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Abstract
We adapt the theory of normal and special polynomials from symbolic integration to
the summation setting and then build up a general framework embracing both the usual
shift case and the q-shift case. In the context of this general framework, we develop a
unified reduction algorithm, and subsequently a creative telescoping algorithm, appli-
cable to both hypergeometric terms and their q-analogues. Our algorithms allow us to
split up the usual shift case and the q-shift case only when it is really necessary, and
thus instantly reveal the intrinsic differences between these two cases. Computational
experiments are also provided.

Keywords Creative telescoping · Hypergeometric term · q-Hypergeometric term ·
Reduction · Zeilberger’s algorithm

Mathematics Subject Classification 68W30 · 12H10 · 33D70

1 Introduction

Hypergeometric summation and its q-analogue appear frequently in combinatorics
[8]. These are sums whose summands are (q-)hypergeometric terms, typically involv-
ing rational functions, geometric terms, factorial terms, binomial coefficients, and
so on. Given a (q-)hypergeometric sum, an important problem is to decide whether
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the sum admits a “closed form”. A prominent technique for tackling such a problem
is the method of creative telescoping, also known as Zeilberger’s algorithm in the
hypergeometric case and q-Zeilberger’s algorithm in the q-hypergeometric case. This
method was first pioneered by Zeilberger [46–48] in the 1990s and has now become
the primary technique for definite summation and integration.

In the case of summation, the method of creative telescoping takes a summand
f (x, y) and looks for polynomials c0, c1, . . . , cρ in x only, not all zero, and another
term g(x, y) in the same class as f (x, y) such that

c0(x) f + c1(x)Sx ( f ) + · · · + cρ(x)Sρ
x ( f ) = Sy(g) − g, (1)

where Sx and Sy denote (q-)shift operators with respect to x and y, respectively. The
number ρ may or may not be part of the input. If such c0, c1, . . . , cρ and g exist, then
the nonzero recurrence operator L = c0 + c1Sx +· · ·+ cρ Sρ

x is called a telescoper for
f and the term g is called the certificate for L . From the relation (1), one can derive a
recurrence equation admitting the given definite sum as a solution. With this equation
at hand, we are then able to evaluate the sum by some other available algorithms (for
example, cf. [2, 42]) or (dis-)prove an already given identity by substitution and initial-
value checking. As an example, let us consider the q-Chu-Vandermonde identity in
the form

n∑

k=0

[
n

k

]

q

[
b

k

]

q
qk2 =

[
b + n

n

]

q
,

where

[
n

k

]

q
=

{
(q;q)n

(q;q)k(q;q)n−k
if 0 ≤ k ≤ n,

0 otherwise

is the Gaussian binomial coefficient and (q; q)k = ∏k
i=1(1−qi ) is the q-Pochhammer

symbol with (q; q)0 = 1. Let fn,k denote the summand on the left-hand side of the
identity, and let x = qn and y = qk . Themethod of creative telescoping then constructs
a telescoper L = q(1−qb+1x)−q(1−qx)Sx for fn,k and a corresponding certificate

gn,k = q2x(y − 1)2

−qx + y

[
n

k

]

q

[
b

k

]

q
qk2 ,

where Sx ( fn,k) = fn+1,k . Thus (1) becomes

q(1 − qb+1x) fn,k − q(1 − qx) fn+1,k = gn,k+1 − gn,k .

123



A unified reduction for hypergeometric… Page 3 of 39 14

Summing over k from zero to n on both sides, along with a subsequent simplification,
delivers the recurrence equation

q(1 − qb+1x)Fn − q(1 − qx)Fn+1 = 0 with Fn =
n∑

k=0

fn,k . (2)

Using a q-analogue of Pascal’s formula (cf. [28, Exercises 1.2 (v)]), we see that the
right-hand side of the identity

[b+n
n

]
q satisfies the same recurrence equation. The

correctness of the q-Chu-Vandermonde identity is finally confirmed by checking the
equality of initial values at n = 0. Similar reasoning processes apply to most of the
summation identities listed in [28, Appendix II].

Over the past 35 years, a variety of generalizations and improvements of creative
telescoping have been developed. As outlined in the introduction of [23], we can
distinguish four generations among them. The first generation was based on elimina-
tion techniques. The second generation starts with Zeilberger’s algorithm, and uses
the idea of parametrizing an algorithm for indefinite summation (or integration). The
third generationwas initiated byApagodu andZeilberger, andmainly applies a second-
generation algorithm by hand to a generic input so as to reduce the problem to solving
linear systems. Due to the efficiency and practicability, the algorithms of the sec-
ond generation have been implemented in many computer algebra systems, including
Maple andMathematica, and are widely used in proving identities from combina-
torics, the theory of partitions or physics, etc. More details can be found in [43] for
the first two generations and in [9, 39] for the third one.

In terms of the fourth generation, reduction methods currently provide the state
of the art for constructing telescopers (see [17] and the references therein). These
convert a given summand f (x, y) into some sort of reduced form red( f ) modulo
all terms that are y-differences of other terms. The object is then to continu-
ally take shifts f , Sx ( f ), S2

x ( f ), . . . and, by reduction methods, convert these to
reduced forms red( f ), red(Sx ( f )), red(S2

x ( f )), . . . until we find a set of polynomials
c0(x), c1(x), . . . , cρ(x), not all zero, such that

c0(x) red( f ) + c1(x) red(Sx ( f )) + · · · + cρ(x) red(Sρ
x ( f )) = 0.

This will give rise to a telescoper L = c0 + c1Sx + · · · + cρ Sρ
x for f . The termination

of the above process is guaranteed by the known existence criteria for telescopers (for
example, see [1] for the hypergeometric case and [26] its q-analogue).

Compared with previous generations, the key advantage of the fourth generation is
that it separates the computation of the ci from the computation of the g in (1), and thus
enables one to find a telescoper without also necessarily computing a corresponding
certificate. This is desirable in a typical situation where only the telescoper is of
interest and its size is much smaller than the size of the certificate. For instance, in the
above example of the q-Chu-Vandermonde identity, due to the natural boundary of
Gaussian binomial coefficients, we could have directly used the telescoper to obtain
the recurrence equation (2) without knowing the certificate. So far this approach has
been worked out for various classes of functions, including rational functions [10, 13,
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22], hyperexponential functions [11], algebraic functions [24], D-finite functions [12,
19, 21, 33], hypergeometric terms [23, 35], P-recursive sequences [14, 20, 32], and
so on. One goal of the present paper is to further enlarge the list and include another
important class of q-hypergeometric terms.

q-Hypergeometric terms are just slight adaptations of the usual ones by essentially
promoting involved variables to exponents of an additional parameter q. One of the
reasons for interest in q-analogues is that, due to the extra parameter q, they havemany
counting interpretations which are useful in combinatorics and analysis; see the classic
books [6, 7] formany interesting applications in combinatorics, analysis and elsewhere
in mathematics. Very often, techniques for handling the usual case carry over to the q-
analogue with some subtle modifications (cf. [37, 40]). Rather than working out these
modifications individually, we aim to set up a general frameworkwhich combines both
the usual shift case and the q-shift case so as to reveal more profound reasons for this
phenomenon. The foundation of this framework is the theory of normal and special
polynomials adapted from symbolic integration [15]. With this theory, every rational
function can be uniquely decomposed as a sum of the polynomial, normal, and special
parts. As indicated by Lemma 2.7, a major difference from the q-shift case to the
usual one lies in the appearance of nontrivial special polynomials (and thus possibly
nontrivial special parts). This results in the Laurent polynomial reduction, instead
of the usual polynomial reduction, for q-hypergeometric terms in [27]. In order to
eliminate this discrepancy, we introduce the notion of standard rational functions (see
Definition 3.7), which enables us to transform a nontrivial special part to a “simpler"
term that can be tackled simultaneously with the polynomial part. In this way, we
unify the reduction processes for hypergeometric terms and their q-analogues, and
subsequently obtain a unified creative telescoping algorithm. This algorithm extends
the one developed in [23] for the usual hypergeometric terms by including the q-
shift case, and it shares the important feature of the reduction-based approach that the
computation of a telescoper is separated from that of its certificate.

The remainder of the paper proceeds as follows. Some basic notions and results
are recalled in the next section. In particular, we briefly translate the theory of nor-
mal and special polynomials from symbolic integration to the summation setting.
Using this theory, we present in Sect. 3 a reduction algorithm which brings every
(q-)hypergeometric term to a reduced form. These reduced forms are shown in Sect. 4
to be well-behaved with respect to taking linear combinations. Based on the reduc-
tion algorithm developed previously, Sect. 5 describes an algorithm for constructing
telescopers for (q-)hypergeometric terms, followed in Sect. 6 by an experimental com-
parison between our algorithms and the built-in algorithms of Maple.

2 Preliminaries

Throughout the paper, let F be a field of characteristic zero, and F(y) be the field
of rational functions in y over F. Let σy be an F-automorphism of F(y). The pair
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(F(y), σy) is called a difference field. By [45, Theorem 6.2.3], there exists a matrix

A =
(

a b
c d

)
∈ GL2(F) with a, b, c, d ∈ F and ad − bc �= 0,

such that σy = ϕA, where ϕA denotes the F-automorphism of F(y) defined by

ϕA( f (y)) = f
(ay + b

cy + d

)
for all f ∈ F(y).

Let

Au =
(
1 1
0 1

)
and Aq =

(
q 0
0 1

)
with q ∈ F \ {0}.

We call σy the usual shift operator if σy = ϕAu , and call it the q-shift operator if
σy = ϕAq .

According to the discussions in [25, §2, Page 323], we see that the difference
field (F(y), σy) is actually isomorphic to either the difference field (F(y), ϕAu ) or the
difference field (F(y), ϕAq ). In other words, there exists an automorphism φ of F(y)

such that
either φ ◦ σy = ϕAu ◦ φ or φ ◦ σy = ϕAq ◦ φ. (3)

Now let R be a ring extension of F(y) and assume that the relation (3) remains in
R, where σy, ϕAu , ϕAq are extended to be monomorphisms of R, and φ is extended
to be an automorphism of R. An element c ∈ R is called a constant if σy(c) = c. All
constants in R form a subring of R, denoted by CR .

Definition 2.1 An invertible element T of R is called a σy-hypergeometric term over
F(y) if σy(T ) = rT for some r ∈ F(y). We call r the σy-quotient of T .

Clearly, every nonzero rational function in F(y) is σy-hypergeometric. A σy-
hypergeometric term is also called a hypergeometric term if σy is the usual shift
operator, and a q-hypergeometric term if σy is the q-shift operator. Typical exam-
ples are given by a Pochhammer symbol (a)y = a(a + 1) · · · (a + y − 1) (y > 0)
being a hypergeometric term in y and its q-analogue (q; q)k = ∏k

i=1(1 − qi ) being
a q-hypergeometric term in qk .

Two σy-hypergeometric terms are called similar over F(y) if one can be obtained
from the other by multiplying a rational function in F(y). A σy-hypergeometric term
T is said to be σy-summable if there exists another σy-hypergeometric term G such
that T = �y(G), where �y denotes the difference of σy and the identity map of R. It
is readily seen that two σy-hypergeometric terms T and G satisfying T = �y(G) are
similar.

