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Abstract
We classify all the A-coherent pairs of measures of the second kind

on the real line. We obtain 5 cases, corresponding to all the families
of discrete semiclassical orthogonal polynomials of class s < 1.
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1 Introduction

The aim of this contribution is to provide a characterization of all pairs of dis-
crete measures {pg, p1 } supported on the real line such that the corresponding
sequences of monic orthogonal polynomials (MOPs for short) {P,(po; z) }n>0
and {P,(p1; ) }n>o satisfy

1

P.(p1;2) — 1o Pooa(p1; ) = n—HAPnH(Po;x)y n>1, (1)
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where 7,, # 0 for n > 1. We will solve this problem by dealing with a more
general problem concerning the characterization of pairs of quasi-definite
linear functionals (with complex moments) such that the corresponding se-
quences of MOPs satisfy (1).

As we show in this contribution, we get special pairs of linear function-
als (in particular, positive definite linear functionals associated with positive
measures supported on infinite subsets of the real line) and the corresponding
associated sequences of orthogonal polynomials have interesting properties.
These pairs are discrete semiclassical linear functionals of class at most s = 1
which have been studied in [8] and [9] in the framework of a classification
problem based on a hierarchy structure.

On the other hand, these sequences of orthogonal polynomials are related
to some problems in approximation theory. More precisely, the analysis of
Fourier expansions in terms of sequences of polynomials orthogonal with
respect to the Sobolev inner product

(fr9)e =) f@)g(@)po() + A Y Af(2)Ag(x)p(x). (2)

=0

defined by the pair of discrete measures {pg, p1} of class s > 1. It turns out
that the monic Sobolev orthogonal polynomials S, (po, p1; ) with respect to
the inner product (, )g satisfy the connection formulas

Snt1(pos 15 ) = Y Sn(pos p1; ) = Pry1(po; @),

ASni1(po, pr; @) = WASu(po; pr;x) = (0 + 1) [Pu(pr; 2) — T Pa-a(pr; )]
(3)
with S1(po, p1;2) = Pi(po; ). The above connection formulas between {.S,,(po, p1; ) }n>0
and the sequences of MOPs { P, (po; ) }n>o and {P,(p1; ) }n>o yield a nice
approach to the study of algebraic and analytic properties of the polynomials

Sn(po, p1;T).

n>1,

Based on historical information given below we will refer to pairs of mea-
sures {po, p1} satisfying property (1) as A-coherent pairs of measures of the
second kind on the real line. The concept of coherence between a pair of
probability measures {1p, 1} supported on the real line was introduced in
[13]. Indeed, a pair of probability measures supported on the real line is said
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to be a coherent pair if the corresponding sequences of MOPs { P, (vo; ) }n>0
and { P, (v1; ) }n>0, satisfy

1

Py (v ) = 1 [

P oa(vo;2) = pulr(voi@)], pa #0, n>1.  (4)
It was shown in this case that the sequence of monic orthogonal polynomials
with respect to the inner product

(a)s = [ f@g()iv+ A [ 1(a)g @), (5)
satisfies the connection formulas
Sn+1(V0, V13 $) - %Sn(Vo, V13 $) = Pn+1(Vo; $> - PnPn(Vo; m),
S;H(uo, v1;2) — VS (vo, v1; 1) = (n+ 1) Py (v1; 1),

These formulas are very useful in the study of analytic properties of the
corresponding Sobolev orthogonal polynomials. For more information about
polynomials orthogonal with respect to Sobolev inner products see the up-
dated survey [19].

The motivation in [13] for introducing such pairs of measures was their
applications in the framework of Fourier expansions of functions with re-
spect to the Sobolev inner product (, )g. A particular case of such Fourier
series expansions based on Legendre-Sobolev orthogonal polynomials had al-
ready been considered in [14], where some numerical tests comparing these
Legendre-Sobolev Fourier series expansions and the ordinary Legendre Fourier
series expansions are presented.

