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KURZFASSUNG

Der allgemeine Rahmen fiir den Umgang mit symbolischer Summation, namlich II3-Korper, wurde von
Michael Karr eingefiihrt. Er entwickelte algorithmisch, wie indefinit verschachtelte Summen und Produkte
als transzendente Erweiterungen Ulber einen berechenbaren Grundkorper K dargestellt werden konnen.
Er stellte auch einen Algorithmus vor, der das parametrisierte Teleskopproblem und als Spezialfall das
(kreative) Teleskopproblem innerhalb eines gegebenen IIE-Korpers, [6st.

In den letzten Jahren wurde Karrs Differenzenkorpertheorie von C. Schneider auf die sogenannten
RIT>*-Erweiterungen verallgemeinert. In solchen RIIX*-Erweiterungen kann man nicht nur indefinit
verschachtelte Summen und Produkte, die durch transzendente Ringerweiterungen ausgedriickt werden,
darstellen, sondern es konnen auch algebraische Produkte der Form «™ behandelt werden, wobei « eine
primitive Einheitswurzel reprasentiert. Daruber hinaus wurden allgemeine Algorithmen entwickelt, um die
parametrisierten Teleskopgleichungen innerhalb eines so konstruierten Differenzenrings zu losen. Dieser
Mechanismus, der im Mathematica-Summationspaket Sigma implementiert ist, funktioniert automatisch
fur indefinit verschachtelte Summen, definiert tiber hypergeometrischen Produkten welche sich zu Fol-
gen in Q oder in einem rationalen Funktionenkorper tiber Q auswerten. Ansonsten funktioniert dieser
Mechanismus nur, wenn man bereits wei3, wie die entstehenden Produkte innerhalb einer RII%*-Ring-
Erweiterung umformuliert werden konnen.

In dieser Dissertation erganzen wir diese Summationstheorie substanziell um den folgenden Baustein.
Wir stellen neue Algorithmen zur Verfligung, mit denen man eine endliche Anzahl hypergeometrischer
oder gemischt (q1,..., dc)-multibasiger hypergeometrischer Produkte in einem solchen Differenzenring
darstellen kann. Genauer gesagt, sei eine endliche Anzahl hypergeometrischer Produkte mit beliebiger Ver-
schachtlungstiefe oder eine endliche Anzahl von gemischt (q1,..., q.)-mehrbasigen hypergeometrischen
Produkten mit Verschachtlungstiefe-1, die sich im berechenbaren Korper K auswerten, gegeben. Dann
konnen eine RII-Erweiterung (wobei der Konstantenkorper K eventuell durch algebraische Erweiterungen
erweitert werden muss) und Elemente in einem solchen Differenzenring mit der Eigenschaft, dass sie genau
die Input-Produkte modellieren, konstruiert werden. Diese neue Erkenntnis bietet einen vollstandigen
Summationsmechanismus, mit dessen Hilfe solche allgemeine Produkte und auch indefinit verschachtelte
Summen, die lber solche Produkte definiert sind, voll automatisch in RIIX*-Erweiterungen formuliert
werden konnen.

Als Nebenprodukt erhalt man kompakte Produktausdriicke, die untereinander algebraisch unabhangig
sind. Desweiteren kann man fiir solche Produkte das Nullerkennungsproblem losen. Die Algorithmen sind
im Mathematica-Paket NestedProducts implementiert.



ABSTRACT

The general framework for handling symbolic summation, namely II¥-fields was introduced by Michael
Karr. He developed algorithmically how indefinite nested sums and products can be represented as tran-
scendental extensions over a computable ground field K. He also presented an algorithm that solves the
parameterized telescoping problem, and as special case the telescoping and creative telescoping problem
within a given IT¥-field.

In recent years, Karr's difference field theory has been extended by C. Schneider to the so-called
RITZ*-extensions in which one can represent not only indefinite nested sums and products that can be
expressed by transcendental ring extensions, but algebraic products of the form «™ where « is a primitive
root of unity can also be treated. In addition, general algorithms have been worked out to solve the
parameterised telescoping equations within such a constructed difference ring. This machinery which is
implemented in the Mathematica summation package Sigma, works in full automatically for indefinite
nested sums defined over hypergeometric products that evaluate to sequences in QQ or a rational function
field over Q. Otherwise it works only if one knows in advance how the arising products can be rephrased
within an RITZ*-ring extension.

In this thesis we supplement this summation theory substantially by providing new algorithms that en-
able one to represent a finite number of hypergeometric or mixed (qy, ..., q.)-multibasic hypergeometric
products in such a difference ring. More precisely, given a finite number of hypergeometric products of
arbitrary nested depth, or a finite number of mixed (qi,..., q.)-multibasic hypergeometric products of
nested depth-1 which evaluate to the computable field K, we can construct an RIl-extension (where the
constant field K might be extended by algebraic number extensions) and elements in such a difference
ring with the property that they model precisely the input products. This new insight provides a complete
summation machinery that enables one to formulate such general products and indefinite nested sums
defined over such products in RIIZ*-extensions fully automatically.

As a by-product, one obtains compactified product expressions where the products are algebraically in-
dependent among each other. Furthermore, one can solve the zero-recognition problem for such products.
The algorithms are implemented in the Mathematica package NestedProducts.
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CHAPTER 1

INTRODUCTION

In his pioneering work (Karr, 1981, 1985), Michael Karr introduced the so-called IIZ*-fields that provide
a general framework for handling problems in symbolic summation. In general, a II¥*-field is a difference
field (IF, o) where F is a field whose elements represent the summation objects and o : F — F is a field
automorphism that models the shift operator acting on the summation objects. More precisely in Karr's
setting, the field IF is constructed by a tower of transcendental field extensions whose generators either
represent sums (resp. products) where the summands (resp. the multiplicands) are elements from the
field below. In particular, the following problem has been solved.

( Problem T: Telescoping Problem for (F, o).

Given a IIX*-field (F,o0) and given f € F*. Find, if possible a g € F such that the telescoping
equation

f=o0(g)—¢g (1.1)
holds.

- J

Hence if f represents an expression F(k) in terms of indefinite nested sums and products and if one
rephrases the generator t; as indefinite nested sums and products yielding the expression G(k), one

obtains the telescoping relation
F(k) =G(k+1) — G(k) (1.2)

that holds within a certain range a < k < b. Then summing this telescoping equation over the valid
range, one gets the identity

b
Y F(k)=G(b+1)—G(a).
k=a

The multiplicative version of Problem T is as follows:

[ Problem MT: Multiplicative Telescoping Problem for (F, o).

Given a IIX*-field (IF, o) and given f € F. Find, if possible a g € F* such that the multiplicative
telescoping equation

_olg)
== (1.3)

holds.
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If f represents an expression F(k) in terms of indefinite nested products and if one rephrases the t; as
indefinite nested products yielding the expression G(k), one obtains the multiplicative telescoping relation

Gk+1)

F(k) = Gk

(1.4)
that holds within a certain range a < k < b. Then taking the product over this multiplicative telescoping
equation over the valid range, one gets the identity

b

_G(b+1)
HF(k) = G0

with G(a) # 0. In a nutshell, the following strategy can be applied:

(1) Construct a IIX*-field (F,0) in which a given summand (resp. multiplicand) F(k) in terms of
indefinite nested sums (resp. products) is rephrased by f € F;

(2) Compute g € F* such that (1.1) (resp. (1.3)) holds;
(3) Rephrase g € F* to an expression G(k) such that (1.2) (resp. (1.4)) holds.

In recent years new algorithms and further improvements of Karr's difference field theory have been
worked out in order to turn the difference field approach into an automatic simplification toolkit for
nested sum (resp. product) expressions. Here the key observation is that a sum (resp. product) can be
either expressed in the existing difference field (F, o) by solving Problem T (resp. Problem MT), or the
sum (and in parts the product) can be adjoined as a new extension on top of the already constructed
field F; see Theorem 2.3.51 (resp. Theorem 2.3.42) below. Exploiting this machinery it is now possible
to simplify sum expressions such that the nesting depth is minimized (Schneider, 2008), the number of
summation objects arising in summands is optimized (Schneider, 2015), or the degrees in the numerator
and denominator (Schneider, 2007a) are as small as possible. All these algorithms are implemented in
the summation package Sigma (Schneider, 2007b, 2013).

On the other hand, representing indefinite nested products in II¥%*-fields can cause much troubles.
For instance, suppose that we have already adjoined 2™ to the field and later on we discover that we also
need to treat (v/2)", then obviously we must deal with the relation 2™ = ((\/Z)“)z Hence, if we want
to stay in the IIX*-field setting (i.e., dealing only with transcendental extensions), then we are forced to
redesign the previously constructed field by adjoining (\/Z)n first and then representing 2™ by ((\/Z)n)z
Even worse, we may have to work with product expressions like

Hk and ﬁ—k.
k=1

(1) - (1)

which cannot be resolved in a field. On the other hand, writing

Then, we obtain the relation
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we observe that the alternating sign (—1)™ is the troublemaker which can be only represented in a ring
with zero divisors, i.e., having relations such as

(1= (14 (D) =o.

In Schneider (2005) and a streamlined version worked out in Schneider (2014), this troublemaker has
been resolved for the class of hypergeometric products of the form

[Tf@
i=t

with £ € N and f(n) € K(n) where K is, for example, a rational-function field over the field of rational
numbers: namely, a finite number of such products, can always be represented in a II&*-field adjoined

with an algebraic extension which handles the element (—1)™.

In particular, the construction of nested
sums over such a difference ring together with the related telescoping and creative telescoping algorithms
can be applied in the so-called RIIX*-extensions (Schneider, 2016, 2017), which are difference rings
built by transcendental ring extensions (polynomial ring extensions for sums and Laurent polynomial
extensions for products), and extensions of the form o™ where « is a primitive root of unity. For many
problems coming, e.g., from combinatorics or particle physics (for the newest applications see Schneider
and Sulzgruber (2016) or Ablinger et al. (2016)) this difference ring toolkit works perfectly well. But in
general, if one solves, e.g., linear recurrence relations in terms of d'Alembertian solutions (Petkoviek, 1992;
Abramov and Petkov&ek, 1994; Abramov and Zima, 1996; Van Hoeij, 1999), or Liouvillian solutions (Van
Der Put and Singer, 2006; Petkoviek and Zakrajsek, 2013), one is faced with nested sums in terms of
hypergeometric products which are defined over the algebraic closure @ of the rational numbers (or an
algebraic number field built by a finite extension over the field of rational numbers Q).