Let σ1, σ2 be any twomonomorphisms of R with φ◦σ1 = σ2◦φ for some automor-
phism φ of R whose restriction to F(y) is an automorphism of F(y). Then a term T in
R is σ1-hypergeometric if and only if φ(T ) is σ2-hypergeometric. Moreover, the prob-
lem of determining whether a σ1-hypergeometric term T is σ1-summable is equivalent
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to that of determining whether the σ2-hypergeometric term φ(T ) is σ2-summable. We
thus conclude from (3) that determining the σy-summability of a σy-hypergeometric
term amounts to determining the usual summability of a hypergeometric term or the
q-summability of a q-hypergeometric term.

For simplicity, in the rest of the paper, we assume throughout that, when restricted to
F(y), the F-automorphism σy is either the usual shift operator such that σy(y) = y +1
or the q-shift operator such that σy(y) = qy, where q ∈ F is neither zero nor a root of
unity. These two cases will be later referred to as the usual shift case and the q-shift
case, respectively. We remark that in the case when σy is the q-shift operator and q is
further assumed to be a root of unity, the σy-summability problem is closely related to
the additive version of Hilbert’s Theorem 90 (see [38, Theorem 6.3, Page 290]), and
will be left for future research.

2.1 The canonical representation

Let T be a σy-hypergeometric term. A key idea on determining the σy-summability
of a given σy-hypergeometric term T is to write it into a multiplicative decomposition
T = f H , where f ∈ F(y) and H is a σy-hypergeometric term enjoying some nice
properties (cf. [3, 5]). Then determiningwhether T is σy-summable amounts to finding
a rational function g ∈ F(y) such that

f H = �y(gH), or equivalently, f = Kσy(g) − g with K = σy(H)

H
. (4)

For a nonzero rational function K in F(y), we follow [27] to define a linear map
�K = Kσy − 1 from F(y) to itself which maps r ∈ F(y) to Kσy(r) − r . Note that
the image of�K , denoted by im(�K ), is an F-linear subspace of F(y). It then follows
from (4) that f H is σy-summable if and only if f ∈ im(�K ). In this way, the main
object has been reduced from σy-hypergeometric terms to the well-studied class of
rational functions.

In the following, we adapt the notion of normal and special polynomials from
symbolic integration [15] into our setting, so as to obtain a canonical representation
of a rational function.

Definition 2.2 A polynomial p ∈ F[y] is said to be σy-normal if gcd(p, σ �
y (p)) = 1

for any nonzero integer �, and σy-special if p | σ�
y (p) for some nonzero integer �.

Note that σy-normal polynomials are also called σy-free polynomials in the liter-
ature. Recall that two polynomials a, b in F[y] are associates if a = c b for c ∈ F.
Since σy preserves the degree of the input polynomial, a polynomial p ∈ F[y] is
σy-special if and only if p is an associate of σ�

y (p) for some nonzero integer �, which

happens if and only if p is an associate of σ�
y (p) for some positive integer �. It is

readily seen that σy-normal (resp. σy-special) polynomials remain to be σy-normal
(resp. σy-special) under the application of the automorphism σy . A polynomial is not
necessarily σy-normal or σy-special, but an irreducible polynomial p ∈ F[y] must
be either σy-normal or σy-special, since gcd(p, σ �

y (p)) for any integer � is a factor
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of p. Evidently, all elements in F are σy-special, and p ∈ F[y] is both σy-normal and
σy-special if and only if p ∈ F \ {0}.
Definition 2.3 Polynomialsa, b ∈ F[y] are said to beσy-coprime if gcd(a, σ �

y (b)) = 1
for any nonzero integer �.

Note that in the above definition, we did not require that two σy-coprime polyno-
mials be coprime. In analogy to [15, Theorem 3.4.1], we describe the multiplicative
properties of σy-special and σy-normal polynomials.

Proposition 2.4 (i) Any finite product of σy-normal and pairwise σy-coprime poly-
nomials in F[y] is σy-normal. Any factor of a σy-normal polynomial in F[y] is
σy-normal.

(ii) Any finite product of σy-special polynomials in F[y] is σy-special. Any factor of a
nonzero σy-special polynomial in F[y] is σy-special.

Proof (i) Let p1, . . . , pm ∈ F[y] be σy-normal and such that gcd(pi , σ
k
y (p j )) = 1 for

all i, j, k ∈ Z with 1 ≤ i < j ≤ m and k �= 0, and let p = ∏m
i=1 pi . Then for any

nonzero integer �, we have

gcd(p, σ �
y (p)) = gcd(p1 · · · pm, σ �

y (p1) · · · σ�
y (pm))

∣∣∣
m∏

i=1

gcd(pi , σ
�
y (pi )) = 1,

where the last equality follows by the σy-normality of each pi . So gcd(p, σ �
y (p)) = 1,

that is, p is σy-normal.
Let p ∈ F[y] be σy-normal and write p = ab where a, b ∈ F[y]. Since p is

σy-normal, we have

gcd(p, σ �
y (p)) = gcd(ab, σ �

y (a)σ �
y (b)) = 1 for all � ∈ Z \ {0}.

Thus gcd(a, σ �
y (a)) = 1 for all � ∈ Z \ {0}, which implies that a is σy-normal.

(ii) Let a, b ∈ F[y] be two σy-special polynomials. Then there exist positive integers

�1, �2 and elements c1, c2 ∈ F such that σ�1
y (a) = c1a and σ

�2
y (b) = c2b. Thus

σ�1�2
y (ab) = σ�1�2

y (a)σ �1�2
y (b) = (c1a)(c2b) = c1c2ab.

So ab | σ
�1�2
y (ab), that is, ab is σy-special. The first assertion of part (ii) then follows

by induction.
Let p be a nonzero σy-special polynomial in F[y]. There is nothing to show if

p ∈ F. Assume that p /∈ F and let a ∈ F[y] be an irreducible factor of p. Then there
exists a nonzero integer � such that p and σ�

y (p) are associates, and thus a | σ�
y (p). It

follows that there exists an irreducible factor a1 ∈ F[y] of p such that a is an associate
of σ�

y (a1). Applying the same argument to a1, we get an irreducible factor a2 ∈ F[y] of
p such that a1 is an associate of σ�

y (a2). Thus, a is an associate of σ 2�
y (a2). Continuing

123



14 Page 8 of 39 S. Chen et al.

in this pattern, we obtain a sequence of irreducible factors {a1, a2, . . . } ⊆ F[y] of p
such that

a is an associate of σ k�
y (ak) for all k = 1, 2, . . .

Since p has only finitely many irreducible factors, there exist two integers i, j with
j > i ≥ 1 such that ai = a j . Since a is an associate of both σ i�

y (ai ) and σ
j�

y (a j ),

we see that a | σ
( j−i)�
y (a). Notice that j − i > 0. So ( j − i)� �= 0. By definition,

a is σy-special. Since a is arbitrary, we know that every irreducible factor of p is
σy-special. Let now b ∈ F[y] be any factor of p. If b ∈ F, then b is σy-special by
definition. Otherwise, b is a nonempty finite product of irreducible factors of p, so it
is σy-special by the first assertion of part (ii). �	

We can separate the σy-normal and σy-special components of a polynomial in F[y].
Definition 2.5 Let p ∈ F[y]. We say that p = ps pn is a σy-splitting factorization of p
if ps, pn ∈ F[y], ps is σy-special, and every irreducible factor of pn is σy-normal.

A consequence of Proposition 2.4 is that we always have gcd(ps, pn) = 1 in a
σy-splitting factorization p = ps pn of p ∈ F[y], and such a factorization is unique
up to multiplication by units in F. Clearly, a full irreducible factorization of p yields
a σy-splitting factorization of p. It is not obvious to us (but it would be interesting to
see) whether such a σy-splitting factorization can be computed by the gcd computation
only, like in the differential case (cf. [15, §3.5]).

For a nonzero polynomial p ∈ F[y], its degree in y (or y-degree) is denoted by
degy(p). We will follow the convention that degy(0) = −∞. We assume throughout
that the numerator and denominator of a rational function in F(y) are always coprime.
A rational function in F(y) is said to be proper if the y-degree of its numerator is less
than that of its denominator.

We can now define a canonical representation of rational functions in F(y). Let
f be a rational function in F(y) with denominator d and let d = dsdn be a σy-
splitting factorization of d. Then there are unique p, a, b ∈ F[y] such that degy(a) <

degy(ds), degy(b) < degy(dn), and

f = p + a

ds
+ b

dn
.

We call this decomposition, which is unique, the σy-canonical representation of f ,
and the components p, a/ds, b/dn the polynomial part, the special part, the normal
part of f , respectively. Note that the special and normal parts of a rational function in
F(y) are always proper.

In the usual shift and the q-shift cases, we are able to characterize all possible
σy-special irreducible polynomials. To this end, we need the following simple lemma.
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Lemma 2.6 Let f be a rational function in F(y).

(i) If f (y + �) = f (y) for some nonzero integer �, then f ∈ F.
(ii) If f (q�y) = c f (y) for some nonzero integer � and c ∈ F, then f /yk ∈ F for some

k ∈ Z. In particular, c = q�k if f �= 0.

Proof (i) This is exactly [4, Lemma 2].
(ii) It is trivial when f = 0. Assume that f is nonzero and f (q�y) = c f (y) for some
� ∈ Z \ {0} and c ∈ F. Write f = a/d with a, d ∈ F[y] \ {0} and gcd(a, d) = 1. It
then follows from f (q�y) = c f (y) that

a(q�y) = c1a(y) and d(q�y) = c2d(y),

where c1, c2 ∈ Fwith c1/c2 = c. Let a = ∑k1
i=0 ai yi with k1 ∈ N, ai ∈ F and ak1 �= 0.

By comparing the coefficients of both sides of a(q�y) = c1a(y), we conclude that

a = ak1 yk1 and c1 = q�k1 .

Similarly, we have d = dk2 yk2 and c2 = q�k2 for some k2 ∈ N and dk2 ∈ F \ {0}.
Letting k = k1 − k2 ∈ Z, we obtain that f /yk ∈ F and c = q�k . �	

The following lemma gives the desired characterization.

Lemma 2.7 Let p be a polynomial in F[y].
(i) In the usual shift case, p is σy-special if and only if p ∈ F.

(ii) In the q-shift case, p is σy-special if and only if p is an associate of yk for some
k ∈ N.

Proof (i) The sufficiency is evident by definition. For the necessity, assume that p is
σy-special. Then there exist � ∈ Z \ {0} and c ∈ F such that σ�

y (p) = c p. Since σy is

the usual shift operator, σ�
y (p) and p have the same leading coefficient with respect

to y. Thus c = 1 and σ�
y (p) = p. It follows from part (i) of Lemma 2.6 that p ∈ F.

(ii) Assume that p = cyk for some c ∈ F and k ∈ N. Since σy is the q-shift operator,
we have σy(p) = c qk yk . So p | σy(p), and thus p is σy-special by definition.
Conversely, assume that p is σy-special. Then there exist � ∈ Z \ {0} and c ∈ F such
that σ�

y (p) = c p. The assertion follows from part (ii) of Lemma 2.6. �	

2.2 Kernels, shells and�y-factorizations

Recall that a polynomial p in F[y] is said to be monic if its leading coefficient with
respect to y is one, and q-monic if p(0) = 1 (cf. [40]). Unifying the usual shift and
the q-shift cases, we say that a polynomial p in F[y] is σy-monic if it is monic in the
former case or q-monic in the latter one. A rational function in F(y) is σy-monic if
both its numerator and denominator are σy-monic. By a factor of a rational function
in F(y), we mean a factor of either its numerator or its denominator. Let f ∈ F(y)

be σy-monic. Lemma 2.7 then tells us that all irreducible factors of f are σy-normal.
Moreover, σ�

y ( f ) for all � ∈ Z is again σy-monic.
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Based on [5, 26], a nonzero rational function in F(y) with numerator u and denom-
inator v is said to be σy-reduced if u and v are σy-coprime. For a nonzero rational
function f ∈ F(y), there exist two nonzero rational functions K , S in F(y) with K
being σy-reduced such that

f = K
σy(S)

S
.