The pairs of probability measures supported on the real line with the
property that the corresponding sequences of MOPs satisfy (4) were com-
pletely determined in 1997 by H. G. Meijer [20]. He showed that if (g, 1)
is a coherent pair of measures on the real line, then one of the measures
must be classical (either Jacobi or Laguerre) and the other one a rational
perturbation of it. Note that the condition for classical linear functionals to
be part of a coherent pair was deduced in [17].

Thus, what was proved in [20] is more general than what is stated above.
The starting point of the classification in [20] are certain functional relations
established in [16] with respect to pairs of quasi-definite linear functionals
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such that the corresponding sequences of MOPs satisfy a relation like (4).
Note that if the coherence property (4) holds, then you get the connection
formulas in (6). According to [20], (6) holds when one of the measures in
{vo, 11} is a classical one.

An extension of the concept of coherence, known in the literature as
(1,1)-coherence, is defined in terms of the corresponding MOPs as follows
(see [7])

1

Po(vi;0) =7, Py 1 (v1; 1) = n—+1 [

PA+1<V0;$) - fnPA(VO,JJ)} ) §n>7—n # 07 n Z 17
(7)

In this case, the Sobolev orthogonal polynomials associated with the inner
product (, )g in (5) satisfy the connection formulas

Sn—l—l(’/()a Vl;x) - 771571(”07 1/1;1‘) = Pn—&-l(y();x) - gnpn(yo;x)7 1
n>1.

(8)
We would like to emphasize that the characterization of probability measures
satisfying the coherence property (7) is given in [7] assuming that &,, 7, # 0
for n > 1. Therein you have semiclassical linear functionals of class at most
1. TIts role in the study of the sequences of orthogonal polynomials with
respect to the Sobolev inner product defined by a (1,1) coherent pairs of
measures has been emphasized in [12]. Notice that when 7,, = 0 and &, # 0
for n > 1, we get the results on coherent pairs presented in [20]. Thus, a
natural question is to analyze the case &, = 0,and 7,, # 0 for n > 0.

S;L+1(V0> V13 x) - ’Ynsfz(’/o, V1, 33) = (n + 1) [Pn(’/lé 33) - TnPnfl(l/l; fl?)] )

In [24], the concept of coherent pair of second kind is introduced. A
pair of probability measures {1, 11} supported on the real line is said to
be a coherent pair of second kind if the corresponding sequences of MOPs

{P,(vo; ) }n>0 and { P, (v1; ) }n>o satisfy

%HPA+1(VO; z) = Py(n1;2) — T Pu1(va;2) n>1, 9)
where 7, # 0 for n > 1. The characterization of all pairs of probability
measures as well as the pairs of quasi-definite linear functionals which are
coherent pairs of second kind has been given in [24]. Some illustrative exam-

ples were shown therein.



The concept of A-coherent pair of linear functionals was introduced in [1]
as well as in [3]. Indeed, a pair of linear functionals {Ly, L; } it is said to be

a A-coherent pair if the corresponding sequences of MOPs {P,SO) () }n>0 and
{qul)(x)}nzo satisfy a discrete version of (4)

1
P (z) = 1 [APSEN%) — AP (2)|, pa #0, n>1. (10)

It was shown in this case that the sequence of monic polynomials S, (x)
orthogonal with respect to the inner product

<f7 g>6 - <L07fg> + <L17Ang>

satisfies the connection formulas
Sni1(7) = YSu(z) = P (2) — pa P (2),

In [3], it was proved that one of them must be a A-classical linear functional.
The corresponding companion linear functionals were described therein. No-
tice that this inner product is a discretization of a Sobolev inner product (5),
i.e., g and vy are discrete measures.

n > 1. (11)

The paper is organized as follows. Section 2 summarizes the basic con-
cepts about linear functionals and orthogonal polynomials to be used in the
sequel. We emphasize a special family of linear functionals, the so called A-
semiclassical, which will play a central role along the manuscript. In Section
3 we introduce the concept of A-coherent pair of the second kind for linear
functionals and we give a characterization of them. We must point out that
both functionals in the pair turn out to be discrete semiclassical functionals
of class at most 1. In Section 4 we classify all the A- coherent pairs of the
second kind. We show that the companions of the discrete classical func-
tionals (Charlier, Kravchuk, Meixner, and Hahn) are discrete semiclassical
of class s = 1.