In this thesis we will generalise the existing product algorithms in Schneider (2005, 2014) for the
following class of expressions given in Definition 2.1.10. Loosely speaking, this is the class of indefinite
nested products where the products arise only in the numerator. For the treatment of the special class
of products of nesting depth 1, which are also called single nested products, we refer to Ocansey and
Schneider (2018). The terminologies used in defining these classes of product expressions were borrowed
from Bauer and Petkoviek (1999). For these classes where K itself can be a rational function field over an
algebraic number field, we will solve the Problem RPE over such a field K, which is specified in Chapter 2.
Product identities that do not belong to the class of expressions in Definition 2.1.10 are not treated in
this thesis. For example, the product formula for counting spanning trees and perfect matchings on a
lattices in Ocansey (2013, Chapter 3 and 4).

The strategy we adopt internally is to factor the multiplicands of the product expression into monic
and irreducible factors. The shift-equivalent factors are then rewritten in terms of one of these factors;
compare Schneider (2005); Abramov (1971); Paule (1995); Abramov and Petkovsek (2010); Chen et al.
(2011). Then using results of Schneider (2010a); Hardouin and Singer (2008), we can conclude that
products defined over these irreducible monic factors can be rephrased as transcendental difference ring
extensions. Using a similar scheme, one can treat the content coming from the monic irreducible polyno-
mials, and obtains finally an RIIX*-extension in which the products can be rephrased. We remark that
the normal forms presented in Chen et al. (2011) are closely related to this representation and enable
one to check, e.g., if the given products are algebraically independent. Moreover, there is an algorithm
in Kauers and Zimmermann (2008) that can compute all algebraic relations for C-finite sequences, i.e., for
expressions from ProdE(K). Recently this have been extended in parts by Schneider (2019) for nesting
depth 1 mixed (q1, ..., qc)-multibasic products. In addition, algorithms have been developed in Schneider
(2005) and Abramov and Petkov3ek (2010) to find an optimal representation of nesting depth 1 products
such that the degrees of the numerator and denominator of the multiplicands are minimal.
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In this thesis, our main focus is different. We will compute alternative products which are by con-
struction algebraically independent among each other, and which enable one to express the given products
in terms of the algebraic independent products. In particular, we will make this algebraic independence
statement (see property (2) of Problem RPE on page 27) very precise by embedding the constructed RII-
ring extension explicitly into the ring of sequences (Petkoviek et al., 1996) by using results from Schneider
(2017). In particular, we will solve the zero-recognition problem for our class of product expressions (see
property (3) of Problem RPE). The underlying algorithms for handling these product expressions have
been implemented in my Mathematica package NestedProducts.

The outline of the thesis is as follows. In Chapter 2 we begin with a formal description of the class
of product expressions that will be treated in this thesis. These products are also considered as elements
of the ring of K-sequences (Petkoviek et al., 1996). These will equip us with the necessary ingredients
needed to formulate the main problem, Problem RPE, that this thesis solves. We then discuss briefly
difference ring theory (Schneider, 2016, 2017) by introducing APS-/RIIX*-ring extensions in which these
classes of product expressions can be modelled. The chapter ends with the crucial result of embedding
of RIIZ*-ring extensions into the ring of K-sequences.

In Chapter 3, we present a solution to Problem RPE for the class of product expressions of nesting
depth 1. In particular, we reformulate Problem RPE in the notions introduced in Chapter 2 and then
present the basic strategy utilised in tackling this problem.

In Chapter 4, we work out the algorithmic properties that are required to turn our results to algorithms.

Chapter 5 gives a detailed solution to Problem RPE for the class of hypergeometric and mixed
multibasic products of nesting depth 1. This result has also been published in Ocansey and Schneider
(2018). For these classes of product expressions, we will demonstrate using my Mathematica pack-
age NestedProducts, how they can be reduced to obtain compactified product expressions that are
algebraically independent among each other. The flowchart in Figure 1.1 below gives a summary of
how Problem RPE is solved for the class of nesting depth 1 mixed (q1,..., . )-multibasic hypergeomet-
ric products, (q1,...,de)-multibasic hypergeometric products, hypergeometric products and geometric
products. In particular, it presents a general overview of how all the arising sub-problems are handled
with the Mathematica package NestedProducts.

Here are two examples of the class of product expressions considered in this chapter.

Example 1.1.1.
Given the hypergeometric product expression

Vi A TT 28V 7 V=2 |y 10541350400 v/10
147 ProdE(K(n))!
E +H (11+\/_ k(i+v3)2 +]!j[16(k 2) 1_[1 (1'1+\/§)10k2 (1 2%) € ProdE(K(n))

where K = Q(e%ﬁ, V—=2,v3, \/—5), its output is

= _1s\" ¥ mono ((_1)
Q_<(( 1)¢) ) (V3)" 7 nt + oy + (m+1)(n+2) (v2)" ((ﬁ)“)znl
2 () () ~
" m+1(n+2) (ﬁ)”(n!)“ € ProdE(K(n))

1See Definition 2.1.10 for the definition of ProdE(K(n)).
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where K = Q(e%i,\/z, V3, \/5) and the 12-th root of unity (—1)% is the complex number e%. In
particular,
PMm)=Qn) VneN

holds. Further, Q can be given in the Laurent polynomial ring
R [((=19)"][(v2)", %R [(V3)" %k [(V3)", a7 7l Inh sl

defined over the ring K(n)[((—])%)n] where the generators (ﬁ)“ (\/5)TL (\/5)n 7™ and n! are
transcendental. That is, the sequences generated by these generators satisfy no algebraic relation; see
Definition 2.2.5. *

Given indefinite nested depth-1 1

products in ProdE(X) with X :=
) K, K(n), K(q™), K(n,q™)} J

Fmmmm—m————— —.——m e b - - - -<--
Yy I ARERE : i
Depth-1  |¢---------- 1 Depth-1 ! Depth-1 ! Depth-1
Products in 1 Products in i Products in i Products in
Prod(K) | Prod(K(n)\K) |! | Prod(K(q™\K) |! | Prod(K(n, "NK)

1 1
. o ---- i btk il St | IL-’<'| i i
Preprocessing . L | i i
A Y i i i
Step Products| ! Products ! Products | ! 0 0
over i over algebraic i over non- i i f
roots of | || numbers but not || constant i i i
unity i roots of unity i polynomials i i i
| | | | |
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
I I I I I

Single R- < Single Nested | ! |Single Nested |! | Single Nested | | | Single Nested b Single Nested

extension II-extension [T-extension II-extension [T-extension [T-extension

RH‘ \ 1 1 \
extension = <
> + + <
( )

RIl-extension

Figure 1.1: A general overview of the machinery for solving Problem RPE for nesting depth-1 products.

Example 1.1.2.
Given the mixed q = (q1, q2)-multibasic hypergeometric product expression

(k“ k+‘+k+1 V=3 (k+1)2

12[ 169 (kq5q5 + g5 +kqk +1)
(qu+2+2qk+2+ 1)k2

= V=13 (kq¥ = kz k—l—q] qz)
=115 1175
k=1 k=1

€ ProdE(K(n))

k=1
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where K = K(q1, qz2), is a rational function field over the algebraic number field K = Q(v/—3, v—13).
The alternative representation

(@2 +1) . : 7.
G= " (V13 k 1
Chag q?“+n+1)() (V13) (E i )> <,[[1 (q‘z‘q‘f+k)>
2
1 3 =
_ ()™ k
+ (n+])2(()) ( > (E qs dy + )
(a1 +1) (247 +1) ((\/ﬁ)“)4 1 ﬁ(k+1) € ProdE(K(n))
(v Dap T+ 1) (2 a2 ) m2 \3
is such that

F(n) =G(n) VYneN
holds. Here, K = Q(i,v/3,v13)(q1,q2). The sequences generated by

(vV3)", (V13)", nt, T (kaf+1), [T (a5 +1), [ ] (a5 aF +¥)
k=1 k=1 k=1

are algebraically independent among each other over the ring K(n)[(1)™]. *

Finally in Chapter 6, we solve Problem RPE for the class of indefinite hypergeometric products
of arbitrary but finite nesting depth. In addition, we will also demonstrate how this class of product
expressions can be reduced using our Mathematica package NestedProducts to obtain compactified
product expressions that are algebraically independent among each other. The flowchart in Figure 1.2
below illustrates a summary of how Problem RPE is solved for this class of indefinite product expressions.
Again it presents a general overview of how all the arising sub-problems are handled with the Mathematica
package NestedProducts.

Here are some examples of the class of product expressions considered in this chapter.

Example 1.1.3.
Given the nesting depth 2 geometric product

,ﬂ
[‘ =

—
R E

A= HZ € Prod(K)
k=1
where K = Q(v/6), the alternative product expression
2 n+1 n+
(v2)")" (v3)" )53 ~
B = € Prod(K)

(v3") (v2))
with K = Q(v/2,v/3), is calculated. In particular, we have that,
An)=B(n) vVneN

holds and the generators
(va)", (V3)", (v) 2, (v3) e, (v

are algebraically independent over K(n). *

19



Given indefinite nested hypergeo-
metric products in ProdE(K(n))

y_ T Tttt 1
Nested Products | Nested Products
in Prod(K) | |in Prod(K(n)\K)

1
]
|==——=-== +----- T -5 :
. 1 1 1 1
Preprocessing D een, ! ! !
[ ] | | |
Step N ! : :
Nested ! Nested Products ! Nested !
Products | | over algebraic i | Products over | |
] ] ]
over roots | ! numbers but not ! non-constant !
of unity i roots of unity i polynomials |
: : t
1 1 1
1 1 1
| 4 l
i : :
: ' Ordered ' Ordered '
Slmple AP- Simple A- : .r o ) : .r ere ) :
. tension ! multiple chain ! multiple chain !

ex
extension i P-extension i P-extension i
l l l
1 1 1
1 1 1
1 1 1
1 1 1

: : Ordered : Ordered : Ordered
Single ! . : ! . . ! . .
. : multiple chain L — multiple chain '-—<— multiple chain
R-extension ) ) .
IT-extension IT-extension II-extension
RII-
Y A 4
extension
( RII-extension )

Figure 1.2: A general overview of the machinery for solving Problem RPE for products in ProdE(K(n)).