Such a pair (K , S) will be called a rational normal form (or an RNF for short) of f .
Moreover, we call K a kernel and S a corresponding shell of f . These quantities can
be constructed by gcd-calculations (cf. [5, 26]).

It is known that a rational function in F(y) is a Laurent polynomial in y if its
denominator is a power of y. All Laurent polynomials in F(y) form a subring, which
is denoted by F[y, y−1]. Let f be a nonzero Laurent polynomial in F[y, y−1]. Then
it can be written in the form f = ∑n

i=m ci yi , where m, n ∈ Z with m ≤ n and
cm, cm+1, . . . , cn ∈ F with cmcn �= 0. We call n the head degree of f and m the tail
degree of f , which are denoted by hdeg( f ) and tdeg( f ), respectively. By convention,
we have hdeg(0) = −∞ and tdeg(0) = +∞.

We will also consider the ring of Laurent polynomials in σy over Z, denoted
by Z[σy, σ

−1
y ]. Let p be a nonzero polynomial in F[y] and let α = ∑n

i=m kiσ
i
y ∈

Z[σy, σ
−1
y ]. We define

pα =
n∏

i=m

σ i
y(p)ki .

Clearly, pα is a polynomial if and only if α belongs to N[σy, σ
−1
y ].

According to [36, Definition 11] and [5, Definition 1], two polynomials a, b ∈ F[y]
are σy-equivalent if a is an associate of σ�

y (b) for some integer �. Evidently, this
gives an equivalence relation, and the σy-equivalence of two polynomials can be
easily recognized by comparing coefficients. Let f be a rational function in F(y). By
computing σy-splitting factorizations of its numerator and denominator, and grouping
together all σy-normal irreducible factors that are σy-equivalent, we can decompose
f as

f = fs pα1
1 . . . pαm

m , (5)

where fs ∈ F(y) whose numerator and denominator are both σy-special, m ∈ N,
each αi ∈ Z[σy, σ

−1
y ] \ {0}, each pi ∈ F[y] is σy-monic and irreducible, and the

pi are pairwise σy-inequivalent. We call (5) a σy-factoriztion of f . Note that such a
factorization is not unique since there aremany possibilities to express each component
pαi

i . Nevertheless, for each fixed pi , the corresponding exponent αi in (5) is unique
as pi is σy-normal and F[y] is a unique factorization domain, and we will then call αi

the σy-exponent of pi in p.
The following describes a useful property of σy-reduced rational functions, which

is equivalent to [23, Lemma 2.2] in the usual shift case and [27, Proposition 3.2] in
the q-shift case.
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Proposition 2.8 Let r be a σy-reduced rational function in F(y), and assume that
r = σy( f )/ f for some f ∈ F(y) \ {0}. Then both the numerator and denominator of
f are σy-special. Moreover, r is equal to one in the usual shift case, or it is a power
of q in the q-shift case.

Proof Assume that f admits a σy-factorization of the form (5) and suppose thatm > 0.
Since r = σy( f )/ f , we get

r = σy( fs)

fs

m∏

i=1

pβi
i ,

where βi = σyαi − αi �= 0 for all i = 1, . . . , m. Notice that the total sum of
all coefficients of each βi with respect to σy is zero. So each βi has both positive
and negative coefficients, which contradicts with the assumption that r is σy-reduced.
Therefore,m = 0 and then f = fs , implying that both the numerator and denominator
of f are σy-special. The second assertion immediately follows by Lemma 2.7. �	

The above property enables us to derive the following equivalence characterization
of rational σy-hypergeometric terms, that is, terms of the form c f , where c ∈ CR \ {0}
and f ∈ F(y).

Corollary 2.9 Let T ∈ R be a σy-hypergeometric term whose σy-quotient has a
kernel K .

(i) In the usual shift case, T is rational if and only if K = 1.
(ii) In the q-shift case, T is rational if and only if K is a power of q.

Proof Let S be a shell ofσy(T )/T so thatσy(T )/T = Kσy(S)/S.Assume that T = c f
for some c ∈ CR \ {0} and f ∈ F(y). Then σy(T )/T = σy( f )/ f = Kσy(S)/S.
Thus K = σy(r)/r , where r = f /S ∈ F(y). Since K is σy-reduced, we see from
Proposition 2.8 that K is equal to one in the usual shift case or it is a power of q in the
q-shift case. The necessities of both parts (i) and (ii) thus follow.

Conversely, assume that K = 1 in the usual shift case or K = qk for some k ∈ Z

in the q-shift case. By taking r = 1 in the former case or r = yk in the latter one,
we obtain that K = σy(r)/r in either case. Notice that σy(T )/T = Kσy(S)/S. Thus
T /(r S) is a nonzero constant, say c, of the ring R. It follows that T = c r S. �	

As mentioned in the paragraph right after Corollary 3.2 in [27], the ring R can be
chosen using Picard-Vessiot extensions (cf. [16, 31]) so that CR coincides with the
field F if F is further assumed to be algebraically closed.

3 A unified reduction

Let T be a σy-hypergeometric term whose σy-quotient has an RNF (K , S). According
to [5, 26], T admits a multiplicative decomposition SH , where H is another σy-
hypergeometric term with σy-quotient K . We are going to reduce the shell S modulo
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im(�K ) to a rational function r ∈ F(y), which is minimal in some sense. This reduc-
tion gives rise to an additive decomposition T = �y(gH) + r H for some g ∈ F(y).
The minimality of r will then establish a σy-summability criterion which says that T
is σy-summable if and only if r = 0 (see Theorem 3.18).

Using an arbitrary RNF, the task described above can be accomplished by a shell
reduction enhancedwith a polynomial reduction in both the usual shift case [23] and the
q-shift case [27]. The difference is that, in the q-shift case, we need to reduce Laurent
polynomials instead of polynomials, which complicates the steps for the polynomial
reduction. In order to force the q-shift case to be in line with the usual shift case as
much as possible, inspired by [41], wewill introduce the notion of σy-standard rational
functions (see Definition 3.7) and further show that every nonzero rational function
in F(y) has a σy-standard kernel (see Proposition 3.16). For a σy-hypergeometric
term whose σy-quotient has a σy-standard kernel K and a corresponding shell S,
the main steps of our reduction algorithm are as follows: first write the shell S in
its canonical representation and then perform successive reductions each of which
brings the individual part to a “simple” one, until the remaining rational function is
“minimal”.

3.1 Normal reduction

In this subsection, we aim at reducing the normal part of a rational function to a
“simple” one. The main strategy differs slightly from the method presented in [27, §4]
in that it employs the so-called strong σy-factorization, rather than an arbitrary one,
so as to make the process more concise and more trackable. The following definition
is useful in justifying the simplicity.

Definition 3.1 Let K ∈ F(y) with numerator u and denominator v. A nonzero
polynomial p ∈ F[y] is said to be strongly coprime with K if gcd(u, σ �

y (p)) =
gcd(v, σ−�

y (p)) = 1 for all � ∈ N.

The next lemma is used to verify the minimality of our reduction algorithm, which
applies to both the usual shift and the q-shift cases, and thus extends [27, Lemma 4.1].

Lemma 3.2 Let K ∈ F(y) with denominator v, and let h ∈ F(y) be a rational function
whose denominator d is σy-normal and strongly coprime with K . Assume that there
are h̃ ∈ F(y) and p ∈ F[y] such that

h − h̃ + p

v
∈ im(�K ). (6)

Then the degree of d is no more than that of the denominator of h̃.

Proof Write K = u/v, where u ∈ F[y] with gcd(u, v) = 1. By (6), there exists
g ∈ F(y) such that

h − h̃ + p

v
= Kσy(g) − g.
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Multiplying both sides by v yields

v(h − h̃) − (uσy(g) − vg) = −p ∈ F[y]. (7)

There is nothing to show if d ∈ F. Assume that d /∈ F and let a ∈ F[y] be an
irreducible factor of d with multiplicity k. Since d is σy-normal, a is σy-normal as
well by Proposition 2.4 (i). Notice that all irreducible factors of d are mutually σy-
inequivalent. So it suffices to show that there exists an integer � such that σ�

y (a)k

divides the denominator d̃ of h̃. Suppose that ak does not divide d̃, otherwise we have
done. Notice that a � v as d is strongly coprime with K . It thus follows from (7) that
ak divides either e or σy(e), where e is the denominator of g.

If ak | e, then there exists an integer � ≥ 1 such that σ�−1
y (a)k | e but σ�

y (a)k
� e

since a is σy-normal. Thus we have σ�
y (a)k | σy(e). Since d is σy-normal and strongly

coprime with K , neither d nor u is divisible by σ�
y (a). Therefore, we conclude from

(7) that σ�
y (a)k divides d̃.

If ak | σy(e), then there exists an integer � ≤ −1 such that σ�
y (a)k | e but σ�−1

y (a)k
�

e since a is σy-normal. Thus we have σ�
y (a)k

� σy(e). Similarly, neither d nor v is

divisible by σ�
y (a), because d is σy-normal and strongly coprime with K . Therefore,

σ�
y (a)k divides d̃ by (7). �	
Let p ∈ F[y] beσy-normal and irreducible, andα ∈ N[σy, σ

−1
y ]\{0}. Let K ∈ F(y)

be σy-reduced with numerator u and denominator v. Let λ,μ ∈ N[σy, σ
−1
y ] be the

σy-exponents of p in u and v, respectively. Since K is σy-reduced, at least one of λ

and μ is zero, that is, we have λμ = 0. Define

� =
{
tdeg(μ) − 1 if λ = 0,

hdeg(λ) + 1 otherwise.
(8)

Then we rewrite

pα = (pσ�
y )σ

−�
y α,

where pσ�
y is strongly coprime with K and σ−�

y α ∈ N[σy, σ
−1
y ] \ {0}. Note that pσ�

y

is again σy-normal and irreducible. This implies that every σy-normal and irreducible
polynomial in F[y] can be transformed to one which is σy-equivalent to the original
polynomial and is strongly coprimewith K . Such a transformation enables us to obtain
a more structured σy-factorization of a given polynomial in F[y].

Consider now a polynomial p ∈ F[y]with a σy-factorization p = ps
∏m

i=1 pαi
i and

let K ∈ F(y) be a σy-reduced rational function. For each factor pi , we transform it to
one which is strongly coprime with K using the procedure described in the preceding
paragraph. By relabeling all the resulting factors, we finally arrive at the following
decomposition (with a slight abuse of notation)

p = ps pα1
1 . . . pαm

m , (9)
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where m ∈ N and

• ps ∈ F[y] is σy-special;
• each pi ∈ F[y] is σy-monic, irreducible and strongly coprime with K ;
• the pi are pairwise σy-inequivalent;
• each αi is in N[σy, σ

−1
y ] \ {0}.

We will call (9) a strong σy-factorization of p with respect to K .
Before turning to the general case, we first perform the normal reduction “locally".

