NEW INEQUALITIES FOR p(n) AND log p(n)
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ABSTRACT. Let p(n) denote the number of partitions of n. A new infinite family of inequal-
ities for p(n) is presented. This generalizes a result by William Chen et al. From this infinite
family, another infinite family of inequalities for log p(n) is derived. As an application of the

latter family one, for instance, obtains that for n > 120,

2 ™ 1
p(n)” > (1 * ar E)p(n — Dp(n+1).

1. INTRODUCTION

We denote by p(n) the number of partitions of n. The first 50 values of p(n) starting from

n = 0 read as follows,

1,1,2,3,5,7,11,15,22,30,42,56,77,101,135,176,231,297,385,490,
627,792,1002,1255,1575,1958,2436,3010,3718,4565,5604,6842,
8349,10143,12310,14883,17977,21637,26015,31185,37338,44583,
53174,63261,75175,89134,105558,124754,147273,173525.

A well-known asymptotic formula for p(n) was found by G.H. Hardy and Srinivasa Ramanujan
[10] in 1918 and independently by James Victor Uspensky in 1920 [19]:

e

n) ~ eV 3., 1.1
o)~ o= (1)
An elementary proof of (1.1) was given by Paul Erdés [8] in 1942. At MICA 2016 (Milestones

in Computer Algebra) held in Waterloo in July 2016, Zhenbing Zeng et al. [18] reported that
using numerical analysis they found a better asymptotic formula! for p(n) by searching for

constants C; ; to fit the following formula,

Co,—1 n Cipo
logn ~ /n
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logp(n) = W\/gf —log(n) — 4log V3 +

formula.

" the literature, the Hardy-Ramanujan-Rademacher is also called an asymptotic formula/approximation.
However, it is built by an expression of substantially more complicated type. For example, the log concavity
of p(n) follows nontrivially from it, as shown in the work of DeSalvo and Pak [7].
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Ci - Cs1log(n C

+ 1,-1 + 2,1 log(n) n 2,0
Vnlog(n) n n

By substituting for n = 219,21 .. 220 into (1.2) they obtained,

T (1.2)

007_1 =0, Cl,O =—0.4432... , Cl,—l =0, 02,1 =0, CQ’O = -0.0343....

The OEIS [14] for A000041 shows that a similarly refined asymptotic formula for p(n) was
discovered by Jon E. Schoenfield in 2014,

NI

2 c1 c2 c3 c4
1 oot 4T )

p(n) ~ m )

where the coefficients are approximately

(1.3)

co = —0.230420..., ¢4 =-0.017841..., ¢ =0.005132...,
c3 = —0.001112..., ¢4 =0.000957...,
Later Vaclav Kotesovec according to OEIS [14] for A000041 got the precise value of ¢g, c1, ..., cq
as follows:
12 1 V6 1
=——"—>——, (= ——, C=—
07736 720 T 6ver 2w’ 2 2pd
5 3v6 1 1 93
3 = — t o5 @a= 5 yiaa G-
16673 8w 576w2  247w%  80xw

To the best of our knowledge, the details of the methods of Schoenfield and Kotesovec have
not yet been published.

In this article, using symbolic-numeric computation, we present our method to derive (1.2)
together with a closed form formula for the C; ; in (1.2). Namely we show that

[2 — Yu
logp(n) ~m ?n —log(n) —4log\/§—|—ug1 jﬁ“’

where the g, are as in Definition 5.1. In particular C;; = 0, if 7 # 0, and C;p = ¢,

otherwise. This result is obtained as a consequence of an infinite family of inequalities for
log p(n), Theorem 6.6 (main theorem). We also apply our method to conjecture an analogous
formula to (1.2) for a(n), the cubic partitions of n, with a(n) given by

o0 o) 1
nz;)a(n)q” - g (o (1.4)

In the OEIS, this sequence is registered as A002513. The first 50 values of a(n), n > 0, are

1,1,3,4,9,12,23,31,54,73,118,159,246,329,489,651,940,
1242,1751,2298,3177,4142,5630,7293,9776,12584,16659,
21320,27922,35532,46092,58342,75039,94503, 120615,
151173,191611,239060,301086,374026,468342,579408.
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This sequence appears in a letter from Richard Guy to Morris Newman [9]. In [5], William
Chen and Bernard Lin proved that the sequence a(n) satisfies several congruence properties.
For example, a(3n +2) = 0 (mod 3), a(25n + 22) =0 (mod 5). An asymptotic formula for
a(n) was obtained by Kotesovec [11] in 2015 as follows:

e 1.5
a(n) ~ 8nb/4’ ( : )

In [20] the fourth author investigated the combinatorial properties of the sequence a(n) by
using MAPLE.

We summarize some of our main results:

Theorem 1.1. For the usual partition function p(n) we have

2 A4
logp(n) ~ my/ gn —logn — log(4v/3) — 0 T n — 00. (1.6)

The proof of this theorem will be given in Section 6.

Conjecture 1.2. For the cubic partitions a(n) we have

0.79...
Vi

)
loga(n) ~m n—ilogn—logS— n — oo. (1.7)

Theorem 1.3. For the partition numbers p(n) we have the inequalities

o (1—2\1/ﬁ)<p(n)< 4\/§n<1_3\1/ﬁ>’ n>1.

The proof of this is given in Section 3.

This paper is organized as follows. In Section 2 we present the methods used in the
mathematical experiments that led us Theorem 1.1 and Conjecture 1.2. In Section 3 we
prove Theorem 1.3 by adapting methods used by Chen et al. to fit our purpose. In Section 4
we generalize an inequality by Chen et al. by extending it to an infinite family of inequalities
for p(n). In Section 5 we introduce preparatory results required to prove Theorem 6.6. In
Section 6 we prove our main result, Theorem 6.6, by using the main result from Section 4,
Theorem 4.4. This gives an infinite family of inequalities for logp(n). Finally in Section
7 we give an application of the results in Section 5 which extends DeSalvo’s and Pak’s log
concavity theorem for p(n). In Section 8 (the Appendix) we give additional information on
the method used to discover the asymptotic formulas. We remark explicitly that to finalize
the proof of Theorem 6.6, we use the Cylindrical Algebraic Decomposition in Mathematica;

the details of this are also put to Section 8.
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2. MATHEMATICAL EXPERIMENTS FOR BETTER ASYMPTOTICS FOR a(n) AND p(n)

Before proving our theorems, in this section we briefly describe the experimental mathe-
matics which led us to their discovery. Our strategy is as follows. If we have sufficiently many
instances of a given sequence, how can we find an asymptotic formula for this sequence? Take
the cubic partitions a(n) and the partition numbers p(n) as examples.

We have

p(10) = 42, ..., p(100) = 190569292, ...,p(1000) = 24061467864032622473692149727991,
a(10) = 118, . ..,a(100) = 16088094127, .. .,
a(1000) = 302978131076521633719614157876165279276.

A plot of the two curves through the points (n,a(n)), resp. (n,p(n)), for n € {1,...,1000}
is shown in the Fig. 1(a) and 1(b). According to the Hardy-Ramanujan Theorem 1.1 and
the asymptotic formula of Kotesovec (1.5), the curves are increasing with “sub-exponential”
speeds. Thus, we may plot two curves using data points (n,loga(n)) and (n,logp(n)) as in
Fig. 1(c). One observes that the new curves look like parabolas y = \/z. This is also very

natural in view of,

logp(n) ~ \/?r -v/n —log(n) — log(4v/3),
5

loga(n) ~ - /n— 1 log(n) — log(8). (2.1)

So if we modify further with (y/n,loga(n)) and (y/n,logp(n)) to plot the curves, we get two
almost-straight lines as shown in the Fig. 1(d).

This provides the starting point for finding the improved asymptotic formulas (1.6) for
p(n) and (1.7) for a(n) from their data sets. We restrict our description to the latter
case. Motivated by (2.1), we compute the differences of log(a(n)) with the estimation values

VR
ae(n) == £577°

A(n) :=log(ae(n)) —log(a(n)) = mv/n — %log(n) —log 8 — log(a(n)).
Then we can plot curves from the data points (n, A(n)) in Fig. 2(a) and 2(b), and (n,n-A(n))

and (n,v/n - A(n)) in Fig. 2(c) and 2(d), in order to confirm the next dominant term

approximately. We can see in Fig. 2(d) that after multiplying A(n) by y/n the curve is

almost constant, confirming that the next term is <. Also multiplying A(n) by n, in

v

Fig. 2(c) we see that the behaviour is like \/n as expected. By using least square regression
on the original data set (n,a(n)) for 1 < n < 10000, we aimed at finding the best constant

C that minimizes 2

loga(n) +a - Vit — 8 -log(n) — log() + \%

2The fourth author of this paper told the result to V. Kotesovec in May 2016 and got a reply in January
2017 that the precise value of C' could be Pi/16+15/(8%Pi)=0.7931. ..
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FIGURE 1. In (c) the upper curve is {(n,loga(n))|]l < n < 1000}, and the
lower curve is {(n,logp(n))|l1 < n < 1000}. The two curves are like the
parabola y = /z. In (d) the two lines are for {(y/n,loga(n))|1 < n < 1000}
(upper) and {(v/n,logp(n))|1 <n <1000} (lower).

where we fixed @ = 7, = 5/4,7 = 8 according to (1.5). As a result, we obtained that
C =~ 0.7925.