Example 1.1.4.
Given the nesting depth 2 hypergeometric product

k \/g k . X 1+3
P_nkH—T nkH(wl) nl}( oo
_H 3(k+1)2 +£[1 (2k +5) +£[1 2k+ 1) € ProdE(K(n))
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where K = Q(v/3), we can find the alternative expression
= TP S _ )1 (T
Q—m(ﬂ) ((]1+ (") ) ((\/§> > (V3) o) (H

+
5Mm+1) L L
(n+3)(n+5) @7 (nl)? (H (k + )) HHI) *

k=1

M+1PMm+22>n+3) .. _ n 1 N
- 2m) ((\@) ) (n)3 H (H%)) € ProdBE(K(n))
where K = Q(1, v/3) such that
holds and the sequence generated by
n n k
2 (v3)" T (k- 4), (v3) ), TTT T
k=1 i

are algebraically independent over the ring K(n)[(1)™]. *

Further examples arising from combinatorial problems (Mills et al., 1983; Zeilberger, 1996a; Kratten-
thaler, 2001; Fischer, 2007; Kauers, 2018) will be presented at the end of Chapter 6.
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CHAPTER 2

ALGEBRAIC PRELIMINARIES

In this chapter, we will set up the algebraic framework necessary to specify the problems we want to solve.
We will also introduce more formally, the objects we will be working with throughout this thesis.

2.1 FORMAL DESCRIPTION OF INDEFINITE PRODUCT EXPRESSIONS.

The ideas discussed in this section were inspired by Buchberger and Loos (1983), Paule and Nemes (1997)
and Schneider (2010b). Let X be a set of expression (i.e., terms of certain types), K be a field and ev be
an evaluation function

ev: X xN—=K

with (f, k) — f(k). Here, we consider the evaluation function ev as a procedure that effectively computes
f(k) for a given f € X and k € N in a finite number of steps.

Example 2.1.1.
Let X = K(x) be a rational function field. Then for f = J € K(x) with g,h € K[x] where h # 0 and g
and h are co-prime, we define the evaluation function

[0 ifhKx) =0,
ev(f, k) = { 29 it ) 0. (2.1)

Here, g(k) and h(k) are the usual polynomial evaluation at some natural number k. We call (K(x),ev)

a rational sequence domain. *
Example 2.1.2.
Let K =K(q1,...,qc) be a rational function field extension over a field K. Let X := K(x, t1,...,t.) be

a rational function field over K. Then for f = J € X, with g,h € Klx, t1,...,t.] where h # 0 and g,h
are co-prime, we define

0 if h(k,q%,...,q%) =0
ev(f, k) == g(k,q%,...,q%) . ( )q]]: )qi) ) (2.2)
h(k,q‘];,...,qg) if h(k,q7,...,q¢) #0.

Subsequently, for any k € Z, we write q¥,...,q% or (q¥,...,q¥) as g* and t1,...,tc or (t;,...,te) as
t. We call (K(x,t),ev) a mixed q-multibasic rational sequence domain. If e =0, then we are back to the
rational sequence domain. If X = K(t) which is free of x, then (K(t),ev) is called a q-multibasic rational
sequence domain. If e =1, then we call (K(t),ev) a basic or gq-rational sequence domain where t = t;

and q = (. *
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For X € {K, K(x), K(t), K(x,t)} we follow the construction from Schneider (2010b). The set of
(indefinite nested) product-sum expressions, denoted by ProdSum(X) is the freely generated algebraic
structure over the signature:

@ : ProdSum(X) x ProdSum(X) — ProdSum(X)
®: ProdSum(X) x ProdSum(X) — ProdSum(X)
Prod: N x ProdSum(X) —  ProdSum(X)
Sum: N x ProdSum/(X) —  ProdSum(X).

Observe that the term algebra ProdSum(X) O X is the smallest set satisfying the following rules:
(1) For any p, v € ProdSum(X), p @ r € ProdSum(X) and p ® r € ProdSum(X).

(2) For any p € ProdSum(X) and any m € N, Prod(m,p) € ProdSum(X) and Sum(m,p) €
ProdSum(X).

Example 2.1.3 (Cont. Example 2.1.1).
Given (X,ev) from Example 2.1.1 with X = K(x) where K = @(1'1 +/3, \/—13), the following product
expressions are in ProdSum(X):

P; = Prod <1,ﬂ),P2:Prod (1, _784X4 2>,
x 13vV=13(i+Vv3)" (x+2)
~172
P3:Pmd(L 17MB§? 5)
13V=13(i+V3) (x+2)
and

P=P; & P, & Ps. *

Example 2.1.4 (Cont. Example 2.1.1).
Let (X,ev) from Example 2.1.1 with X = K(x) where K = Q(\/g) Then

V3

H = Prod (1, Prod (1, —7>> ® (Prod (1, XX?») € ProdSum(X).

X
3u+n2®(

Finally, we extend the evaluation function ev from X to ev’ : ProdSum(X) x N — K with (p,n) — p(n)
as follows.

(1) For f € X, set ev’(f, k) := ev(f, k) for k € N.
(2) For f, g € ProdSum(X), set
ev'(f® g, k) := ev/(f,k) +ev'(g,k) and ev'(f®g,k):=ev'(f,k)ev'(g,k) forkeN.
Here the operations on the right hand side are from the field K.

(3) For f € ProdSum(X) and i € N we define

ev’ (Prod(i, f),n) = ﬁev’(f,k) and  ev’ (Sum(i, f),n) = iev’(f,k).

k=1 k=1
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Subsequently, we do not distinguish any longer between ev’ and ev since they agree on X.

In this thesis, we will only consider (indefinite nested) product expressions. That is, the subclass
of ProdSum(X) which are free of Sum or the summation quantifier. Thus, we introduce the following
definition.

Definition 2.1.5.
Let S € {K, K(n), K(q™), K(n,q™)}. We call

Prod(S) = {f € ProdSum(S) | f is free of function symbol Sum}

the nested product sequence domain over S. *

Example 2.1.6 (Cont. Example 2.1.3).
The product expressions in Example 2.1.3 are evaluated as

=

ev(P1,n) =P1(n) = ev<_]3X_]3,k> = H # € Prod(K(n)),
k=1

k=1

ev(P2,n) = P2(n)

<

—784x - —784k
© K Prod(K ,
v era) ~avmsg s v <

—17210368 x = —17210368 k
ev 10 5K H 10
T \IBYV=T3(i+V3) T (x+2) S 13VET3 (1 +v3) 0 (k+2)°

Il
=

k

€ Prod(K(n)).

Il
=

ev(P3,n) = P3(k)
k

Example 2.1.7 (Cont. Example 2.1.4).
The product expression in Example 2.1.4 evaluates as

et = = FTer (5 ([Tev (29 ) o (T (25
=211
3(k

i=1
+1)?

€ Prod(K(n)). *

-1

From Example 2.1.7, the following remarks are in place.

Remark 2.1.8.
(1) For a given product expression say

1
F=u ® v®Prod({;,w ® Prod({,, ;)) € Prod(X)

with u,v,w € X, and {;,{, € N we write F in the form

£
F =ev(u,n) ®ev(v,n) ®Hevw1 ®Hev =)

i=4{, j=L2

for a symbolic variable n. Clearly by fixing n we can transform any F € ProdSum(X) to the form F
and vice-versa.
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(2) Furthermore, we use the usual field operations in K instead of & and ®. This abuse of notation
results in the evaluation mechanism: ev(F, k) = F(k) for a concrete non-negative integer k € N is
produced by substituting in F’ the variable n with the concrete non-negative integer k € N.

(3) Finally, whenever possible, the evaluation ev(f,n) for some f € X is expressed by some well known
function. For example,

1
ev(i,n) = = Hev(x, k) =nl, ev(ty,n) =ql for 1 <i<e.

k=1 [

Lemma 2.1.9.
Let f € K[x,t] \ {0}. Then the set
{n € N|f(n,q") =0}

is finite. In particular, one can compute its maximal value or one can decide if the set is empty. ¢
ProoF:
See Bauer and Petkoviek (1999, Section 3). -

We will now give a precise definition (compare Bauer and Petkoviek (1999)) of the different classes
of indefinite product expressions that we will consider in this thesis.

Definition 2.1.10.
Let K =K(q1,...,qc) be a rational function field over a field K and let F = K(x, t) be a rational function
field over K. The indefinite product expression

Km—1
Hﬂ ki, @) ] ] fmlkmy g57) € Prod(K(n, ™)) (23)
k1=, km=lm

is called a mixed (q1,...,qe)-multibasic hypergeometric product in n of nesting depth m, if { € N is
chosen big enough such that for all 1 < i < m with £ > 1;, fi({,q%,...,q%) € F has no pole and is

non-zero. Note that given fy,...,f,, such £;,...,{, can always be chosen by Lemma 2.1.9. If for all
1<i<m, fi(ty,...,te) € F* which are all free of X, then the product expression
km 1
Hﬂ K- ] [ fmla*m) € Prod(K(q™)) (2.4)
k1=l km=lm

is called a (qu,..., qe)-multibasic hypergeometric product in n of nesting depth m. If e = 1, then it
is called a basic or q-hypergeometric product in n of nesting depth m where q = q;. If e = 0 and
f; € K(x)* for all 1 <1< m, then the product expression

Hﬁ k) - Hf ) € Prod(K(n)) (2.5)

k1= Km=lm
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is called a hypergeometric product in n of nesting depth m. Finally, if f; € K* for all 1 <1i < m, then
we call the product expression

n kmfl
[Tt ]]fm €Prod(K) (2.6)
k=1 Km=Llm

a constant or geometric product in n of nesting depth m.
In addition, let Sk € {K, K(n), K(q™), K(n,q")}. We define the set of evaluated product expressions
ProdE(Sk) as the set of all elements

D Ay (M P P () (2.7)
(V]v )Vm)es
with m € N, S C Z™ finite, a(y,,...v,)(n) € Sk and Py(n),...,Pn(n) € Prod(Sk). *

For convenience we introduce the following notations. If it is clear from the context, we denote
f(k, g*) by flk], if f € K(x,t) \ K. f[k] denotes f(q*), if f € K(t) \ K and finally f[k] denotes f(k), if
f e K(x).

