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Abstract

This work addresses the quantitative generalization problem in the variadic nominal
language. The language combines variadic (i.e., flexible arity) functions with binding
structures and freshness constraints, making it more universal than the standard (i.e.,
fixed arity) nominal language. A possible usage example would be to represent abstract
syntax trees (ASTs) that serve as a structural representation of some program code, where
the key advantage of the nominal language is that variable names can be bounded (and
therefore renamed) within a certain scope. The quantitative generalization problem is
concerned with discovering structural similarities of two given input expressions (e.g., two
ASTs), where similarity of function symbols is specified by a given fuzzy relation. To name
a real-life example: One can define that when comparing two pieces of Python code, the
functions str() and repr() should be treated with a certain degree of similarity.

We introduce a novel algorithm to compute quantitative generalizations of two vari-
adic nominal input expressions. It combines techniques for handling variable binding with
support for variadic expressions and fuzzy proximity or similarity. To compute generaliza-
tions that maximally preserve structural similarities, the algorithm distinguishes between
atoms that can be bounded, function symbols where proximity/similarity is defined by
a fuzzy relation, and two kinds of variables (term and hedge variables). It also provides
detailed information about the differences and quantifies the structural similarities of the
input expressions. The algorithm is formulated by a set of transformation rules so that it
is universally applicable wherever fuzzy or precise comparison of variadic and binder-rich
representations is required.

keywords: Generalization, anti-unification, variadic structures, nominal expressions, quanti-
tative theories.
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1 Introduction

The generalization problem, also known as anti-unification problem, is concerned with dis-
covering similarities in structured or semi-structured data, which arises in a wide range of
circumstances and in different disguise, for instance as HTML DOM, XML, JSON, proposi-
tional formula, proof tree, abstract syntax tree (AST), etc. Given two input expressions t;
and t5, their generalization is an expression 7 that preserves some similarities that appear in ¢;
and in to, and marks the differences by incorporating variables in r. Interesting generalizations
are the least general ones (lgg), that is, those that preserve as many similarities of the input
expressions as possible. The generalization problem has been introduced in [21,22] and has
already been studied in various different languages (see [10] for a survey). When dealing with
semi-structured data, variadic languages (in which function symbols do not have a fixed arity)
are required, as suggested in [13]. On the other hand, binder-rich languages, like higher-order
patterns [18] and nominal terms [12,20] allow for alpha-equivalent renaming of bound variables.
Such alpha-equivalence comes in handy when comparing, for instance, two formulas with quan-
tified variables, or two pieces of program code (represented as ASTs) where variable names are
bounded within a certain scope. The generalization problem has been studied for (fixed arity)
higher-order patterns and nominal terms [5-7,24]. However, it has not been investigated in
any setting that combines variadic functions and binding structures, apart from a preliminary
report by the same authors [4].

We study the generalization problem in the variadic nominal language, which distinguishes
between atoms that can be bound, term variables that can be instantiated by a single nominal
term, hedge variables that can be instantiated by a (possibly empty) sequence of terms (called
hedge), and variadic functions that can be applied to any hedge of arguments. The language is
further enriched with a fuzzy relation that allows for flexible specification of proximal function
symbols, i.e., the degree or probability by which two different symbols represent the same con-
cept. Such relations come in handy when the underlying data is imprecise due to possible data
loss, or when different names represent the same concept by a certain degree or probability (e.g.,
in Python the functions str() and repr() often return the same value, or in plagiarism detec-
tion when small modifications of names should be ignored). Generalizations are quantified by
generalization degrees which are combinations of values given by the fuzzy relation, expressing
proximity or similarity utilizing some T-norm. Quantitative generalizations have been studied
in [1,15,19] for fixed arity languages without binding structures.

We formulate a rule-based algorithm that computes generalizations of two variadic nominal
input expressions modulo proximity of function symbols and alpha-equivalence of the nominal
language. This setting comes with some key challenges. First, freshness constraints of the
nominal language can lead to nonexistence of an lgg for two given input expressions, as shown
in [5]. Second, hedge variables in the variadic language can lead to exponentially many lggs
with respect to the input size (see [13]). Finally, since fuzzy relations are not guaranteed to
be transitive, one can not rely on consecutive comparison of terms, which is frequently used in
rule formulations. To overcome those issues we formulate rules that do not rely on transitivity
and combine techniques from [5] and [13]. In particular, we use the idea of a rigidity function
to reduce the computational complexity [13] and consider a finite set of atoms [5]. Putting all
this together leads to an algorithm that is parametric by a fuzzy relation, a T-norm, a rigidity
function, and a set of atoms. We prove that it computes lggs of the given input expressions,
considering all those parameters.

The paper is organized in the following way. Section 2 introduces the necessary notions.
In Section 3, we define the problem and illustrate important properties. The base algorithm
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(for linear generalizations) is introduced in Section 4 and is extended for the general case in
Section 5. Section 6 contains a couple of illustrating examples. A summarizing discussion and
final remarks can be found in Section 7.

2 Notions, notation, terminology

This section defines important notions that are used throughout the work. For more details we
refer the reader to related work, e.g., [5,11,13—16].

2.1 Expressions, substitutions, freshness contexts

The alphabet of variadic nominal expressions considers four pairwise disjoint sets: a count-
able infinite set of atoms A = {a,b,c,...}, a countable set of wariadic function symbols
¥ = {f,g,h,...}, a countable infinite set of term wvariables x = {z,y,z,...}, and a count-
able infinite set of hedge variables X = {X,Y,Z,...}. Like in the standard nominal setting,
we consider permutations of atoms, say w, with finite support supp(w) := {a € A | w(a) # a}.
The inverse of 7 is denoted by 7~!, and Id is the identity permutation (i.e., supp(Id) = 0).
Permutations are represented by a finite sequence of swappings, e.g., (ab)(ac). By doing so, per-
mutation composition simply reduces to sequence concatenation, and the inverse corresponds
to reversing the sequence.

Variadic nominal expressions (expressions, for short) are either terms t or hedges (finite
sequences) §, given by the grammar:

tu=al| mx| at] f(5), ro=mX| t, Su=ry,...,mh, n>0,

where a is an atom, w-x is a term suspension, a.t denotes the abstraction of atom a in the
term ¢, f(8) is a function application of the variadic function f to a (possibly empty) hedge
of arguments §, and 7-X is a hedge suspension. To improve readability, hedges are sometimes
written within parentheses, like (r1,...,r,). A singleton hedge that consists of a term t is
considered the same as t itself. Hedges are assumed to be flat, i.e., there is no difference between
$1, (82), §3 and §7, $2, §3. The empty hedge is denoted by €. We use (, v, u to emphasize that we
are talking about either type of expression, i.e., a hedge or a term. The notion variable refers to
either a hedge or a term variable, and x denotes some variable from £ U X. Suspension simply
refers to either an term or a hedge suspension.

The effect of a swapping over an atom is defined by (ab)-a = b, (ab)-b =a and (ab)-c =c,
when ¢ ¢ {a,b}. It is extended to the rest of expressions: (a b)-(7-x) = (a b)7w-x (where (a b)w
is the composition of 7 and (a b)), (a b)-(c.t) = ((ab)-c).((ab)t), (ab)-f(5) = f((ab)3),
and (a b)-(r1,...,7n) = ((@a b)r1,...,(ab)r,). The effect of a permutation is defined by
(a1 b1) -+ (an bp)t = (a1 b1)-((az b2) -+ (ay by)-t). The effect of the empty permutation is
Id-t = (. We write x as a shortcut of Id-y if it is clear from the context.

The ith element of a hedge 5 is denoted by §|;, and 5|/ denotes the subhedge from the ith
element to the jth element, both included. The case j < ¢ corresponds to the empty hedge
e. The length of a hedge § is the number of elements in it, written as |5|. Terms and hedge
suspensions are treated as singleton hedges, i.e., the above notions naturally extend to them.
The head of a term or hedge suspension r is defined as head(a) = a, head(w-x) = x, head(f(3)) =
f, head(a.t) = ., and the head of a hedge head(r1,...,r,) is the word head(r;)...head(r,).!

Tt is assumed that some special characters, e.g., "_.,()-", do not occur in the alphabet.
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Substitutions, denoted by o,~, ..., are finite mappings from variables to expressions, under
the condition that term variables are mapped to terms. They are defined by a finite set of
assignments of the form {x1 — w1,...xn = un}. Given a substitution o = {x1 — u1,

.oy Xn P Un}, the domain of o is the finite set dom(c) := {x1,...,Xn}, and the range is
ran(o) := {u1,...,u,}. For all variables x € (x U X) \ dom(c), the mapping is extended as
being the identity suspension Id-y. The variables in dom(o) are also said to be instantiated
by o. The identity substitution with the empty domain is denoted by id. The effect of a
substitution o on an expression u, denoted as uo, is inductively defined by

aoc =a, (mx)o=mxo, (at)oc=ua.(to), f(8)o=350, (r,...,rn)o0="r10,...,70.