In the Appendix, Section 8, we explain that the constants «, 8,7 can also be found via
regression analysis with MAPLE instead of getting them from (1.5) directly.

3. PROOF OF THEOREM 1.3

We separate the proof into two lemmas. The first lemma is the upper bound for p(n) and
second lemma, is the lower bound. In order to prove these lemmas we will state several facts

which are routine to prove.

Lemma 3.1. For alln € Z>1,

2n

p(n) < Z\/gjz <1 — 3\1/ﬁ>
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FIGURE 2. The curve in (a) is for (n, A(n)) where 1 < n < 10000, (b) is for
(n, A(n) where 1 < n < 100. The curve in (c) is for n - A(n), and (d) is for
v/n - A(n) where 1 < n < 10000.

Proof. By [2, (2.7)-(2.8)] and with Ax(n) and R(n, N) as defined there, we have,

p(n)

N
T 2n—1 ; Al&(g) [(1 N M(kn)>6u(’“) + (1 + M(kn))e‘k} +R(n,N), n>1, (3.1)

5

p(n)

wu(n) = %\/2471 -1

We will exploit the case N = 2 together with A;(n) =1 and As(n) = (—1)" for any positive
integer n. For N > 1, Lehmer [12, (4.14), p. 294] gave the following error bound:

2N -2/3 n
R(n, N)| < ]\V/g [(M](\;))Ssinh “](V) + é - (livm)?}, n>1, (3.2)
and for N =2 (cf. [2, (2.9)-(2.10)]):
oh(n)
) = L2 (1= +Tim). n =1, (3.3)
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where

it = (1= )™+ (0 g)™)

1 72”(71) (24TL — 1)R(7’l, 2)
+ (1 u(n))e T e

We first estimate the absolute value of T} (n); for convenience we denote subexpressions by

(3.4)

ai, bl, C1 and d12

1 2 n 1 2 3u(n)
’Tl(n)|§ﬁ<1— >e*$+—(1+ Je s

p(n) 2 p(n)
=:a1 :\:?)1
1y (24n — 1)R(n, 2)
1 2u(n)
(1 ,u(n))e +) J12enm)

=:C1 =2d1
The following facts are easily verified.

u(n)

Fact A. Foralln>1,a1 <e 2 .

p(n)

Fact B. Foralln>1,b1 <e” 2 .

p(n)

Fact C. Foralln>1,¢c1 <e 2 .

Now,
2
=0 IO R, 2)
71'2@ eN(n)
p(n)2e b 1282745 12920734
287 u(n) u(n)
p(n)2e=+m) 12%6_@
< +
2%/ p(n)
N———
=:d] =:d}

dq

—12¥/2e7 ™ (by (3.2))

m(n)

Fact D. Foralln>7,dy <e 2 .
Fact E. For all n > 35, d5 < 6_@.
By Fact D and Fact E, we have
Fact F. dy =dj + d5 < 2¢="5" for all n > 35.

Now, by Fact A, B, C and Fact F we conclude that for all n > 35;

(n)
|T1(n)| <ay+bi+ec+d < 56_%. (35)
By (3.5), we have for all n > 35;
1 n 1 1 (n)
- 5" <1 +Ti(n)<1— — +5e "5 (3.6)

p(n) p(n) p(n)
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Fact G. Foralln>3,1— L _5e772 > 0.
p(n)

Therefore from (3.3) and Fact G, we have for all n > 35,

/.L(TZ) )U'(n) n
_ Vize o Y1z (1- L se 5.

1
Pn) = ST (1 OB (”)) 24n — 1 1(n)

e =:f1

Fact H. f1 <1— ﬁ for all n > 23.

2n
Fact 1. e1 < 4n1\/§e7r\/; for all n > 1.

Therefore by Fact H, I and (3.7) we have for all n > 35,
1 /2n 1
p(n) < eV (1 - —)
4n+/3 3vn

This completes the proof of the stated upper bound in Lemma 3.1.

Lemma 3.2. For alln € Z>1,

4n1\/§eﬂ & (1 - 2}/5) < p(n).

Proof. By [7, Prop 2.4] for all n > 1,

where

Ty(n) = V12 [(1 B 1 )e%\/24n—1 n (=1) o 24n—1]
24n — 1 V24n —1 V2

(3.8)

(3.9)

and R(n) is as in [7, (7)]. The exact expression of R(n) will not be needed here but rather a

bound on |R(n)|; see below.

From the definition of T5(n) one verifies:

Fact J. To(n) > 0 for all n € Z>;.

The following bound holds for |R(n)| (see [7, (13)]),

R)| _ 7/

0< <e
Tr(n)

, n> 2.

Hence by Fact J,

(3.10)

(3.11)
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Plugging the definition of T»(n) into (3.11) gives for n > 2,

p 1 L) 1 n -
(n) > 2[— ] < 71—\/72])66 dn—1 + (\/2?]2 24n—1 ( s 23 )
=:do

=:a2

\/E[QQ ¢ V2An—T-§v2in | (= )ne%«/Qﬁln— —%\/24n:| x dy

24n V2

_b2
=:co
1 5. /2
=—¢ 3 (agby + c9)ds.
/30 (a2ba 2)d>

Fact K. a2>1—7>0foralln>1

Fact L. by >1— > 0 for all n > 1.

37\F
for all n > 29.

Fact M. co > _225f

By Fact K, L and M we have,
Fact N. agby + co2 > (1 — %)(1 - 37?) 225f > 0 for all n € Z>1.

Fact O. dy >1— > 0 for all n > 631.

25f

From Fact N and O we have for all n > 631,

(asb2 + c2)dz > Kl N 5\2/ﬁ> (1 - 37?/5) - 2251\/5} (1 N 251/%) ‘

=:I(n)

Fact P. I(n) > 1 for all n > 1.

f>0

From all the above facts we can conclude that (3.8) holds for all n > 631. Using Math-
ematica we checked that (3.8) also holds for all 1 < n < 630. This concludes the proof of
Lemma 3.2. |

Finally, combining Lemma 3.1 and Lemma 3.2, we have Theorem 1.3.

4. A GENERALIZATION OF A RESULT BY CHEN, JIA AND WANG

In this section we have again that u(n) = §+/24n — 1; this should not be confused with
the real variable p which we will use below. The main goal of this section is to generalize |2,
Lem. 2.2] which says that for n > 1206:

V12eHm) 1 1 V12eH(m) 1 1

24n —1 p(n)  p(n)' 24n — 1 p(n) — p(n)'
Our improvement is Theorem 4.4 where we replace the 10 in this formula by k and the 1206
by a parametrized bound g(k). In order to achieve this, for a fixed k one needs to find an
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explicit constant v(k) € R such that %e“/Q > u¥ for all 4 € R with > v(k). One can show
that

v(k):= min{h € R|V,cr (H >h= éeu/Z > Hk)}

satisfies e” (k)/2 = p(k)*. Theorem 4.4 is crucial for proving our main result, Theorem 6.6,
presented in the next section. In Lemma 4.1 we find such a constant v(k) for all k > 7. In
Lemma 4.2 we find a lower bound on (k). In this way, we see that what is delivered by
Lemma 4.1, is best possible in the sense that our v(k) from Lemma 4.1 and the minimal

possible D(k) satisfies |v(k) — (k)| < % for all K > 7.