Remark 2.1.11.
Let f1,...,fm € X where X € {K, K(x), K(t), K(x,t)}. Then the equality

Hﬁ (kql- ﬁf Hfl Uﬂ]) H ﬂfz[kz]> H H ﬁf ]) (2.8)

k1=4£; km=0m 1=4; 1=bk2={; 1=bko=0; km={m

holds. We call the right hand side of (2.8) a product factored form of the left hand side. Note that if

f1,...,fm € X are irreducible, then the product factored form is unique. Otherwise one can always factor
the expressions fq,...,f, € X and expand the product quantifiers over each factor to obtain a unique
product factored form. '
Proposition 2.1.12.

Let S € {K, Kmn), K(q™), K(n, q“)}. Every indefinite product expression in Prod(S) has a product
factored form. O

2.2 RING OF SEQUENCES

Let K be a field of characteristic zero and N be the set of non-negative integers. We denote by K" the
set of all sequences

<a(n)>n>o = <C1(O),C1(]),(1(2),> (29)

whose terms are in K. With component-wise addition and multiplication, K~ forms a commutative ring.
The field K can be naturally embedded into KN as a subring, by identifying ¢ € K with the constant
sequence (c,c,c,...) € KN, Following the construction in Petkovsek et al. (1996, Section 8.2), we turn

S.{KN — KN
(a(0), a(1), a(2),...) — {(a(1), a(2), a(3), ...)

the shift operator
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into a ring automorphism by introducing an equivalence relation ~ on sequences in K. Two sequences
<a(n)>n>0 and <b(n)>n>O are said to be equivalent if and only if there exists a natural number & such
that

¥Yn=>=6:a(n)=>bn).

The set of equivalence classes form a ring again with component-wise addition and multiplication which

N
we will denote by S(K) := K/N. For simplicity, we denote the elements of §(K) by the usual sequence
notation as in (2.9) above. Now it is obvious that S : §(K) — S(K) is a ring automorphism. We call
(S(K), S) the difference ring of sequences over K.

Example 2.2.1.
Let K =Q(1,(—1)¢). Then the geometric products over roots of unity in the expression

(—1)% + [ ] (=1)% € ProdE(K) (2.10)

~
~

yield the sequences:

with
Su{((=1)9) ) o = (S ((=1)5))s0 = (D)) o = DD ) e (211)
Sn((@)") pzo = (Snl0)") s = (™) Lo =1 ((@)") 1500 (2.12)
Here, 1 is the complex unit which we also write as (—1)2 and (—1)% is the 12-th root of unity €.  *
Example 2.2.2.
Let K =Q((-1 )%). Then the geometric products in the expression
(=) + (=13 € ProdE(K) (2.13)
k=1 k=1
yield the sequences:
<(_1)n>n>o> <(( 1)%)n>n>o e 8(K)
with
Sn<(_])n>n20 = <Sn(_])n>n20 = <_ (_])n>n>0 - <(_] )n>n20’ (214)
Sn<((_”%)n>n>o - <Sn((_1)%)n>n>o - <((_1)%)n+]>n>o - (_1)%<((_”%)n>n>o° (2'15)
Here (—1)% is the 3-rd root of unity e’s. *
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Example 2.2.3.
Let K = Q(v/13). The geometric products in the expression

[I1V13+]]7+]]169 € ProdE(K) (2.16)
k=1 k=1 k=1
generate the sequences:
<<\/§) >n>0’ <7n>n20’ <169n>n>0 S(K)
with
n n n+1
Su{(V13)") 50 = (Sn(V13)") 0o =((V13)"), 13((V13)"),20
S A I
" (V13)" /mx0 AT (V13)™/mz0 B (\/ﬁ)““ n>0 /13 \(V13)" /mz0
TL<7n>n>0 <S 7n>n>o - <7n+1 >n>o =7 <7n>n>o’
1 ] 1 11 (2.18)
Sn<7_“>n>o - <Sn7_“>n>o - <7“Jr1 >n>o 7 <7_“>n>o’
Sn(169™) oo = (Sn169™), o, = (169™71) o =169(169™) .,
] 1 ] 1 (2.19)
S“<169“>n>o - <Sn169“>n>o - <169n+1 >n>o ~ 169 <169“>n>o‘ *
Example 2.2.4.
The hypergeometric products in the expression
P(n) =P;(n) + P2(n) € ProdE(Q(n)) (2.20)
where N N
Pitn)=]]x and Po(n)=]](k+2)
k=1 k=1
yield the sequences:
<H k>n>0’ <H k + 2>n20 € S(Q)
k=1 k=1
with
“<P1 >n>0 <ST1P1 > <P1 (Tl + ])>n20 - (Tl + 1) <P] (n)>n20’
Sn < >n>0 <Sn Pi(n >n>0 <P1 (n+ 1)>n>o Tnd <P1 (n) >n>o’
Sn(P2(n > >0 = (SnP2(n )>n>o = <P2(n+1)>n>o =(n+3) <P2(n)>n>o’
1 1 1 1 1 (2.22)
S“<P2(n) >n>o B <S“ P,(n) >n>o B <Pz(n+ 1)>n>o T n+3 <P2(n) >n>o' *

28



Definition 2.2.5.
Let S € {K, K(n), K(q"), K(n, q“)}. The sequences:

<P] (n)>n20’ R <Pe (n)>n20

generated by Py (n),...,Pe.(n) € Prod(S) are said to be algebraically independent if there is no polynomial
F(x1y...,Xe) € Slx1,...,%e] \ {0} such that

F(P1(n),...,Pe(n)) =0

for all m € N with n > & for some 6 € N. *

Throughout this thesis, our ground field K can be a rational function field defined over an algebraic
number field K. For such a ground field we will consider the following problem.

Problem RPE: Representation of Product Expressions.

Let Sk € {K,;K(n),K(q™),K(n,q")}. Given P(n) € ProdE(Sk);
find Q(n) € ProdE(Sk/) with K’ a finite algebraic field extension® of K and a natural number & with
the following properties:

(1) P(n) = Q(n) for all n € N with n > §;

(2) The product expressions in Q(n) (apart from products over roots of unity) are algebraically
independent among each other.

(3) The zero-recognition property holds, i.e., P(n) = 0 holds for all n from a certain point on if and
only if Q(n) is the zero-expression.

UK =K(k1,...,k.)(q1,...,qe) is a rational function field over an algebraic number field K, then in worst case
K is extended to K" = K'(k1,...,Ky)(q1,...,qe) where K’ is an algebraic field extension of K. Subsequently, all
algebraic field extensions are finite.

- _J

For nesting depth 1 products which are also called single nested products, Problem RPE will be
solved completely; see also Ocansey and Schneider (2018). More generally, the problem will be tackled
for products of arbitrary but finite nesting depth for Sk € {K, K(n)}. In the future, we intend to solve
the problem for Sx € {K(q™"), K(n, q™)}.

2.3 DIFFERENCE FIELDS AND DIFFERENCE RINGS

In this section, we discuss the algebraic setting of difference rings (resp. fields) and their connection to the
ring of sequences as elaborated in Karr (1981) and Schneider (2016, 2017). In particular, we demonstrate
how sequences generated by product expressions in ProdE(S) with S € {K, K(n), K(q"), K(n, ™)} can
be modelled in this algebraic framework.

Let f € ProdSum(S) and i € N. For a product expression P € ProdSum(S) we have that

n n+1

Pm)=][f(1) and Pn+1) Hf n+1)ﬁ f(k) = f(n+ 1) P(n). (2.23)

k=1 k=1
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Similarly, for a sum expression S € ProdSum(S) we have that

n n+1 n
S)=) f(k) and Sn+1)=> f(k)=) f(k)+fn+1)=Sn)+fmn+1).  (2.24)
k=1 k=1 k=1

From (2.23) and (2.24), it is clear that for any given f € ProdSum(S) and i € N, the product (resp.
sum) expression P (resp. S) satisfies the recurrence relation

Pm+1)=f(n+1)Pn) and SMm+1)=SM)+f(n+1) ¥Yn>i

respectively. As a consequence of the above, we can define a shift operator acting on the evaluation of
the product expression P(n) (resp. sum expression S(n)) in an algebraic framework.

Definition 2.3.1.
A difference ring! (resp. field) denoted (A, o) is a ring (resp. field) A together with a ring (resp. field)
automorphism o : A — A. *

Subsequently, all rings (resp. fields) contain the set of rational numbers Q, as a subring (resp. subfield).
The multiplicative group of units of a ring (resp. field) A is denoted by A*. A ring (resp. field) is
computable if all of its operations are computable.

Definition 2.3.2.
Let (A, o) be a difference ring (resp. field). The set of constants of (A, o) is defined by

const(A,0) ={c € A|o(c) =c}. *

Note that const(A, o) is a subring (resp. subfield) of A and contains QQ as a subring (resp. subfield).
For any difference ring (resp. field), we shall denote the set of constants by K which is often also called
the ring (resp. field) of constants. A difference ring (resp. field) (A, o) is computable if A and o are
both computable. Thus, given a computable difference ring (resp. field), one can decide if o(c) = c.

Definition 2.3.3.

A difference ring (A, &) is said to be a difference ring extension of a difference ring (A, o) if A is a subring
of A which we write as A < A and for all a € A, &(a) = o(a) (i.e,, 5[x = 0). The definition of a
difference field extension is the same by only replacing the word ring with field. In short for difference ring
(resp. field) extensions, we write (A, o) < (A, &) and if the context is clear, we do not distinguish any

more between o and G. *

2.3.1 APS-EXTENSIONS

APS-extensions introduced in Schneider (2017) are difference ring (resp. field) extensions where indefinite
sums and products can be represented in a naive way. In this thesis, we are interested in a subclass of
these extensions called AP-extensions. We remark that the extensions introduced here have also been
discussed in Schneider (2017, Section 2).

'Subsequently, all rings (resp. fields) are commutative with unity and have characteristics 0.
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2.3.1.1 S-EXTENSIONS

S-extensions are used to model indefinite sum expressions in ProdSum(S) with

S € {K, K(nJ, K(q"), K(n,q™)}.

Definition 2.3.4.

Let (A, o) be a difference ring, p € A and A[x] be a polynomial ring (i.e., x is transcendental over
A). A difference ring (A[x], o) with o(x) = x + B is called a sum-extension (in short an S-extension) of
(A, 0). We call x an S-monomial. Suppose that A is a field and A(x) is a rational function field (i.e., x
is transcendental over A). Let 3 € A. A difference field (A(x), o) with o(x) =x + 3 is called an S-field

extension of (A, o). We call x an S-field monomial. *
Remark 2.3.5.

