0;6;1;1) =* (0; S1;0505 B) =g (0;S;00; Av1; 8 A72) is a derivation
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in Bgim(H#r. ) such that To is an Kr x .« p-generalization of 5 and t and R € {Zr \M-Agim,
%R,)\ CS—Asim}, then o € A(F,QRJ\)QAVLQ/\W with I’ = {T 1S é;%,)\ l?}

Proof. Case R = g \M-Agim:

Let S1 = {1 : 1 &% 5 71,72 : Go R T2}US] with R(q1,G2) = 11 > A and R(71,72) = 72 > .
The last step of the derivation then results in S = {71 : ¢ é;z, y 1} U ST and 6 = {vp — 71 }.
Each occurrence of the pairs ¢; and 71, and G2 and 79 in To will be represented by the same
variable at each of their corresponding positions from § and ¢. Replacing all Ty’s in To with
71’s does not change the fact that this sequence is a generalization of § and ¢, i.e. To#f is also
a generalization of 5§ and . Choosing (v1,v2) = Ygen(S) it holds that R(Tobv1,35) = a Ay
and R(Tolva,t) = B A 7.

The proof of the remaining properties of Zof) being an Zr x anvy:,sa-.-generalization of 5 and

t does not change from [30].

The proof for Zr yCS-Agim is straightforward. O

Theorem 5.5 (Soundness of Bgip,(Zr.2))
If (T;0;6;1; 1) = (0; S; 0305 B) is a derwation in & gm(#r y) withT ={T: 5 é;z’A t}, then
o€ A(F,:@R,)\)a’g.

Proof. The idea of the proof remains identical to [30]. We know it is allowed to order the
derivation in such a way that the store rules (Zg \M-Agim) and (#Zr \CS-Agim) are only
applied after the set of AUT’s is emptied as proven in Lemma 5.2, leaving the computed
substitutions and degrees to be equal. Let (0;S;0';a/;8") be the point where the set of
AUT’s is empty but we have not yet applied the store rules, then we get by Lemma 5.3 that
the To' is an HR o pr-generalization of 5 and t. The changes to the substitution ¢’ and the
degrees o/ and ' by (Zr A\M-Asim) and (Zr \CS-Agm) resulting in o, o and § preserve the

properties of being an Zr ) o g-generalization to 5 and t. ]

Next we want to prove completeness of Bgim(Zr »). Both theorem and proof are taken from

[30] and modified to accommodate similarity relations and fit our notation:

Theorem 5.6 (Completeness of Ggm(#r )\))

Let 7 be an Zr z o p -generalization of § and t. Then Sim(#r 1) constructs a derivation ({T :
s é;a,)\ t};0;e;1;1) =T (0; S; 03 B) such that o is an Br x a,p-anti-unifier for T : § é%’)\ t
with 7 IrATo, a>a' > Xand > 3 > A
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Proof. The completeness of Ggjm(#r x) will be shown via induction over the size s of 7.

For s = 0 it would mean that # = " and therefore § = = 7. Here Ggim(%r ) would first

apply Zr \D-Agim followed by Zg AS-Agim resultinginoc ={Z+—""tanda=1> > A

For s = 1 there are several possible cases:

e if 7 =c, then "¢[1,1]7 € Zx A(3,t). Here the procedure can apply %Zg »D-Agim followed
by %r ACS-Agim giving us o = {Z — ¢} so that 7 Zr \ To = c and (o, B) = R("¢[1,1]7)
which is equal to (o/, §’) as we know that 7 is an %Zg ) o p-generalization of § and t and
therefore R(c,3) = o/ and R(c,t) = 3.

o if 7 = T, then Zr\(5,1) = 0. Rule Zr\S-Asim gets used and gives us a final con-
figuration with 0 = ¢, a = 1 and § = 1. This means 7 3g\ T = To, @ > o and
B>p.

o if 7 =7, with J # 7, then "' € Zr 1(5,1). Applying rule Zz \D-Agim gives 0 = {T —
Yo+ with y( being a new sequence variable fulfilling the condition 7 Zz x ¥, = To; and
a=1>cd and f=1>p".