Lemma 4.1. For k € Z>7 let

kloglog k
v(k) := 21og 6 + (2log 2)k + 2k log k + 2k log log k + 51<(>)gg];>g7
then )
6 e/ > V(k)ka k>T. (4.1)
Moreover, if u > v(k) for some k > 7, then
1
6 >k k=T (4.2)

Proof. Let f(u) :=—1log6+ u/2 —klogu. By f'(n) =1/2—k/u, f is increasing for p > 2k.
Hence the fact v(k) > 2k gives f(p) > f(v(k)), and (4.2) follows from (4.1) which is equivalent
to f(v(k)) >0, k > 7. Setting,

. v(k) log 6 log2 loglogk 5loglogk
k):=-1 =
p(k) T oklogk  Klogk logk | logk | 2(logk)?’

the positivity of f(v(k)) is shown as follows:

fv(k)) = —log6 + v(k)/2 — klog(2klog k) — klog(1 + v(k))

_ 5’“21‘;(%;‘;5’“ ~ klog(1 + #(k))

> k(51201goz)]§k —ﬁ(k:)) (by log(l+z) <z for 0 < x)
:%];€<3loglogk2h)]f62log2w>

- 210gk<310g10gk_ % - % _2) - 21§gk<310g10gk_ %)

where the last inequality holds for all £ > 18, because for such k:

2log6 1 5loglogk 7

— < o, <2 d 2log2 < —.

E S5 logk » and 2logs < ¢
It is also straight-forward to prove loglogk > 6/5 for all £ > 28. For the the remaining cases
7 < k < 27 the inequality (4.1) is verified by numerical computation, which completes the

proof of Lemma 4.1. O
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Lemma 4.2. For k € Z>7 let

2kloglog k

k(k) :=2log6 + (2log2)k + 2k log k + 2k loglog k + log

I

then

ée"(k)/Q < r(k)®.

Proof. Let f defined as in Lemma 4.1, then the statement is equivalent to proving that
f(k(k)) =2log6 + 2klog (k) — k(k) < 0.

Setting
k(k)  log(6) N log2 loglogk loglogk

(k) = —1 =
(k) T oklogk ~ Elogk logk | logk | (logk)?

we observe that

f(k(k)) =—1log6 + k(k)/2 — klog(2klog k) — klog(1 + R(k))

2k loglogk -
=—>—— —klog(1
2oz k klog(1+ R(k))
kloglogk - ~ N2 2
Tlogk k(r(k) — k(k)“/2), because of log(1 + z) > z — x*/2 for x € Ry.
o

This inequality is equivalent to
log 6log k + (log 2)klog k + kloglog k
2
k(log k)2
- (log 6logk + (log2)klog k + k(loglog k) log k + klog log k)2
k(log k)2 ’

which is equivalent to the inequality

log 6 loglog k 9 log 6 log 2 1 \2
2log k( —— + log 2 loglog k — .
°8 ( k08t Tk >>(Og og k) (kloglogk log log k logk>
Since
1 log 1
2logk(£6+log2+ o8 ng) > 2log2logk > §logk5, k>3,
k log k 4
it suffices to show
5 log 6 log 2 1 \2
“logk > (loglog k)? —
4 og > (loglog ) <k;loglogkz logloglcjL +logk)
5 logk log 6 log 2 1 \2
o2 % ( o8 %82 11+ )
4 (loglog k)? kloglogk = loglogk log k

Now note that % is increasing for k > [6621 = 1619. For the same choice of k the
right-hand side of “<” is decreasing. Evaluating both sides at k& = e’ gives %% > % for

2
the left, and (1 +5+ 1°§2 4 log§ ) < 22 for the right side. This proves the inequality for

k > 1619. For 7 < k < 1618 the result follows by numerical evaluation. O

2e®
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Definition 4.3. For k € Z>9 define

where v(k) is as in Lemma 4.1.

Theorem 4.4. For all k € Z>2 and n > g(k) such that (n,k) # (6,2) we have

124 1 1 12¢#() 1 1
VIO (L Ly ) VRO Ly
24n —1 p(n)  p(n) 24n -1 p(n) — p(n)*
Proof. From [2, p. 8, (2.9)] we find that
V12eH(1) 1
= 1-— T >1
p(n) 24n — 1 ( wu(n) + (n)), "=
where T'(n) is defined in [2, (2.10)]. And in [2, (2.22)] it is proven that
IT(n)| < 65" for n > 350. (4.4)
By Lemma 4.1 we have that u(n)* < %e@ for k > 7 and p(n) > v(k), which is equivalent
to
65" < — L for u(n) > v(k) (4.5)
e ———, for p(n) > v(k), .
p(n)*

Since p(n) = gv/24n — 1, it follows that u(n) > v(k) iff n > g(k). Furthermore for & > 7, we
have g(k) > 350, this means that (4.4) is satisfied for n > g(k).

By (4.4) and (4.5) we obtain that |T'(n)| < ﬁ for n > g(k) which proves that statement

for k > 7. To prove the statement for k € {2,...,6} we use the statement for k = 7 which
says that for all n > [g(7)] = 581 we have

V12e(1) 1 1 JI2ek(m) 1 )
m(l‘@—w) <p(n)<24n7_1(1—m+ﬂ(n)7). (4.6)
However
V12erm 1 1 V12en(n) 1 1
pn) < 24n — 1 (1 - p(n) + u(n)7> 24n — 1 (1 N w(n) + u(n)k) (4.7)

for k € {2,...,6} and n > 581. To prove (4.7) for g(k) < m < 581 it is enough to do a
numerical evaluation of (4.7) for these values of n with the exception n = 6 when k = 2. We
did this using computer algebra. Analogously, we see that for £ € {2,...,6} and n > 581 we
have

(n)  p(n)k
In the same way we prove (4.8) for g(k) < n < 581.

TZen(n) VTZen(n)
12¢/ (i __LL1 1 ) < 12¢# (- H]_ 1

24n — 1 24n — 1 W)_umﬂ><pm) (4.8)
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5. PREPARING THE PROOF OF THE MAIN THEOREM 6.6

In this section we prepare for the proof of our Main Theorem, Theorem 6.6, which is
presented in Section 6. To this end, we need to introduce a variety of lemmas.

Definition 5.1. Fory € R, 0 < 4% < 24, we define

2 T 2
G(y) :——log<1—;)+®M(\/1—;—1>+10g(1—g\/;ifyﬁ, (5.1)

and its sequence of Taylor coefficients by

Gly) = guy". (5.2)
u=1
Definition 5.2. For 0 < y? < 24 and i € {—1,1} define
(=)
T /24—q2
Ginly) = Gly) +log(1+ =
524y

Lemma 5.3. Let g(k) be as in Definition 4.3. Then for all k > 2 and n > g(k) with
(k,n) # (2,6) we have

2 2
—log 4v/3—log n+m/ ?n—i—G,Lk(l/\/ﬁ) < logp(n) < —log4v3—logn+my/ ?n—l—GLk(l/\/ﬁ).
Proof. Taking log of both sides of (4.3) gives:

log E_1 1(n) < logp(n) <log Ej ;(n)

where ) )
i
E;r(n) :=logv12 —log(24n — 1) + p(n) + log(1 — —— + .
(n) := log v/ ( )+ u(n) + log e M(n)k)
Now
V12 1 2n
E;k(n) =log -1 logn — log(l - %) + 5 + p(n)
7 1 A
— —V24n+log(l— —+ —— 5.3
g 0 3 * ) 53
2n
= —log4v3 —logn + T/ 3 + R; (1),
where ) . )
s i
; = —log(1l— — — —V24 log(1 — — .
Rip() 0g< 2433) + i) gV T og( p(z) - ,u(x)k)
Finally one verifies that R; ;(z) = G, x(1//x). O
The entity
w2 4
=5 54

will play an important role in this and the next section.
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Lemma 5.4. Let G(y) = > .2 guy" be the Taylor series expansion of G(y) as in Definition
5.1. Then

1 1 1y
2n = gngsng, T 28ntligng <_1 * J)’ nzl, (5:5)
and for n > 0,
1/2 T 1 " (=4
- _1)nt+1 _ J 2
92nt1 = %[( 1) <n + 1> 93n+33n+2 ~ 93ntigngn (1 4 2n)1 £e < j } (5.6)

Proof. By using

log (1 - WQZ*W) =— iykk—lw—kﬁkm—k/?(l - (\/3’274>z>k/2,

k=1

together with

(- () = () ()"

n—1

1 1 uU—"n
92n = 3n23nn o Z 32u—n2n+2uﬂ-2n—2u(2n _ 2u) (_1)“( U >’ n =z 1’
u=0
and for n > 0,
1/2 T
_ +1
N

n

1 (= n 1/2
o ZO 32u—n2n+1+2u7r2n+1—2u(2n +1-— 2u) (_ ) u } .
u=

we obtain

Inputting this into the package Sigma developed by Carsten Schneider [17], we obtain (5.5)
and (5.6). O

We need various additional facts about the Taylor coefficients g,, of G(y).