Freshness constraints are pairs of the form a#y (a is fresh for x), forbidding the free
occurrence of some atom ¢ in instantiations of some variable x. A freshness context (denoted
by V,T,...) is a finite set of freshness constraints. Given a substitution ¢ and a freshness
context V = {a1#x1,...,anFXn}, we say that o respects V iff V F a;#x;0, for all 1 <i <mn,
where V F a#( is defined as follows:

a#b V F a#s Vka#r, -+ VEa#r,
VF agp (atom VI anf@ reeel) Y Fa#(r, ) (fthedge)
a#b  VEa#t (r=ta#x) €V
VT agar (1abst) VT agby  (habs2) VT agimy  (susp)

Given a freshness context V and a substitution o that respects V, the instance of V under
o, written Vo, is the smallest freshness context I' such that ' - a#xo for all a#x € V. Note
that I' can easily be obtained by the above rules.

An expression-in-context or, shortly, eic is a pair of a freshness context V and an expression
w, written (V, u). We use F, G to denote expressions-in-context.

The difference set of two permutations 7w and 7’ is defined as ds(w,7') = {a € A | ma #
7’-a}. The set of atoms that occur in a suspension -y is defined as supp(w). We use atoms(z),
atoms(V), atoms({V, «)) and atoms(c) to denote the set of all atoms that occur in an expression
u, a freshness context V, an eic (V, «) and in ran(o), respectively. An expression u, a freshness
context V, an eic (V, «), or a substitution o is based on a set of atoms A (A-based), iff, respec-
tively, atoms(«) C A, atoms(V) C A, atoms({V, u)) C A, or atoms(c) C A. A permutation =
is A-based iff supp(w) C A.

2.2 Fuzzy relations and quantitative a-equivalence

A (binary) fuzzy relation on a set S is a mapping from S x S to the real interval [0,1]. A fuzzy
relation is crisp if its range is {0, 1}, i.e., it represents an ordinary relation.

A T-norm ® is an associative, commutative, non-decreasing binary operation on [0, 1] with
1 as the unit element. Some prominent T-norms are Godel or minimum T-norm (v; ® vo =
min(vy, v2)), product T-norm (v; ® v2 = vy *v2) and Lukasiewicz T-norm (v; ® va = max (0, v+
vy — 1)), where (v1,v2) € [0,1] x [0,1]. The minimum and product T-norms do not have zero
divisors (i.e., for them, v; ® vy = 0 implies v1 = 0 or vy = 0), while the Lukasiewicz T-norm
permits them.

Definition 1 (Proximity and similarity relations). A fuzzy relation & on a set S is called
a proximity relation, if it is reflexive (F(s,s) = 1 for all s € S) and symmetric (F(s1,s2) =
F(s2,81) for all s1,s9 € S). It is called a similarity relation with respect to the T-norm & if it,
in addition, is @-transitive (F(s1,s2) > F(s1,5) @ F(s, s2) for any s1,s2,5 € S).

4
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We sometimes write ‘®-similarity relation’ to make the T-norm explicit. In the role of S,
we would like to take the set of expressions of our language. We assume a fuzzy relation 7 is
defined on the alphabet AUX Uz U X in such a way that

e F(x,x')=0tor all x,x' €zUX with x # ¥/,
F(a,b) =0 for all a,b € A with a # b,
Fx,f)=F(f,x) =0forall xecxzUX and f € X,
F(x,a) =F(a,x) =0forall ycxUX and a € A,
Fla,f)=F(f,a)=0foralla € Aand f € X.
In the following, any fuzzy relation on the alphabet fulfills those properties.
Definition 2. Given a fuzzy relation F on the alphabet and a T-norm ®, we define a fuzzy

relation =~ on expressions under a given context below. The notation V - u; =~y ug = 0 means
that ~g(u1,us) equals to d € [0,1] under context V.

Vl—rlzgﬁ:al~~V}—rnzgr’—an n>1
- (~y¢) ; (=5 hedge)
Vhkexge=1 V}—(rl,...rn)%g(rl,...,n)—01® - Q0
VES=zqg=0
(%17 atom) (%:7 appl)

Via~ya=1 vV f(3) ~srf) F(f, fHed

Vhtmgt' =0 Vktag (ab)t' =0 V F a#tb.t’
(=5 absl) ~
Vhkatsxyat =0 VEat=g bt =0 a#b

(=g abs2)

a#x €V for all a € ds(m, 7")
VErx=grx=1

(=7 susp)

Besides, we also have the following default rule, which applies if no other rule is applicable:

For any other choice of uy and us
VEu ~guy=0

(=5 else)

The following lemma characterizes basic properties of the ~ relation:

Lemma 3. Let uy and us be two expressions and F be a fuzzy relation on the alphabet together
with some T-norm.

1. If uy and uy have different structures (different sets of positions), then V - uy =g uy =0
for any V.

2. VEa#uy and VF uy =5 us > 0 imply V  a#tus.
3. VEmus =g us =0 implies VF u =g 7T‘_1'ZL2 =0.
4. VEu =5uy=0iff VFmu =g mus =0 for any permutation m.

5. VFa#u for alla eds(m, '), iff VE muy =g 7wy = 1.
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Proof. The items 1 and 2 are proved by induction of the derivation cases of ~. The items 3-5
are proved by induction on the structure of ;. In the proof of item 4, we will also use item 3.
The statements 2-5 are ~g-counterparts of Lemmas 2-5 formulated for ~ in [2]. O

Lemma 4. Let F be a fuzzy relation on AUX Uz UX, ® be a T-norm, and ~5 be the
corresponding fuzzy relation on expressions over AUX Ux UX for an arbitrary context V. If
F is a ®-similarity relation, then ~z is also a ®-similarity relation.

Proof. In the proof we will use the equivariance property of freshness from [2]: V b a#r iff
V b m-aftmr for any .

Reflexivity follows directly from the definition of ~y and reflexivity of . Symmetry of
~y can be proved analogously to symmetry of =, taking into account the symmetry of & and
commutativity of ®. For similarity, we need to show that ®-transitivity holds:

IfVEu~5u=0 and VF u =5 uy =09, then VF uy =5 us =0 > 01 ® 0.

Assume without loss of generality that 91 ® 02 > 0. Then we get 9; > 0 and 93 > 0, which
by Lemma 3 means that u1,us, and « have the same structure. We proceed by induction on
this structure.

(a) When w1, us, and « are atoms, the property holds as they all should be the same.

(b) When u; = f1(71), us = f2(72), and « = f(7), then we have to show

F(f1, [2) @0 > F(f1, /) @0 @F(f, f2) @02, (1)

where VF 7 =5 79 =0, VF 7 =5 7 =01, and V F 7 =5 7y = 05. By the fact that
F is ®-similarity, we have F(f1, fo) > F(f1, f) ® F(f, f2). By the induction hypothesis,
0 > 01 ®02. Therefore, by monotonicity of ®, we get (1).

(¢) The case uy = ug = u = ¢ is trivial.

(d) When wy = (r1,...,7m0), w2 = (q1,...,qn), and « = (s1,...,5,), n > 1, then the prop-
erty follows from the definition of ~5 for such hedges, the induction hypothesis, and
monotonicity of ®.

(e) When u; = 71-x1, ug = m2-22, and u = 7-x, the proof is similar to the proof of transitivity
of ~, where no fuzzy relations are involved.

(f) When u; = ay.t1, us = as.te, and u = a.t, then we have to show that

e if VH tl N (a1 a)-t = 01, VE al#a.t, VEt X7 (a ag)'tg = 32, Vi a#ag.tg,
e then VIt =5 (a1 az)ty =0, V F ay#as.to and 0 > 01 @ 0s.

The proof follows the structure of the analogous case for ~ from [2]:

e a; = a = ag: The result follows by induction hypothesis.

® a1 = a # ag: By definition of =5, wehave VI t; =5 t =01 and V F t &5 (aas)ts =
0y with V F a#as.ts. By definition of ~y and IH, we get V F t1 ~y (a a2)-ta =
07 > 01 ®02. But a; = as. Hence, we get V Fit ~5 (CL1 a2)~t2 =0 >0, ®0, and
VE al#ag.tg.
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e (7 7é a = a9g: We have V t1 =g (a1 ag)'t = 01, VHE al#ag.t, and V -t ~g ty = 09.
From the latter, by item 4 of Lemma 3, we get V I (a3 a2)-t =g (a1 az)-ta = 2. By
definition of ~y and IH, we get V F t; &5 (a1 az)-ta =0 > 05 ® 0.