Given that 7 is an ZR ) o p-generalization of 5 and t we know that there exists an alignment
,_fl[ihjl]v o afn[in7jn]_| € ‘%’R,)\(gv t~) such that

® 10 successive sequence variables occur in 7,
e after removing all sequence variables from 7 it has the form of " f1(71), ..., fx(7x) ",

e there exist two sequences §), and ¢), such that 7 is a generalization of 5, and ¢}, §|;, =
fe(8,) and ¢, = fi(#},), for 1 <k <mn,

e there exist two substitution 1 and pg such that R(7u1,3) = o/ and R(Fug,t) = 3.

For our induction hypothesis we assume that for all sequences 7 with size(77) < s and for
all sequences 7 and ¥, it holds that if 77 is an AR\ o pr-generalization of §H and tH,
then Ggim(#r,») constructs o, an %p y ou gur-anti-unifier for 7 : 57 é;z,x t7 such that

i SR zHoH o > o/ > X and B > ' > X. Next we prove this for sequences of size s:

Let 7 = "vg, f1(71), 01, ., On—1, f(Fn), Un . For 1 <k < n we have that size(7y) < size(7) and
therefore we know due to the induction hypothesis that there exists a derivation ({Zj : §), é}% A
.} 0551, 1) =* (0; S; ok; ag; Be) such that 7, Srox Zkok, ap > o/ > Xand By > B/ > A
Putting a decomposition step from the initial configuration before this derivation gives us
({5 é;z,A t};0;e;151) = %r \D-Agm 12k * 5, é;a,\ tl};SD;aD;aD;ﬁD> —* (p; SP U S U
o USp;oPoy - copyaP Aag A Aag; BPABLA- - ABR) with aP > o and 3P > 3. Using our
proof of soundness in Theorem 5.5, it follows that ZoPo - - - o, is an KHR Ao pe-generalization
of 5and t with a* = a? Aay A~ Aay, > o’ and * = BP ABLA--- A By > . It is known

that Zyop = Zro1 - - - oy, since all Z;’s for 1 < k < n are unique.
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Next, we use the store cleaning rule in order to get our optimal %% y-anti-unifier. This means
our final derivation looks as follows: ({§ é;e,A t};0;6:131) =25 \D-Aum {Zk : 5, é;z,x
.} 8P 000l BP) =* (0;SP U S U-- U Sp;0Pay--op;aP Aar A Aan; BP A B A
A Br) =l Mo PR CS A (0555030 A A Nam NS BPABLA - A B A BT,
We again know from the soundness theorem that ZTo is an %g ) o g-generalization for a =

AP AN A Aap Aa® >a’ and B=BP ABA---ABABS > B since a® > o and 55 > F.

In the case that 7 only contains unique variables, it holds that 7 Iz » zoP

o1 0p IR ZO.
However, if 7 contains duplicate variables it is a bit more complex:

e In the case that a variable § occurs twice in 7, such that ¥ = v, = 7 for some

0 < m,k < n with m # k, then we know that R(éﬂé:“,éﬂ;:“) = o > X and
R ) = 85 > A Two new AUT's, 3y, : 51" &gy L1/"" and 7, -
Iht1

Sal;; AR A 52|§:+1, are added to S via the Zr \D-Agnm rule in the first step of our

derivation. These new variables ¥, and ¥, will later be united by the store cleaning

rules which results in 7 Zz ) To.

e A similar reasoning can be used in the case that j € 7, and 3§ € 7, for some 0 < m, k <n
with m # k, or in the case that we have § € 7, for some 0 < m < n and § = T some
0 <k <nwith m # k.

o If however, the §’s are in the same 7, with 0 < k < n we know from the induc-
tion hypothesis that there exits a substitution ¥ such that 7y = Zpop = Zro1 - - - op.

Therefore, 71 also occurs twice in the corresponding positions in Zpoq---o0,. Using

Zpo10p 3 Dgy---0, and it follows that
T SR ZoPoy - 0y, IR TO.

RN ZkO We get TL ,'573’)\ ZLO1...0p = ZLO

Thus, we have proven that &g (#r,») constructs a derivation such that o is an Zg ) o g-anti-
unifier with o« > o/ > Xand 8> ' > A\ O

Hence, ®gim(#r,\) computes a finite complete set of (%r x)-generalizations for the given
sequences. On the other hand, this set might not be minimal (but can be minimized), which
is not surprising, since the syntactic rigid anti-unification algorithm from [30] has the same

property and it can be obtained from our algorithm as a special case.