Corollary 5.5.

lim 3"2%"a™ngs, = —=

n—oo 2
and
V6

lim 3"2%"a"™(1 + 2n N

n—00 ( )g2n+1 oVl — o
Proof. The first statement is immediate because o > 1. The second statement follows from

j(—2ti j—1/2 -1

\/11_7:2?;0043( % ]),because of (] j/):(_1>](j2). 0

Lemma 5.6. For0<a<1,

J=1

(VRS
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Proof. First we note that (j*;/2) = (=1) (_]%) > 0. Hence

o) S () - S ()

j =1 =0

oo 1

=5 1 a
< —a)y| ?2)-1= 1< —.

>o( ) = Sai-a)

7=0
This proves the upper bound. To prove the lower bound note that the first term of the sum
is § and the other terms are all positive. O
Lemma 5.7. Let s, := (—1)"(5421) For n > 0 we have s, > 0 and s, is a decreasing

sequence, that is Sy > sp41 for alln > 0.

Lemma 5.8. For n > 0 we have

V6 a V6 2
(14 =) > goant1 > (E

- - 1
2723030 (1 + 2n) 2 2r23n3nan (1 + 2n) \72

b )
2(1 —a)/’
Proof. From Lemma 5.4 and Lemma 5.7 we obtain

- V6
2723n3nan (1 + 2n)

8]
(1+ 5) > gon+1-

Again by Lemma 5.4 and Lemma 5.7 we have:

8]

V6 (77(_1)0+1<1/2>+ (=) )

gon+1 =

~ 23n3n \72 0+1 2ra™(1 + 2n)
6 m2a™(1 + 2n a
S V6 ( ( )+1+7) (5.7)
2723737 (1 + 2n) 72 2(1 —«)
2,0 i
> V6 (7ra(1+2 0)+1+ ! )
271237370 (1 + 2n) 72 2(1 — )
The last line is because (1 + 2n) is a decreasing sequence of n for n > 0. O
Lemma 5.9. For n > 1 we have
1 1 a1
- gn23ntlpgn S gon S 3n23nnan (7 B 5)
Proof. By Lemma 5.4 the statement follows from
1 1 1
9 = gngdng, ~ g3ntizng (_1 * E) (5.8)
and
1 1 1 1 3a™ 1
92n :3n23nn - 23n+13ny (_1 + J) = 3n23nann( 9 o 5) (59)
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Lemma 5.10. Define

= ::\2/5<77T;+1+2(1(ia)) and iz ::\2/5<1+g>‘

Then for m >0 and 0 <y < e < 2v/6a,

o
_ M2 2m+1 - nt+l 5 K1 1 2m+1
23m3mam(1 + 2m>y = Z 9an+1Y = 23m3mam(1 n 2m) 1— 3;.223 Y :

n=m
Proof. By Lemma 5.8 we have
oo o o
1 [ y2m 1
2n+1 _ 2n+1 o
D g™z ) Pgiar(it2n)’  © 142m ¢ 93 gt etm
n=m n=

n=m

2n

_ py*m 1 o 1 1 2t
- 2 - 2 ’
23m3mam(1 +2m) 1 — e 23m3mam(1 +2m) 1 — S
(5.10)
and again by Lemma 5.8 we have
o N e y2n+1 y2m+l
" < — < — . A1
2 v g < 2 ) 93n3nan(1+ 2n) = 228m3mam(1 + 2m) (5:11)
n=m n=m
g
Lemma 5.11. Form >1 and 0 < y < € < 2¢/6q,
3m23m+1mamy "2 Z gy =~y m3m23m+1mam 1 _ €2
n=m 3-23.«
Proof. By Lemma 5.9,
o0 oo oo
1 1 1 1
2n 2n 2m 2n—2m
Z Gany ™ = 9 Z 3"23"na"y Z Y 92 Z 3"23"ma"y
n=m n=m n=m (512)
_ om 1 1 om 1 1
=Y 3mosmti,gm - 2~ Y gmosmAlgm | _
~ 3.93.4 3-23.a
Again by Lemma 5.9,
oo oo
3a—1 1 3a—1 1
2n 2n 2m
Z ganY S 2 Z 3n23nnany S 2 3m23mmamy : (513)
n=m n=m
O
Definition 5.12. For 0 <y < e <1 define
Y —k B(e)*
B(y) == ——=—= and B¢} := —_—. 5.14
(y) % 24 — y2 an Gyk? € 1 _ B(G) ( )

Lemma 5.13. If0 <y <e<1, then

B(y)k Bek k
1 (1 ) < , k>
UTTTBY)) ST B’ "
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Proof. First note that for 0 < y < /24 the function B(y) is increasing and also that
B(y)" B(y)"*

1_5@) < 1—5(5) and B(y) < 57

. Hence
EV24—¢? ©

Bk  eMyBF
1-B(e = 1-Blo Bery".

Consequently,

log 1+ %) <log(1+ Bsy*) = - g:l (-1n

n

n , kn
e,ky

By k(2nt1)
e k

:_Z Qn 2kn+z2 —

2n+1 k(2n+1) 2n+1 k (2n+1)
Sn_02n+1 e,k <ZB

_ Bs,kyk ng k
1= (Bewf)? = 1= (Begeh2”

Lemma 5.14. If0 <y <e <1, then

B(y)k Bek k
1 (1 _ ) >__ "o k>
8 1-B(y)) = 1-Ber? "=

Proof.

_1—73(3/)>210g(1_ eky Z Bkykn> ZBeky

Be,kyk . Be,k

yk
1- Be,kyk I e Be,kek

Lemma 5.15. Forallk > 2 and 0 < e < % we have

6k

by - 6°
5k ok < Ber < p

k;( /94 — %)k
where by := 1

? and again By, as in (5.14).
Nags 24—%

Proof. Define
1
=Vv24—€, lg:=1/24 - = Us = 4.9, lc:=0, and u, :=

Forallk22and0<e§\%,wehave

1
7 (5.15)

ls <s<wugand . < e < u,.
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The following conventions for the letters “1” and “u” will be useful: [, denotes a lower bound

for the quantity a, and u, will denote an upper bound for the quantity a. And again we use

B(y) as defined in Definition 5.12.

Then ;
€ € u€
0= <Ble)=—<
r,, ~BO= <7
Let us define g := 0 and up := =7-. Then
6 S
Ip<B(e) <up =1 <1-B(e)<1-1 1= ! 1< L !
€)<u —u — B(e —lg = =
B =B B = B 1—ip 1-B(e) ~ 1—up
1 1 1
and TuF < o < P Hence
6~ 6~ 1 1
< = <Bp< T
shrk T (4.9)kk T (1= 1) (Fug)k = TN T (1= up) (Ely)F
_ 1 _ bo
= - =
- k 1\k
(- —E)(E (- Dn) B 2D
6
O
Definition 5.16. Define
1
=4/24 — =
p 7
and for k > 0,
6k
Cy = .
ERCIOL
Lemma 5.17. Let 0 < e < \% and Bey, be as in (5.14). Then for k > 2,
Bek) Bek
— < WB d —="— < bhB
1_ (B€7k€k)2 S 01 D¢k an 1 _Be,kek > 02D¢ ks
with ) . .
bhi=——— bpi=—— and by i = ————.
12( 6 4 1_1p. (5 2 1-—&
19 0(@) -7 0(7r5> Vimy /24—
Proof. We obtain, using Lemma 5.15,
B B B
T h A ST g S i =Bk
— D¢ k€ - 7Be,k‘ 1-— 7%
and B B B
e,k e,k e,k
: < ’ < ’ = b1Be-
4 €,
=Bl "1 0B 1 p(s)
O

Lemma 5.18. Let Cy, be as in Definition 5.16, then

1 69 1
Com < —————— m > 10, and Com_1 < —
2m S Zmosmemy, TS 0 W 2ol S g s mam (2m — 1)

m > 14.
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Proof. We start with the first inequality:

m:( 252 )m (36 4 72)™ ( 6048 )m <1

16772 3m2dmmp2m 6012 + 16772
To prove the inequality in the rewritten form, define ¢ := 601262% and note that ¢ < 1.

Moreover, for m > 10:

ml™ <1< logm+ mlogl < 0.