2 Preliminary material

Let P = C[z] and Ny be the set of nonnegative integers
Ny =NU{0} ={0,1,2,...}.
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We will denote by 0y, the Kronecker delta, defined by

1, k=n
5k,n_{ O, k#n ) k>n€N07

and say that {A,, (2)},~, C P is a basis of P if deg (A,,) = n.

Suppose that L : P — C is a linear functional, {A, (x)},, is a basis of
P, and we choose a nonzero sequence {h,}, ., C C. If the system of linear
equations -

> LA i = hpbpn, 0<k <n, (12)
=0
has a unique solution {c,;},.,., , then we can define a polynomial P, (x)
by o

Pn (l’) = Cn,iAi (I‘) , nec No.
i=0
We say that {P, ()}, is an orthogonal polynomial sequence with respect
to the functional L. The system (12) can be written as

L [Akpn] = hn(sk,na 0<k< n,

and using linearity we see that the sequence { P, ()}, satisfies the orthog-
onality conditions

L [Pk:Pn] = hnékm, k,n € Np. (13)

The linear functional L is said to be quasi-definite [6].
We define the multiplication of a linear functional by a polynomial ¢(z)
to be the linear functional gL such that

(qL)[pl = Lgp], pe€P, (14)

and the adjoint operator A* of a linear functional by
(A*L)[p] = —L[Ap], peP. (15)

We say that L is a semiclassical functional with respect to the operator A,
(A—semiclassical, in short) [18] if there exist polynomials (¢,) such that L
satisfies the Pearson equation

A* (L) + L =0, (16)

6



where ¢ is monic and deg (¢)) > 1. Note that using (14) and (15) we can
rewrite the Pearson equation as

L{pAp] = L[p], peP. (17)

Lemma 1 If f,g : Z — C, then we have the summation by parts formula

b

Y f@)Ag@)=[fe=1)g@)]" =) g@)Vf(2), abeZ (18)

Proof. The formula follows from the telescoping sum

b b

D (@) Ag() +g(x =) f@g@+1)—g()f(z-1)

r=a r=a

=f()gb+1)—g(a)fla—1).

|
Using summation by parts, we can write an alternative form of the Pear-
son equation (16).

Proposition 2 Let L € P* be defined by

where p(—1) =0 and

limp(z)p(x) =0, pekP.

T—00

Then, L satisfies the Pearson equation (16) if and only if

V(¢p) +1bp = 0. (19)

Proof. Since (16) is equivalent to (17), we can use (18) and conclude that
L satisfies (16) if and only if

Y (@ p()p(e) ==Y p@)V(dp)(x), peP.
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If the last equation holds for all p € P, then we must have

p ==V (¢p),

and the result follows. m
The class of a discrete semiclassical linear functional L is defined by

s = min{max {deg (¢) — 2, deg (¢)} — 1}, (20)

where the minimum is taken among all pairs of polynomials ¢, such that
the Pearson equation (16) holds for the linear functional L. Functionals of
class s = 0 are called A-classical (see [11], [15], and [22] among others). A-
semiclassical linear functionals of class s = 1 have been described in [8] and
[9].

Remark 3 Let deg (¢) = dy, deg (¢) = do. If dy = dy + 1 = s+ 2, we will
always assume the admissibility condition

Vg, #n— 38, n € Ny, (21)
where 1y, is the leading coefficient of 1 (x).

We will denote by {p, (x)}n>0 the basis of falling factorial polynomials
defined by ¢q (z) = 1 and

on(@)=]](@-k), neN (22)

The polynomials ¢, () satisfy the basic identities

2n (2) = @ni1 () + 1 (2), 0 € No, (23)

and
Ap, =np,_1, n € Ny. (24)

Lemma 4 We have the representation

n

on(z—=1) = (=1)"¢r (n) pu-i (), n €N (25)

k=0



Proof. We use induction. The identity is true for n = 0 since ¢o () = 1.
Assuming (25) to be true for all 0 < k < n and using the recurrence (23),
we have

n

Pt —1) = (@ —1=n)p,(x=1) =) (=1)" gi (n) (¢ = 1 = n) pu_y ()