5.2 Fuzzy Unranked Anti-Unification with Proximity Relations

In this section, we further modify the notions already introduced in order to create a procedure
which is able to solve unranked anti-unification problems under proximity relations. For this,

we will again use extended terms and their accompanying concepts.
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Definition 5.10 ((R, A)-X-Alignment)
Let §="s1,...,sn ' and t = "ty,... tm ' be two finite sequences of X-terms, R a prozimity
relation and X\ a cut value. A sequence of the form "azlii,j1],...,aklig, jk| " is called an
(R, \)-X-alignment between s and t if

o [i,i] €{1,...,n} x{1,...,m} for 1 <1<k and

e a; = head(s|;,) Nhead(t|;,) for 1 <1 <k.

Definition 5.11 ((R, A)-X-Rigidity Function)

Let R be a proximity relation and X\ a cut value. A binary function Zr  that, given two
sequences of X-terms § and t, returns a set of (R, \)-X-alignments between § and t, is called
an (R, \)-X-rigidity function.

Note that the notions of Zr \-generalizations, (R, \)-alignments and (R, A)-rigidity func-
tions work the same way for proximity relations as for similarity relations, see Definition
5.7.

Definition 5.12 (#r -X-Generalization)
Let § and t be two variable-disjoint sequences of terms, Z a rigidity function, R a proximity
relation and X a cut value. An X-term T is an %r r-X-generalization of of 5§ and t, if every

7 € terms(T) is an #r x-generalization of § and t.

Definition 5.13
An X-substitution o is an Zr x-anti-unifier of the Zr x-anti-unification problem I, if for each

VS 2772 N t € T, we have Vo as an #r x-X-generalization of both § and t.

The set of all g x-X-anti-unifiers of T' is denoted by Ax (I, Zr »).

Next, we adapt the rules of syntactic unranked anti-unification [30] again; this time to work
with a proximity relation R, a cut value A and a rigidity function #. Moreover, instead of

term sequences, we consider their proximity classes. As the result, we obtain the procedure
ﬁprox(f@R,)\):

AR D-Aprox: Zr »-Rigid Decomposition
T:8AL tlU 1S o) —
({z:84%,t}UL;S0)

<{Ek3§ké;z7)\tk ‘ 1 Skfn}UF;

o 8lit 2 T ) U G0 8 A 7 [ 1<k <n— 1)U
— 31 A = [E]+1
T, 35 At U s

U{T = I—yOa fl(fl)agla v 7?71—11 fn(zn)vyn—l}>7

if Zr A(S,t) contains a sequence "fi[i1, j1], ..., falin, jn] ' such that for all

1 <k <n,8[;, ~rxfik(Sk), E‘jk MR fic(ty), and Yo, Ui's and Zi’s are fresh.
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AR AS-Aprox: Zr 1-Rigid Solve
({z:8 é;a)\ tlul;S;0) = (T;{Z:§ Az t} US; o),
if Zr\(3,t) = 0.

E@R,)\M—Aproxi %R,A-Merge
(T;{T1 : 81 Aro 61,72 1 82 A\ B2} U S;0) = (T3 {T1 : 5 &g\ t} U S;0{T2 — 71 }),
if T) #T9;§=581MNsa#0and t =t Ntz # 0.

HrACS-Aprox: %1 z-Rigid Clean Store
Ci{z T AgATHUS o) = (I, S, 0{z — "}).

Slightly different to Ggm(#r 1) this procedure works on triples (I'; §; o) with I' being a set
of anti-unification triples for sequences of X-terms, S being the store of already solved AUT’s
and o being the X-substitution transforming into an Zr -X-anti-unifier. For &p.ox(#r ) We
start with two term sequences 5 and £ to be generalized and construct our initial configuration
as ({7 : peg \(3) é;?a,x per A (f)};0;e). After that, we start applying the rules in all possible
ways until I' = () and there are no duplicate generalization variables or empty sequence pairs

in S. The next theorem shows that the procedure terminates:

Theorem 5.7 (Termination of Gprox(#r.2))

The procedure (’5,”050(%’737 A) terminates for every input.