Define f(m) := mlog/ + logm. That is, we have to show f(m) < 0 for all m > 10. We first
show that f(m) is decreasing for m > 10. This is equivalent to f'(m) = log ¢ + % < 0 for
m > 10:

1/m 1/m

1 1 1 1
logl+ — <0 —<log-<e < - & e < 1.
m m l

14

Now for m > 10 we have

i < i Py el/m < 61/10 <:>€el/m < 61/10£.
m — 10

By numerics, /1% < 1 and f(10) < 0. Since f(m) is decreasing, f(m) < f(10) < 0, and
the first inequality is proven. Now for the second inequality, first note that

o= (5) = (22 )

Hence we have to show

(22 [y o
16772 6V 7 25 23m3mam(2m — 1)’

which is equivalent to

6048 m 414 7 414 7
— 2 ) 2m 1)< ) e 2m— ™ < —— [ ——
(6012 + 167#2) ( ) < 25T V 167 (2m ) < 25TV 167
414 7
< mlogl +log(2m — 1) — 10g<25—7r ﬁ) < 0.

We define g(m) := mlog ¢ +log(2m—1) — log(%, / %), and for m > 14 we show that g(m)
is decreasing:

1 2
<log - & lermn-1 < 1.

! log ¢
g'(m) <0< log +2m—1<0<:>2m—1 7
Indeed, for m > 14, we have
2 2

By numerics, lez < 1 and g(14) < 0, hence g(m) < g(14) < 0. O
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6. PROOFS OF THEOREM 6.6 AND THEOREM 1.1

After the preparations made in Section 5, in this section we prove our Main Theorem,
Theorem 6.6, which implies Theorem 1.1 as a corollary. Again

2

7
© 364 w2
Definition 6.1. Let B, k: be as in Definition 5.12 and 1, 2 as in Lemma 5.10 and v := 0‘2_1.
Moreover, let 0 < € < 7 For m,k € Z>1 we define
B 1
A 9 € k—2m
Lk( m) 1— (Be kEk)Q + 3m93myy qm’
B _ 1 1 141 1
A_1 k 2m = ; k—2m —+ +
) ( ) 1— Be kek 3m93m+lpyy am 1— - 23 23m3mam(1 + Qm) 3;%
Bk . 2
A 2m — 1 = ek k=2mA4l
l,k( m ) 1— (B€7k6k)2€ 23m733m71am71(2m — 1)’
Bek k—2m+1 1 1
A p(2m—1) = =B & AT RS —— PR
) 3230[
n M1 1
3m—33m—1,m—1 _ 2
23m=33m—Igm=1(2m — 1)1 _ ]

Lemma 6.2. Let G(y) = > o7 gny™ as in Definition 5.1 and G, ;(y) as in Definition 5.2
Moreover let 0 < € < -=. Then fork >2m > 2:

N4
2m—1 2m—1
Z gy — A_1 £ (2m)y*™ < G_1x(y) and Gy i(y Z gy + A1k (2m)y?
n=1 n=1

and fork>2m—12>1,

2m—2 2m—2
Z gny" — A1 x(2m —1)y*" 1 < Gy k(y) and Gy Z gny" + ALk (2m — 1)y* "
n=1 n=1

Proof. For k > 2m > 2, by using the Lemmas 5.10 to 5.13, we obtain

2m—1

Be i 1 H2
G k 2m 2m+1
Ly Z 99" T B 2?2 (1 4 2m)?

2m—1
1

2m
3m23mmam Y

B k—2 2
< m m
< 5 gny" +1_(Bk€k)e y" +

2m—1

= > gny" + Arp(2m)y"

n=1
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By using the Lemmas 5.10 to 5.11 together with Lemma 5.14 we obtain

! B 1 1
n e,k k 2m
G_Lk(y) = Z Y- = 1—- B, keky © 3m93mAly,am 1 € Yy
n=1 ) 3-23a
_ 1 1 2t
2
23m3mam(1+2m) 1 — o
2m—1
Bk kom 2 1 1 2
> gy - B¢ V" gmgmmrigan eV (6.2)
n=1 & 3-23a
_ M1 1 y2m
3 2
23m3mam(1 +2m) 1 — ot
2m—1
= Z gny" — A1 x(2m)y*™.
n=1
The statement for A_; j(2m — 1) is proven analogously. O
Lemma 6.3. We have
A ! A 2
L2 < e A=) < g g ™ 2 10
and
2 7
A p(2m—1) < A1 k(2m—-1) < m > 14.

3m23m(2m — 1)am’ 3m23m(2m — 1)a™

Proof. For m > 10 we have,

Bey k—2 1
Al’k(Qm) ZWE m =+ VW (by Lemma 62)

<bBepe" ™ 4 v (by Lemma 5.17)

3m3mamm

1
k—2

1
3ma3magmm

<b1bgy

=bob Ol ™2™ 4+ v (by using Definition 5.16)

<bob1Cap, + v (because f(k) := Cie" 2™ is decreasing for all k > 2m)

3m3mamm

<boby + (by Lemma 5.18)

v
3m23mamm
1
3m3mamm < 3ma3mamm

3m3magmm

- (b0b1 + y)

(by evaluating byob; + v numerically).
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A_Lk(Zm)
Be,k k—2m 1 1 1 1
T1_ B¢ T Smosmtigmy, & + PTG e (by Lemma 6.2)
’ 2da 24a
1 1 1 1
k=2 H1
<byB e " + 23mPBmamm | _ & + M3 (2m + 1) 1 = & (by Lemma 5.17)
24 2o
6* 1 1 1 M1
<bb T by L 5.15
2 O(Wﬁ)kﬁ + 2 3moIm e | _ + S mgmam (2m 1) 1 L (by Lemma )
24« 2%
1 1 1 M1 1
<bobs - C. 2
0002 2m + 2 3m93mymyy, 1— 1618a + 23m3m04m(2m + 1) 1— ﬁ
1 1 1 1 M 1
<bobz 3mo3meomyy T 9 3m93meompy 1 _ = + 3 93mgmamm 1 — —L_ (by Lemma 5.18)
a 168c
=(boby + =———(1 ) ’
( o 21— () 3m2mamm < 3mYm e,

168«

where the last equality is by evaluating bobs + %1_%(1 + 1) numerically.

To8a
The statements for Ay ;(2m — 1) and A_; ;(2m — 1) are proven analogously.

Definition 6.4. For n,U € Z>1 we define

U
P,(U) := —log4V3 —logn + 77\/? + Zgu(l/\/ﬁ)“
u=1

Lemma 6.5. Let g(k) be as in Definition 4.3 and P,(U) as in Definition 6.4. If m > 1,

k> 2m and
"> 6, ifm=1 ’
g(k), ifm>2.

then
A1 (2m) - < Togp(n) — Pa(2m — 1) < Ayx(2m) (63)
ifm>2,k>2m—1, and n > g(k), then
—A_,(2m — 1)\/571’”1 <logp(n) — P,(2m — 2) < A1 (2m — 1)\/?mlm1 (6.4)
Proof. We start with the inequality from Lemma 5.3. Next we use Lemma 6.2 to bound
G1x(y). Finally we set y = % and obtain the desired result. O

Theorem 6.6. Let G(y) = > 0", gny™ be as in Definition 5.1. Let g(k) be as in Definition
4.8 and P,(U) as in Definition 6.4. If m > 1 and n > g(2m), then

1

3ma3mmmpm
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ifm>2andn > g(2m — 1), then

7 2
<1 < P,(2m—-2 .

gmgsmam(am — D172 < 1082 < B Cm )t o — Dy 12
(6.6)

P,(2m—2)—

Proof. We start by setting k = 2m in (6.3) of Lemma 6.5, and k = 2m — 1 in (6.4). In this
inequality we bound A j(m) resp A_; y(m) by using Lemma 6.3. This gives (6.6) for all
m > 14 and n > g(2m — 1), and (6.5) for m > 10 and n > g(2m).