= (D) e (0) [pnrik (2) = (k+ 1) ony ()]

o
=]

Since @y,41 (n) = 0, we can rewrite the sum above as

Pne1 (@ —1) =3 (=1 @ (n) enp1—k (@)+ Y (=D (k + 1) 0p (n) i (2) |
k=0 k=0

or shifting the index in the second sum

Pt (@ =1) =D (=1 @ () pri1t (@) + > (=1 kprs () @1 (2) -

But from (24) we see that

ok (n+1) = pr (n) + ko1 (n),

and we conclude that

n+1

Pr+1 (37 - 1) = Z (_1)k Pk (n + 1) Pnt+1-k (x) :

Proposition 5 Let {p, (z)}n>0 be a sequence of polynomials orthogonal with
respect to a A—semiclassical functional L of class s. Then,

L[¢pAqAp,) =0, geP, deg(q) <n—s. (26)

Proof. The equation (26) is obviously true if ¢ = 1, so we can assume that
deg (q) > 1. Using (25) with k£ > 1, we have

k
App ==Y (1) ¢; (k) r—j (x+ 1),

Jj=1



and multiplying by Ap,, we get

k
Apelp, =D (=1) @5 (k) [Apk—jpn — A (@r—pn)]

j=1
where we have used the identity
A(fg)=g(@+1)Af+ fAg=gAf+ fAg+ AfAg. (27)

Using the Pearson equation (16) and (24), we obtain

(=1 @ (k) (L [6A@x—;pu) — L [0pr—ipul)

M-

L[¢pAprApn] =

1

J

(—1) @5 (k) {(k — §) L [¢ppr—j1pn] — L [0pr—ipal}

I

1

J

and since the sequence of polynomials {p,(z)},>o is orthogonal with respect
to L we conclude that

L pAprAp,) =0, k<min{n+2—deg(¢), n+1—deg(v)} =n—s.

Using the fact that {y (%)}, is a polynomial basis, the result follows. m
Using Proposition 5, we can prove the following characterization of dis-
crete semiclassical polynomials.

Theorem 6 Let {p, (x)},>0 be a sequence of monic polynomials orthogonal
with respect to a functional L. The following statements are equivalent:

Proposition 7 (i) L is A—semiclassical of class s.
(ii) There ezists a monic polynomial ¢ (x) such that the polynomials py,
satisfy the structure equation

n+di

¢ ('T) Aanrl = Z €EnkDks N >S, €nn—s # 0. (28)

k=n—s

Proof. (i) = (ii) Since the sequence {p,},>0 is a polynomial basis in the
linear space of polynomials, we can write

n+di

¢ () Apny1 = Zen,kpk- (29)

k=0

10



Using the orthogonality relation (13) and (27), we have

hrenk = L [opkApnyi] = L[OA (prpni1)] — L [@Aprpni1] — L [0AprApn 1] .
Using (17) and orthogonality, we get

LA (pepni1)] = L[Uprpns1] =0, k<n+1—ds,
and
L{[pA@ypni1] = kL [p@p—1Pn+1] =0, Kk <n+2—d,

from which it follows that

L[oA (pepn+1)] — L [0Apepns1] =0, k <n—s.
Using (26) we see that
L [pApAppi1] =0, k<n+1-—s,
and therefore
enk =0, kE<n-—s.

For £ =n — s, we have

Y, n+2—d
€Enn—s = hn+1 h—5d2,5+1 - h—5d1,5+2 s
n—+1—ds n+2—dq

and it follows that €,,_s # 0 aslongas dy —2 # dy — 1. If dy = do + 1, we
need the additional condition (21).

ii) = (i) Since § 2L is a basis of P* satisfying
hn n>0

Dn 1
—L = —L nl = Ok,
I, [pk] I [pkp ] k,

we have the representation
A (oD) =S e
n=0

Using the structure relation (28) and orthogonality, we get

Cngp1 = A" (925[/) [pn+1] =—L [¢Apn+1]

+d
L nz:l Lip = 0, n>s
= 6717,1{} pk - _M0€n07 n < S )
k=n—s ’ -

11



where g = L[1]. Thus, A* (¢L) + ¢ L = 0, with

s+1
€n

V(@) = o) =5t (@)

Note that deg (1)) — 1 < s, in agreement with (20). =

For more information about this kind of structure relations for A-semiclassical
linear functionals, check [18]. Notice that in the A-classical case (s = 0) two
structure relations characterizing such linear functionals are given in [11].