Observe from Definition 2.3.4 that we have the chain of extensions (A, o) < (Alx],0) < (A(x),0).
Throughout this thesis, we allow only a single S-field extension in our base field. [ )
Example 2.3.6.

Let K(x) be a rational function field and define the field automorphism o : K(x) — K(x) with o(x) = x+1.
We call (K(x), o) the rational difference field over K. *

2.3.1.2 P-EXTENSIONS

P-extensions are used to model indefinite product expressions in Prod(S) with
S €{K, K(n), K(q"), K(n, q")}.

This thesis focuses mainly on this class of extensions as well as the extensions discussed in the next
Section 2.3.1.3.

Definition 2.3.7.

Let (A, o) be a difference ring, o« € A* be a unit and consider the ring of Laurent polynomials A[t,t™']
(i.e., t is transcendental over A). A difference ring (A[t,t~'], o) with o(t) = ot is called a product-
extension (in short P-extension) of (A, o). The generator t is called a P-monomial. Suppose that A is a
field and A(t) is a rational function field (i.e., t is transcendental over A). Let o« € A*. A difference field

(A(t), o) with o(t) = «t is called an P-field extension of (A, o). We call t an P-field monomial. *
Remark 2.3.8.
From Definition 2.3.7, we also get the chain of extensions (A, o) < (Aft,t'],0) < (A(t), 0). [

Subsequently, we introduce nested P-extensions.
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Definition 2.3.9.

Let (A, 0) be a difference ring. We call (Alty,t;']...[te,t5 '], 0) a (nested) P-extension of (A, o) if it is a
tower of P-extensions. That is, (Afty,t;']...[ti,t; '], 0) is a P-extension of (Alty, t;']...[ti_1,t "], 0)
for 1 <1i< e. Similarly, we call (A(ty)...(te),0) a (nested) P-field extension of (A, o) if it is a tower of
P-field extensions. Thatis, (A(tq)...(t;), 0) is a P-field extension of (A(t;)...(ti_1),0) for 1 <i< e.x

An important subclasses of difference fields covered in this thesis are the mixed g-multibasic difference
field and the g-multibasic difference field. These difference fields are a generalisation of the rational
difference field introduced in Example 2.3.6. The terminologies used here have been carefully introduced
by Bauer and Petkoviek (1999).

Example 2.3.10.

Let K =K(q1,...,qe) be a rational function field (i.e., the q; are transcendental among each other over
the field K and let (K(x), o) be the rational difference field over K. Consider a (nested) P-extension
(E,0) of (K(x),0) with E = K(x)[ty, t‘—]]...[te, g—e] and o(t;) = qit; for T <1< e. Now consider the
field of fractions F = Q(E) = K(x)(t1)...(te). We also use the shortcut t = (ty,...,t.) and write
F =K(x)(t) = K(x,t). Then (K(x,t),0) is a (nested) P-field extension of the difference field (K(x), o).
It is also called the mixed q-multibasic difference field over K. If F = K(t;)...(te) = K(t) which is free
of x, then (K(t), o) is called the q-multibasic difference field over K. Finally, if e = 1, then F = K(t;)
and (K(ty), 0) is called a q- or a basic difference field over K; compare Bauer and Petkoviek (1999). *

2.3.1.3 A-EXTENSIONS

Let (A, o) be a difference ring (or field) with constant field K and let ¢ € K* be a primitive A-th root
of unity. Thatis, ¢* =1 and A > 1 and minimal. Our goal is to construct a difference ring extension in
which the object (¥ can be represented. In particular, we will rephrase the following properties, namely
(¢ =1 and ™1 = ¢ (C)™ algebraically in this difference ring extension.

Definition 2.3.11.

Let (A, o) be a difference ring. We say .¥ is a difference ideal of (A, o) if and only if
(1) ¥ C A and

(2) fe F = o(f) € 5.

If o(f) € F = f € F then we call .F a reflexive difference ideal (Cohn, 1965, page 70-71). *

Proposition 2.3.12.

Let Aly] be a polynomial ring with y being transcendental over a ring A and let (Alyl, o) be a difference
ring extension of (A, o) with o(y) = (y where { € K* is a primitive A-th root of unity, i.e., (> = 1. Then
the ideal .F := <y7‘ — 1> is a reflexive difference ideal. 0J
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Proor:
Clearly, J := (y*—1) = {h(y* = 1)|h € Ayl} C Alyl. If f € .F, then f = h(y* — 1) for some
h € Aly] and

o(f) =o(h(y*—1)) =o(h)o(y* = 1) =o(h) ((*y* = 1) =0o(h) (y* — 1) € J.

This proves that .7 is a difference ideal. It remains to prove that .¥ is closed under o='. If o(f) =
h(y*—1) € .7, then

o'y~ =0 Mo W - =0 () 1) =0 My -Des

since, 0~ '(h) € A. Thus, f € .F which completes the prove. n

Proposition 2.3.13.

Let Aly] be a polynomial ring with y being transcendental over a ring A and let (Alyl, o) be a difference
ring extension of (A, o) with o(y) = (y where { € K* is a primitive A-th root of unity, i.e., (* = 1 with
A> 1. Let F := (y* —1) be an ideal of Aly] and E := A[y]/j be a quotient ring. Then the canonical
ring homomorphism oy : E — E defined by og(f + .F) = o(f) + .F is a ring automorphism. Furthermore,
(E, o) is a difference ring extension of (A, o). OJ

Proor:
We first prove that o : E — E is a ring homomorphism. If (f+ .%),(g+ .F) € E, then

ox(f+9)+I = ou((f+g)+F) = ox((f+F)+(g+F)) = (ou(f)+I)+(0or(g)+F) = (or(f)+0o(g))+.5.
Also,
or(fg) +F =og((fg) +F) =or((f+.F) (g +F)) = (or(f) +F) (ox(g) +.F) = (o&(f) or(g)) + .

Suppose that og(f) + F = og(g) +.F. Then or(f) — or(g) € F. Hence f — g € .F and consequently
f+.F = g+ F. Therefore og is injective. Also, og : E — E is surjective by definition. Therefore,
og : E — E is a ring automorphism. Clearly, A < E and og|y = o, by identifying a € A with a4+ .7 € E
under the natural embedding A < E. Hence (E, o) is a difference ring extension of (A, o). n

Note: As earlier we do not distinguish any more between or and o since they agree on A.

Definition 2.3.14.
Let (A, 0) and (A’ 0’) be difference rings. The map t: A — A’ is called a difference ring-homomorphism
if T is a ring homomorphism and

Vfe A t(o(f)) = o (t(f)).

If T is injective, then it is called a difference ring monomorphism or a difference ring embedding. In this
case (T(A), o) is a sub-difference ring of (A’, ') where (A, o) and (t(A), o) are the same up to renaming
with respect to T. If T is a bijection, then it is a difference ring isomorphism and we say that (A, o) and
(A, 0’) are isomorphic; we write (A, 0) ~ (A’,0). Let (E, o) and (E, &) be difference ring extensions
of (A,0). Then a difference ring-homomorphism /isomorphism/monomorphism Tt : E — [ is called an
A-homomorphism/A-isomorphism/A-monomorphism, if t|, = id. *
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Lemma 2.3.15.

Let (A, o) be a difference ring and let { € K* be a primitive A-th root of unity, i.e., (> =1 with A > 1.
Then there is (up to an A-isomorphism) a unique difference ring extension (A[9], o) of (A, o) withd ¢ A
and subject to the relations 9 =1 and o(9) = 9. ¢

Proor:
Consider the difference ring extension (EE, o) of (A, o) in Proposition 2.3.13 and define © :=y+.F. Then

o) =oy+I) =0y +F=Cy+I =Cy+I)=09

and
N=yY+I)P =y +95=14+5=1.

With E = {Z?;g a; 9t a; € A}, we have a difference ring extension (E, o) of (A, o). Next we prove
that the difference ring extension (E, o) of (A, o) is unique up to a difference ring isomorphism. Suppose
(A[¥], 0’) is a difference ring extension of (A, o) with % ¢ A and subject to the relations & = 1 and
o'(¥) = ¢¥. Define the map 1: E — A[D'] with

A—1 A—1 .
T (Z fi ‘81> = Z fi ‘8/1.
i=0 i=0

We show that T is an A-isomomorphism. T is obviously surjective ring homomorphism. Suppose that

A1 A1 .
T <Z fi 191> =T (Z f{ﬂ”)
i=0 i=0

Then
AT A1 .
T (Z (fi — f{)ﬁi> =Y (fi—f)o" =o0.
i=0 i=0
Since A[®'] is an A-module with basis 1, 9/, 92, ..., 91, f; = f{ for all i. Thus T is a ring isomorphism

and by definition T|4, = id. It remains to show that To = o’ 1.
t(o(®)) = () =7(Q) (V) = (¥ =0’ (V) = 0 (2()).

Thus it follows that t(o(f)) = o’ (t(f)) for all f € A[®] and T is an A-isomorphism; which completes the
proof. [

For further consideration, we introduce the order function.

Definition 2.3.16.
Let A be a ring and let &« € A. Then the order of « is defined by

0, if An > 0 with o™ = 1.
ord(a) = ¢ _
min{n > 0|a™ =1}, otherwise. »
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Definition 2.3.17.
Let (A, o) be a difference ring and let ¢ € K* be a primitive A-th root of unity. The difference ring
extension (A[D], o) of (A, o) with © ¢ A and subject to the relations 9 =1 and o(9) = (9 is called an

algebraic extension (in short A-extension) of order A. The generator ¥ is called an A-monomial and we
define ord(9) := ord(() = A as its order. *

Definition 2.3.18.
Let (A, o) be a difference ring. We call (A[D4]...[9.],0) a (nested) A-extension of (A, o) if it is a tower
of A-extensions. That is, (A[®4]...[8i],0) is an A-extension of (A[d;]...[8;_1],0) for 1 <i<e. *

2.3.1.4 APS-EXTENSIONS

We introduce the following notations for convenience. Let (IE, o) be a difference ring extension of (A, o)
with t € E. A(t) denotes the ring of Laurent polynomials Alt,{] (i.e., t is transcendental over A) if
(Alt, %], o) is a P-extension of (A, o). Lastly, A(t) denotes the ring Aft] with t ¢ A but subject to the
relation t* = 1if (A[t], o) is an A-extension of (A, o) of order A. We say that the difference ring extension
(A(t), o) of (A, o) is an AP-extension (and t is an AP-monomial) if it is an A- or a P-extension. Further,
we call (A(ty)...(te),0) a (nested) AP-extension/A-extension/P-extension of (A, o) if it is built by a
tower of such extensions. Finally, following Schneider (2008), we introduce the depth function 9 for
(nested) AP-extensions.