In order to prove (6.6) and (6.5) for the remaining values of m, firstly we will prove that
if (6.5) holds for m > 2 and all n > y > 1, then (6.5) holds for m — 1 and all n > y. (6.7)

In particular, if we subtract from the lower bound for m in (6.5) the lower bound for m — 1,
we obtain f(2m,—4) — g(2m — 2, —4), where

v 1 \u x 1 \w
flw,z) = u:%:_zg“(ﬁ) i @Lla)rm(\/ﬁ)

and
T

g(w,x) = m <\/17l>w

Similarly, if we subtract from the upper bound for m — m — 1 in (6.5) the upper bound for
m, we obtain g(2m — 2,2) — f(2m,2). Hence in order to prove (6.7), it suffices to prove

f(2m,—4) > g(2m — 2,—4) and f(2m,2) < g(2m — 2,2). (6.8)

Analogously, in order to prove that if (6.6) holds for all m > 3 and all n > y > 1, then (6.6)
holds for m — 1 and all n > y, it suffices to prove

f@2m—1,-7) > g(2m —3,-7) and f(2m —1,2) < g(2m — 3,2). (6.9)

For proving (6.8) and (6.9), we shall prove

—4, if wis even

Flw, zo(w)) > gw — 2, z0(w)) with zo(w) == { 7 s o (6.10)
and
f(w,y0) < g(w —2,y0) with yo € Z>o. (6.11)
From Lemma 5.8 and Lemma 5.9 we have
b il (6.12)

(24a)L 2w g (24a)L2)w
with

—u1, if wis odd —po, if wis odd
by = and u,, 1=

. . . . )
—1, if wis even 2v, if w is even
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where p1 and uo are as in Lemma 5.10. Consequently,
w—1
1 u (L‘O ]_ w
fwe = 3% au( )t (L)
u£%;2 “\Wn (240)"z 1w N/
gw_g 1 Zw—l L

w—2 w—1
& (24a)LwT_2J (w — 2) (ﬁ) + (2406)LWT—1J (w— 1) (\/ﬁ)

i (2403?%1; (\/lﬁ)w

In order to prove (6.10), it is enough to prove

e 1 w2 o 1 \w-1 T 1 \w
(24()4)L1‘)22J2(w —2) <%> " (24a)t’”21J1(w ~1) <ﬁ) - (2404)?%110 <7>

- To (L)U}—Z
(240)[ 7 (w — 2) \Wn
This inequality is equivalent to

€w_2 éw_l 1 i) 1 o

w_2 " (240)w (w — 1) \/n T 2aa)wn (24a)% (w — 2) (6.13)
where
w—1 w—2 0, if wiseven w w—2 1, if wis even
aw =1 2 -1 2 J_{l, ifwisodd’ﬁw_[gw_L 2 J_{2, if w is odd ’
—2 —2 if w i
andéw:[w 1_Lw J:{O, 1'w1‘seven'
2 2 1, ifwisodd
Inequality (6.13) is equivalent to
o 1 -1 1 o 1
PR N R S 1, m 1
( 27 Qa)w ) w—2 " " daYe(w—1)vn |« 2da)fewn
which is implied by
Zo 1 Ew—l Zo 1
I F
(w2 i) ) w—2" \@ia)ww=1) " @ia)fw) yn (6.14)

w
since §y = Quy, To € Z<p and % > % for all n > 1. Inequality (6.14) is equivalent to

lopy— T
{(w ~ 2 (it * midw

2
(w2 = o)
We checked with Mathematica that Ni(w,zo(w)) < 1; see the Appendix, Section 8.3.

n > ) —‘ =: Ny (w, zp).

Similarly to above, for yy € Z~( one has,

w—1
o B ) g

u=w—2

Ugy— 1 yw—2 Uny— 1 \w—1 1 v
S<2404)f’““2212(w—2)<\/ﬁ) +(24a)f“’z”l(w—1)(\/ﬁ> +M4JJ;V”A1]<¢H>'
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In order to prove (6.11), it is enough to show

Uqy— 1 \w—2 Uny— 1 \w—1 L
(240‘)(11)2212(“’ -2) (%) ! (24a){“)21W1(w -1) <%> i (24043;0[15110(\/5)

< Yo ( 1 )w 2
240) T 1w —2) \Wn/
This last inequality can be rewritten as the following equivalent inequality,

Y2 Uy—1 1 LY 1. Yo
-2 (2da)(w—1)y/n  (24a)frwn = (24a)%(w —2)’

which is implied by:

Yo ) 1 ( Uw—1 Yo ) 1
T gy > — :
<(24a)aw two-2 )75 7 (@) (w —1) T @da)few) v (6.15)
since 1o € Z~qo and \% % Inequality (6.15) is equivalent to

n

v

[(w—Z) ((24,1)“5;(11” D) (24a)6ww) W:: Na(w, o).

((24a)aw Uy — 2)
We checked using Mathematica that Nao(w,yo) < 1 for all yo > 1; see the Appendix, Section
8.3.
We have checked with Mathematica that (6.5) holds for m € {2,...,10} and n € N such
that
g(2m —2) <n < g(2m). (6.16)

Now (6.5) is true for m = 10 and n > g(2m). Next, assume that (6.5) is true for m = N with
2 < N <10 and n > g(2N). Then, as shown above, (6.5) is true for m = N —1if n > g(2N).
By (6.16), (6.5) is true for m = N — 1 if g(2N —2) < n < ¢g(2N). This implies that (6.5) is
true for m = N — 1 and n > ¢g(2N — 2). Hence the result follows inductively. The proof of
(6.6) is done analogously.

g

Finally, we are put into the position to prove Theorem 1.1.

Proof of Theorem 1.1: We apply (6.5) in Theorem 6.6, with m = 1. Then for n > 1, we
have,

on T 1y1 0 21
“log4v/3 —1 Y 6(— —)————
0g4v3 —logn +my/ =5 = V6( 3+ 5 Jn 24an
[2 1v1 0 11
<logp(n) < —log4v3 —logn+x g—ﬁ(ﬂ + )74-7*

144 vno 24an’

Noting that \/é(ﬁ + i) = 0.44... finishes the proof. |
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7. AN APPLICATION TO CHEN-DESALVO-PAK LoG CONCAVITY RESULT

In 2010 at FPSAC [4], William Chen conjectured that {p(n)},>26 is log-concave and for
n>1,

pn)? < (14 )pln — 1p(n + 1), (7.1)

DeSalvo and Pak [7] proved these two conjectures. Moreover, they refined (7.1) by proposing
the following conjecture for n > 45:

p(n)? < (1 + mﬁ(n ~ Dp(n +1). (7.2)

Chen, Wang and Xie [3] gave an affirmative answer to (7.2). In this section, using Theorem
6.6, we continue this research by obtaining the following inequality,
(14 o — 5 Joln = Dp(n +1) < p(n)? < (14— Yp(n —~ Dp(n + 1)
—— — — |p(n — n n ——|p(n — n ;
V24n3/2  n? b p p \/24n3/2 p p ’

for a more precise statement see Theorem 7.6. Note that the right inequality is just (7.2), but
we give here our proof in order to show that, alternatively, one can obtain this from Theorem
6.6. In order to achieve our goal we also need to prove the Lemmas 7.3 to 7.5 in this section.

These Lemmas deal with estimating the tail of an infinite series involving standard binomials.

Proposition 7.1. For s € Z>1 and k € N we have
_ 254+2k—2\ (s+k—1
<_2521> _ (‘Uk ( §+1H )(8571 )

k 4k (255—_ 12)

()= ()

Proof. By simplifying quotients formed by taking each expression in k + 1 divided by the

and

original expression in k. O

Lemma 7.2. For k,m >0 and s > 1,

<8_1+m+k>§<8—1+m>sk_ (7.3)

s—1 s—1
Proof. From

<51+m+k> C(s—1+m+k)! <51+m>(s+m)-~-(s+m+k‘1)

s—1 C(s=D(m+k)! s—1 (m+1)---(m+k)
we have f;f;‘ﬁ < s for each 0 < j < k — 1; this is because

stm+j<sim+j+1)m(s—1)+j(s—1)>0.

This proves (7.3). O
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Lemma 7.3. Forn,s € Z>1, m € N, and n > 2s let

b (s) 1= 4\/5(5 +m = 1>1

vs+m—1 s—1 nm’
then
0 _ 2s5—1 1
bon(s) < 3 ( kz >nk < bron(s) (7.4)
k=m
and
28 1 ( 1)k‘
bmn
o<z< ) 5 < bma(s) (7.5)

Proof. For s > 1:

23 1 © Nk 2s+2k—2\ (s+k—1
‘Z ( >1k’ ’Z (4}3 ( kaészg = )nlkl (by Proposition 7.1)

i ()

23+2k—2) (s+k—1) 1

%
< Z 4k s+k—(;s_2) s—=1 ) -

s—1 nk
> 25 — 1 s+k—1\ 1 _4n om 4n
Z ) (using 5= < <)
V(s +k—1) s—1 n 2y/n
2\/3— L s—1+k\ 1

Z( )3

\/S—FT s—1
. 1 1 1
(us1ngﬁ<1and\/s_i_k_lg\/s_i_m_lforallkZm)
2v/s—1 s—14+m+k 1
TVstm—1 1kzzo< s—1 >nm+k
Co2vs—1 1 i(s—l—i—m—i—k:) 1
s+m—1nm &~ s—1 nk’

Now we apply Lemma 7.2 to obtain,

‘Z — 21 i - 2Vs—1 1 (s—1+4m ii
“Vs—1+mn™ s—1 k—onk

2v/s—1 s—14+m\ 1 n < bun(s)

= — s

vs+m—1 s—1 nmn—s e

where the latter inequality is by n > 2s. This proves (7.4). Moreover, the bound we obtained
also works for
25+2k—2 +k—1
i 1 ERS)CE )
4k (25—2) nk’
k=m

s—1

Hence applying Proposition 7.1 implies (7.5). O
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Lemma 7.4. Forn,s € Z>1, m € N, and n > 2s let

Brnn(s) = 2(8 +m— 1>’

nm s—1
then -
—Bmn(s) < Z <—k$> 1k Bmn(8) (7.6)
k=m
and - i
o< ()5 <o (r7)
k=m
Proof.

e 2s 0
-7\ 1 s+k—1\ 1
2 - k . .
)Z < k >nk’ _‘k;n(_l) < s—1 )nk‘ (by Proposition 7.1)
2 (s+k—1\ 1 1 XN /s+k—14+4m\ 1
< 1 1
_kzzm< Al )nk an( s—1 >nk

1 [(s—14m) o= s*
<nm( 61 >kzonk (by Lemma 7.2),

and geometric series summation implies (7.6). Applying Proposition 7.1 implies (7.7). O
Finally, we need another similar lemma which is easy to prove.