3 Coherent pairs

Let { Lo, L1 } be a pair of quasi-definite functionals and {Péo) (x)} : {P,gl) (x)}
n>0

be the corresponding sequences of monic orthogonal polynomials. We say
that {Lg, L1} is a A—coherent pair of the second kind (abbreviated Ac2) if
there exists {7,,},-, C C\ {0} such that

n>0

_ AP (@)

s = PO (z) — 7, PV, (x), n €N, (30)

Qn(2)

where Pfol) (x) = Pfll) () = 0. The sequences of polynomials {P,(f) (x)} :

n=>0
1 = 0, 1, satisfy the orthogonality conditions

L [P;“Pgi)} — 10§, i=0,1, n ke N. (31)

Proposition 8 If {Ly, L1} is a Ac2 and the functionals v are defined by

' P(i)
v =""_I,, i=0,1, neN, (32)
h
then
A*VS) = Tor1 (n+2) vﬂ2 —(n+1) V7(10+)1, n € Np. (33)

Proof. Using (31) and (32), we have
v [P,f’] = ur i=0,1, nkeN, (34)

n

12



Let u,, € P* be defined by
u, [Qr] = 0np, n,k € Np. (35)

Since the sequence of linear functionals {u, },>¢ is a basis of P*, we can write

[e.e]
1
Vfl) = E A o Uy
k=0

Using (30) and (34), we get
Qn g = VS) [Qk] = V,(ll) [P,El) - TkP;gl_)l] = 5n,k - Tkén,kflu

and therefore

Vy(zl) =Up — Tp+1Upy1, NE NO' (36)
If we write o
A*un = Zbﬂ,,kvl({;())?
k=0
then

b = A*u, [p,§0>] S [AP,EO)} — kv [Qrr] = —kGnpo1,
and, as a consequence,
Atw, =~ (n+1) v, (37)

Using (37) in (36), we obtain (33). =
With the help of Proposition 8, we can prove a characterization of A—coherent
pairs of the second kind.

Theorem 9 The following are equivalent:
(1) {Lo, L1} is a Ac2.
(2) There ezist Ao, A3 € P defined by

k
Ap (@) =Y Ml k=23, (38)
i=0
and satisfying
A4 m—DAP 20, neN, (39)
such that
A*Ly = Ay Ly, Li = A3zLg. (40)

13



Proof. (1) = (2) Setting n = 0 in (33), we have

1 J20) J20)
EA*Ll = 27’1—%0) L(] — —10) Lo,
hO h2 hl

and defining

we get A*L; = AyLy. Since 11 # 0, we see that deg (Ay) = 2.
Similarly, setting n = 1 in (33) gives

1 P(O) P(U)
POk <P1(1)L1> = 3Gy Lo — 2y Lo
hy h hy

and using (27) we have

h:())O) th)

3 h(l) 2h(1)
A*POLy + PUA L + A PVA L, = ( 2 p0 2 pO ) 1,

Since A*Pl(l) =1 and A*L; = Ay Ly, we conclude that L; = A3Ly with

3mohy) 2h{"
Ay (@) = =GP (@) = S B (@) = Aa (@) PP @)+
3 2

Note that deg (A3) < 3.
(2) = (1) Since the polynomial sequence {Pél) () }n>0 is a basis of P, we
have

n—1
Qn(z) = P + ZcmkPk(l)(a;).
k=0
Using orthogonality and (27), we get

(n+ 1) Ve = (0 4+ 1) Ly |QuP" | = L [AP2, PP

— I [A (P(O)

n+1

PY| = 0 [POLARY] - Ly [aPS,ARY]

0 1 0 1 0 1
— I, [A2P7§+)1P,§ )] ~ Ly [A3P,§+)1AP,§ >] Ly [A?,AREQlAP,g )] ,

14



and hence forall 0 < k<n -1
Lo [AQPSAP,EI)} — AP 50,
Lo [A?,P?E%AP,ED} = (n = D) ARO, 5y
From (40) it follows that
A* (A3Lgy) = Ao Ly.