From V I (a1a2)t =gz (a1az)-ta = 02, by definition of =, we get V I a;.(a1a2)t =g
a1.(a1 az)ta = 02. From V F aj#as.t, by equivariance of freshness (see [2]), we get
V F as#ai.(ajaz)-t. From this, since by assumption 05 > 0, item 2 of Lemma 3 gives
V F as#ai.(a1 az)-ta. The latter, by equivariance of freshness, gives V b aq#as.to.

e a; # a, ap = az: We have V - t1 =5 (az a)t =01 and V F ¢t =5 (a az)ta = 0a.
Then V F (a ag)t =5 ty = 05 by item 3 of Lemma 3. From the definition of ~y
and TH, we get V F 1 =5 t5 =0 > 01 ®02. (We do not have to consider freshness
constraints, since the applied rule is (=g abs1).)

e a; # a, a # ag, az # ay: We should prove V F ¢ =g (a1 az)ts =0 > 01 ®09

and V F ay#as.to. We start with the freshness condition. By definition of x5, we
have V F a1#a.t and V F t =~y (a az)-ta = 03. The latter implies V F a.t =~z
a.(a az)ta = 05. By assumption, 05 > 0, therefore, by item 2 of Lemma 3, we get
V | a1#a.(a az)ty and, by equivariance of freshness, V F a1#as.ts.
Now we prove V F ¢ =5 (a1 ag)ta = 0 > 0;®02. By item 4 of Lemma 3,
from V F t ~g (aag)ts = 02 we have V F (a1 a)t =5 (a1 a)(a az)ty = 0a.
Since ds((a a2), (a1 a)(a az)) = {a1,a} and both atoms are fresh in 3, we get
V F (a1 a)(a az)ta =g (aaz)te = 1 by item 5 of Lemma 3. Applying IH gives
V F (a1 a)t ~5 (aaz)ts = 0, > (02®1) = 92. On the other hand, we have
V b t; =5 (a1 a)t = ;. Applying IH again gives V F t; ~g (a1 az)te =0 >
01 ®05 > 01 ®0s.

O

3 Quantitative rigid nominal generalization

Throughout the rest of the paper, we work under the following two assumptions:
1. T-norms do not permit zero divisors.

2. Every proximity relation # on the alphabet has the set {g | F(f,g) > 0} (the prozimity
class of f) finite for each f € ¥. Since such a class is singleton for any element from
AUz UX, we get that the proximity class for each expression u under V, defined as
{«/ | VFu=gd >0}, is finite.

Definition 5. Let (Vy, u1) and (Va, us) be two eics, and =5 be a proximity relation on ex-
pressions. We say that (V1, u1) is more general than (Va, ws) with respect to ~g, written (V1,
w1) 2g (Va, ua), if there exists a substitution o such that

e o respects V1,
e Vio C Vs, and
e Vol wio~5uy=0>0.

In such a case, we say that (V1, u1) matches (Va, us) with substitution o and degree 0.
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The number ® € [0,1] is called the generalization degree of (V1, u1) over (Va, wus) if 0 is
the mazimum of all degrees by which (V1, u1) matches (Va, ug) (with some substitution). We
use (V1, u1) =g (Va, ug) =0 to denote (V1, u1) =5 (Va, us) with generalization degree 9.’

Note that there might be two eics (V1, u1) and (V1, «f) with different generalization degrees
over (Va, us), even though Vi - uy =g «f > 0.

Lemma 6. Let (V1, uy) and (Va, ug) be eics, and F be a prozimity relation such that (V1,
ZL1> jg <VQ, u2> = Dl and <VQ, ZL2> jj}" <V1, ZL1> = 02. Then 01 = 02.

Proof. There are substitutions o1, 0o such that Vo F w101 =5 ug =01 > 0 and V1 F us0s =5
w1 = 02 > 0. By inspecting the rules of Definition 2, it is easy to see that extending Vs doesn’t
affect 01, since 97 > 0. The same holds for V; and 05. Therefore, V1 U Vs F w101 =5 us = 04
and Vi U Vs F wgo9 =5 uy = 02. Moreover, u; and uo have similar structure, i.e., the
instantiations u101 and w0 do not introduce any function symbols (or atoms). By symmetry
of ~5 (Lemma 4) follows that 9; = 0. O

We say that (Vy, uy) and (Va, us) are F-equi-general and write (V1, uy) ~5 (Va, ug) if
(V1, u1) 25 (Va, ug) and (Va, us) <y (V1, u1). It is reflexive: (V, u) ~5 (V, u) = 1. Since
(V1, u1) 27 (Va, ug) =0 = (Va, us) =5 (Vi, u1), the induced relation ~y is also symmetric,
and, hence, is a proximity relation: (Vy, w1) ~g (Va, ug) =0 = (Va, u2) ~y (V1, w1). The
notation (Vi, u1) <5 (Va, us) means (Vi, u1) <g (Va, ug) and (V1, u1) 25 (Va, us). The
generalization degree for <y comes directly from <.

Example 7. Consider the proximity relation & defined as F(f1, f2) = 0.7 and F (g1, g2) = 0.5,
the minimum T-norm ®, and the eics £y = (V, u1), Fa = (V, us) and E3 = (0, u3) where
Uy = a~f1(Xaaagl7(a C)'X)a Uz = be((b d)'vaag%(b C)(b d)Y)) uz = C-fl(c7g2)> and V =
{b#X,a#Y }. Those eics are related as follows:

e F1 =5 E3 = 0.5 because the witness substitution o = {X — (a b)(bd)-Y'} respects V,
Vo C V, and applying uq0 gives uf = a.f1((ab)(bd)-Y,a,91,(ac)(ab)(bd)-Y). Then, we
get VI u) =5 uy = 0.5, because

— VEku) =5 us =VEuj =5 (ab)us, since VI a#tus,

— (ab)uz = a.f2((ab)(bd)-Y,a,gs, (ab)(be)(bd)Y),

— VEu) =5 (ab)us = F(f1, f2) ® F(g1, 92) = 0.5. Notice that in this calculation the
suspensions in both expressions are proximal with degree 1. While for (ab)(bd)-Y in

both expressions this is obvious, V I (a¢)(ab)(bd)-Y =5 (ab)(bc)(bd)-Y =1 since
(ac)(ab)(bd) and (ab)(bc)(bd) are equal permutations.

— Finally, there is no other substitution ¢’ such that V w0’ =5 ugy > 0.5.

e Fy =4 E; = 0.5, by using the witness substitution {Y — (bd)(a b)-X} and the same
reasoning steps as above.

e ) <5 E3 = 0.5, by using the witness substitution {X +— ¢}.
e Fy <5 E3 = 0.7, by using the witness substitution {Y + ¢}.

Note that replacing the minimum T-norm by the product T-norm affects only the generalization
degrees and leads to Ey ~5 Ey = 0.35, By <y F3 = 0.5, and Fy <5 F3 =0.7. >

2This induces a fuzzy relation again, which is reflexive: (V, «) <5 (V, «) = 1.



Quantitative generalization of variadic structures with binders A. Baumgartner and T. Kutsia

The =<5 relation, in general, is not transitive, which follows directly from a5 not being
transitive. For instance, take a proximity relation ~5 on expressions induced by the proximity
relation F defined as F(f1, f2) = 0.7 and F(fo, f3) = 0.8, and the eics (V, f1), (V, f2) and (V,
f3) where V and the T-norm are arbitrary. Then (V, f1) 25 (V, f2) = 0.7 and (V, f2) 25 (V,
f3) = 0.8, but (V, f1) A5 (V, f3). However, the following relations can be easily shown for
any proximity relation ~5 and eics Fy, F>, and Fj:

o If £y <5 E5 with degree » and E> < Ej3 (syntactically more general), then F; <y Ej
with degree 0. Note that ~5 doesn’t need to be transitive in that case, since the function
symbols in F, have an exact correspondence in Fs.

e If Fy < FE5 (syntactically) and Ey <5 E3 with degree 0, then E; <y F3 with degree 0.
In this case, the function symbols in F; have an exact correspondence in Fjs.

o If ~y is an ®-similarity relation, Fy <y E5 with degree 0, and Ey <y E3 with degree
09, then Fy <5 F3 with degree 0 > 07 ® 05.

This means that <y is transitive if and only if the proximity relation F is transitive (i.e., it
is a similarity), and the corresponding equi-generality relation ~5 induces a similarity relation
if and only if & is a similarity relation.

Definition 8 (#-Generalization). An expression-in-context G is a generalization of expres-
sions-in-context 1 and Es with respect to a proximity relation ~, or, briefly, F-generalization
of By and Es, if G <5 E1 and G <5 Es. Further, G is a least general F-generalization (F-lgg)
of E1 and E if there exists no other F-generalization G’ of E1 and Es such that G <5 G'.

A drawback of the nominal setting is that the relation <5 is not well-founded. That is,
an infinite chain of strictly less general eics can be constructed by simply adding freshness
constraints. This is a crucial observation that has been discussed in [5] for standard nominal
terms. Therefore, it has been suggested to consider eics based on a finite set of atoms A C A,
meaning that A-based eics may contain atoms only from A. This is the assumption we make
throughout the paper. In particular, for a finite set of atoms A and a set 7 of all A-based eics,
the relation <y is redefined to be <5 N7 x 7. Subsequent definitions, like the generalization
degree, are based on that redefinition.

Variadic nominal F-generalization problems might have too many lggs, even if we take F
crisp (i.e., each symbol is proximal only to itself with degree 1):

Example 9. Let £y = (0, f(a,b,b,a)) and Ey = (0, f(c,c)) with A = {a,b,c}. Assume F is
crisp. The following eics are pairwise incomparable F-1ggs of F; and Fj:

— ({bty, adZ, 2}, f(y, (ab)y, Z, (ab)-2))
= ({b#ty, a#Z, c#Z}, f(y, Z,(ab)y, (ab)-2))
= ({b#y, a#Z,c#Z}, f(y, Z,Z,y))
G4 = ({a#ty, W Z, c#Z}, f(Z,y,y,Z))
= ({ad#ty, b#Z, c#Z}, [(Z,y,(ab)-Z, (ab)y))
— (a#ty, b7, c#2}, f(Z,(ab)-Z,y, (ab)y))
G7 = ({b#ty, aY, b4Y, a#Z,c#2}, (4., 2,7, (ab)-Z))
all positional permutations of y,Y, 2, Z,Z ...
Gaor = ({a#Y, b#Y, a#Z,c#Z}, f(Y,Y,(ab)-Z,Z,Z,(ab)-Z))
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all positional permutations of Y,Y, Z, Z, Z, Z ...