Lemma 7.5. For m,n,s € Z>1 and n > 2s let

2 s™
Cmyn(s) = Enim,
then ol & i
o (DM s L
—Cmn(8) < kkank < Cmn(s) and — cmp(s) < —k_z;bkn <0 (7.8)
and

Cm.n(S > sk Cmon(S Cmon(S > —1)kgk
()5 - (o

The following theorem was announced in the abstract; its proof is the goal of this section.

k=m

To arrive at the intermediate inequality (7.14), we need our main result, Theorem 6.6. For
the remainder of the proof, one spends some time on simplifying (7.14) in order to arrive at
the desired form. In order to do, one needs the Lemmas 7.3 to 7.5 which we have proven

above in this section.

Theorem 7.6. Forn > 45,

p(n)?

T
< (1 + m)p(” — Dp(n +1),
and for n > 120

p(n)? > (1 + ﬁ — %)p(n —Lp(n+1).
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Proof. We set m = 3 in the first equation of Theorem 6.6, which gives for all n > {g(ﬁ)] :

2 1 11
P5) =~ <1 Pa(5) 4
O) = 32aay pz <1082 < Pal0) + 3505505

=:l(n) =:wu(n)

where we used the notation from Definition 6.4. This inequality has the form
l(n) <logp(n) < u(n). (7.10)
By substituting n by n + 1 and multiplying by —1 into (7.10) we obtain
—u(n+1) < —logp(n+1) < =l(n+1), (7.11)
and by substituting n by n — 1 and multiplying by —1 again into (7.10) gives
—u(n—1) < —p(n—1) < =l(n—1). (7.12)
Multiplying (7.10) by 2, and by adding (7.11) and (7.12), results in

2l(n) —u(n—1)—u(n+1) < 2logp(n) —logp(n—1)—logp(n+1) < 2u(n)—Il(n—1)—Il(n+1).

(7.13)
We define 1 1
Ai(n) = 10g<1 + ﬁ) + log(l - ﬁ>’
Ao(n) = -7 2‘;(2 <1£2> (_n?k +§é (122) $>
and for t > 3:
am =5 (CF) S () )

where g, is as in Definition 5.1. Then from (7.13), by substituting /(n) and u(n) according
to their definitions, we obtain,
7

7
7 1 ] 1
SR A A 21 ~1 1)1 1 A o
(24a)? -3 13 +; t(n) < 2logp(n) —logp(n—1) —logp(n+1) < ; t(n) + CYRSERE
which implies
3 1 ! 7 3 1
~Zaap " ;At(n) < 2logp(n) —logp(n — 1) —logp(n + 1) < ;At(n) + GhaF
(7.14)
Finally, we establish bounds for the A;(n). For ¢t = 1,
1 1 I 1 (=DM &K1
Aq(n) =log(1 + 5) +log(1 — ﬁ) =-—-51 _|_Z P Zm

Taking s =1 and m = 5 in Lemma 7.5 we have

1 1 4 1 1 2
T2 ot g A< —oa oot e
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which implies,
1 2 1

_ﬁ — ﬁ < Al(n) < ——. (715)
_ 2n 5 1 1/2 = [1/2
A2<”>—‘”v3(—64n4‘4m+2<k> < ) )

k=5 =5
Applying Lemma 7.5, (7.9), with s =1 and m = 5 gives

2n< 1 ) 4 1><A()< 2n< 1 5) +2 1)
== —=—= n)<-—-m/—\-—-—-——+-—F5—
3\ 4n?  64n* 5\5n° 2 3\ 4n?2  64n*  55n®/’

which implies,

For ¢t = 2, note that

m n 2
/24n3/2  nb/2’

T
Tai < Ay(n) < (7.16)

Next we consider odd indices; i.e., for 1 <t < 3,

Agr41(n) = — (j%t);tl—l ( (%2;21)2 + (21;;4) + Z <_2t1> kT Z (JH) %)

where (a); :=a(a—1)...(a — k+1). Applying Lemma 7.3 with s = ¢ and m = 5 gives

g2t—1 <<2t2—1)2 <%)4 4Vt <t+4

+ - t—l) ><A2t+l( )

(\/ﬁ)Qt—l n2 12n4 /t+4
21 21
<« __9u21 ((2>2 n (T>4 N 8Vt (t+4 i)
(y/n)2t-1 n? 12n4 Vi+4\t—1)nd)’
which implies
31, 4g1 1 991
_4n5/2 + %717 < Ag( ) < _W’ (717)
4+/6 29
‘[93 < As(n) < —ﬁ, (7.18)
n
42 (7 117gs5
< A — . 7.19
N (2)n 7(n) < =55 (7.19)

Finally, we consider even indices; i.e., for 1 <t < 2,

Ansan) =~ o <_n22:>2 <1_2n2 i ( ) C s (?) )

— k=5

Applying Lemma 7.4 with s =t and m = 5, we obtain

_ (ﬂ + (=01 55<H_4>>g2t < Agti2(n)

n? 12n4 t—1)/ (V/n)*
(—t)2  (—t) 4 (t+4 got
- < n22 * 12n‘Il +n5<t— 1)) (\/%)2’5‘

From this,
2 8
2 Ay(n) < -2 (7.20)
n n



NEW INEQUALITIES FOR p(n) AND logp(n) 31

1294

F < Aﬁ(n) <

4094
527

Now, substituting (7.15) to (7.21) into (7.14) gives,

(7.21)

T 1 1 3g1 1 4q, 42 (7 3 1
7ﬂm—ﬁ—jm+(—2+ﬁ+2gg+4\/693+12g4+ﬁ 9 95—m)$
<2logp(n) —logp(n — 1) —logp(n + 1)
T 1 1 3 1

By using numerical estimations of the coefficient of 1/ n5/2 and of the coefficient of 1 /n3 in
the lower bound, and of the coefficient of 1/ n®/2 in the upper bound above, we are led to
T 1 1 11 4
ﬁm - ﬁ + ZW - ﬁ < 210gp(n) — logp(n - 1) - 10gp(n+ 1)
< T 1 1 n 7
fodn3/2  n2 | pb/2

Next we observe that

1 7 72
R JE— _ >
3 + 572 < 1875 for all n > 50
and
1 T 1 11 4 1 T

1
T2 + /94 1n3/2 - Ans/2  p3 > T2 + /94 n3/2
Therefore, for n > 257,

for all n > 257.

2

s e

1 T
—_— — — < 21 —1 —-1) -1 1 — . 7.22
NoTEER ogp(n) —logp(n —1) —logp(n+1) < NoTETER T (7.22)
Because of log(1 + z) < z for = > 0, we have
T 1 T 1
1 (1 7_7) I 7.2
og(1+ NCTICE RS < T n2 (7.23)
and because of z — %2 < log(1 + z) for all z > 0, we have
LA (1+L) (7.24)
V2an?  asnd ~ T aapsz ) '
Applying (7.23) and (7.24) to (7.22) gives
us 1 7r
log(l + Ny ﬁ) < 2logp(n) —logp(n —1) —logp(n+1) < log(l + m),

which after exponentiation gives the desired result for n > 257. To extend the proofs of the
statements for n > 45, resp. n > 120, is done by straight forward numerics. O
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8. APPENDIX

8.1. Methods to discover the results. We will describe very briefly the mathematical
experiments used in this research. We want to point out that without these experiments the
theoretical results of this paper would never have been found. For this reason we feel that
it is important to give at least a brief sketch of what led us to the final formulas and how
we were led to conjecture special cases of related asymptotics. The final asymptotic formulas
can easily be derived from our main result, Theorem 6.6 presented in Section 6.