Therefore Ly is A—semiclassical of class at most 1. Using (26), we conclude
that
1
Lo [A3AP,§°Q1AP,§ )} =0, k<n.

Thus, forall 0 <k <n-—1
(1) b e = = A+ (0= 1) 200 | A0,

and we obtain

here (2) (3) 1, (0)
A+ (n—1)A3" h
Tp = =2 (n =1 ntl peN, (41)
n+1 hg)l

Since the polynomials Ay, A3 satisfy (39), we see that 7, #0. ®

4 Classification

In this section, we will find all A—coherent pairs of the second kind. In view
of Theorem 9, it is enough to consider discrete semiclassical functionals of
class s < 1 satisfying the Pearson equation

A* (AgLo) = AQL(), deg (Ag) = 2, deg (Ag) S 3. (42)

In [8], we classified the discrete semiclassical functionals of class s < 1
satisfying (19), and obtained the following cases:

1. Charlier (class s = 0)

p(r) =2, (43)
o) =1, v(@)=-1 (44)



. Meixner (class s = 0)

. Hahn (class s = 0)

_(=N), (a), 1
() = WE’ N € N,

o(x)=(x—=N)(z+a), ¢(zr)=(N—-a+b)xz+aN.

. Generalized Charlier (class s = 1)

1 2
s@=1 v@)="01D
. Generalized Meixner (class s = 1)
o (a)m 2"
PO = Gy o
s@=rta v@=""1 g

. Generalized Kravchuk (class s = 1)



Generalized Hahn of type I (class s = 1)

xT

(a1), (a2), 2

x(x+0b)

¢(z)=(r+a)(x+a), ()= — (z+a) (z+as).
(58)
Note that if we set z = 1,a; = a,a3 = —N, then we obtain the Hahn

polynomials.

Generalized Hahn of type II (class s = 1)

~ (=N), (a1), (ag), 1
PO =), et 1) 2 N EN (59)
¢(x)=(x—N)(z+a)(z+a2), (60)

Y (x) = (N —ay —ay + by + by) 2> + (Nay + Nag — ayay + bibs) x + Nayas

If we define Ly, L; € P* by

Lilpl =) p@)pi(x), i=0,1, peP,
=0

with p; (—1) =0, ¢ = 0,1, then we can use (2) and rewrite (40) as

V (Aspo) +ANapo =0,  p1 = Aspo. (61)

Proposition 10 Let q, ¢g, 19 € P. If Ly € P* satisfies

and

then

V (¢opo) + Yopo = 0, (62)
Ay = (q—Vq)vo — dVq, Asz=qpo, (63)
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Proof. If we use the identity

V(fg)=9gVf+[Vg—VfVy, (65)
and (63), we have
V (Aspo) = (V) ¢opo + (a — Vq) V (¢opo) -
Using (62), we get
V (Azpo) = (V@) opo — (g — V) thopo = —Azpo,
and (64) follows. ®

We will now find all Ac2 pairs with deg (Ay) = 2.

4.1 Case I: deg(A3) =0
If we take A3 = 1, we see from (61) that
Vo + Aapo =0,  p1= po,

and if pg (z) is the weight function corresponding to the generalized Charlier
polynomials (51), we see from (52) that

AQ(I):M—17 z # 0.

z

Thus, the generalized Charlier polynomials are self-coherent of the second
kind. Note that this was already observed in [10].

4.2 Case II (a): deg(A3) =1
If we take A3 = = + w, w € C, then we see from (61) that
V[(x +w) po] + A2po =0, p1 = (x+w)p.