There are (‘21) + (f) (‘11) + (g) = 41 lggs. Note that G7 is an 1gg because of the freshness constraints.
Without them, one could take 0 = {Z — ¢, Y — (Z, Z,y)} to obtain Gyo0 = G3. However, the

assignment Y — (Z, Z,y) in o does not respect {a#Y, b#Y }. >

This example suggests considering more efficient variants of variadic nominal generalization.
One of the reasons of inefficiency is consecutive suspensions. In [13], a rigid variant was proposed
to deal with similar problems. Below we adapt that idea to our setting.

Definition 10 (F-alignment). Let wy and w2 be two words (consisting of symbols of our
alphabet, plus the dot “.’ that is used in abstraction) and F be a fuzzy prorimity relation on the
alphabet, which is further extended to .’ so that F(.,h) = F(h,.) = 0 holds for any symbol fi
different from the dot ‘.’. Let ® be a T-norm.

The triple (R1]i1, j1] - - fnlin, Jn], 01, 02), consisting of the sequence of symbols and position
pairs Ryli1, j1] -« fnlin, jn], n > 0, and two numbers 91,02 € (0, 1] is called an alignment of w;
and we with respect to F (or, briefly, F-alignment ), if

¢ 0<iy < <y < wi], 0<ji < -or < jn < |wal,
o F(hg,wili) >0, Fllig,wal) >0, iy gxUX foralll <k <n, and
e 0y =F(hr,wi]i,) @ @F (An,wili,), and 2 = F(fir, wal;,) @+ @ F (hn, w2lj,).

Definition 11 (F-rigidity function). Given some fized T-norm, a rigidity function with
respect to F (or just F-rigidity function), denoted by Ry, is a function that computes a set of
non-empty F -alignments of any pair of words.

Note that alignments computed by rigidity functions contain only non-empty sequences.

Example 12. Let F be a proximity relation defined as F(f1, f2) = 0.6, F(fo, f3) = 0.7,
F(f1, f3) = 0.8, and F(g1,92) = 0.7. (It is even a similarity relation for product and Lukasiewicz
T-norms, but not for the minimum T-norm.) Let wy; = g2 f1.a912 and we = f5.g2ax. Below we
give examples of various F-rigidity functions for the product T-norm.

¢ Ry (wy,ws) computes all longest F-approximate common subsequences (short, F-lcs):

{(A2,1].3,2]01[5,3], 1, 0.42), (£1[2,1].[3,2]92[5,3],0.7, 0.6),
(f2[2,1].[3,2]91[5,3],0.6,0.7 ),  (f2[2,1].[3,2]92[5,3],0.42,1 ),
(f3[2,1].3,2]g1[5, 3], 0.8, 0.49),  (f3[2,1].[3,2]g2[5,3], 0.56, 0.7),
(A1[2,1).3,2] a[4,4],1, 0.6 ), (f2[2,1].[3,2] a[4,4],0.6, 1 ),
(f3[2,1].[3,2] a[4,4],0.8,0.7 )}.

¢ Ry (wy,ws) computes all F-lcs that precisely (i.e., with degree 1) match wy:

{(f1[2,1].13,2]91[5, 3],1,0.42),  (f1[2,1].[3,2]a[4,4],1,0.6)}.

¢ Ry (wy,ws) computes all F-lcs with the cumulative degree > 0.5, i.e., 91 * 0 > 0.5:

{(f1[2,1].[3, 2]a[4,4],1,0.6), (f2[2,1].[3, 2]a[4, 4], 0.6, 1), (f3[2,1].[3, 2]a[4, 4],0.8,0.7)}.

10
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e Ry (wy,ws) computes all F-les whose length is at least 4: In this case the answer is ().

)
e Ry (wy,ws) computes all longest F-approximate common substrings (consecutive subse-
quences): {(f1[2,1].[3,2],1,0.6), (f2[2,1].[3,2],0.6,1), (f3[2,1].[3,2],0.8,0.7)}.

>

Definition 13 (Ry-generalization). Let F be a proximity relation on the alphabet, Ry be an
F -rigidity function, and (V, () and (V, ©) be two A-based eics. An A-based F-generalization
(T, ) of (V, ) and (V, ©) is their A-based Ry-generalization if either

e Ry(head((),head(z)) =0 and u is a hedge variable, or

e there exists an alignment Ry[i1, j1] - finlin, jn] € Ry (head(l),head(z)) such that the fol-
lowing conditions are fulfilled:

1. The expression u does not contain pairs of consecutive suspensions where a hedge
variable is involved. That means, neighboring elements like w-x, 7'-x' where either
x € X or X' € X are not allowed to appear in w. On the other hand, consecutive
suspensions of the form m -x1,..., Ty Ty, where x1,...,T, € X are permitted.
2. If all the suspensions from w are removed, then a hedge of n terms t1, ..., t, remains,
such that for each 1 < k < n, the following hold:
— head(tx) = fig, F (head(tx), head((];,)) > 0 and F (head(tx), head(z|;,) > 0,
— if tr is an application ty, = hr(uk), then there ewists a pair of expressions
(y and v, such that (|;, = AL ((k), t|;, = AY(x) and (T, ug) is an A-based
R -generalization of (V, () and (V, ),
— if ty is an atom ty = a, then (|;, = a and ¢|;, = a,
— if tx is an abstraction t = a.uy, then there exists a pair of terms ( and vy such
that ();, = b.ly, t|;, =V .5 and (T, ug) is an A-based Ry -generalization of (V,
(ab)-Ly) and (V, (ab')-xty).

Example 14. Let F(f1, f) = 0.8, F(f, f2) = 0.7, and Ry be a rigidity function that computes
a set of F-les. Assume A = {a,b,c}. The only A-based Ry-lgg (modulo variable renaming) of
Ey =0, c.fi(a,c)) and Ey = (D, b.f2(b,c)) (for any T-norm) is G = ({b#V, c#V, a#W, b#W },
b.f(V,b,W)) with degrees 0.8 and 0.7, because

o Ry(f1,f2) = {(f[1,1],0.8,0.7)} and Ry (ab,bc) = {(b[2,1],1,1)} after renaming the
bound atom ¢ of E; to b.

e G =5 E, since G{V — a,W — ¢} = (0, b.f(a,b)), and we have ) C @) and @ F
b.f(a,b) =g c.fi(a,c) = 0.8,

e G =5 E,, since G{V — & W — ¢} = (0,b.f(bc)), and we have ) C @ and
OF b.f(b,c) =5 b.fa(b,c) = 0.7,

e 1o other Ry-generalization of E; and Fs is strictly less general than G.

However, there exists another A-based F-lgg of E; and Fs which is not an Ry-generalization:
G = ({c#z}, b.f(z,(ba)(cb)z)) with the generalization degrees 0.8 and 0.7. Substitutions
{z— a} and {z — b} would lead us from G’ to E; and FEs, respectively.

If we modified the Ry function to only select those longest common subsequences where the
F-proximal symbols appear exactly in the same positions (i.e., each position pair has the form
[i,4]), then Ry (ab,bc) would be § and G’ would be an A-based Rz-lgg of E; and Fs. >

11
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Note that the problem in Example 9 (with 41 lggs) has only one rigid 1gg: (0, f(X)), if the
rigidity function returns alignments of length 1, otherwise (f, X).

Given a proximity relation ~5 and a rigidity function Ry, the variadic nominal generaliza-
tion problem with respect to Ry and ~5 (a nominal Rz-generalization problem) is formulated
as follows:

Given: Two eics By = (V, () and E; = (V, 1), based on a finite set of atoms A.

Find: An A-based Ry-1gg of E; and Fs and its generalization degrees over E; and Fs.

Intuitively, the choice of A in generalization problems should be such that all the structural
similarities between ( and ¢ can be captured by an A-based generalization. This is guaranteed
by selecting A = A; U Ay where A; = atoms((V, [)) Uatoms((V, v)) and Ay C A\ A; is a set of
k atoms where k is the minimum amount of abstraction occurrences in £ and in z. The proof
and more details can be found in [5].

4 The algorithm VNAU-lin(R5) for linear generalizations

We design a rule-based algorithm to solve a nominal Ry-generalization problem between two
given A-based eics. In this section, we consider the linear variant of the problem, i.e., when
the generalization expressions do not contain multiple occurrences of the same variable.