Lemma 3.3 Let K ∈ F(y) with denominator v, and let f ∈ F(y) be a nonzero proper

rational function with denominator dkσ�
y , where k ∈ Z

+, � ∈ Z and d ∈ F[y] is
strongly coprime with K . Then there exist g ∈ F(y) and a, b ∈ F[y] with degy(a) <

k degy(d) such that

f = �K (g) + a

dk
+ b

v
. (10)

Proof Write K = u/v and f = c/dkσ�
y , where u, c ∈ F[y] with gcd(u, v) = 1 and

gcd(c, dkσ�
y ) = 1. If � = 0 then letting g = 0, a = c and b = 0 immediately yields

the assertion. Now assume that � is nonzero. So it is either positive or negative.

If � > 0, then gcd(u, dkσ�
y ) = 1 since d is strongly coprime with K . Using the

extended Euclidean algorithm, we can find s, t ∈ F[y]with degy(s) < k degy(d) such
that

vc = su + tdkσ�
y .

Multiplying both sides by 1/(vdkσ�
y ) gives

f = vc

vdkσ�
y

= K
s

dkσ�
y

+ t

v
.

Adding and subtracting σ−1
y (s)/dkσ�−1

y to the right-hand side, we get

f = Kσy

(σ−1
y (s)

dkσ�−1
y

)
− σ−1

y (s)

dkσ�−1
y

+ σ−1
y (s)

dkσ�−1
y

+ t

v
= �K (g0) + f̃ + t

v
, (11)

where g0 = σ−1
y (s)/dkσ�−1

y and f̃ = σ−1
y (s)/dkσ�−1

y . If f̃ = 0, the proof is then

concluded by letting g = g0 = 0, a = 0 and b = t . Otherwise, f̃ is a nonzero proper

rational function with denominator dkσ�−1
y , so by induction on �, we can find g̃ ∈ F(y)

and a, b̃ ∈ F[y] with degy(a) < k degy(d) such that

f̃ = �K (g̃) + a

dk
+ b̃

v
,

which, along with (11), establishes (10) with g = g0 + g̃ and b = t + b̃.
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If � < 0, then gcd(v, dkσ�+1
y ) = 1 since d is strongly coprimewith K . Again, we can

employ the extendedEuclidean algorithm tofind s, t ∈ F[y]with degy(s) < k degy(d)

such that

uσy(c) = sv + tdkσ�+1
y .

Multiplying both sides by 1/(vdkσ�+1
y ) gives

Kσy( f ) = uσy(c)

vdkσ�+1
y

= s

dkσ�+1
y

+ t

v
.

Adding and subtracting Kσy( f ) to f , we get

f = Kσy(− f ) − (− f ) + Kσy( f )

= Kσy(− f ) − (− f ) + s

dkσ�+1
y

+ t

v
= �K (g0) + f̃ + t

v
, (12)

where g0 = − f and f̃ = s/dkσ�+1
y . If f̃ = 0, then the assertion follows by letting

g = g0 = − f , a = 0 and b = t . Otherwise, f̃ is a nonzero proper rational function

with denominator dkσ�+1
y , so by induction on �, we can find g̃ ∈ F(y) and a, b̃ ∈ F[y]

with degy(a) < k degy(d) such that

f̃ = �K (g̃) + a

dk
+ b̃

v
,

which, along with (12), establishes (10) with g = g0 + g̃ and b = t + b̃. �	
Lemma 3.4 Let K ∈ F(y) with denominator v, and let f ∈ F(y) be a nonzero proper
rational function with denominator dα , where d ∈ F[y] is σy-normal and strongly
coprime with K and α ∈ N[σy, σ

−1
y ] \ {0}. Then there exist g ∈ F(y), a, b ∈ F[y]

and k ∈ N with degy(a) < k degy(d) such that

f = �K (g) + a

dk
+ b

v
. (13)

Proof Assume that α = ∑n
i=m kiσ

i
y , where m, n ∈ Z, m ≤ n, ki ∈ N and kmkn �= 0.

Since d is σy-normal, the polynomials dσm
y , dσm+1

y , . . . , dσ n
y are pairwise coprime.

Then f admits a partial fraction decomposition f = ∑n
i=m fi , where each fi is either

zero or a nonzero proper rational function in F(y) with denominator dki σ
i
y . Applying

Lemma 3.3 to each nonzero fi yields

fi = �K (gi ) + ai

dki
+ bi

v
,
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where gi ∈ F(y), ai , bi ∈ F[y] and degy(ai ) < ki degy(d). Summing all these
equations up, we thus obtain (13) for some g ∈ F(y), a, b ∈ F[y] and k ∈ N satisfying
degy(a) < k degy(d). �	

The main result of this subsection is given below.

Theorem 3.5 Let K ∈ F(y) be σy-reduced with denominator v, and let f ∈ F(y) be a
proper rational function whose denominator does not have any nontrivial σy-special
factors. Then there exist g, h ∈ F(y) and b ∈ F[y] such that

f = �K (g) + h + b

v
, (14)

and h is proper whose denominator is σy-normal and strongly coprime with K . More-
over, the denominator of h has minimal y-degree in the sense that if there exists another
triple (g̃, h̃, b̃) with g̃, h̃ ∈ F(y) and b̃ ∈ F[y] such that

f = �K (g̃) + h̃ + b̃

v
, (15)

then the y-degree of the denominator of h is no more than that of h̃. In particular, h is
equal to zero if f ∈ im(�K ).

Proof If f = 0, then the assertion is evident by letting g = h = b = 0. Assume that
f is nonzero and write f = a/d with a, d ∈ F[y], gcd(a, d) = 1 and degy(a) <

degy(d). Let d = ds
∏m

i=1 dαi
i be a strong σy-factorization of d with respect to K ,

where ds ∈ F by assumption. Then f has a partial fraction decomposition

f =
m∑

i=1

fi , (16)

where fi ∈ F(y) is a nonzero proper rational function with denominator dαi
i for

i = 1, . . . , m. For all i = 1, . . . , m, we can apply Lemma 3.4 to fi to find gi ∈ F(y),
ai , bi ∈ F[y] and ki ∈ N with degy(ai ) < ki degy(di ) such that

fi = �K (gi ) + ai

dki
i

+ bi

v
. (17)

Then (14) follows by letting g = ∑m
i=1 gi , h = ∑m

i=1 ai/dki
i and b = ∑m

i=1 bi .
Note that the irreducible polynomials d1, . . . , dm are σy-normal and mutually σy-
inequivalent. So they are two by two σy-coprime, and thus the denominator of h is
σy-normal by Proposition 2.4 (i). Because d1, . . . , dm are all strongly coprime with

K , so is the denominator of h. Moreover, h is proper since all the ai/dki
i are proper.
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It remains to show that the y-degree of the denominator of h is minimal. Assume
that there exist g̃, h̃ ∈ F(y) and b̃ ∈ F[y] such that (15) holds. Then by (14), we have

h − h̃ + b − b̃

v
∈ im(�K ).

It follows from Lemma 3.2 that the y-degree of the denominator of h is no more than
that of h̃. Now assume that f ∈ im(�K ). Then (15) holds with h̃ = b̃ = 0 and thus
h ∈ F[y] by the minimality. Since h is proper, it must be zero. �	

The proof of Theorem 3.5 induces an algorithm as follows.
NormalReduction. Given a σy-reduced rational function K ∈ F(y) with denomina-
tor v, and a proper rational function f ∈ F(y) whose denominator does not have any
nontrivial σy-special factors, compute two rational functions g, h ∈ F(y) and a poly-
nomial b ∈ F[y] such that (14) holds and h is proper whose denominator is σy-normal
and strongly coprime with K .

1. If f = 0, then set g = 0, h = 0, b = 0, and return.
2. Compute a strong σy-factorization d = ds

∏m
i=1 dαi

i of the denominator d of f
with respect to K .

3. Compute the partial fraction decomposition (16) of f with respect to d =
ds

∏m
i=1 dαi

i .
4. For i = 1, . . . , m, apply Lemma 3.4 to fi to find gi ∈ F(y), ai , bi ∈ F[y] and

ki ∈ N with degy(ai ) < ki degy(di ) such that (17) holds.

5. Set g = ∑m
i=1 gi , h = ∑m

i=1 ai/dki
i , b = ∑m

i=1 bi , and return.

Example 3.6 Assume that σy is the q-shift operator. Let K = −qy + 1, which is
σy-reduced, and let

f = − q(q − 1)y

(qy − 1)(q2y − 1)
,

whose denominator has no nontrivial σy-special factors, and admits a strong σy-
factorization (qy − 1)(q2y − 1) = dα with d = −q2y + 1 and α = σ−1

y + 1.
Applying the normal reduction to f with respect to K yields

f = �K

( 1

qy − 1

)
+ −1/q

d
+ 1/q

v
,

where v = 1. Since the second summand is nonzero, by Theorem 3.5, f /∈ im(�K ).

3.2 Special reduction

We consider in this subsection the special part of a rational function in F(y), which,
by Lemma 2.7, will be always zero in the usual shift case. Thus we merely need to
address the q-shift case, in which the special part is a Laurent polynomial inF[y, y−1],
again by Lemma 2.7. For this purpose, we require the notion of σy-standard rational
functions.
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Definition 3.7 A rational function in F(y)with numerator u and denominator v is said
to be σy-standard if it is σy-reduced, and additionally in the q-shift case, u(0)q� −
v(0) �= 0 for any negative integer �.

Theorem 3.8 Assume that σy is the q-shift operator. Let K ∈ F(y) be σy-standard with
denominator v, and let f ∈ F(y) be a proper rational function whose denominator is
σy-special. Then there exist g ∈ F[y−1] and b ∈ F[y] such that

f = �K (g) + b

v
. (18)

Proof Since σy is the q-shift operator and f is proper with σy-special denominator, it
follows from Lemma 2.7 that f = a/yk for k ∈ N and a ∈ F[y] with degy(a) < k.
Thus v f = va/yk is a Laurent polynomial in F[y, y−1]. Let m = tdeg(v f ). If m ≥ 0,
then v f ∈ F[y] and thus letting g = 0 and b = v f concludes the proof. Now assume
that m < 0, and write K = u/v, where u ∈ F[y] with gcd(u, v) = 1. Since K is
σy-standard, u(0)qm − v(0) �= 0. Define

g0 = cym

u(0)qm − v(0)
,

where c is the coefficient of ym in v f . Then g0 ∈ F[y−1] and

v f − (uσy(g0) − vg0) = v f − (cym + higher terms in y),

which is again a Laurent polynomial in F[y, y−1] but with tail degree greater than m,
as opposed to m for the initial Laurent polynomial v f . Thus, repeating this process at
most (−m) times yields a Laurent polynomial in F[y, y−1] with tail degree at least 0,
that is, a polynomial in F[y]. In other words, we can find g ∈ F[y−1] and b ∈ F[y]
such that v f = uσy(g) − vg + b, giving

f = v f

v
= uσy(g) − vg + b

v
= �K (g) + b

v
.

�	
We now turn the above proof into the following algorithm.

SpecialReduction.Assume thatσy is theq-shift operator.Given aσy-standard rational
function K ∈ F(y)with numerator u and denominator v, and a proper rational function
f ∈ F(y) whose denominator is σy-special, compute a Laurent polynomial g ∈
F[y−1] and a polynomial b ∈ F[y] such that (18) holds.

1. Set g = 0, b = v f and m = tdegy(b).
2. While m < 0 do

2.1 Set g0 = cym/(u(0)qm − v(0)), where c is the coefficient of ym in b.
2.2 Update g to be g + g0, b to be b − (uσy(g0) − vg0), and m to be tdegy(b).
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3. Return g and b.