In Section 3 we proved the following inequality

VE VE
T (1 - 2\1/5) <pln) < (1 - 3\1/73) (8.1)

which was found by mathematical experiments. Our proof uses methods similar to those used
in [7] and [2]. In our attempt to prove the following formula for the asymptotics of logp(n),

log p(n) ~ 77\/? —logn — log(4V/3) — Oli;lﬁ, (8.2)

we first tried to prove the log-version of (8.1). However, we soon realised that this inequality
is not sharp enough in order to prove (8.2). We noted that the inequality for p(n) in [2,
Lemma 2.2] can be used instead. This formula says that for n > 1206,

V12t (M) 1 1 V12eH(n) 1 1
24n — 1 <17,u(n)7,u(n)10) <pn) < 55— (1- ):

where pi(n) := £+/24n — 1. We observed that after taking the log of both sides, with some
extra work, (8.2) can be proven. When we saw the asymptotics (1.3), discovered by Schoen-
field and Kotesovec, we naturally wondered whether these asymptotics can also be proven by
taking the log of an appropriate inequality. We observed that (8.3) is enough also to prove
these asymptotics, and we observed that (8.3) can be used to prove an even more refined
asymptotic formula that takes the form

logp(n) ~ ﬂ\/?—logn—logél\/g—i-bl(\/lﬁ) +b2(\/15)2 +...+b9<\/15>97
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where
™6 V6
1 3
by = e V6V ~ —0.028428...,
2933 2537w 22q3
B 1 1 9
by = 57 T 353 g —0.0080728...,
6 6 6 96
by = — /6 _ V6 — V6 - V6 ~ —0.0033007...,
21334 21037 2673 5.8x75
1 1 3 9
be = 5931 ~ 3537 ~ 360~ 710 ~ —0.001174124716...,
3
by = _omV6 _ 5V6 | 5VE 3B VB e
21935 214337 211373 27Tx5 24747
1 1 3 322 3
by —= 51131 ~ 11353 ~ 501 ~ 7.6 — 373 ~ —0.00017464...,
by — V6 35V6 356 TV6  9v6  9vG ~0.000068757....,

© 92336 920347 9153373 91275 98.7 95,9 T

Of course we wondered whether one can get an even better formula. The only obstacle that
seemed to limit us was the 10 in the formula (8.3) above. This led us to look into the details
of the proof of (8.3), and we observed that the 10 can be replaced by a k. This then led
us to the discovery of the complete asymptotics. That is, we also got b1g, b11,..., etc. At
this point we still were not fully satisfied. Even though we observed that the formula (8.3)
could be generalised, it was not a proper generalization because we could not say explicitly
for which precise range of n the generalized inequality (4.3) for p(n) holds. We only could
say that there is some sufficiently big constant C'(k) such that (4.3) for all n > C(k).

We felt that this is not a proper generalization because (8.3) gives C'(10) explicitly, namely
C(10) = 1206. After some work, we realized that we can obtain an explicit expression for
C(k), which is very close to the optimal value, according to mathematical experiments. This
C(k) is our g(k) of Section 4 where we gave a generalization of (8.3).

Because (8.3) could be generalized, we suspected that also (8.1) could be generalized. The
difference between the two inequalities is that (8.1) is in terms of /n, while (8.3) is in terms
of u(n). We again took the log of both sides of the generalized version of (8.3) and aimed not
only at getting a refined asymptotic but rather a new type of inequality. This was achieved in
Section 6. However, even after we found a preliminary version of Theorem 6.6, still something
was missing. We wondered whether we can guarantee that this inequality is optimal in some
sense, and not overestimated. After various experiments, we got control in the form (6.5)
and (6.6), where the error term in the inequality cannot be improved to a smaller integer in
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with(combinat) ;
rt := proc (n) local rtn, k;
rtn := combinat:-numbpart(n);
for k to (1/2)*n do
rtn := rtn+combinat:-numbpart (k)*combinat:-numbpart (n-2xk)
end do;
rtn
end proc

FIGURE 3. Procedure for computing the number of cubic partitions of n.

the numerator—the same time keeping the statement unaltered. This is the point where we
stopped.

8.2. Discovery of Kotesovec’s formula (1.5) by regression analysis. We used the
procedure shown in Figure 3 to compute the sequence a(n) defined in (1.4). This procedure

215

works fine for computing a(n) in the range 1 < n < 2'°. The computation took 24 hours on

a notebook computer with Intel Core i7 CPU.

To find the approximate relation between loga(n),/n and log(n), substitute the values
n = 2F, 2F+1 2k+2 into the target expression,

loga(n) ~ a-v/n—f-log(n) —log(v),
to obtain a system with three equations:
log, a(2¥) = ay logy(e) - V2F — by, - k — ¢, + e,
logy a(28+1) = ay logy(e) - V2R — by, - (K + 1) — cx + epyt,
log, a(2F12) = aplogy(e) - V2ET2 — by - (k+2) — ¢ + rga,
and solve it successively for k& from 1 to 13. Let (ag,bg,ck) be the solution of the above

equation system under the assumption e = exy1 = ex2 = 0 for all k € {1,...,13}. The
numerical values of the (ag, by, cr) are presented in Figure 4. In the limit £ — oo,

__ logy a(2%)+log, a(2H+2) —21og, a(2+1)

k N

by = log, a(2")+logy a\(/2§_1)7210g2 a(2**h) {10g2 a(2k+1> o log2 a(2k)} — B,
ay, lo (e)\/ZTC—k: b

Cr = 2% 82a(2k) - — IOgQ(’Y)'

The numerical values in Figure 4 clearly support the precise values

5 3
= = — = 2 = 8.
a=m, B e ¥
Note that we have used a sub-sequence a(2k), k= 1,2,...,15. The regression analysis to

obtain the numerical data for Fig. 1 and Fig. 2 are rather routine, so we will not list any
further details here.
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a; = 2.856681587,

by = 8292510713,

c1 = 3.414213592,

as = 3.104034810, ba = 1.124879663. co = 3.536666941,
az = 3.138350816, hs = 1.182896591, c3 = 3.502681525,
as = 3.134634608, by = 1.173992008, cq = 3.516802205,
as = 3.133095462, bs = 1.168789090, cs = 3.530255390,
ag = 3.135881324, be = 1.182107364, ce = 3.482499147,
a7 = 3.138560309, b7 = 1.2002195206, c7 = 3.399441064,
ag = 3.140063351, bs = 1.214590204, cg = 3.319170500,
ag = 3.140825268, bg = 1.224893620, co = 3.251316705,

35

ayp = 3.141207944,
aj; = 3.141399944.,
aje = 3.141496152,
a1y = 3.141544378,

bio = 1.232211776, c10 = 3.195805627,
b1 = 1.237403601, c11 = 3.151230012,
bia = 1.241082894, c12 = 3.115957155,
b1z = 1.243690699, c13 = 3.088371824.

FIGURE 4. Numerical values of the (ag, by, cx).

8.3. Mathematica computations used in the proof of Theorem 6.6. We present
Mathematica computations needed in the proof of Theorem 6.6. Note that in order to
complete the proof of Theorem 6.6 we needed to bound four terms by 1; however, in each
inequality proven with Mathematica as shown below, we checked that each inequality holds

in fact for bounds smaller than 1, namely %, %, % and 2—16. The Mathematica computations
are based on Cylindrical Algebraic Decomposition [6].
1= a = —
n[ll:= a := 36 1 2
_ V6 ;72 a V6 a a 1
2= (mul, mu2,nu) := (§<E 1t o a)), E(1 + 5),35 - 5)
2
<2:v“—11 + (24?)(2“;) 1
In[3]:= CylindricalDecomposition[{(2w — 2)? < —,w>1,x > 4},{w,x}]
(—1 +x)2 5
Out3]= w>1&&x>4
. . s 2w — 3 1 x 2 1
In[4]:= CyhndrlcalDecomposntlon[{((x —oin mul) <2w Y Py — )) < 3V > 2,x > 7}, {w,x}]

Outfdl= w>2&&x2>7

(2_ rmﬂl + 21z )
In[5]:= CylindricalDecomposition[{((2w —2) b a(2w)

2 1
) < %7“’ >1,y > 1}7{W7y}]

y — 2nu
Out]= w>1&&y>1
In[6]:= CylindricalDecom osition[{(< 2w — 3 )( 2 nu 4 ))2 < = w > 2,y > 1}, {w,y}]
n = _
Y P y+24amu2/\2w —2  24a(2w — 1) 26’ " = VY = TpAWY

Outfp]= w>2&&y>1
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