A generalization equation (GEQ) is a triple of the form y: { £ ¢, where x is a variable and
(,v are expressions. The rules transform configurations: tuples H;T; S;1";0;01;02, where

e H is a set of not-yet-solved GEQs between expressions (which can be terms);

e T is a set of not-yet-solved GEQs between terms, more precisely, between (the same)
atoms or between abstractions. These problems are obtained from H by decomposition
according to the rigidity function;

e S (the store) is a set of solved GEQs or GEQs between empty hedges;
e I' is the freshness context computed so far;
e 0o is the generalization substitution computed so far;

e 0; and 0o are the generalization degrees for each of the two input eics, respectively,
computed so far.

All these sets are finite. To compute quantitative rigid generalizations of two eics (V, )
and (V, ¢), both based on the same set of atoms A, we create the initial configuration {X: ( =
v}; 0; 0; 0; id; 1; 1, where X is a hedge variable that occurs neither in ,z nor in V. Then the
configuration transformation rules defined below are being applied exhaustively, in all possible
ways. A configuration to which no rule applies is called a final configuration. The parameters
F, Ry, A, and V are global and unaffected by rule applications. The T-norm is assumed to
be fixed. (Recall that our T-norms have no zero-divisors.) A variable is said to be new if it
occurs neither in the current configuration nor in a global parameter. U is the disjoint union
operation. Given some number i, we write i for ¢ + 1 and i~ for ¢ — 1.

12
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Dec: Hedge Decomposition
{X:32§UH; T; S; T; 05 01; 05 =
H UH; T'"UT; SUS; TVUT; o{X — Zo,71, 21, yTny Zn}; 01 @05 02 @05,
where
o (Ralir,ja] - Anlin, jn], 01,05) € Ry (head(s), head(q));

e H'UT ={Y1: (1 £ v,...,Y,: [, £ ¢,} in which for each 1 < k < n, the Y}’s are
new hedge variables and

—if Ay € %, then r, = Ag(Yy), and (4 and ¢, come from §|;, = fr({x) and
dli, = gx(zg) for some fi, and gx, and Yy : () Ly e H,
—if hy € A, then rp =Yy, (x = §|“C =1 = (j|“€ = fiy, and Y : (3 & i € T/,

— if Ay = . (abstraction), then rj, = Y, (1, = 3|s,, tx = qls,, and Yi: (x 2 ¢, € T';

iy T O Tk |5 ~laly .
o ' ={Zy: 3|} 24 Yu{Zy: 8.5 = L]|J,ZJ:rl [1<k<n—-1}U{Z,: s||12| = q|‘j‘f{|} in
which for each 0 < k < n, the Zi’s are new hedge variables;

e I'={a#Z|Z:53 242G cS acA VFa#s, VI a#i}.

Tri: Trivial Atom Elimination
H; {X:a2a}uT; S;T; 0; 015 0o = H; T; S; T; 0{X + a}; 01; 0a.

Abs: Abstraction
H; {X:at; 2bt,}UT; S; T 0; 015 09 =
{Y:(ca)t; 2 (cb)toy UH; T; S; T; o{X +— c.Y}; 01; 0,
where Y is a new hedge variable, ¢ € A, V - c#a.t; and V I c#b.to.

Sol: Solving
{X:32§)UH; T; S; T; 0; 01; 03 =
H; T; {X:52 G US; {a#X |a€ A VI a#5, VI a#GyUT; o; 01; 09,
if Ry (head(5), head(q)) = 0.

Nar-H: Hedge Narrowing
0; 03 {X: (t1,.ooitn) = (51,---,80)}US; T 03 015 09 =
0; 0; {z1:t1 251, 20ty 25,3 US;
X —aq,...,zp U {a#x; |a € A,V Fa#t;, VEatts}; o{X — zq,...,2,}; 01; 09,
where n > 0.

Note that as a special case, the Nar-H rule removes GEQs of the form X : ¢ £ ¢ from S. It
also replaces X :t 2 sby z:t 2 s.

When a transformation process starting from the initial configuration {X: ¢ £ ¢};0;0;1d;
1;1 leads to a final configuration @; §; S;T'; o;01; 02, then the computed answer is (I';, Xo) with
the corresponding generalization degrees 97 and 92. We denote this algorithm by VNAU-lin(R5),
because it computes linear answers, i.e., every variable that appears in the expression X o occurs
there only once. This is guaranteed by always introducing new variables for generalizations and
never merging them together. The store S contains all the differences of the input expressions
( and «.

13



Quantitative generalization of variadic structures with binders A. Baumgartner and T. Kutsia

Since the decomposition rule introduces branching, all resulting generalizations are collected.
Some of the computed generalizations, however, may fail to be least general generalizations. For
instance, for crisp ¥, consider two eics (@, f(g,h,h)) and (0, f(g,g,h)), and let Ry compute
longest common subsequences. Among the answers computed by VNAU-lin(Ry), one obtains
G1 =0, f(9,X,h,Y)) and Go = (D, f(g,z,h)), with G; <y G3. Nevertheless, we will show
below that the computed set of linear generalizations is complete. This set can subsequently
be minimized, which requires a matchability check. The latter problem is decidable (even for
nonlinear expressions), for the reasons explained below:

(1) the proximity class of each term is finite,
(1) variadic matching can be reduced to finitely many fixed-arity matching problems, and
(1) standard nominal matching is decidable.

A detailed discussion of matchability in our language lies beyond the scope of this paper.
Next, we show that VNAU-lin(RR¥) is terminating, sound, and complete. For termination,
we first define the size of an expression and a GEQ:

size(a) = size(m-x) = 1, size(a.t) = 1 + size(t), size(f(38)) = 1+ size(3),
si

size(r1,...,mn) = size(r1) + - - - + size(ry), size(x : [ £ ¢) = size(() + size(z).

The complexity measure on configurations, denoted as u(H;T;S;T;0;01;02), is defined as a
triple (n1, n2,n3), where ny = dequUT size(geq), no = dequ size(geq), and ng is the number
of GEQs of the form X : (t1,...,t,) = (51,...,8,), n >0, in S.

Measures are ordered lexicographically. The ordering, denoted by >, is well-founded. The
termination theorem below directly implies that VNAU-lin(R) terminates on any input:

Theorem 15 (Termination of VNAU-lin(Ry)). Let C be an arbitrary configuration. There
are finitely many possible rule applications C = C;, 1 < i < n and pu(C) > u(C;) holds for
each 1 <1 <n.

Proof. The only rule that may transform a configuration in several alternative ways is Dec,
which uses alignments computed by the rigidity function to produce those alternatives. Rigidity
functions return only finite sets, since the proximity class of each symbol is finite. Therefore,
every configuration can be transformed in finitely many alternative ways.

As for the measure, the Dec rule does not increase its ny component while strictly decreasing
ng. Tri, Abs, and Sol strictly decrease my. Nar-H does not change n; and ny and strictly
decreases n3. Hence, each rule strictly decreases the measure, leading to pu(C) > u(C;) for each
1<t <n. O

The soundness theorem shows that VNAU-lin(Rs) indeed computes A-based linear Rg-
generalizations of the input. We use =t to denote a sequence of one or more rule applications.

Lemma 16 (Invariant). Given &, Ry, a freshness context V, and a configuration H; T; S;
I'; o; 01; 0 (all based on a finite set of atoms A), assume that for all x: ( £ ¢vc HUT U S,
the eic (I, xo) is an A-based linear F -generalization of (V, () and (V, z).

IfH; T; S;T; 0;01; 0o = H'; T'; S'; T7; 0’5 0}; 04 is a step by a VNAU-lin(Ry) rule, then,
forallx: ( =¢€ HUTUSUH'UT'US', the eic (I, xo') is an A-based linear F -generalization
of (V, ) and (V, 7).

14
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The proof of Lemma 16 uses two substitutions that can be obtained from a set M of GEQs:
op(M):={x—"(]|x:(2vec M}, or(M)s={x—t|x:( 2v€ M}

Proof. By inspecting each rule separately, it can be verified that the invariant holds. In particu-
lar, given a transformation H; T S; T'; o; 01; 0o = H'; T'; S'; T'; o'; 0}; 0, performed by
any rule, we have V - ( =5 xo'op(H' UT'US’) >0and V F ¢ =5 xo'og(H'UT'US") > 0 for
all x: { £ ¢ € HUTUS. Note that symbol proximity is guaranteed by the rigidity function. The
second part, namely that V - { ~ xo'op (H'UT'US’) > 0and V ¢ =5 xo'or(H'UT'US") >0
hold for all x: { = v € (HUT' US')\ (HUTUS), is straight forward since o’ does
not contain assignments for newly introduced generalization variables: it simply reduces to
VECxxo(HUT'US)=1and V¢ ~g xor(H' UT'US") = 1. O

Theorem 17 (Soundness of VNAU-lin(Rx)). Given F, Ry, two expressions (,z, and a
freshness context V, all based on a finite set of atoms A. If {X : ( = ¢}; 0; 0; 0; id; 1; 1 = 0; 0
S; T; o; 01; 02 is a derivation obtained by an execution of VNAU-lin(Ry), then (I, Xo) is an
A-based linear Ry -generalization of (V, () and (V, ) with generalization degrees 91 and 02,
respectively.

Proof. The proof uses the above invariant lemma (Lemma 16) which considers a single deriva-
tion step, i.e., given a configuration, the invariant holds after one rule application.