Definition 2.3.19.
Let A(t) be a ring of (Laurent) polynomials. For f =} . f; t' we define

o m%m:{MMHﬂ#@iH#O .

d%m:{mmMﬂ#@iH#O i T

—00 if f=0

Definition 2.3.20.
Let (E, o) be a (nested) AP-extension of (A, o) with E = A(ty) ... (tc) where o(t;) = iy ti for T <i<e.
We define the depth of elements of E over A, 9, : E — N as follows:

(1) For any h € A, 24(h) =0.

(2) If 0, is defined for (A(ty)...(ti_1),0) with i > 1, then we define d,(t;) := 0x(ci) + 1 and for
feAlty)...(ti), we define

04(f) := max ({DA(ti) | t; occurs in f} U{O}). (2.25)
For f = (fy,...,f.) € E", we have that
0u(f) = 1121?§r(%(ﬁ))'
The depth of (E, o) is given by
0A(E) := (0,04(t1),...,04(te)).
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Similarly, we define the extension depth of an AP-extension (G, o) of (E, o) with G =E(x1)...(xs) as
DA(G) = (O) 0a(x1 )) cee )DA(XSD-

We call such an extension an ordered AP-extension, if 04 (x1) < 0a(x2) < -+ < 0a(xs). We say G is of
monomial depth m if m = max(0,(G)). If the ground field is clear from the context, we write 9, as 0.x

Remark 2.3.21.
Completely analogously one can define the depth function for a PS-field extension (A(t;)...(te),0) of
a difference field (A, o) by replacing (2.25) with

04 (f) := max ({04 (ti) | ti occurs in h or g} U{0}).

where f = % € A(ty) ... (t;) with h and g being coprime. [

Example 2.3.22.
The depth of the rational difference field (K(x), o) in Example 2.3.6 is

o(K(x)) = (0,0(x)) = (0,1)
and the depth of the mixed g-multibasic difference field (K(x,t), o) in Example 2.3.10 is

o(K(x,t)) = (0,d(x),0(t1),...,0(te)) = (0,1, 1,...,1). *

We will follow the convention introduced in Paule and Schneider (2019) to illustrate how the products
covered in this thesis are modelled by expressions in a difference ring.

Definition 2.3.23.
Let (A, o) be a difference ring with a constant field K = const(A, o). An evaluation functionev: AXN —
K is a function which satisfies the following three properties:

(i) for all ¢ € K, there is a natural number & > 0 such that

Yn>0d:evic,n) =c; (2.26)

(ii) for all f,g € A there is a natural number & > 0 such that

Vn =5 :ev(fg,n) =ev(f,n) ev(g,n), (227)
Yn>06:ev(f+g,n)=ev(f,n)+ev(g,n); '
(iii) for all f € A and 1 € Z, there is a natural number & > 0 such that
Vn>6:ev(o(f),n) =ev(f,n+1). (2.28)

We say a sequence <F(n)>n>o € S(K) is modelled by f € A in the difference ring (A, o), if there is an

evaluation function ev such that
F(k) = ev(f, k)

holds for all k € N from a certain point on. *
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Example 2.3.24 (Cont. Examples 2.3.6 and 2.3.10 ).

The map ev : K(x) x N — K with (2.1) is an evaluation function of the rational difference field (K(x), 0);
see Example 2.3.6. Similarly, let F = K(x, t1,...,t.) be a rational function field over K. Then the map
ev: F x N — K with (2.2) is an evaluation function of the mixed g-multibasic difference field (I, 0); see
Example 2.3.10. *

Example 2.3.25.
Obeserve that in the A-extension (A[D], o) of (A, o), the A-monomial 9, with the relations

=1 and o(®) =P

and evaluation function ev : A[}] x N — K with ev(d,n) = (™, models the sequence generated by (™
with the relations

(=1 and =l
In addition, the ring A[D] is not an integral domain (i.e., it has zero-divisors) since
@=1E T+ +3+1)=0

but
=1 #0#E T+ +9+1). .

Lemma 2.3.26.

Let (A, o) be a difference ring with constant field K and let ev : A x N — K be an evaluation function.
Let (A(t), o) be an AP-extension of (A, o) with o(t) = ot where o« € A*. Let & be large enough such
that ev(o, k) # O for all k > 5. Let u € K* where u» = 1, if A\ = ord(t) > 0. Consider the map
ev’ : A(t) x N — K defined by

ev’(Z hiti,n) = Z ev(hi,n) ev'(t,n)t

with N
ev'(t,n) = uHev(oc,k— 1).
k=5
Then ev’ is an evaluation function for the difference ring (A(t), o). ¢
Proor:
By Schneider (2017, Lemma 5.4) the statement follows. n

Throughout this thesis, the classes of extensions introduced in Example 2.3.6 and Example 2.3.10 will be
our ground field. Based on these ground fields we will construct our (nested) AP-ring (respectively field)
extensions to model product expressions whose multiplicands are from these ground fields. We will begin
in Chapter 5 where we restrict to nesting depth one product expressions whose multiplicands are from
these ground fields.
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Example 2.3.27.
Take the rational difference field (K(x), o) with K = @(1'1, (—1 )%) and consider the A-extension (K(x)[$4], o)
of (K(x), o) with

o(91) = (—1)° 9, (2.29)

of order 12. By Lemma 2.3.26 we extend the evaluation function (2.1) to ev : K(x)[9¢] x N — K for the
difference ring (K(x)[®:], o) with

m\
=

‘91) H

k=1

—1)&)™. (2.30)

Then the sequence generated by the product expression ((—1)%)Tl is modelled by the A-monomial d;.
Observe that the shift behaviour (2.29) corresponds to the shift behaviour (2.11) in the sequence setting.
Further, (K(x)[®7][9-], o) with

o¥) =19, (2.31)
is also an A-extension of (K(x)[®1], 0) of order 4. Utilising Lemma 2.3.26 we extend the definition of the
evaluation function to ev : K(x)[®][9;] x N — K for the difference ring (K(x)[91][8;], o) with

ev(9,n) =] [i=@" (2.32)

k=1

Then the A-monomial &, models the sequence generated by the product expression (1)™. Again the shift
behaviour (2.31) corresponds to (2.12). Observe that 0(x) =0(97) =0(92) =1 and d(K(x)[94][92]) =
(0,1,1,1) is the depth of (K(x)[9][9], o). *

Example 2.3.28.
Let K = Q((—])%) and let (K(x), o) be the rational difference field. Take the A-extension (K(x)[9], o)
of (K(x), o) with

of order 2. Let ev : K(x)[91] x N — K be an extension of the evaluation function (2.1) with

v(d,n ﬁ = . (2.34)

k=1

Then the A-monomial 97 models the sequence generated by the product expression (—1)™. The shift
behaviour (2.33) of ¥; corresponds to the shift behaviour (2.14). Further, (K(x)[®:][92],0) is an A-
extension of (K(x)[%], o) with

o(92) = (-1)3 9, (2.35)
of order 3. Extending the evaluation function to ev : K(x)[®][9;] x N — K with
v(®d2,m) = [T (=D = ((=1)%)", (2.36)
k=1

the A-monomial ¥, models the sequence generated by ((—1 )%)n. The shift behaviour (2.35) corresponds
to the shift behaviour (2.15) in the sequence setting. The depth of (K(x)[®1][92], o) is 0(K(x)[$][92]) =
(0,1,1,1). *
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Example 2.3.29.
Let (K(x), o) be the rational difference field with K = Q(v/13)

(1)

(2)

(3)

Consider the P-extension (A, o) of the rational difference field (K(x), o) with Ay = K(x)[y;, i]
and automorphism
o(y) = (VI3) u, o( )= L. (237)
Y1 V13 41
Extend the evaluation function (2.1) to ev: A; x N — K with
v(y,n ﬁ , ev (l,n> = ﬁ L (V13) ™. (2.38)
k=1 Y1 T V13

Then the P-monomial y; and its inverse ;' model the sequences generated by (\/13)n and
(V/13) ™" respectively. The shift behaviour (2.37) corresponds to the shift behaviour (2.17) in the
sequence setting.

Constructing the P-extension (A,, o) of (A1, o) with A, = A [y., i],
1 11
olys) = 74, o(—)=5— (2.39)
Y2 7 Yo

and extending the evaluation function in the previous construction to ev: A; x N — K with

v(yon H 7=7" ev (l,n) - 11[]7 —7 (2.40)

we are able to model the sequences generated by 7™ and 7™ with the P-monomial ¢y, and its
inverse y, . Here, the automorphism (2.39) corresponds to (2.18) in the sequence setting.

Introducing the P-extension (A3, o) of (A, o) with Az = A,[ys, i],
1 1 1
— 169 LI L 241

and the evaluation function ev : A3 x N — K with
. 1 iy .
v(ysn H 169 = 169™, ev (—,n) — -5 =169, (2.42)

we can model the sequences generated by 169™ and 169~ ™ with the P-monomial y3 and its inverse
13~ '. The automorphism (2.41) corresponds to (2.19) in the sequence setting.

The depth of (A3, 0) is 9(A3) = (0,0(x),0(y1),0(y2),0(ys)) = (0,1,1,1,71). *
Example 2.3.30.
Let (Q(x)(x1),0) be a P-extension of (Q(x), o) with
1
o(x1) = (x + 1) %1, o(%ll) - (Xl” - (2.43)
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Extend the evaluation function (2.1) to ev: Q(x)(x1) x N — Q with

ev(xy,n) = Hk =nl, ev (%,n) = H% = % (2.44)
k=1 k=1 ’

Then the P-monomial %, and its inverse %, ' model the sequences generated by n! and # respectively.

In particular, the automorphism (2.43) corresponds to the automorphism (2.21) in the sequence setting.
Finally, taking the P-extension (Q(x)(x¢1)(x2),0) of (Q(x)(%1), o) with

(%) = (x + 3) %, o(%lQ) — (Xls);—s (2.45)

and extending the evaluation function in the previous construction to ev : Q(x)(x1)(x2) x N — Q with

b 2)! 1 s 1 2
ev(xq,n) :H(k+2) = (THZ_ ) , ev <%_2’n> = 1_11 ) = ) (2.46)
k= k=

we can model sequences generated by (n + 2)! and m with the P-monomial %, and its inverse x5, '.