Proof. In order to show that the procedure terminates, we create a complexity measurement
(my, mg), with m; being number of symbols in I" and msg being the number of symbols in S,
for a given rigidity function Zr », a set of Zr »-AUT’s T, the store S and the #Zr -X-anti-
unifier o. The tuple is ordered by lexicographic ordering and is well founded. Each step of

the procedure strictly reduces the complexity measure:

my | mo
BRrAD-Aprox | >
BRANS-Aprox | >

ARAM-Aprox | > | >

AR ACS-Aprox | > >

Therefore each transformation chain terminates. Even though the decomposition rule Zx 1D-
Aprox can cause branching, only a finite amount of branches can split as the only a finite

amount of alignments are returned by the rigidity function. O

The statement of Lemma 5.2, that the order of application between a store-cleaning rule
and a non-store-cleaning rule does not change the outcome, is applicable to &prox(#r 2) as

well:
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Lemma 5.8

Let (I'; S; o) =g, (I'1;51;001) =R, (I'2; S2;00103) be a sequence of transformations where
Ry € {BR\NM-Aprow, Br \CS-Aproz} and Ry € {HBr \D-Aprogs #R\S-Aproz}. Then there exists
a transformation sequence (I'; S; o) =g, (I'|;S];002) =>g, (I'y; S4;002601) such that T'y =
I, So =5, and 06102 = 0620;.

Proof. Similar to [30]. O

Lemma 5.9
If (T; S1;0) = (0; S2;00) is a derivation in G prop(#r 2) using only the rules (Br AD-Aproz)
and (AR \S-Aproc), then 8 € Ax(T', Zr ).

Proof. This proof will be done by induction on the number of steps in the sequence of trans-
formations. If the derivation has only one step, i.e. ({7 : pcg ,(5) é;&k per ()} Sio) =
(0; {7 : pcg A (3) é}%)\ per(f)} U S;06), then either @ = ¢ if the (Zr \S-Aprox) rule is used,
or = {T — 7y} with 7, being a new sequence variable if (Zr \D-Apox) is used. We know

that the generalization in this case is a sequence variable.

We assume as the induction hypothesis that this lemma holds for sequences of the length m
and want to prove that it is also correct for derivations of length m+1. A system taking m+1

steps to solve shall be of the form (I'y,41; Simt1;0).

Let I'yq1 = {7 : pcg A (3) é;&)\ per ()} UT), ., and assume that it is to be transformed by
(#D-Aprox). This means we get I'y, = {Z) : peg »(5k) é;z,,\ pera(te) |1 <k <n}UT] .,
Sm = {To : PerAlf) A%\ Pera(Tf)} U Tk : Pera(Bli™) A%\ Pera@l™) [ 1<k <
n =1} U (T, : pera(El ) Ay peraltly, )} U Smin and B = {7 o, £1(0). T

in
Yn—1,fn(Zn), 7, '} as defined in rule (ZD-Aprox). Since the number of the remaining steps to
solve the system ({Zj : pcg (k) é;’z’)\ per(te) | 1<k <n}UT, 13 Smy1USm;00n) =
(0; Spp1 U+ - -USp;00,, - - - 0p) is only m we know from the induction hypothesis that for S =
Sm—1U---USpand @ = 0,1 - - - 0, then 8 € Ax ('), Zr ») which means that for § € subs(0),
v0 is an %g r-generalization for both 7 and ¢ for all {v : peg ,\(7) é;a,x Pcr (@)} € T
Hence, this also holds for Zj, for 1 < k < n and therefore 76,,0 is an Zr_\-generalization for 3

and { for all 6,,, € subs(0,,) and 6 € subs(0), i.e. 6,,0 € Ax(Tpmt1, Zr.N)

Next let T,41 be transformed by (ZraS-Apox),  which indicates  that
Pr(Dor () Pera(D) = 0. We get Ty = Ty 1, S = {7 Dog 2 (3) £ 5 PORAD IS
and 60, = €. Since the number of the remaining steps to solve (I'y,; Sipy1 U Sy 00,,) —
(0; Spp1 U -+ U S1;060,, ---6) is only m we know from our induction hypothesis that for
S =Sn-1U---USyand @ = 6,,,_1 - - - O, that 0 € Ax(I';,, Zr ») meaning that for § € subs(6),
v is an #r s-generalization for both 7 and ¢ for all {v : peg 5 (7) é;ax pPcr ()} € [y Since
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RrA(3,1) = 0, it holds that 6,0 = 6 and we get that 76 is an Hr r-generalization for both
§ and t, meaning 0 € Ax (L1, Zr 0)- O