The first part, namely that (I, Xo) is an A-based linear Ry-generalization of (V, () and
(V, 7), follows from Lemma 16 by induction on the derivation length, and from the fact that
the decomposition rule is guided by the rigidity function Rx.

The second part, that 9 and 92 correspond to the generalization degrees, i.e., (I', Xo) <5
(V, ) has degree 97 and (I', Xo) <7 (V, ¢) has degree 0, is true because:

e T-norms are associative, commutative and monotone operations.

¢ Rigidity functions return the degrees that correspond to the combined (w.r.t. some fixed
T-norm) symbol proximity used in the alignments.

e Proximity relations are reflexive, i.e., F(s,s) = 1 for any s € AUX Uz UX. Only
decomposition, which is guided by the rigidity function, affects the degrees. O

The completeness theorem states that, for given #, Ry, A, two A-based eics and an arbitrary
A-based linear Rgy-generalization G of them, VNAU-lin(Ry) computes an A-based linear Rg-
generalization of the given eics that is at most as general as G.

Theorem 18 (Completeness of VNAU-lin(Ry)). Given F, Ry, two expressions [,z, and
a freshness contert V, all based on a finite set of atoms A. If G is an A-based linear
Ry -generalization of (V, () and (V, ), then there exists a derivation {X : ( = ¢}; (; 0;
0;id; 1; 1 == 0;0; S; T;o0;01; 02 obtained by an evecution of VNAU-lin(R5) such that
G =5 (T, Xo).

Proof sketch. The idea is similar to the completeness proofs from [5,13] and proceeds by induc-
tion over the structure of the given generalization. O

Note that the Completeness Theorem does not mention generalization degree comparison.
It is understandable, because the most general generalization (), X) has the highest possible
degrees: 1 and 1. Less general generalizations may provide more reduced degrees.
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Example 19 (The importance of Nar-H). Consider a crisp proximity relation F, the set of
atoms A = {a,b,c,d}, and the eics E; = (0, f(a,b)) and Es = (B, f(c,d)). The rigidity
function Ry computes all F-lcs. Without the Nar-H rule, the VNAU-lin(Rg) algorithm would
only apply the Dec rule once and solve (apply Sol) to reach the final configuration. It would
result in (), f(X)) as an A-based Rgz-generalization of F; and E,, where X generalizes the
hedges (a,b) and (¢, d). With consecutive term variables, introduced by Nar-H, we get a more
precise generalization ({b#x,d#z}, f(z,(cd)(ab)-z)), which shows not only the fact that f is
applied to two term arguments in both input expressions, but also that the second argument
is obtained from the first one by swapping a and b, and ¢ and d. Note that there are also two
extra freshness constraints. >

We can optimize the VNAU-lin(R#) algorithm by modifying the Dec rule in two ways:

e Forbid creating and adding to 7' the GEQs of the form Y} : iy, £ hy, when f), € A.
Instead, directly replace Yy by fig in the substitution. It is justified by the fact that such
GEQs are anyway removed by the Tri rule later and completeness is not violated. Such a
modification would make the Tri rule obsolete.

e Forbid creating and adding to S the GEQs of the form Z, : ¢ £ ¢ and the corresponding
Zi’s to the substitution. It is justified by the fact that such GEQs are anyway removed
by the Nar-H rule later and completeness is not violated.

For simplicity, we continue to refer to the modified algorithm VNAU-lin(Rs), and use it in
the rest of the paper. Now we turn to the general case, where the same variable may appear
several times in the computed expression. Examples that illustrate how our algorithms work,
starting with some initial configuration and transforming it until a final configuration is reached,
can be found in Section 6.

5 The general case: the algorithm VNAU(Ry¥)

To extend VNAU-lin(R#) to the general case, we should equip it with the capability to detect
similar GEQs in the store and generalize them with the same variable. It is not a trivial task
and doing it naively might lead to unsound answers. An example of such a naive merging would
be an adoption of the rule from [5], which we call simple merging:

SMer: Simple Merging
0; 0; {x1: (1 £y, X2:lo 2 w}US; T o) 015 09 =
0; 0; {xa: (120} usS; T{xe = mxa}s o{xe = mxa}; 01 ®0; 02 @05,
7 is an A-based permutation such that V F 701 =5 (o =0] >0, VI 71y &5 1o =0, > 0.

An example that shows unsoundness of this rule is the following;:
Example 20. Let F be the proximity relation defined as F(g1,92) = 0.8, F(g2,93) = 0.7,
F(gs,94) = 0.6. Assume that the rigidity function Ry computes some common subsequences
(what exactly it does, is not really relevant) and consider the Rgy-generalization problem be-
tween f(g1,92,93,94) and f(a,a,a,a) under the empty context. Then VNAU-lin(R5) extended
with the SMer rule would give as one of the answers the eic (B, f(z,z,z,z)) with degrees 0.6
and 1, which is obviously not a correct solution, because no instance of f(x,z,z,x) can be
proximal to f(g1, 92,93, ga)- >
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The problem comes from non-transitive relations and consecutive merging of proximal prob-
lems. (Consecutive merging needs transitivity.) Note that the SMer rule works correctly for
similarity relations, since they are transitive. We make the merging rule respect non-transitivity
by introducing yet another component M (for merged) to the configuration, merge several prox-
imal problems in one single step and place the merged GEQ in M to which merging does not
apply anymore:

Mer: Merging
0: 0; {x1: 0 21, Xn: ln 2= tn}US; M; T 05 015 09 =
0; 0; S; {x: 02} UM; T{xX1 - T1Xs -+, X = TnoX )
o{X1 P T Xy oo s X = X} 01QV®...00; 0200/ ®...00,
where x is a new variable, n > 1, and ( and ¢ are A-based expressions such that for all
1 < i < n there is an A-based permutation 7; with V F m;-f &~y (; =9, > 0and V F ;v =5
= 0;/ > 0.

The VNAU(Ry) algorithm first uses VNAU-lin(Ry) to reach final configurations where linear
generalizations are computed. Then, it modifies each such final configuration 0; (); S; I'; o;
01; 0o into 0; 0; S; 0; T'; o; 01; 02 (i-e., initializes M with ()) and applies the Mer rule in all
possible ways as long as possible.

Computing the permutations 7y, ..., T, together with the expressions ' and ¢ required in
the condition of Mer corresponds to deciding the equivariance problem. In [5], an algorithm is
provided to solve this problem for the crisp fixed-arity case. It can be extended to our setting
with some modifications (namely, by permitting decomposition for expressions with proximal
heads and the same number of arguments, and tracking the derivation steps taken by the
algorithm in order to obtain ( and z), but we do not discuss the details here.

The Mer rule introduces two kinds of nondeterminism: (1) the choice of the set of merging
GEQs, and (2) the choice of eics ' and ¢ towards which it merges all the selected GEQs. The
first of them is a ‘don’t know’ nondeterminism: we should try out all possible sets of mergeable
GEQs to guarantee completeness, although it might introduce redundancies: some answers can
be more general than the others, or the same answer can be computed multiple times. The
second choice is ‘don’t care’: it affects neither completeness nor minimality. However, it can
influence the generalization degrees. For instance, if the store consists of three GEQs 1 : g1 = a,
Yo : g2 = a, and y3 : g3 = a, where F(g1,93) = F(ga,93) = 0.9 and F(g1,92) = 0.5, and ® = *,
then merging them into y : g1 = a (or into y : go 2 a) will lead to degrees 0.5 and 1, while
merging into y : g3 = a would give 0.81 and 1.

Example 21. Consider a modified version of the problem from Example 20, with A =
{a,b,c,d} and expressions to be generalized being f(g1, g2, 93,94) and f(a,b,c,d). The prox-
imity relation & is the same as in Example 20, ® = %, and Ry computes all F-lcs.

Here we show only the computed answers. Full derivations can be found in Example 24 in
Section 6. The VNAU-lin(Ry) algorithm ends with the configuration:

0; 0; {v1:91 = a,y1: 92 2 b,y3 1 g3 = ¢,ys: ga = d};
{0y, c#yr, d#yr, aFtya, cHyz, d#tyz, aFtys, b#ys, d#ys, aftys, b#ya, c#ya s
{X = f(y1,92,Y3,Ya), .- }; 15 L.

Further, VNAU(R+) adds to it the component for M, initializes it with @, and applies Mer
exhaustively in all possible ways. It leads to the derivation tree with seven branches, computing
five different answers (two answers are re-computed on different branches). Here we show them
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with their degrees, witness substitutions (computed from SU M in the final configuration), and
justifications (where the notation Fo = (V, t1) =g (V, t2) = 0 should be read as Eo = (V, 1)
and <V, t1> 573 <V, t2> = D)Z

E1 = <{a#yv C#:Uv d#y7 a#y47 b#y47 C#y4}7 f(((l b)yv Y, (C b)y7 y4)>7
degrees: 0.56 and 1,

substitutions: o = {y — g2, ya = g4}, or={y— b, ys — d},

Eiop = <®’ f(92792792,94)> ~F <@, f(91792793,94)> = 0.56,
E10'R = <®7 f(avbv C, d)> NF <®7 f(a7b7 c, d)> =1

By = ({b#y1, ctyr, d#tyr, adfz, bz, d#t 2}, [y, (be)z, 2, (de)-2)),
degrees 0.42 and 1,

substitutions: o = {y1 — g1, 2 — g3}, or ={y1— a, z+— ¢},
Esor, = (0, f(g1,93,93,93)) =5 (0, f(g1,92,93,94)) = 0.42,

Esor = (0, f(a,b,c,d)) =5 (0, f(a,b,c,d)) = 1.