The depth of (Q(x) (x1) (x2),0) is (0,d(x),d(x1),0(x2)) = (0,1,2,2). *

In order to solve Problem RPE, we rely on a refined construction of AP-extensions. More precisely,
we are interested in those AP-extensions that do not change the set of constants. These subclasses of
AP-extension are the so-called RII-extensions introduced and explored in Schneider (2014, 2016, 2017).

2.3.2 RIIX-EXTENSIONS

In this subsection, we discuss the so-called RII¥-extensions. These are a subclass of APS-extensions
discussed in the previous subsection 2.3.1 with the extra property that their construction do not extend
the ring of constants. The main results including the proofs are taken from Schneider (2016).

2.3.2.1 R-EXTENSIONS

R-extensions are a subclass of A-extensions with the property that the constant ring remains unchanged
in their construction.

Definition 2.3.31.

Let ¢ € K* be a primitive A-th root of unity and let difference ring (A[9], 0) be an A-extension of order
A. Then (A[9], 0) is called an R-extension of (A, o) of order A, if const(A[8], 0) = const(A, o) = K. We
call the generator 3 an R-monomial. *

Subsequently, we introduce nested R-extensions.
Definition 2.3.32.
Let (A, o) be a difference ring. We call a nested A-extension (A[dq]...[Dc],0) of (A o) a (nested)

R-extension of (A, o) if it is a tower of R-extensions. That is, (A[%]...[8i],0) is an R-extension of
(ADq]...[0i_1],0) for 1 <i<e. *

The following result gives a characterization of R-extensions.
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Theorem 2.3.33 (Schneider (2016), Theorem 2.12(3)).

Let (A[9], 0) be an A-extension of (A, o) of order A > 1 with o(9) = (D where { € A*. Then (A[D], 0)
is a R-extension of (A, o) (i.e., const(A[d],0) = const(A, o)) if and only if there is no g € A\ {0} and
m € {1,...,A =1} with o(g) = (™g. If (A[®],0) is an R-extension of (A, o), then ( is primitive, i.e.,
ord(() = A. &

Proor:
“<="Let g€ A\{0} and m € {1,...,A — 1} such that o(g) = (™ g. From o(9) = {9 we have that
o(d™) = (™9™, Take g9 ™ € A[D] then,

o(g? ™) =0o(g) o™ = Mg (CH)M =M g N = g9 ™ € const(A[D], o).

Clearly gd* ™ ¢ A thus, g9 ™ ¢ const(A, o).

“—" Let g = Zi‘;& gi 9t € A[®] \ A with o(g) = g. Then for some e € {1,...,A — 1}, go # 0.
Comparing coefficients in o(g) = g we get 0(ge) = (M ¢ge withA—e e {1,...,A—1}.
Let 9 be an R-monomial with m = ord(¢) < A. Then with g =1 € A\ {0} we have o(g) =1="1 =
C™ g which contradicts the first statement by our choice of g. m

We give further examples and non-examples of R-extensions.

Example 2.3.34 (Cont. Example 2.3.27).

In Example 2.3.27, the A-extension (K(x)[91], o) is an R-extension of (K(x), o) of order 12 since there are
no g € K(x)* and v € {1,..., 11} with o(g) = ((—1)"/¢)" g. However, the A-extension (K(x)[®1][9,], o)
is not an R-extension of (K(x)[®1], o) since with g =93 € K(x)[®1] and v =1 we have o(g) =ig. In
particular, we have that

Ve e {9793, 9593, 97 9,2}, c € const(K(x)[91][0,], 0) \ const(K(x)[01], o). *

Example 2.3.35 (Cont. Example 2.3.28).

In Example 2.3.28, the A-extension (K(x)[9:],0) is an R-extension of (K(x), o) of order 2 since there
are no g € K(x)* and v € {1} with o(g) = (—1)Vg. Further, the A-extension (K(x)[®:][92],0) is
an R-extension of (K(x)[91],0) of order 3 since there are no g € K(x)[8;] \ {0} and v € {1,2}, with
olg) = ((=1"*)"g. *

We will rely on the following notions introduced in Schneider (2016).

Definition 2.3.36.
A difference ring (A, o) with constant field K is called constant-stable if const(A, %) =K for all k > 1.
It is called strong constant-stable, if it is constant-stable and any root of unity of A is in K. *

We obtain a simple characterization under the assumption that the ground difference field is constant-
stable.
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Proposition 2.3.37.
Let (IF, o) be a constant-stable difference field and let (IF[9], 0) be an A-extension of (IF, ) of order A with

(= 05;9) € const(IF, 0)*. Then (F[9], o) is an R-extension of (IF, o) if and only if { is a primitive A-th root

of unity. OJ

Proor:

“ =" Suppose ( is not a primitive A-th root of unity. Then for some m € Nwith T <m < A—1 we
have (™ = 1. Furthermore, c(d™) = o(®)™ = ((™O™) = 9™ € const(F[P], o). Since 9 = 1 is the
defining relation, 9™ ¢ F. Thus const(F[8], o) 2 const(F, ¢) and & is not an R-monomial.

“ &= ” Suppose that there is a g = 5 )| g;9' € F[®] \ F with o(g) = g. Take a natural number
n with T < n < A—1 such that g, € F*. By comparing the n-th coefficient in o(g) = g we have
0(gn) = ("™ gn. Since C is a constant, 0*(gn) = (™) gn = gn. Hence g, € const(F, o)* since
(F, o) is constant stable. On the other hand, g,, = 0(gn) = ("™ g, implies that (™ = 1. Therefore, ( is
not a primitive root of unity of order A. n

2.3.2.2 [I-EXTENSIONS

The extensions we discuss here are a subclass of P-extensions with the property that ring of constants is
not extended in their construction.

Definition 2.3.38.

Let (A, o) be a difference ring. We call a P-extension (A[t,t7'],0) of (A, o) with o(t) = «t and
o(t™!") = a1t for x € A* a TT-extension of (A, o), if const(Aft,t~'], o) = const(A, o). The generator
t, is called a IT-monomial. Furthermore, a nested P-extension (A(tq)...(t.),0) is a (nested) II-extension
of (A, o), if it is a tower of Il-extensions, i.e., (A(ty)...(t;),0) is a II-extension of (A(ty)...(t;_1),0)
for 1 < i < e. Similarly, a P-field extension (A(t), o) of a difference field (A, o) with o(t) = at for
« € A* is called a TI-field extension of (A, o), if const(A(t), o) = const(A, o). Furthermore, a nested
P-field extension (A(t;)...(te),0) is a (nested) Il-field extension of (A, o), if it is a tower of II-field

extensions, i.e., (A(ty)...(t;), o) is a II-field extension of (A(ty)...(ti_1),0) for T <i<e. *
Lemma 2.3.39.

Let (A(t), o) be a P-extension of (A, o) with o(t) = «t where x € A*. Letu € Aandg=7) [ jgit €
A(t). Ifo(g) =ug, then o(gi) =uatg; forall 0 <i<n. ¢
Proor:

Let g =) 1 ,gitt € A(t), u € A, ot) = at and o(g) = ug. We prove that o(gi) = ua *g; for
0 <i<n. From o(g) =ug we have

G(Z Qiti) = Z o(gi) ot = Z o(gi) (o(t)t = Z o(gi) o' tt = Zugiti-
i=0 i=0 i=0 i=0 i=0
By comparing the coefficients of the t' we get
o(gi)at =ug; <= o(gi)=uo "g; Vi:0<i<n -
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The theorem below gives a criterion for a P-extension to be called a II-extension.

Theorem 2.3.40 (Schneider (2016), Theorem 2.12(2)).

Let (A(t), o) be a P-extension of (A, o) with o(t) = at where « € A*. Then this is a Il-extension (i.e.,
const(A(t), o) = const(A, o) = K) if and only if there is no g € A\{0} and v € Z\ {0} with o(g) = " g.
If (A(t), o) is a II-extension of (A, o) then ord(x) = 0. &

Proor:
“ <= " Suppose there isa g € A\ {0} and v € Z \ {0} with o(g) = «¥g. We prove const(A(t), o) D
const(A, o). With o(t) = «t and v € Z \ {0} we have that o(t") = «”t". Take h:= % € A(t) then,

_(9)_olg o9 g
oh)=o0 <t_") ) @ v h € const(A(t), o).

Clearly, h:= 3 ¢ A = h ¢ const(A, o).

“ = " Suppose const(A(t), o) 2 const(A, o). We prove that there isa g € A\ {0} and v € Z \ {0}
such that o(g) = «¥g. Let g = Y . git" € A(t) \ A with o(g) = g. Then A 5 g, # 0 for some
v # 0. By Lemma 2.3.39 with u = 1, we have that o(g,) = & ¥ g,. Suppose t is a II-monomial but
ord(a) =n > 0. Then o(t") = a™t™ = t™. But this is a contradiction to the assumption that (A(t), o)
is a difference ring extension of (A, o) as t is transcendental by definition. n

Lemma 2.3.41.
Let (F(t), o) be a difference field extension of (IF, o) and let f,h € F[t] \ {0} with gcd(f,h) = 1. Then the
following holds:

(1) If f|h then forr € Z, o"(f)| " (h).
(2) Forr € Z, ged(o7(f), O'T(h,)) =1.

(3) LY € F if and only if 7 € F and *{ € F. s

Proor:
(1) If f|h then there exist w € F[t] \ {0} such that fw = h. Thus for r € Z we get 0" (f) 0" (w) = 0" (h)
and thus o"(f)| o™ (h).

(2) Assume f, h € F[t]\{0} with gcd(f,h) = 1 and suppose 1 # gcd(o"(f), 0" (h)) = w € F[t]\F. From
w = gcd(o"(f),0"(h)), we know that w]|o"(f) and w|o"(h). Since w € F[t] \ F, it follows that
o "(w) € F[t]\F. Therefore 0 "(w)|f and o~ "(w)|h. Thus ged(f,h) # 1 which is a contradiction
to the assumption that ged(f,h) = 1.

(3) “<«=" Since IF is a field, it follows that —7~7=- € I and
o(f) h cr(f) h  o(f/h)
RALERL == F.
f o) ~ o) f  f/h -
14 ” o—— f/h
— " Letv:= T/ € F. Then

o(f)h =vfo(h).