Example 3.9 Assume that σy is the q-shift operator. Let K = −qy + 1 and

f = (q − 1)(q2 − 1)

y2
,

whose denominator is σy-special. It is readily seen from definition that K is σy-
standard. Applying the special reduction to f with respect to K yields

f = �K

(q2(y − q + 1)

y2

)
+ q2

v
,

where v = 1.

3.3 Polynomial reduction

To deal with the remaining polynomial part, we present in this subsection a polynomial
reduction which reduces the input polynomial into one lying in a finite-dimensional
linear subspace over F. This reduction was first presented in [11], and later extended
in various ways [18, 21, 23, 24, 27].

Let K ∈ F(y) be σy-standard with numerator u and denominator v. We define an
F-linear map φK from F[y] to itself by sending p to uσy(p) − vp for all p ∈ F[y],
and call it the map for polynomial reduction with respect to K . Then the image of
φK , denoted by im(φK ), is an F-linear subspace of F[y]. We denote by im(φK )� the
F-linear subspace of F[y] spanned by monomials in y whose y-degrees are distinct
from those of all polynomials in im(φK ), that is,

im(φK )� = spanF
{

yd | d ∈ N and d �= degy(p) for all p ∈ im(φK )
}
.

Following the proof of [23, Lemma 4.1] verbatim, we obtain that F[y] = im(φK ) ⊕
im(φK )�. Thus we call im(φK )� the standard complement of im(φK ). Elements in a
standard complement enjoy an important property, whichwill be useful in determining
the σy-summability of σy-hypergeometric terms.

Lemma 3.10 Let K ∈ F(y) be σy-standard with denominator v. If p ∈ im(φK )� and
p/v ∈ im(�K ), then p is equal to zero.

Proof Write K = u/v, where u ∈ F[y] with gcd(u, v) = 1. Assume that p ∈
im(φK )� and p/v ∈ im(�K ). Then there exists g ∈ F(y) such that p/v = Kσy(g)−
g, or equivalently,

p = uσy(g) − vg ∈ F[y]. (19)

It suffices to show that g is a polynomial in F[y], because then p ∈ im(φK ) ∩
im(φK )� = {0} and thus p = 0. Suppose that g /∈ F[y]. Then its denominator d
has a monic irreducible factor a ∈ F[y], which is either σy-normal or σy-special.
Assume that a is σy-normal and let α ∈ N[σy, σ

−1
y ] be the σy-exponent of a in d
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with tail and head degrees m and n, respectively. Then σm
y (a) is a factor of d but not

a factor of σy(d). It follows from (19) that σm
y (a) divides v. Similarly, since σ n+1

y (a)

is a factor of σy(d) but not a factor of d, we have σ n+1
y (a) divides u by (19), which

contradicts with the condition that K is σy-reduced. Thus a must be σy-special. Since
a is irreducible, it does not belong to F. Then it follows from Lemma 2.7 that σy is
the q-shift operator and a = y. Thus d = yk for some k ∈ Z

+ and g = b/yk for
some b ∈ F[y] with y � b. By (19), we get yk p = uq−kσy(b) − vb. Since σy is the
q-shift operator and k > 0, letting y = 0 on the both sides of the above equation
yields that (u(0)q−k − v(0))b(0) = 0. Since y � b, we have b(0) �= 0 and thus
u(0)q−k − v(0) = 0. Note that k is positive. So we have derived a contradiction with
the assumption that K is σy-standard. Therefore, g ∈ F[y] and then p = 0. �	

Since F[y] = im(φK )⊕ im(φK )�, a polynomial p ∈ F[y] can be uniquely decom-
posed as p = p1 + p2 with p1 ∈ im(φK ) and p2 ∈ im(φK )�. We will see shortly
that such a decomposition can be easily computed using echelon bases for im(φK )

and im(φK )�. By an echelon basis, we mean an F-basis in which different elements
have distinct y-degrees. In order to obtain such a basis, we start by finding an ordinary
F-basis of im(φK ).

Lemma 3.11 Let K ∈ F(y) be σy-standard. Then the following assertions hold.

(i) The map φK is injective if K is unequal to one in the usual shift case or it is not a
power of q in the q-shift case.

(ii) The set {φK (yi ) | i ∈ N} \ {0} is an F-basis for im(φK ).

Proof Write K = u/v with u, v ∈ F[y] and gcd(u, v) = 1.
(i) Assume that K is unequal to one in the usual shift case or it is not a power of q in
the q-shift case. Suppose that there exists a nonzero polynomial p ∈ F[y] such that
φK (p) = 0. Then K = σy(1/p)/(1/p), a contradiction with Proposition 2.8, since
K is σy-standard and thus σy-reduced. Therefore, φK (p) �= 0 for all p ∈ F[y] \ {0}
and then the map φK is injective.
(ii) Let � = {φK (yi ) | i ∈ N}. It suffices to show the assertion when K is one in the
usual shift case or K is a power of q in the q-shift case, for, otherwise, by part (i), the
map φK is injective and thus � \ {0} = � is an F-basis for im(φK ).

In the usual shift case, namely the case when σy is the usual shift operator, assume
that K = 1. Then we can take u = v = 1. It follows that φK (1) = 0 and

φK (yi ) = u(y + 1)i − vyi = iyi−1 + (lower terms in y) �= 0 for all i ∈ Z
+.

Thus � \ {0} = {φK (yi ) | i ∈ Z
+}, which is clearly an F-basis for im(φK ).

In the q-shift case, namely the case when σy is the q-shift operator, assume that K
is a power of q. Since K is σy-standard, we have K = q−k for some k ∈ N. So we
can take u = q−k and v = 1. It follows that φK (yk) = 0 and

φK (yi ) = (q−k+i − 1)yi �= 0 for all i ∈ N \ {k}.

Thus � \ {0} = {φK (yi ) | i ∈ N \ {k}}, which is again an F-basis for im(φK ).
In summary, the set {φK (yi ) | i ∈ N} \ {0} is always an F-basis for im(φK ). �	
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Wenowmake a case distinction to demonstrate how to construct an echelon basis for
im(φK ), alongwith one for im(φK )�, from the ordinaryF-basis {φK (yi ) | i ∈ N}\{0}.
This distinction is slightly different from the one in [23, §4.2] for the usual shift case
and that in [27, §5] for the q-shift case, in the sense that it also includes cases related
to rational σy-hypergeometric terms.

Let K ∈ F(y) be σy-standard with numerator u and denominator v. Set

u =
d∑

i=0

ui yi and v =
d∑

i=0

vi yi ,

where d = max{degy(u), degy(v)} and ui , vi ∈ F for all i = 0, . . . , d. Note that ud

and vd cannot be both zero.
Case 1. σy is the usual shift operator. Then

φK (yi ) = u(y + 1)i − vyi = u((y + 1)i − yi ) + (u − v)yi

= (ud − vd)yd+i + (iud + ud−1 − vd−1)yd+i−1 + (lower terms in y)

(20)

for all i ∈ N.
Case 1.1. ud − vd �= 0. Then by (20), degy(φK (yi )) = d + i for all i ∈ N. This

implies that the images of different powers of y under φK have distinct y-degrees, and
thus form an echelon basis for im(φK ). It follows that im(φK )� has an echelon basis
{1, y, . . . , yd−1} and its dimension is equal to d.

Case 1.2. ud − vd = 0 and d = 0. Then ud = vd �= 0 and K = 1. By (20),
φK (1) = 0 and degy(φK (yi )) = i −1 for all i ∈ Z

+, implying that {φK (yi ) | i ∈ Z
+}

is an echelon basis for im(φK ) and thus im(φK )� = {0}, that is, dim(im(φK )�) = 0.
Case 1.3. ud − vd = 0, d > 0 and iud + ud−1 − vd−1 �= 0 for all i ∈ N. Then

by (20), degy(φK (yi )) = d + i − 1 for all i ∈ N. Similar to Case 1.1, we see that
{φK (yi ) | i ∈ N} is an echelon basis for im(φK ). It follows that im(φK )� has an
echelon basis {1, y, . . . , yd−2} and its dimension is equal to d − 1.

Case 1.4. ud − vd = 0, d > 0 and kud + ud−1 − vd−1 = 0 for some k ∈ N. Note
that ud = vd �= 0. So the integer k = (vd−1 − ud−1)/ud is unique. Then by (20),
degy(φK (yi )) = d + i − 1 for all i ∈ N with i �= k, and degy(φK (yk)) < d + k − 1.
Since d > 0, we have K �= 1. By Lemma 3.11, φK (yk) �= 0 and {φK (yi ) | i ∈ N} is
an F-basis for im(φK ). Eliminating yd+k−2, yd+k−3, . . . , yd−1 from φK (yk) succes-
sively by the elementsφK (yk−1), φK (yk−2), . . . , φK (y0), wewill obtain a polynomial
r ∈ F[y] with degy(r) < d − 1. Since φK (y0), . . . , φK (yk−1), φK (yk) are linearly
independent over F, the polynomial r is nonzero. So {φK (yi ) | i ∈ Nwith i �= k}∪{r}
is an echelon basis for im(φK ). It follows that im(φK )� has an echelon basis

{1, y, . . . , ydegy(r)−1, ydegy(r)+1, . . . , yd−2, yd+k−1}

and its dimension is equal to d − 1.
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Case 2. σy is the q-shift operator. Then

φK (yi ) = uqi yi − vyi

= (udqi − vd)yd+i + (ud−1qi − vd−1)yd+i−1 + · · · + (u0qi − v0)yi

(21)

for all i ∈ N.
Case 2.1. udqi − vd �= 0 for all i ∈ N. Then by (21), φK (yi ) �= 0 and

degy(φK (yi )) = d + i for all i ∈ N. Thus {φK (yi ) | i ∈ N} is an echelon basis
for im(φK ). It follows that im(φK )� has an echelon basis {1, y, . . . , yd−1} and its
dimension is equal to d.

Case 2.2. udqk − vd = 0 for some k ∈ N and d = 0. Then udqk = vd �= 0 and
K = q−k . By (21), φK (yk) = 0 and degy(φK (yi )) = i for all i ∈ N with i �= k. Thus
{φK (yi ) | i ∈ N \ {k}} is an echelon basis for im(φK ). It follows that im(φK )� is a
one-dimensional subspace of F[y] spanned by {yk}.

Case 2.3. udqk − vd = 0 for some k ∈ N and d > 0. The integer k is unique,
because q is neither zero nor a root of unity. Then by (21), degy(φK (yi )) = d + i for
all i ∈ Nwith i �= k, and degy(φK (yk)) < d +k. Since d > 0, we know that K cannot
be a power of q. It then follows from Lemma 3.11 that φK (yk) �= 0 and {φK (yi ) |
i ∈ N} is an F-basis for im(φK ). Similar to Case 1.4, we can successively elimi-
nate yd+k−1, yd+k−2, . . . , yd from φK (yk) by φK (yk−1), φK (yk−2), . . . , φK (y0) and
obtain r ∈ F[y]with degy(r) < d. Since φK (y0), . . . , φK (yk−1), φK (yk) are linearly
independent over F, we have r �= 0. Thus {φK (yi ) | i ∈ N with i �= k} ∪ {r} is an
echelon basis for im(φK ). It follows that im(φK )� has an echelon basis

{1, y, . . . , ydegy(r)−1, ydegy(r)+1, . . . , yd−1, yd+k}

and its dimension is equal to d.
The above case distinction leads to an interesting consequence, which tells us that

the standard complement has a finite dimension, implying that all polynomials therein
are “sparse".