E5 = ({b#uy, cHuy, d#uy, adtug, b#us, d#ust, f(ur, (ba)wu, us, (dc)us)),
degrees 0.48 and 1,

substitutions: o7, = {u; — g1, us — g3}, or = {u1 — a, us — c},

Ezor =0, f(91,91,93,93)) =7 (0, f(91,92,93,94)) = 0.48,

Ezor = (0, f(a,b,c,d)) =5 (0, f(a,b,c,d)) =1.

Ey = ({b#v1, c#vy, d#v1, atvg, cHvg, d#va}, f(u1, va, (ca)-vy, (db)vs)),
degrees 0.2352 and 1,

substitutions: o7, = {v1 — g2, v2 > g3}, or = {v1 — b, va — ¢},

Eyor, = (0, f(92,93,92,93)) =5 (0, f(91,92, 93, 94)) = 0.2352,

Ejor=(0, f(a,b,c,d)) =g (@, f(a,b,c,d)) =1.

E5 = <{b#y17 C#yh d#yh a#wa C#’LU, d#w7 a#y4> b#y4a 0#94}7 f(yla w, (C b)w7 y4)>a
degrees 0.7 and 1,
substitutions: o, = {y1 — g1, W go,ys > ga}, or ={y1 = a, w— b, y4 — d},

Esor =0, f(91,92,92:94)) =5 (0, f(91,92,93,94)) = 0.7,
E5JR = <®7 f(CLb, c, d)> %3' <®7 f(a7b7 c, d)> = 1

The answer Fj is redundant since it is more general than E; and FEs. If we drop it, the
remaining ones form a minimal complete set {E1, Eo, F3, E4} of A-based Ry-generalizations of

<®’ f(glvg2vg3>g4)> and <®’ f(% b? C, d)> >

Theorem 22. The algorithm VNAU(R5) terminates, is sound and complete.

Proof. Repeated application of the Mer rule is terminating, since it generates a finite amount
of branches and the size of the store is being strictly reduced. Soundness of Mer follows from
the condition that (,z, and the permutations m; are A-based, such that V + ;-0 =5 (; > 0
and V F 7t &5 t; > 0, for all selected GEQs x;: [; £ ¢; to be merged, and T-norms do not
have zero divisors. Completeness follows from the fact that Mer is applied in all possible ways,
considering all subsets of any size > 1 from the store. O
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6 Examples

This section contains two examples that illustrate how our algorithms work.

Example 23 (Illustrating VNAU-lin(Ry) and VNAU(Ry)). Let F be a proximity relation
defined as F(f, f1) = 0.8, F(f, f2) = 0.7, F(h1,ha) = 0.9, A be the set of atoms {a,b,c,d},
V be the freshness context V = {a#xz,b#X}, ® be the minimum T-norm, and the rigidity
function Ry compute all F-lcs. We apply the optimized VNAU(Ry) algorithm to generalize
the eics By = (V, a.uy) and Ey = (V, b.ug), where u; = f1(g(f1(c), X), f2(d), (cd)-X, a, h1(a))
and ug = fo(g(x), (cd)-z,b, ha(b)).
Initialize {V : a.ay = b.us}; 0; 0; 0; id; 1; 1
= pec since head(a.w;) = head(b.uz) = ., and R.F(.,.) = {([1,1],1,1)}
0: {Vi:aawy = bas}; 0; 0; {Vies Wik 1; 1
=—>abs since V - a#a.u1, and V - a#b.usy
{Y :uy £ folg((ab)x), (ab)(cd)-z,a,ha(a))}; 0; 0; 0; {Vi=a,.. }; 1; 1
=pec since head(ui) = f1, head(uz) = fo and Ry (f1, f2) = {(f[1,1],0.8,0.7)}
{Y1: 9(f1(c), X), f2(d), (c d)-X,a, h1(a) = g((ab)-x), (ab)(cd)-x, a, ha(a)};
0; 0; 0; {V = a.f(Y1),...}; 0.8; 0.7
=—=pec Ry (gfeXahy,grahsy) contains two elements: (g[1,1]a[4, 3]h1[5,4],1,0.9)
and (g[1, 1]a[4, 3]hz2[5,4],0.9,1). On this branch, we choose the first one:
(W (fi(e), X) £ (ab)a}; 0;
{Z: (f2d), (cd)-X) £ (ab)(cd)a}; {b#Z};
{V—=aflgW),Z, a,hi(a)),...}; 0.8; 0.7 (Note that min(0.7,0.9) = 0.7)
=—>so  since Ry (f1X,2) =0, and V F b#(f1(c), X) and V - b#(a b)-x gives b#W
0; 0; {Z : (f2(d), (cd)-X) = (ab)(cd)z, W:(fi(c),X)= (ab)z};
{b#Z,0#W}; {V = a.f(g(W), Z,a, h1(a)),...}; 0.8 0.7
The VNAU-lin(R5) algorithm stops here with the computed linear Rz-generalization G =
{o#Z,b#W Y, a.f(g(W), Z,a, h1(a))), whose generalization degrees are 0.8 and 0.7. Applying
the witness substitutions o3 = {Z — (f2(d),(c d)-X), W — (f1(c),X)} and o9 = {Z —
(ab)(cd)x, W (ab)a} gives
Gror = <{b#X}7 a'f(g(fl(c)v X)a fQ(d)7 (C d)X7 a, hl(a))>7 degree 0.8,
Gros = ({a#z}, a.f(g((a b)-z), (ab)(cd)x,a,hi(a))), degree 0.7.

From Gpo; and Go9, indeed, we get

{b#X} Fa.f(g(fi(c), X), f2(d), (cd)-X,a, hi(a)) =z
a.fi(g(fi(c), X), f2(d), (cd)-X,a, hi(a)) = 0.8
{a#z} = a.f(g((ad)x),(ab)(cd)w,a,hi(a)) =5 b.fa(g(x), (c d)-x,b, ha(b)) = 0.7

To continue with VNAU(R4), we create a new configuration with the empty merged set M and
apply the Mer rule with substitution {Z — (cd)-W}. (Note f in the merged set instead of f;
and f5.)

Initialize 0; 0; {Z : (f2(d), (cd)-X) = (ab)(cd)w, W : (fi(c), X) = (ab)-x}; 0;
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{b#Z,b#W}; {V = a.f(g(W), Z,a,hi(a)),...}; 0.8; 0.7
= wmer 0 0; 0; {U : (f(C)7X) = (a b)l‘},

{o#U}; {V = a.f(g(U), (cd)-U,a, hi(a)),...}; 0.7, 0.7.
From the computed Ry-generalization G = ({b#U}, a.f(g(U), (cd)-U,a,hi(a))), we can reach
the original eics Ey and F, using the witness substitutions ¢4 = {U — (f(c¢), X)} and J5 =
{U +~ (ab)x}:

Gy = ({b# X}, a.f(9(f(c), X), f(d),(cd)-X,a,hi(a))), degree 0.7.
92 = ({atte}, a.f(g((ab)w), (e d)(ab)z,a, b (a))), degree 0.7,

From G¥; and Gv,, we get

for Ey: {b#X}Fa.f(g9(f(e), X), f(d),(cd)-X,a,hi(a)) =g

a.f1(g(f1(c), X), f2(d), (¢ d)-X,a, hi(a)) = min(0.8,0.8,0.7) = 0.7,
for By {atte} b a.f(g((ab)a), (c d)(ab)-z,a, hy(a)) =

b.f2(g(x), (cd)-x,b, ha(b)) = 0.7.

>

Example 24 (Illustrating Mer). This is a full version of Example 21. Let F be the proximity
relation defined as F(g1,92) = 0.8, F(g2,93) = 0.7, F(g3,94) = 0.6. Let ® = *. Assume
that the rigidity function Ry computes some common subsequences (what exactly it does, is
not really relevant) and consider the Rz-generalization problem between f(g1, go, g3, 94) and
f(a,b, c,d) under the empty context. First, the VNAU-lin(R5) algorithm produces the following
derivation:

Initialize {X : f(g1,92.95.94) = f(a,b.c,d)}; 0 0; 0; id; 1; 1

=pee (Y1:912a,Y1:922b,Ys:932¢,Yy:gs2d}; 0; 05 0;
{X = f(Y1,Y2,Y3,Yy)} 1; 1

=5 00 (Yiigi2a, Y1922, Y5935 ¢, Yy gy 2d};
(D#Y1, cHY1, d4Y7, adtYs, ctYs, d#Yo, adtYs, b#Ys, d#tYs, adtYy, by, Yy };
{X = f(Y1,Y2,Y3,Ys),.. 1 1) 1

= Narn % 0 {y1:g1 2 a1 922 b,ys g3 2 cya i ga 2 d
{b#y1, cHyr, d#yr, aFtya, cHya, dFya, aFtys, b#Fys, dFtys, aFtys, bHya, cHyal;
{X = f(y1,92,93,94), - }; 1 1.