Lemma 5.10

If ({T : pcgra(3) é}’w\ per (b)) 0ie) =* (0;51;0) =g (0;5;00) is a derivation in
B pros(#Rr.N) such that To is an RBr \-X-generalization of § and t, and R € {Br \M-Apros,
KR\ CS-Apros}, then 00 € Ax (L', Zr x) with I = {T : pcg 5(5) é;z,)\ pera(f)}-

Proof. Case R = Zr \M-Aprox:

Let S1 = {71 : pcg A (q1) é;z,x Pcr (1), U2 : PCr A\ (2) é;&k pcr A (72)} U ST With Zr \M-
Aprox the last step of the derivation produces S = {v; : Q &g T} US| with § =851 M sz # 0
and t =t, Mty # 0 and 0 = {v2 — v1}. With the same reasoning as in the proof of Lemma
5.4 we can argue that T is also an X-generalization of § and ¢ as the replacing of Ty’s in Zo

retains the property.

The proof of the remaining properties of Tof being an % x- generalization for o € subs(o)
and 0 € subs(0) again does not change from [30|. The proof for R = %Zr \CS-Aprox is straight
forward. O

Theorem 5.11 (Soundness of Bprox(ZR.2))
If (T;0;6) == (0; S; &) is a derivation in & proe(#r \) withT = {T : peg 5(5) é;z,x pera(f)},
then o € Ax(I'; Zr.»)-

Proof. Again the proof idea comes from [30]. By Lemma 5.8 we know that we can first
concentrate on emptying the set of AUT’s before applying the store rules Zr »CS-Apox and
AR A\M-Aprox. After reaching the point of (0;5’; '), before the store rules are applied, we
know from Lemma 5.9 that To’ is an % -X-generalization of § and ¢. By applying Zr 1CS-
Aprox and Zr \M-Ap, ox as necessary we get (0; S; o) and from Lemma 5.10 we know that the
changes to the substitution and the degrees results in Zo- being an % »-X-generalization of 5
and t. O

Theorem 5.12 (Completeness of Bprox(Zr.2))

Let 7 be an %r x-generalization of 5 and t. Then B pron(#r )) constructs a derivation (T :
pcr A (5) é;z)\ per (b)) 0;e) = (0; S;0) such that o is an g \-X-anti-unifier for § and
t with ¥ ZIr. To for all o € subs(o).

Proof. The proof of completeness will be done via induction over the size s of 7.

In the case that s = 0, we would have 7 = " as well as § =t = "' and Bprox (%R ) would

return o = {T — "'} after applying Zg z\D-Aprox followed by %Zr AS-Aprox.
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For s = 1 we have three different cases:

o if 7 = ¢, then "{c}7 € Zr(PcrA(5), Pcr(f)). After applying Zr  \D-Aprox and
Hr \CS-Aprox the procedure returns o = {Z — {c}} which fulfills ¥ 2z \ To = ¢ for all
o € subs(o).

e if 7 =7, then Zr x(Pcr A (5), PCRr A (t)) = 0. The procedure applies the rule 2z xS-Aprox

giving us o = ¢ and therefore 7 Zg \ To = 7 for o € subs(o).

o if 7 =7y, with 7, # T, then "7 € %RM\(pcR’/\(E),pCRA(tN)). We get o = {Z — {y,}},
with 7j, being a fresh sequence variable, after using rule %z \D-Aprox. This means

7 3R\ Yy = To for o € subs(o).

From 7 being an % \-generalization of 5 and t, we know that there exists an alignment
"fi [il,jl], ... fn[’ln,jn]1 € %R’)\(g, t~) such that

® 10 successive sequence variables occur in 7,
e after removing all sequence variables from 7 it would have the form of " f1(71), ..., fn(7n) 7,

e there exist two sequences 3, and ¢), such that 7 is a generalization of 5}, and ¢, §|;, =
fe(3,) and ¢, = fi(#),), for 1 <k < n.