Proposition 3.12 Let K ∈ F(y) be σy-standard with numerator u and denominator v.
The standard complement of im(φK ) is of dimension

max{degy(u), degy(v)}

+
{

−�0 ≤ degy(u − v) ≤ degy(u) − 1� in the usual shift case,

�K is a nonpositive power of q� in the q-shift case,
(22)

where the notation �·� equals 1 if the argument is true and 0 otherwise.

Example 3.13 Assume that σy is the q-shift operator. Let K = −qy + 1, which is
σy-standard. According to Case 2.1, im(φK ) has an echelon basis {φK (yi ) | i ∈ N}.
Thus im(φK )� has a basis {1} and its dimension is one.
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With echelon bases at hand, we are able to project a polynomial onto im(φK ) and
im(φK )�, respectively. The main process is summarized below.
PolynomialReduction. Given a σy-standard rational function K ∈ F(y), and a poly-
nomial b ∈ F[y], compute two polynomials a, p ∈ F[y] with p ∈ im(φK )� such that
b = φK (a) + p.

1. If b = 0 then set a = 0 and p = 0; return.
2. Find polynomials g1, . . . , gm ∈ F[y] such that the set {φK (g1), . . . , φK (gm)}

consists of all polynomials in an echelon basis of im(φK ) whose y-degrees are no
more than degy(b), and

0 ≤ degy(φK (g1)) < · · · < degy(φK (gm)) ≤ degy(b).

3. For i = m, m − 1, . . . , 1, perform linear elimination to find cm, cm−1, . . . , c1 ∈ F

such that

b −
m∑

i=1

ciφK (gi ) ∈ im(φK )�.

4. Set a = ∑m
i=1 ci gi and p = b − ∑m

i=1 ciφK (gi ), and return.

3.4 Remainders of rational functions

Incorporating the normal, the special and the polynomial reduction, we are able to fur-
ther reduce the shell to a “minimal normal form". The following definition formalizes
such a form.

Definition 3.14 Let K ∈ F(y) be σy-standard with denominator v, and let f ∈ F(y).
Another rational function r in F(y) is called a σy-remainder of f with respect to K if
f − r ∈ im(�K ) and r can be written in the form

r = h + p

v
, (23)

where h ∈ F(y) is proper with denominator being σy-normal and strongly coprime
with K , and p ∈ im(φK )�. For brevity, we just say that r is a σy-remainder with
respect to K if f is clear from the context. In addition, we call the denominator of h
the significant denominator of r .

The notion of significant denominators is well-defined, since the denominator of h
in (23) is strongly coprime with K and thus is coprime with v.

Remainders describe the “minimum" distance of a rational function in F(y) from
the F-linear subspace im(�K ), and help us decide the σy-summability.

Proposition 3.15 Let K ∈ F(y) be σy-standard with numerator u and denominator
v, and let r be a σy-remainder with respect to K of the form (23). Then the following
assertions hold.
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(i) The total number of nonzero terms in p is no more than the number given by (22).
(ii) If there exists r̃ ∈ F(y) such that r − r̃ ∈ im(�K ), then by writing r̃ in the form

r̃ = h̃ + p̃

v
(24)

for some h̃ ∈ F(y) and p̃ ∈ F[y], we have the y-degree of the denominator of h is
no more than that of h̃.

(iii) r ∈ im(�K ) if and only if r = 0.

Proof (i) Since p ∈ im(φK )�, the assertion immediately follows by Proposition 3.12.
(ii) Assume that there exists r̃ ∈ F(y) such that r − r̃ ∈ im(�K ) and write r̃ in the
form (24). Then by (23), we obtain

h − h̃ + p − p̃

v
∈ im(�K ).

The assertion is thus evident by Lemma 3.2.
(iii) The sufficiency is clear. For the necessity, assume that r ∈ im(�K ), that is,
h + p/v ∈ im(�K ). We see from Theorem 3.5 that h is actually the zero polynomial.
It then follows that p/v ∈ im(�K ). Since K is σy-standard and p ∈ im(φK )�, we
have p = 0 by Lemma 3.10, and thus r = 0. �	

For describing our reduction algorithm, it remains to show that every nonzero
rational function in F(y) has a σy-standard kernel, and it is not hard to construct one.

Proposition 3.16 Let f be a nonzero rational function in F(y). Then f has a σy-
standard kernel K . Moreover, there exists S ∈ F(y) whose denominator does not have
any nontrivial σy-special factors such that (K , S) is an RNF of f .

Proof The assertions are evident in the usual shift case, because in this case, σy-
standard rational functions in F(y) are exactly σy-reduced ones, and all σy-special
polynomials in F[y] belong to F by Lemma 2.7.

Now assume that σy is the q-shift operator. Let f ∈ F(y) \ {0} and (K̃ , S̃) be an
RNF of f . Then K̃ is σy-reduced. Notice that σy(y�)/y� = q� for all � ∈ Z. So
we may assume without loss of generality that S̃ is σy-monic. Write K̃ = u/v with
u, v ∈ F[y] and gcd(u, v) = 1. Notice that the constant terms u(0) and v(0) cannot
be both zero. If one of them is zero, or neither is zero and meanwhile u(0)/v(0) is
not a positive power of q, then u(0)q� − v(0) �= 0 for any negative integer � as q is
nonzero, implying that K̃ is already σy-standard and (K̃ , S̃) gives a desired RNF of f .
Suppose that u(0), v(0) are both nonzero and u(0)/v(0) = qm for some m ∈ Z

+.
Define K = q−m K̃ and S = ym S̃. Since (K̃ , S̃) is an RNF of f , it follows that

f = K̃
σy(S̃)

S̃
= q−m K̃

σy(ym S̃)

ym S̃
= K

σy(S)

S
.

Since K̃ is σy-reduced, so is K and thus (K , S) is an RNF of f . Since K = q−m K̃ ,
it has numerator q−mu and denominator v. Notice that u(0)/v(0) = qm and q is not
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a root of unity. So q−mu(0)q� − v(0) = v(0)(q� − 1) �= 0 for any negative integer �.
It follows that K is σy-standard. It remains to show that the denominator of S has
no nontrivial σy-special factors, which, by Lemma 2.7, is equivalent to verify that y
does not divide the denominator of S. This follows by the observation that S = ym S̃,
m > 0 and S̃ is σy-monic. �	

With everything in place, we now present our reduction algorithm, which deter-
mines the σy-summability of a σy-hypergeometric term without solving any auxiliary
difference equations explicitly.
HypergeomReduction. Given a σy-hypergeometric term T , compute another σy-
hypergeometric term H whose σy-quotient K is σy-standard, and two rational
functions g, r ∈ F(y) such that

T = �y(gH) + r H , (25)

and r is a σy-remainder with respect to K .

1. Find a σy-standard kernel K and a corresponding shell S of σy(T )/T , and set
H = T /S.

2. Compute the canonical representation

S = f p + fs + fn, (26)

where f p , fs and fn are the polynomial, special and normal parts of S, respectively.
3. ApplyNormalReduction to fn with respect to K to find g, h ∈ F(y) and b ∈ F[y]

such that fn = �K (g)+h+b/v, and h is proper whose denominator is σy-normal
and strongly coprime with K .

4. If fs �= 0 then apply SpecialReduction to fs with respect to K to find gs ∈ F[y−1]
and bs ∈ F[y] such that fs = �K (gs) + bs/v, and update g to be g + gs and b to
be b + bs .

5. Apply PolynomialReduction to v f p + b with respect to K to find a ∈ F[y] and
p ∈ im(φK )� such that v f p + b = φK (a) + p.

6. Update g to be a + g and set r = h + p/v, and return H , g, r .

Remark 3.17 If the shell found in step 1 of the above algorithm is further chosen to be
onewhose denominator contains no nontrivialσy-special factors (cf. Proposition 3.16),
then step 4 in the above algorithm can be completely skipped.

Theorem 3.18 For aσy-hypergeometric term T , the algorithmHypergeomReduction
computes a σy-hypergeometric term H whose σy-quotient K is σy-standard, a rational
function g ∈ F(y) and a σy-remainder r with respect to K such that (25) holds.
Moreover, T is σy-summable if and only if r = 0.

Proof The correctness of step 1 is guaranteed by Proposition 3.16. Since S ∈ F(y),
the canonical representation (26) holds. Applying the algorithm NormalReduction
to fn and the SpecialReduction to fs if fs �= 0 with respect to K , we obtain, after
step 4, that

fn + fs = �K (g) + h + b

v
,
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which, together with (26), leads to

S = �K (g) + h + v f p + b

v
. (27)

The algorithm PolynomialReduction in step 5 then computes the decomposition

v f p + b = φK (a) + p = uσy(a) − va + p.

Substituting this into (27), we see that

S = �K (g) + h + Kσy(a) − a + p

v
= �K (a + g) + h + p

v
.

After renaming the symbols in step 6 and multiplying both sides by H , we get (25)
since T = SH and K = σy(H)/H . Thus T is σy-summable if and only if r H is σy-
summable, which happens if and only if r ∈ im(�K ) and then, by Proposition 3.15
(iii), is equivalent to say that r = 0. �	
Example 3.19 Assume that σy is the usual shift operator. Let

T = y3 + 4y2 + 2y − 2

(y + 1)(y + 2)
y!.

Clearly, T is a hypergeometric term whose σy-quotient has a kernel K = y + 1 and a
corresponding shell

S = y3 + 4y2 + 2y − 2

(y + 1)(y + 2)
.

Since K is σy-reduced, it is σy-standard by definition. Note that in the usual shift case,
all σy-special polynomials in F[y] belong to F. So we have obtained a σy-standard
kernel K and a corresponding shell S whose denominator (y + 1)(y + 2) has no
nontrivial σy-special factors. Computing the canonical representation of S gives

S = y + 1
︸ ︷︷ ︸

f p

+ 0
︸︷︷︸

fs

+
(

− 3y + 4

(y + 1)(y + 2)

)

︸ ︷︷ ︸
fn

.

For the normal part fn , its denominator admits a strong σy-factorization (y + 1)(y +
2) = dα with d = y + 2 and α = σ−1

y + 1. Applying the normal reduction to fn with
respect to K yields

− 3y + 4

(y + 1)(y + 2)
= �K

( 1

y + 1

)
− 1

y + 2
− 1

v
,
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where v = 1. Since fs = 0, we skip the special reduction. Combining with the
polynomial part f p, we then use the polynomial reduction with respect to K to obtain
v(y + 1) − 1 = φK (1) + 0. Thus

S = �K

( y + 2

y + 1

)
− 1

y + 2
,

and consequently,

T = �y

( y + 2

y + 1
H

)
− 1

y + 2
H ,

where H = T /S = y!. So the term T is not σy-summable.

Example 3.20 Assume that σy is the q-shift operator. Let

T (k) = qk(q2k+3 − qk+2 − qk+1 − q2 + q + 1)

(qk+1 − 1)(qk+2 − 1)
(q, q)k .

Clearly, T is a q-hypergeometric term with qk = y and σy(T (k)) = T (k + 1). Then
the σy-quotient of T has a kernel K̃ = −q(qy − 1) and a corresponding shell

S̃ = q3y2 − q2y − qy − q2 + q + 1

(qy − 1)(q2y − 1)
.

Notice that K̃ is not σy-standard by definition. Performing the standardization process
as in the proof of Proposition 3.16, we obtain a σy-standard kernel K = −qy +1 and a
corresponding shell S = yS̃, whose denominator (qy − 1)(q2y − 1) has no nontrivial
σy-special factors. Computing the canonical representation of S gives

S = y
︸︷︷︸

f p

+ 0
︸︷︷︸

fs

+
(

− q(q − 1)y

(qy − 1)(q2y − 1)

)

︸ ︷︷ ︸
fn

.