Now, VNAU(R) adds to the final configuration obtained the component for M and initializes
it with 0:

0; 0; {y1:91 = a,y2: 92 2 b,ys = g3 = ¢,ya: ga = d; 0
{b#y17 C#yla d#yh a#y27 C#yQ, d#y27 a#y37 b#ydu d#y?n a#y47 b#y47 C#y4}7
{X = f(ylayQ,y37y4), .- }v 1, 1

Then it applies Mer exhaustively in all possible ways. The obtained derivation tree has the
following branches:

Branch 1:  Merging the GEQs for y1, y2, and y3, using the substitution
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Branch 2:

= Mer

Branch 3:

= Mer

Branch 5:

{y1 — (ab)-y, y2 = y, y3 — (cb)-y} results in
0; 0; {ya:gsa = d}; {y: g2 = b}; {a#ty, cHy, d#y, attys, b#ys, cHys};
{X = f((ab)y, y, (cb)y, ya),...}; 0.56; 1

Merging the GEQs for s, y3, and y4, using the substitution
{y2 = (b¢)-z, ys = 2, ya = (d ¢)-z} results in

®7 @’ {yl ‘o1 £ a}? {Z $ g3 = C}? {b#ylvc#ylvd#ylaa#zab#zad#z};
{X — f(y1, (be)z, z, (dc)z),...}; 042; 1.

First, merging the GEQs for y; and ys, using the substitution
{y1 = u1, y2 — (ba)wu;} leads to

0; 0; {ys : 93 = c,ya: ga = d}; {ur: g1 £ al;

{b#un, c#tun, d#tur, adtys, b#ys, d#tys, a#tys, b#ya, c#ya};

{X — f(u1, (ba)wui, ys, ya),...}; 0.8; 1

the merging substitution {y; — (ba)-u1, y2 — uq}.

Second, merging the GEQs for y3 and y4, using the substitution

{ys > ua, ya — (d ¢)-uz} results in

0; 05 05 {ur: g1 = a,ug = g3 = c}; {b#fun, cffuy, dftuy, afbug, bfug, dfus);
{X = f(ur, (ba)uy, ug, (dc)ug),...}; 0.48; 1.

(Alternatively, we could have chosen to merge towards the GEQ for y
in the first step or towards the GEQ for y, is the second step, but the
obtained generalization would be equi-general to the one above.

Moreover, these generalizations would even have the same degree.)

First, merging the GEQs for y; and ys, using the substitution
{y1 — v1, y3 — (ca)-wv1} leads to

0; 05 {y2: 92 2 bya: ga = d}; {v1: g2 2 al;

{b#v1, cffvr, dffvr, a#tye, ctya, d#ye, adtys, b#ya, c#ys s

{X = f(v1, y2, (ca)vr, ya), ... }; 0.56; 1

Second, merging the GEQs for y, and y4, using the substitution
{y2 — va, Y4 — (d b)-va} results in

0; 0; 0; {v1: g2 £ a,vz: g3 = b}; {b#vr, cHvr, d#tvr, aFtva, c#va, dfva};
{X — f(v1, va(ca)wvy, (db)wa),...}; 0.2352; 1.

Merging the GEQs for y-, and y3, using the substitution
{y2 — w, y3 — (cb)-w} results in
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= Mer 0; 0; {y1:91 = a, ya:gsa = d};
{w: go £ b}; {b#y1, cHyn, difyr, afw, cfw, d#w, aFtys, bfys, cHya )
{X = f(y1, w, (cb)w, yq),...}; 0.7; 1.
Note that the computed answer here is redundant, because it is more
general than those computed in branches 1 and 2.

The same would happen if we merged towards the GEQ for ys.

Branch 6: In this branch, the algorithm computes the same answer as in branch 3,
but in a different order: first, merging the GEQs for y3 and y4, and then
for y; and ys.

Branch 7:  In this branch, the algorithm computes the same answer as in branch 4,
but in a different order: first, merging the GEQs for y5 and y4, and then
for y; and ys.

Hence, we computed five different answers (two of them even twice). Here we show them

with their degrees, witness substitutions (computed from SU M in the final configuration), and
justifications (where the notation Fo = (V, t;) =5 (V, t2) = 0 should be read as Fo = (V, 1)
and (V, t1) =g (V, ta) =0):
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E1 = <{a#y7 C#y7 d#ya a#y4a b#y47 C#y4}7 f((a b)y7 Y, (C b)yv y4)>7
degrees: 0.56 and 1,

substitutions: o = {y — g2, ya = g4}, ocr={y— b, ys — d},
E10L = <®7 f(92792a927g4)> N7 <®, f(913927g3vg4)> = 056’
EIO-R - <®7 f(a7 b7 C7 d>> %:7 <®7 f(a7 b? C? d)> = 1'

By = ({bftys, cityr, difyn, adfz, bz, d#2}, [y, (be)z, 2, (de)-2)),
degrees 0.42 and 1,

substitutions: o = {y1 — g1, 2 —= g3}, or ={y1— a, z— ¢},
Eyor, = (0, f(g1,93,93,93)) =5 (0, f(91,92,93,94)) = 0.42,

Eyor = (0, f(a,b,c,d)) =5 (0, f(a,b,c,d)) =1.

Es5 = ({b#u1, c#ur, d#uy, aftug, bH#us, d#us}, f(ur, (ba)ui, us, (dc)wus)),
degrees 0.48 and 1,

substitutions: oy, = {u1 — g1, ue — g3}, or = {u1 — a, us — c},

Esor = (0, f(91,91,93,93)) =5 (0, f(91,92,93,94)) = 0.48,

Esor = (0, f(a,b,c,d)) =5 (0, f(a,b,c,d)) = 1.

Ey = ({b#v1, cHvr, d#v1, aFFvg, cHtvg, d#tve b, f(v1, va, (ca)v1, (db)ws)),
degrees 0.2352 and 1,

substitutions: oy = {v1 — g2, v2 — g3}, or ={v1 — b, v2 = ¢},

Eyor = (0, f(92,93,92,93)) =5 (D, f(91,92,93,94)) = 0.2352,

Eyor = (0, f(a,b,c,d)) =5 (0, f(a,b,c,d)) = 1.
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E5 = <{b#y17 C#ylv d#yha#wa C#wa d#wva#y47 b#y4a C#y4}a f(yla w, (C b)w7 y4)>a
degrees 0.7 and 1,
substitutions: o, = {y1 — g1, W g2, Y4 — Ga}, or ={y1— a, w— b, ys — d},

Esor = (0, f(91, 92,92, 94)) = (0, f(g1,92,93,94)) = 0.7,
E5OR = <®7 f(ll, bv c, d)> NF <®7 f(a7 ba c, d)> =1

However, if we drop Fs5, which is redundant since it is more general than FE; and Es, the
remaining ones form a minimal complete set {E1, Eo, F3, E4} of A-based Ry-generalizations of

<®7 f(gl7927g3vg4)> and <®a f(a’a b7 C, d)> >

7 Final remarks

Our approach relies on the expressive capabilities of nominal expressions, variadic syntax, and
fuzzy relations. It subsumes several existing generalization algorithms and extends both nominal
and (rigid) variadic algorithms by integrating fuzzy relations. On the other hand, it allows
for richer structures in quantitative generalization problems. Other dimensions of comparison
include the use of proximity versus similarity relations, as well as linear versus unrestricted
variants.

The motivation behind considering the rigid variant was to address practical challenges such
as computational overhead and limited control over generalization precision. This refinement
enhances efficiency and offers greater flexibility, enabling the algorithm to be tuned for specific
applications. In particular, rigidity functions support hybrid approaches that combine the speed
of string-based similarity techniques with the structural precision of tree-based methods. Their
design also facilitates the integration of approximate and learnable similarity measures, allowing
for the incorporation of Al-driven techniques.

Linear generalizations focus on detecting common structure, whereas the general case also
accounts for “similar differences.” In practical applications, particularly those related to program
analysis, linear generalizations are often sufficient. The length of each derivation performed by
the VNAU-lin(R#) algorithm is bounded by the size (more precisely, by the depth) of the
problem. Moreover, when the rigidity function returns a singleton set, the derivation contains
only a single branch.

When the given fuzzy relation is a similarity, the alignments computed by rigidity functions
contain only symbols taken from the given hedges to be generalized; the only remaining choice
is from which hedge each symbol is selected. In contrast, for proximity relations, such symbols
need not belong to the given hedges: they may also arise as common neighbors of symbols
appearing in those hedges.

Merging under similarity relations can be done consecutively and, therefore, the SMer rule
can be used, which does not cause branching. For proximity, we have to merge several GEQs
at once as done in the Mer rule and need to consider all possible alternatives.

Various versions of crisp generalization algorithms have found applications in several areas
of software science, e.g., in automated program repair [3,17,23,26] or clone detection [8,9,25].
Incorporating quantitative features, such as proximity or similarity relations, can further extend
the applicability of these methods by enabling the capture of approximately common code
fragments that would remain undetected by crisp generalization techniques.
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