As induction hypothesis, we assume that for all # with size(#/7) < s and for all sequences 57

and ¢t | it holds that if 7 is an K r-generalization of §H and t7 | then Bprox (%R ) constructs
ol an #p \-X-anti-unifier for 77 : peg 5 (57) B peg(t7), such that 77 Zg 5 o for

ol € subs(a). Next we make the proof for sequences of size s:

Let 7 = "0, f1(71),01,- .., Un-1, f(Tn),Un . We know that for 1 < k < n it holds that
size(ry) < size(r) and therefore by the induction hypothesis there exists a derivation ({Zj :
pPcr A (5}) é%,A pcR,A(fﬁg)};@;@ =" (0; Sg; o) with 7, Zr .\ Zgoy for all o, € subs(oy).
Adding a decomposition step at the beginning of the derivation gives us ({pcg () é;’z’ A
Per A (D)} 05€) =% \D-Aprox ({Zk : PCRA(S)) é%’m per (b))} SPioP) = (0; 5P U S| U
U8, 0Py o). From Theorem 5.11 that ZoPleo, - o, is an K A-X-generalization of

5 and t. Since for 1 < k < n all Z;’s are unique, it holds that Z,o) = Zro1 - - - O,.

After applying the store rules Zr »CS-Aprox and Zr AM-Apox our derivation takes on the fol-

lowing form: ({peg 3(3) 2% \ PCrA()};0;€) =% \D-Apex ({Zk : PCRA(F}) 2% 5 PR (L)}
D. D . QD . D . Q.

SP: Py =+ (18P U Sy U U Sp;oPoy o) :><%R,)\M‘A;lrox‘%R,)\CS‘Aprox (0;S;0). By

soundness we get that To is an #g x-X-generalization of 5 and t.

We want to show that 7 Zx x To. We know it holds that oPoi o, <r. 0, hence, for all

o € o there exists a substitution 0”0y - - - o, € subs(a”ay - - - 0,,) such that zoPoy - - - 7, SRA

To. Should 7 contain only unique variables, then we know that 7 Jg \ zoPoy -0, for all

oPoy- oy € subs(a'Da'l ---0op). Therefore it holds that 7 Zg x ZoPoy - oy, IR\ TO.
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Duplicate variables require a more thorough look:

e Let i be the sequence variable occurring twice in ¥ with § = v,,, =0 for 1 < m,k <n
with m 7& k. We know that R(pcR’A(EEZ“),pcR7>\(§|§:H)) > X and R(pcRA(ﬂj.:“),
pcR7/\(t~\;~I;+1)) > X and through %g \D-Apox in the first step two new AUTs,
U PCRAGITT) A%y PerA(E]") and Gy, : peg z(3[i171) &% 5 per (), are
added to S. Later on, these two new sequence variables will be merged or cleaned by

the store cleaning rules.

e In the case that y € 7y and gy € 7 or if y € 7, and y =33, for 1 < m, k, < n with m # k

then a similar reasoning can be used.

e Finally if there are two instances of i in 7, for 0 < m < n, we can use our induction
hypothesis to know that for all o, € subs(e,,) there exists a substitution 1, such that
Tm¥ = Zmom. We want to show that 7 Zg \ To for all 0 € o and we know that

D

ZmO1-Op S o1 -0, Therefore we can say, that

~

R\ Zm0O and Zp 01+ 0y = Zp 0
for all o € o there exist substitutions oy -+ -0, € subs(oy---0,) and oP € subs(a?)

such that ZoPoy - - 0, =

~

=\ Zo. We also know that z,,0,, = Z,,01 - - - 05, meaning there

exists a o, € subs(a,,) such that 7,,% occurs twice in the corresponding positions of

Zmo1 - op. Hence, 7, SR\ Zmo1 -+ 0y, and we get that 7 Jg » zoPoy -0, IR TO.

We have shown that the derivation constructed by &prox(#r, 1) produces an X-substitution o
which is an %Zg \-X-anti-unifier of § and . O

If we wanted to know the approximation degree for the computed generalizations, we could
simply use the graded proximity classes. Running the procedure &pox (%)) as just described,

we can then simply extract the degree from the graded terms.

Ezample 5.3. Let R be a similarity relation with R(f,g) = 0.9, R(g,h) = 0.8, R(a,b) = 0.9,
R(b,c) = 0.7 and R(a,c) = 0.9, A = 0.8 a cut value and Z an alignment function returning the
longest common subsequences. We will only show small example, as it can be quite exhausting
to read with all the (graded) proximity classes. Wanting to generalize s = f(a,b) and t = g(c)

we set

I ={7: {{f,1),(9,0.9)}({{a, 1), (b,0.9),(c,0.9)}, {(b, 1), (a,0.9), (c,0.7)})
L {{g.1), (£,0.9), (h,0.8)}({{e 1), {a,0.9), (b,0.7)})}.