Applying the normal reduction as in Example 3.6, we decompose the normal part fn

as

− q(q − 1)y

(qy − 1)(q2y − 1)
= �K

( 1

qy − 1

)
+ 1

q(q2y − 1)
+ 1/q

v
,

where v = 1. Since fs = 0, we skip the special reduction. Combining with the
polynomial part f p, we then use the polynomial reduction with respect to K to obtain
v · y + 1/q = φK (−1/q) + 1/q. Thus

S = �K

(
− qy − q − 1

q(qy − 1)

)
+ qy

q2y − 1
,
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and consequently,

T = �y

(
− qk+1 − q − 1

q(qk+1 − 1)
H

)
+ qk+1

qk+2 − 1
H ,

where H = T /S = (q, q)k . So the term T is not σy-summable.

4 Sum of �y-remainders

In order to compute telescopers for σy-hypergeometric terms, wewant to parameterize
the reduction algorithm developed in the preceding section so as to reduce the prob-
lem to determining the linear dependency among certain σy-remainders. However, we
are confronted with the same difficulty as mentioned in [23, §5] that the sum of two
σy-remainders is not necessarily a σy-remainder. A complete obstruction preventing
the linearity from being true is that the least common multiple of two σy-normal poly-
nomials may not again be σy-normal. The idea used in [23, §5] to circumvent this
obstruction can be literally extended to our general setting. For the sake of complete-
ness and the convenience of later use, we present the idea in this section with some
subtle adjustments.

Let d and e be two nonzero σy-normal polynomials in F[y]. By polynomial factor-
ization and dispersion computation (see [5]), one can decompose

e = ẽ d
k1σ

�1
y

1 · · · d
kmσ

�m
y

m , (28)

where ẽ ∈ F[y] is σy-coprime with d, d1, . . . , dm ∈ F[y] are pairwise distinct and σy-
monic irreducible factors of d, �1, . . . , �m are nonzero integers, and k1, . . . , km ∈ Z

+
aremultiplicities of the factors σ

�1
y (d1), . . . , σ

�m
y (dm) in e, respectively. Note that such

a decomposition is unique up to the order of factors. Following [23], we refer to (28)
as the σy-coprime decomposition of e with respect to d.

Theorem 4.1 Let K ∈ F(y) be σy-standard, and let r , s be two σy-remainders with
respect to K . Then there exists a σy-remainder t with respect to K such that s − t ∈
im(�K ) and λr + μt for all λ,μ ∈ F is a σy-remainder with respect to K .

Proof Let d and e be significant denominators of r and s, respectively. Then d and e
are both σy-normal and strongly coprime with K . Let (28) be the σy-coprime decom-

position of e with respect to d. Since d and e are both σy-normal, the factors ẽ, σ �1
y (d1),

. . . , σ
�m
y (dm) are pairwise coprime. Then s can be decomposed as

s =
m∑

i=1

si + ã

ẽ
+ b

v
, (29)

where si ∈ F(y) is a nonzero proper rational function with denominator d
ki σ

�i
y

i for i =
1, . . . , m, ã ∈ F[y] with degy(ã) < degy(ẽ), b ∈ im(φK )� and v is the denominator
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of K . For each i = 1, . . . , m, applying Lemma 3.3 to si delivers

si = �K (gi ) + ai

dki
i

+ bi

v
, (30)

where gi ∈ F(y), ai , bi ∈ F[y] and degy(ai ) < ki degy(di ). It then follows from (29)
that

s = �K

( m∑

i=1

gi

)
+

m∑

i=1

ai

dki
i

+ ã

ẽ
+ b + ∑m

i=1 bi

v
.

By polynomial reduction, we can find a ∈ F[y] and p ∈ im(φK )� so that
∑m

i=1 bi =
φK (a) + p. Let

h =
m∑

i=1

ai

dki
i

+ ã

ẽ
and t = h + b + p

v
.

Then s = �K (
∑m

i=1 gi + a) + t and thus s − t ∈ im(�K ).

Notice that the denominator of h divides the polynomial ẽ dk1
1 · · · dkm

m ,which is σy-
normal and strongly coprime with K since both d and e are σy-normal and strongly
coprime with K , and is σy-coprime with d since ẽ is σy-coprime with d and di | d for
all i = 1, . . . , m. Thus h is proper whose denominator is σy-normal, strongly coprime
with K and σy-coprime with d. Since b + p ∈ im(φK )�, we conclude that t is a
σy-remainder with respect to K whose significant denominator is σy-coprime with d.
It follows that the least common multiple of the significant denominators of t and r is
σy-normal. Therefore, λr +μt for all λ,μ ∈ F is a σy-remainder with respect to K . �	

The proof of the above theorem contains an algorithm, which is outlined below.
RemainderLinearization. Given a σy-standard rational function K ∈ F(y), and two
σy-remainders r , s with respect to K , compute a rational function g ∈ F(y) and
another σy-remainder t with respect to K such that

s = �K (g) + t

and λr + μt for all λ,μ ∈ F is a σy-remainder with respect to K .

1. Set d and e to be the significant denominators of r and s, respectively.
2. Compute the σy-coprime decomposition (28) of e with respect to d, and then

decompose s into the form (29).
3. For i = 1, . . . , m, apply Lemma 3.3 to si to find gi ∈ F(y) and ai , bi ∈ F[y] with

degy(ai ) < ki degy(di ) such that (30) holds.
4. Apply PolynomialReduction to

∑m
i=1 bi to find a ∈ F[y] and p ∈ im(φK )� such

that
∑m

i=1 bi = φK (a) + p.
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5. Set

g =
m∑

i=1

gi + a and t =
m∑

i=1

ai

dki
i

+ ã

ẽ
+ b + p

v
,

and return.

Example 4.2 Assume that σy is the q-shift operator. Let K = −qy + 1, which is
σy-standard, and let r = qy/(q2y − 1), s = q2y/(q3y − 1). Then both r and s are
σy-remainders with respect to K , but their sum is not one, because the denominator
(q2y −1)(q3y −1) is not σy-normal. Using the algorithmRemainderLinearization,
we can find another σy-remainder t = q3y/(q2 − 1)/(q2y − 1) of s with respect to K
such that r + t = q(2q2 − 1)y/(q2 − 1)/(q2y − 1), which is clearly a σy-remainder
with respect to K .

5 Creative telescoping via reduction

In this section, we will translate terminologies concerning univariate hypergeometric
terms to bivariate ones and propose an algorithm for computing minimal telescopers
as well as certificates in this bivariate setting.

Let K be a field of characteristic zero, and K(x, y) be the field of rational functions
in x and y over K. Let σx and σy be both either the usual shift operators with respect
to x and y respectively defined by

σx ( f (x, y)) = f (x + 1, y) and σy( f (x, y)) = f (x, y + 1),

or the q-shift operators with respect to x and y respectively defined by

σx ( f (x, y)) = f (qx, y) and σy( f (x, y)) = f (x, qy)

for any f ∈ K(x, y), where q ∈ K is neither zero nor a root of unity. Similarly, we will
refer to the former case as the usual shift case, and the latter one as the q-shift case.
The pair (K(x, y), {σx , σy}) forms a partial (q-)difference field. Let R be a partial
(q-)difference ring extension of (K(x, y), {σx , σy}), that is, R is a ring containing
K(x, y) together with two distinguished endomorphisms σx and σy from R to itself,
whose respective restrictions to K(x, y) agree with the two automorphisms defined
earlier. In analogy with the univariate case in Sect. 2, an element c ∈ R is called a
constant if it is invariant under the applications of σx and σy . It is readily seen that all
constants in R form a subring of R.

Definition 5.1 An invertible element T of R is called a (σx , σy)-hypergeometric term
if there exist f , g ∈ K(x, y) such that σx (T ) = f T and σy(T ) = gT . We call f and
g the σx - and σy-quotients of T , respectively.

In the rest of this paper, let F be the field K(x) and F[Sx ] be the ring of linear
recurrence operators in x overF, inwhich the commutation rule is that Sx f = σx ( f )Sx

123



A unified reduction for hypergeometric… Page 31 of 39 14

for all f ∈ F. The application of an operator L = ∑ρ
i=0 �i Si

x ∈ F[Sx ] to a (σx , σy)-
hypergeometric term T is defined as

L(T ) =
ρ∑

i=0

�iσ
i
x (T ).

Definition 5.2 Let T be a (σx , σy)-hypergeometric term. A nonzero linear recurrence
operator L ∈ F[Sx ] is called a telescoper forT if there exists a (σx , σy)-hypergeometric
term G such that

L(T ) = �y(G).

We call G a corresponding certificate of L . The order of a telescoper for T is defined
to be its degree in Sx .

For (σx , σy)-hypergeometric terms, telescopers do not always exist. Existence cri-
teria were provided by Abramov [1] for the usual shift case and by Chen et al. [26] for
the q-shift case. In order to describe them concisely, we introduce the notion of integer-
linear rational functions. Note that two polynomials a, b in K[x, y] are associates if
and only if a = c b for some c ∈ K.

Definition 5.3 An irreducible polynomial p in K[x, y] is said to be integer-linear
(overK) if there existm, n ∈ Z, not both zero, such that p and σm

x σ n
y (p) are associates.

A polynomial in K[x, y] is said to be integer-linear (over K) if all its irreducible
factors over K are integer-linear. A rational function in F(y) is said to be integer-
linear (over K) if its denominator and numerator are both integer-linear.

We refer to [29, 30] for algorithms determining the integer-linearity of rational
functions. The following proposition provides an easy-to-use equivalent form for an
integer-linear irreducible polynomial in K[x, y], which also justifies the “integer-
linear" attribute in the name.

Proposition 5.4 Let p be an irreducible polynomial in K[x, y].
(i) In the usual shift case, p is integer-linear if and only if p(x, y) = P(λx +μy) for

some P(z) ∈ K[z] and λ,μ ∈ Z not both zero.
(ii) In the q-shift case, p is integer-linear if and only if p(x, y) = xα yβ P(xλyμ) for

some P(z) ∈ K[z] and α, β, λ, μ ∈ Z with λ,μ not both zero.

Proof (i) We first consider the usual shift case, that is, the case when σx and σy are
both usual shift operators. The sufficiency is clear since σ

μ
x σ−λ

y (P(λx + μy)) =
P(λx +μy) for any P(z) ∈ K[z] and λ,μ ∈ Z. Assume that p is integer-linear. Then
there are m, n ∈ Z, not both zero, such that p and σm

x σ n
y (p) are associates. Since

σx , σy are usual shift operators, we have p(x + m, y + n) = p(x, y). The assertion
then follows from [34, Lemma 3.3].
(ii) In the q-shift case, that is, in the case when σx and σy are both q-shift operators,
the sufficiency is clear since σ

μ
x σ−λ

y (xα yβ P(xλyμ)) = qαμ−βλxα yβ P(xλyμ) for any
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P(z) ∈ K[z] and α, β, λ, μ ∈ Z. For the necessity, we assume that p is integer-linear.
Then p is an associate of σm

x σ n
y (p) for some m, n ∈ Z not both zero. Since p is

irreducible over K and σx , σy are q-shift operators, it follows that p(qm x, qn y) =
c p(x, y) for some c ∈ K. We now adapt the proof of [34, Lemma 3.3] into this case.
Let � = gcd(m, n). Since m, n are not both zero, we have � �= 0. Let λ = −n/�

and μ = m/�. It is readily seen that gcd(λ, μ) = 1. By Bézout’s relation, there
exist s, t ∈ Z such that sλ + tμ = 1. Define h(x, y) = p(xs yμ, xt y−λ). Then
h ∈ K[x, x−1, y, y−1] ⊂ F(y) and

h(x, q�y) = p(xs(q�y)μ, xt (q�y)−λ) = p(qm xs yμ, qn xt y−λ)

= c p(xs yμ, xt y−λ) = c h(x, y).