If po (z) is the weight function corresponding to the Charlier polynomials
(43), we can use Proposition 10 with ¢ = z 4+ w and obtain

Ag(x)zg(x—l—w—l)—(x—i-w), z #0,
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where we have also used (44). The functional L, is a Christoffel transforma-
tion of Ly satisfying
V(z+w)pi] + Aapr = 0,

and using (54) we see that p; (x) is the weight function corresponding to the
generalized Meixner polynomials (53) with

a=w, b=w-1.

4.3 Case II (b): deg(A3) =1
If we take A3 =z + w, w € C, then from (61) we get that
V[(x+w)po] + A2po =0, p1 = (z+w)p.

If po () is the weight function corresponding to the Kravchuk polynomials
(47), we can use Proposition 10 with ¢ = x 4+ w and obtain

A (0) = (@+w—1) = (@+w) (@ =N), 240,

were we have also used (48). The functional L; is a Christoffel transformation
of Ly satisfying
V(@ +w)pr] + Aapr =0,

and using (56) we see that p; () is the weight function corresponding to the
generalized Kravchuk polynomials (55) with

a=w, b=w-—1.
4.4 Case III: deg (A3) =2
If we take A3 = ( +w) (z +a), w € C, then from (61) it follows

Vi +w)(z+a)p] +Aopo =0, p1=(x+w)(x+a)p.

If po (x) is the weight function corresponding to the Meixner polynomials
(45), we can use Proposition 10 with ¢ = x + w and obtain

()= (r+w—1) = (+w)(x+a), z#0,
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were we have also used (46). The functional L, is a Christoffel transformation
of Ly satisfying
Vi@ +w)(@+a)m]+Apr =0,

and using (58) we see that p; (x) is the weight function corresponding to the
generalized Hahn polynomials of type I (57) with

ag=a, a=w, b=w-—1.

4.5 Case IV: deg(A3) =3

If we take A3 = (r +w) (x — N) (z+a),w € C, N € N, from (61) we deduce
that

Vi(z+w)(x—N)(z+a)po] + Aapo = 0,
p1 = (z+w)(x—N)(x+a)po.

If po (x) is the weight function corresponding to the Hahn polynomials (49),
we can use Proposition 10 with ¢ = x + w and obtain

Ay=(N—a+b—-1)2°+ (Nw+ Na — aw + bw — b) z + Naw,

were we have also used (50). The functional L; is a Christoffel transformation
of Ly satisfying

V[(z+w)(x—N)(x+a)p]+ Asp1 =0,

and using (60) we see that p; (x) is the weight function corresponding to the
generalized Hahn polynomials of type II (59) with

ap=a, a=w, b =0b by=w-—1.
Note that Christoffel transforms of A-classical linear functionals have
been analyzed in [23].
5 Conclusions and future directions

We have classified all A-coherent pairs of the second kind {Lg, L1} and de-
rived the following results:
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L() Ll

generalized Charlier | generalized Charlier
Charlier generalized Meixner
Kravchuk generalized Kravchuk
Meixner generalized Hahn of type I
Hahn generalized Hahn of type 11

In all cases, the functional L, is a Christoffel transformation of Ly, in agree-
ment with the general results obtained by Meijer [20] for the continuous case.

In a work in progress, we are dealing with analytic properties of discrete
Sobolev inner products associated with a pair of coherent pairs of the sec-
ond kind. We must point out that in [5] the authors deal with asymptotic
properties and the location of zeros of discrete polynomials associated with
a Sobolev inner product

<p7 Q>6 = <UU7PQ> + )\<U1, APAC]>7

where A > 0, (ug,u1) is a A-coherent pair of positive-definite linear func-
tionals, and w; is the Meixner linear functional. A limit relation between
these orthogonal polynomials and the Laguerre-Sobolev orthogonal polyno-
mials which is analogous to the one existing between Meixner and Laguerre
polynomials in the Askey scheme is deduced. Notice that Meixner polyno-
mials are A self-coherent, Thus, Mehler-Heine type formulas and zeros of
such polynomials when uy = wu; is the Meixner functional have been stud-
ied in [21]. Outer relative asymptotics and Plancherel-Rotach asymptotics
as well as limit relations are analyzed in [4]. Algebraic properties of such
polynomials as well as the behavior of their zeros appear in [2].
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