The following shows one branch of the procedure:

(T;0;¢;151)
~Asgm {z : "{{a, 1), (b,0.9), {c,0.9)}, {(b, 1), (a,0.9), (c,0.7)}7
A% 5 T{{e, 1), (a,0.9), (b,0.7)} T};
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0; {z — {(£,0.9),(9,0.9)}(2)}),
for {(f,0.9),(g,0.9)}[1,1] € Zr A(Pcr A(5), PCr A(t))
e {Z1: T AR\ T {Z2: {(0:1),(a,0.9), (¢,0.7)} Az p T
{z = {(f,0.9),(g,0.9)}({(a,0.9), (¢, 0.9), (b, 0.7) }(Z1), Z2) }),
for {(a,0.9), (¢, 0.9), (b, 0.7)}[1, 1]
€ Fr(T{(a,1), (5,0.9), (c;0.9)}, {(b 1), (a,0.9), (¢, 0.7)}7,
{(e,1), (a,0.9), (b, 0.7)})

= (05 {z1: T ARL T 22 {(0,1),(0,09), (¢,0.7)} Ay T
{z — {(f,0.9), (g,0.9)}({{a,0.9), (¢,0.9), (b,0.7)}(Z1),Z2)})
A (O {z2 {0, 1), (,0.9), (¢, 0.0)} £rp "]

{z — {(£,0.9), (9,0.9)}({{a,0.9), (¢, 0.9), (b,0.7) }, Z2) })

We get the following generalizations of s and ¢:

f(a,z3) with proximity degree of 0.9,
g(a,z2) with proximity degree of 0.9,
f(e,Z2)  with proximity degree of 0.9,
g(c,Z2) with proximity degree of 0.9,
f(b,Z2) with proximity degree of 0.7,
g(b,Z2) with proximity degree of 0.7.
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6 Conclusion

How can we modify already existing procedures for solving unranked unification, matching
and anti-unification problems for them to allow solutions under a quantitative degree under

similarity and proximity relations?

In this thesis, we have answered this question by developing extended algorithms for all three
procedures. We showed how existing methods can be adapted so that equality between sym-
bols is replaced by flexible relations that express different degrees of similarity and close-

ness.

We modified the algorithm for syntactic unranked unification by removing rules dealing with
sequence function symbols, as well as changing the decomposition rules such that now there
is only one rule dealing with one pair at a time. By introducing the head removal rule we
then could have the rules previously working on terms, now work on sequences of terms.
Additionally we also decided to do a weaker approach by not using a decision algorithm
and instead introduced terminating rules. This decision, however, led to the procedure not

guaranteeing termination.

For our procedure for solving unranked matching problems with similarity and proximity
relations we focused on those rules from our reference for syntactic unranked matching which
deal with free function symbols. We kept the approach of linearizing non-linear problems to
apply the linear matching algorithm before reconstructing a solution for the original non-linear
problem. Carrying over our approach from unification, we introduced a head removal rule in
order to be able to work on sequences of terms. Even though we proved our procedure without
tracking the degree when solving with proximity relations, we also showed how a matching

degree of a matcher can be computed.

As for anti-unification, we decided to modify the rigid generalization algorithm in order to avoid
solutions which are not of interest. After changing all the necessary notions to work with simi-
larity and later with proximity relation and proximity classes, it was quite straightforward to
change the rules of syntactic rigid anti-unification. Again we only mentioned how to compute a

degree for solving with proximity relations with graded proximity classes.

For future work, it would be interesting to design and integrate a decision algorithm into

unranked unification for similarity and proximity relations. In our procedure for unranked
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unification with proximity relations we did not show an option on how to compute a unification

degree. This addition would also be an option for improvements.

For the entirety of this thesis we have only used the minimum triangular norm for its idem-
potent property. Without this idempotence we would have had to be more careful with how
we compute degrees and would have had to change up some of the rules used. Generaliz-
ing the introduced procedures to work with other t-norms offers another interesting direc-

tion.
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