Since � �= 0,we conclude fromLemma2.6 (ii) that h/yk ∈ F for some integer k.Notice
that h ∈ K[x, x−1, y, y−1]. So h/yk ∈ K[x, x−1] and then h(x, y) = x−r yk P(x) for
some r ∈ N and P(z) ∈ K[z]. Therefore,

p(x, y) = h(xλyμ, xt y−s) = (xλyμ)−r (xt y−s)k P(xλyμ) = x−λr+tk y−μr−sk P(xλyμ).

Letting α = −λr + tk and β = −μr − sk gives p(x, y) = xα yβ P(xλyμ). �	

Combining [1, Theorem10] and [26, Theorem4.6], we have the following existence
criteria for telescopers.

Theorem 5.5 Let T be a (σx , σy)-hypergeometric term whose σy-quotient has a σy-
standard kernel K and a corresponding shell S, and let r be a σy-remainder of S with
respect to K . Then T has a telescoper if and only if the significant denominator of r
is integer-linear.

When telescopers exist, we are then able to use the reduction algorithm developed in
Sect. 3 to construct a telescoper for a given (σx , σy)-hypergeometric term effectively.
HypergeomTelescoping. Given a (σx , σy)-hypergeometric term T , compute a tele-
scoper of minimal order for T and its certificate if T has telescopers.

1. Apply HypergeomReduction to T with respect to y to find a (σx , σy)-
hypergeometric term H whose σy-quotient K is σy-standard, and two rational
functions g0, r0 ∈ F(y) such that

T = �y(g0H) + r0H , (31)

and r0 is a σy-remainder with respect to K . If r0 = 0 then return (1, g0H).
2. If the significant denominator of r0 is not integer-linear, then return “No telescoper

exists!".
3. Set N = σx (H)/H and r = �0r0, where �0 is an indeterminate.

For i = 1, 2, . . . do
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3.1 Apply HypergeomReduction to σx (ri−1)N H with respect to y, with the
choice of the σy-standard kernel K and the shell σx (ri−1)N in its step 1,
to find g̃i ∈ F(y) and a σy-remainder r̃i with respect to K such that

σx (ri−1)N H = �y(g̃i H) + r̃i H . (32)

3.2 ApplyRemainderLinearization to r̃i with respect to r and K to find ḡi ∈ F(y)

and another σy-remainder ri with respect to K such that

r̃i = �K (ḡi ) + ri (33)

and r + �i ri is a σy-remainder with respect to K , where �i is an indeterminate.
3.3 Set gi = σx (gi−1)N + g̃i + ḡi and update r to be r + �i ri .
3.4 Find �0, . . . , �i ∈ F such that r = 0 by solving a linear system in �0, . . . , �i

over F. If there is a nontrivial solution, return (
∑i

j=0 � j S j
x ,

∑i
j=0 � j g j H).

Remark 5.6 The algorithmHypergeomTelescoping separates the computation of tele-
scopers from that of certificates. In applications where certificates are irrelevant, we
can drop all computations related to the preimages of �y . In particular, all rational
functions gi can be discarded and we do not need to calculate

∑i
j=0 � j g j H in the

end.

Theorem 5.7 For a (σx , σy)-hypergeometric term T , theHypergeomTelescoping ter-
minates and correctly finds a telescoper of minimal order for T and a corresponding
certificate when such telescopers exist.

Proof By Theorem 3.18, r0 = 0 implies that T is σy-summable and thus 1 is a
telescoper of minimal order for T . Together with Theorem 5.5, we see that steps 1 and
2 are correct.

Now assume that the algorithm proceeds to step 3. Then T has a telescoper of order
at least one. It follows from (31) and σx (H) = N H that

σx (T ) = �y(σx (g0)N H) + σx (r0)N H .

By viewing σx (r0)N H as a (σx , σy)-hypergeometric termwhose σy-quotient has a σy-
standard kernel K and a corresponding shell σx (r0)N , we can perform the algorithm
HypergeomReduction to σx (r0)N H to obtain g̃1 ∈ F(y) and a σy-remainder r̃1 with
respect to K so that (32) holds for i = 1. According to Theorem 4.1, the algorithm
RemainderLinearization enables us to find ḡ1 ∈ F(y) and another σy-remainder r1
with respect to K such that (33) holds for i = 1 and r + �1r1 = �0r0 + �1r1 for all
�0, �1 ∈ F is again a σy-remainder with respect to K . Setting g1 = σx (g0)N + g̃1+ ḡ1,
we thus get σx (T ) = �y(g1H) + r1H . By a direct induction on i ∈ Z

+, we see that

σ i
x (T ) = �y(gi H) + ri H (34)

holds in the loop of step 3 every time the algorithm passes through step 3.3. Moreover,
r = ∑i

j=0 � j r j for all � j ∈ F is a σy-remainder with respect to K .
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Let ρ ∈ Z
+ and define L = ∑ρ

i=0 ci Si
x with ci ∈ F and cρ �= 0. Then by (34),

L(T ) = �y

( ρ∑

i=0

ci gi H
)

+
( ρ∑

i=0

ciri

)
H .

Since
∑ρ

i=0 ciri is a σy-remainder with respect to K , we conclude from Theorem 3.18
that L is a telescoper for T if and only if

∑ρ
i=0 ciri is equal to zero, which happens if

and only if the linear homogeneous system in �0, . . . , �ρ over F obtained by equating∑ρ
i=0 �i ri to zero has a nontrivial solution �0 = c0, . . . , �ρ = cρ . Therefore, the first

linear dependency among the ri gives rise to a telescoper of minimal order. �	
Example 5.8 Assume that σx and σy are both the usual shift operators. Let T (x, y) =(x+2y

y

)
. Then T is a (σx , σy)-hypergeometric termwhoseσy-quotient has aσy-standard

kernel K = (x +2y +1)(x +2y +2)/((y +1)(x + y +1)) and a corresponding shell
S = 1. So H = T /S = T . Applying the algorithmHypergeomTelescoping to T , we
obtain in step 3 that

σ i
x (T ) = �y(gi H) + pi

v
H for i = 0, 1, 2,

where v = (y +1)(x + y +1), p0 = (−x2+ x +2y +2)/3, p1 = (−2x2−3xy − x +
y + 1)/3, p2 = (−x2 − 3xy − 2x − y − 1)/3, and gi ∈ F(y) are not displayed here
to keep things neat. By finding an F-linear dependency among p0, p1, p2, we get

L = S2
x − Sx + 1

is a telescoper of minimal order for T .

Example 5.9 Assume that σx and σy are both the q-shift operators. Let T (n, k) =[n
k

]
q . Then T is a (σx , σy)-hypergeometric term with σx (T (n, k)) = T (n + 1, k),

σy(T (n, k)) = T (n, k + 1) and qn = x , qk = y. The σy-quotient of T has a σy-
standard kernel K = (x − y)/(y(qy − 1)) and a corresponding shell S = 1. So
H = T /S = T . Applying the algorithm HypergeomTelescoping to T , we obtain in
step 3 that

σ i
x (T ) = �y(gi H) + pi

v
H for i = 0, 1, 2,

where v = y(qy − 1), p0 = x − y, p1 = (qx − 1)y, p2 = (qx − 1)(x + y),
and gi ∈ F(y) are not displayed here to keep things neat. By finding an F-linear
dependency among p0, p1, p2, we get

L = S2
x − 2Sx + 1 − qn+1

is a telescoper of minimal order for T .
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Table 1 Comparison of
q-Zeilberger’s algorithm to
reduction-based creative
telescoping with and without
construction of a certificate for a
collection of random terms

(d, α, λ, μ) Z HTC HT order

(1, 1, 1, 5) 1.05 .94 .50 2

(1, 2, 1, 5) 5082.63 1854.00 797.41 5

(2, 1, 1, 5) 17.36 7.37 3.15 3

(2, 2, 1, 5) 167299.50 18774.25 9778.94 6

(3, 1, 1, 5) 884.95 72.20 22.98 4

(1, 1, 5, 10) 17.40 8.44 2.53 2

(1, 2, 5, 10) 39997.13 18542.85 9139.08 5

(1, 1, 10, 15) 60.93 48.97 7.92 2

6 Implementation and applications

We have implemented our algorithms in the computer algebra system Maple 2020.
The code and its demo are available via the link:

http://www.mmrc.iss.ac.cn/~schen/CDGHL2025.html

We aim to compare their runtime and memory requirements with the performance of
known algorithms so as to get an idea about the efficiency. Since such experiments for
the shift case have been well conducted in [23], we will focus on the q-shift case in
this section. All timings are measured in seconds on a macOS computer with 32GB
RAM and 2.3 GHz Quad-Core Intel Core i7 processors. The computations for the
experiments did not use any parallelism.

We consider bivariate q-hypergeometric terms of the form

T = f (qn, qk)

g(qn+k)

(q; q)2αn+k

(q; q)n+αk
,

where f ∈ Q(q)[qn, qk] is of total degree 1, g = pσλ
z (p)σ

μ
z (p) with p ∈ Q[z] of

degree d and α, λ, μ ∈ N. For a selection of random terms of this type for different
choices of (d, α, λ, μ), Table 1 compares the timings ofMaple’s implementation of q-
Zeilberger’s algorithm (Z) and two variants of the algorithmHypergeomTelescoping
in the q-shift case from Sect. 5: For the column HTCwe computed both the telescoper
and the certificate, and forHTonly the telescoperwas returned. The difference between
these two variants mainly comes from the time needed to bring the rational part r in the
certificate r H on a common denominator. When it is acceptable to keep the rational
part as an unnormalized linear combination of rational functions, the time is virtually
the same as that for HT.

Our implementation enhances the applicability of (q-)Zeilberger’s algorithm, as
illustrated by the following example.

Example 6.1 Stanton [44] conjectured the following identity

∑

k

(−1)kq4k2
[

2n

n − 4k

]

q
=

∑

k

q2k2
[

n

2k

]

q
(−q; q2)n−2k(−1; q4)k, (35)
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which was proved by Paule and Riese [40] using q-Zeilberger’s algorithm. They
observed that taking the summation range to be {k,−Infinity, Infinity} saves comput-
ing time. Actually, due to the natural boundary of Gaussian binomial coefficients, we
can further omit the computation of certificates and write down recurrence equations
for both sides of (35) merely using telescopers. For the summand in either side of (35),
without computing the certificate, our implementation returns the same telescoper

S3
x − (q2n+5 + q2n+4 + q2n+3 + 1)S2

x + q2n+4(q2n+3 + q2n+2 + q2n+1 − 1)Sx

−q2n+3(q2n+2 − 1)(q2n+1 − 1),

where qn = x , thus implying that both sides of (35) satisfy the same recurrence
equation

f (n + 3) − (q2n+5 + q2n+4 + q2n+3 + 1) f (n + 2) + q2n+4(q2n+3

+ q2n+2 + q2n+1 − 1) f (n + 1)

− q2n+3(q2n+2 − 1)(q2n+1 − 1) f (n) = 0.

Checking the identity at the initial values n = 0, 1, 2 completes the proof of (35).
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