Since ged(f,h) = 1 implies that gcd( k(f),o*(h)) = 1 by part (2) of the Lemma it follows that
f| o(f) and o(f)|f. Therefore < ol ¢ F. A similar argument for h implies that == ) e F. n
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Lastly, using Lemma 2.3.41 we are able to rediscover Karr's field version for II-extension; see Karr (1985,
Theorem 2.2); again we follow the proof from Schneider (2016, Theorem 3.18) which was inspired by (Karr,
1985).

Theorem 2.3.42.

Let (F(t), o) be a difference field extension of (F, o) with o = @ € F*. Then (F(t), o) is a [I-extension
of (F, o) if and only if there does not exist a g € F* and a positive integer m such that o(g) = a™g
holds. &

Proor:
“ = ” Suppose that const([F(t), o) 2 const(FF, o). We prove there is a g € F* and a positive integer m
with o(g) = a™g. Let g € F(t) \ F with o(g) = g. Write g = E with p € F[t], q € F[t] \ {0} and p and
q are co-prime. W.l.o.g assume that deg(p) < deg(q) (otherwise take é instead of g). Since 29} ¢ F,
it follows by statement (3) of Lemma 2.3.41 that %, % € F. We consider two cases:

Case I: If p € F* and q =t™ with m > 0. Then

o(p)
oqmtm’

m = 9=0(g)=

Thus o(p) = «™ p.
Case 2: Suppose p € F or g # t™ with m > 0 and define

p if g=1t™ for some m >0

Vv =
q otherwise.

Then the following holds.

(1) v € F[t] \ F: There are two cases here. Namely, if v = q then q € F[t] \ F with deg(p) < deg(q)
and % ¢ . Otherwise, if v=p then q = t™ with deg(p) < deg(q).

(2) By Lemma 2.3.41(3), it follows that u:= 2 ¢ F*,

(3) v#ut™ for all u € F* and m > 0: v could only be of this form if @ =t™ for some m > 0. Thus
v = p and since ged(p, q) =1 it follows that t 1 p.

It follows by properties (1) and (3) that v =) 1", vi t" with vy # 0 # v, where n > k > 0. By property
(2) and Lemma 2.3.39, we have that o(v¢) = % Vi and o(vn) = - vn. Using these information, we

(Xn
have
Vx _x Vk
o =) =av =,
Vn Vn

Since :—T‘i € F* and n — k > 0, this proves the implication “ = ".
“ <" This direction of the proof follows by the first part of Theorem 2.3.40 since any Il-field extension
is automatically a II-ring extension. n

We give further examples and non-examples of II-extensions.

Example 2.3.43 (Cont. Example 2.3.29).
(1) The P-extension (A;,0) of (K(x),0) in item (1) of Example 2.3.29 W|th o(y1) \/_16(1 is a
[T-extension of (K(x), o) as there are no g € K(x)* and v € Z \ {0} with o(g ( )
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(2) Similarly, the P-extension (A;, o) of (A, o) in item (2) of Example 2.3.29 with o(y2) =7 y> is also
a IT-extension since there does not exist a g € Ay \ {0} and a v € Z \ {0} with o(g) =7V g.

(3) However, the P-extension (A3, 0) of (A;,0) in item (3) of Example 2.3.29 is not a II-extension
because with g =4, € A; and v =1 we have o(g) = (169) g. In particular,

w =g~ 'ys € const(K(x) (y1)(y2)(ys), o) \ const(K(x)(y1)({ys), o). *

Example 2.3.44 (Cont. Example 2.3.30).
(1) The P-extension (Q(x) (x¢1), o) of (Q(x), o) with o(x%1) = (x+ 1) %1 is a II-extension since there are
no g€ Q(x)* and v € Z\ {0} with o(g) = (x+1)Vg.

(2) But the P-extension (Q(x) (x1) (%2), 0) of (Q(x) (x1), 0) with o(x2) = (x+3) x4 is not a [T-extension
since with g = (x +2) (x + 1) %1 and v =1 we have o(g) = (x + 3) g. In particular, we get

c=gxy ' € const(Q(x) (x1) (x2),0) \ const(Q(x) (1), 0). *

Example 2.3.45 (Cont. Example 2.3.10).
The mixed g-multibasic difference field (IF, o) with F = K(x)(t;)...(te) in Example 2.3.10 is a nested
I1-field extension of the rational difference field (K(x), o). As a consequence, we have that const(F, o)
const(K(x), o) = K. Consequently, the P-extension (E, o) of (K(x), o) with E = K(x)[ty, t‘—]] ... [te, g—e
in Example 2.3.10 is a II-extension. See Corollary 5.4.2 below for the proof.

[a—

%

2.3.2.3 2-EXTENSIONS

Although we concentrate mainly on product extensions in this thesis, we still need to handle the very special
case of the rational difference field (K(x), o) with o(x) = x+1 in Example 2.3.6 or the mixed g-multibasic
difference field (K(x,t), o) with o(x) =x+1 and o(t;) = qi ti for 1 <1< e in Example 2.3.10. Thus it
will be convenient to introduce also the field version of X-extensions (Karr, 1981; Schneider, 2001). We
will start with the ring version introduced in Schneider (2016).

Definition 2.3.46.

Let (A, o) be a difference ring. We call an S-extension (A[x], o) of (A, o) with o(x) = x + 3 for some
B € A a T-extension of (A, o) if const(A[x], o) = const(A, o). The generator x, is called a Z-monomial.
Further, if (A(x), o) is an S-field extension of a difference field (A, o) with o(x) = x + 3 where 3 € A,
then it is called a Z-field extension of (A, o) if const(A(x), o) = const(A, o). We call the monomial x a
2i-field monomial. *

We need a special case of Schneider (2016, Lemma 3.7) inspired by (Karr, 1985).

Lemma 2.3.47.

Let (A[x], o) be an S-extension of (A, o) with o(x) = x + 3 for some 3 € A where K = const(A, o) is a
field. Let g € Alx] with deg(g) > 1 such that deg(o(g) — g) < deg(g) — 1. Then there is ay € F such
that o(y) —v = B. ¢
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Proor:
Let g =) i ; gi x" with o(x) = x+3 such that deg(o(g)—g) < deg(g)—1. Define f := o(g)—g € F[x].
Then deg(f) <n — 2. Thus for f = Z?;OZ fi x' we have

Comparing the n-th and (n — 1)-th coefficients we get

0= U(gn) ~On (247)

and

0=0(g) () B+ 0(gn1) ~ g0 (2.48)

respectively. From equation (2.47) 0(gn) = gn = gn € K*. Substituting (2.47) into (2.48) we get

G(gn—1) —On—1 = _G(gn) n B
G (_gn1) + Jn—1 _ B
ngn ngn
Take vy = —fl“—; € IF, then o(y) —y = B. This completes the proof. n

Furthermore, Schneider (2016, Lemma 3.8) can be specialised to

Lemma 2.3.48.
Let (A[x], o) be an S-extension of (A, o) with o(x) = x + 3 for some 3 € A where K = const(A, o) is a
field. Then the following statements are equivalent.

(1) There exist a g € Alx] \ A with o(g) = g.
(2) There exist ay € A such that o(y) =v + B.

(3) const(A, o) C const(A[x], o). ¢

Proor:

(1) = (2): Since g € A[x] \ A, n:=deg(g) > 1 and deg(o(g) — g) < 0 < n — 1. Therefore it follows
by Lemma 2.3.47 that, there is a v € A such that o(y) =v + B.

(2) = (3): Let y € A with o(y) =v + 3. Then with g:= (x —vy) € A[x] \ A we have that o(g) = g.
Thus const(A, o) C const(A[x], o).

(3) = (1): If const(A, o) C const(A[x], o), then it follows by definition that there is a g € Alx] \ A
with o(g) = g. This completes the proof. n
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The next Theorem gives a characterization for an S-extension to be a ¥-extension.

Theorem 2.3.49 (Schneider (2016), Theorem 2.12(1)).
Let (A[x], o) be an S-extension of (A, o) with o(x) =x+ 3 where 3 € A and K = const(A, o) is a field.
Then (A[x], o) is a B-extension (i.e., const(A[x], 0) = const(A, o)) if and only if there does not exist a

ge Asucho(g)=g+p &
Proor:
The proof of the Theorem follows from the proof of (2) <= (3) of Lemma 2.3.48. n

We also rediscover Karr's field version (Karr, 1981, 1985) by extending Lemma 2.3.48 to the difference
field setting and utilizing statement (3) of Lemma 2.3.41; compare Schneider (2016).

Lemma 2.3.50.
Let (F(x), o) be an S-field extension of (F, o) with o(x) = x + 3 for some 3 € F. Then the following
statements are equivalent.

(1) Thereis a g € F(x) \ F such that %9) eF.
(2) Thereis ay € F such that o(y) —v = B.

(3) const(F, o) C const(F(x), o). ¢

Proor:
Let g € F(x) \ F and write g = % with f,h € F[x] \ {0} and gcd(f,h) = 1.
(1) = (2): By statement (3) of Lemma 2.3.41 we have that

@elﬁM%eF

Since g ¢ F, it follows that f ¢ F and h ¢ F. Thus there is a g’ € F[x] \ F such that deg(o(g’) —g') =
deg(0) = —o0o < 0 < deg(g’) — 1. Therefore by Lemma 2.3.47, there is a y € F such that o(y) = v+ .
The proofs of the statements (2) = (3) and (3) = (1) are analogous to the proof of the same
statements in Lemma 2.3.48. =

Lemma 2.3.50 is contained in Karr's work by combining Theorems 2.1 and 2.3 of Karr (1985). As a
consequence, we obtain a criterion for an S-field extension to be a YX-field extension.

Theorem 2.3.51.

Let (F(x),0) be an S-field extension of (F, o) with o(x) = x + 3 for some p € F. Then (F(x),0) is a
Y -field extension of (I, o) if and only if there does not exit a g € F with o(g) =g+ 3. &

Example 2.3.52 (Cont. Example 2.3.6).
The rational difference field (K(x), o) with o(x) = x+1 in Example 2.3.6 is a X-field extension of (K, o).
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2.3.2.4 RIIZ-EXTENSIONS

For further considerations, we introduce the following terminologies.

Definition 2.3.53.

Let (A(t), o) be a difference ring extension of (A,o0). We call such an extension an RII-/RE-/ITZ-
/RIIZ-extension, if it is an AP-/AS-/PS-/APS-extension and const(A(t), o) = const(A, o) respectively.
Depending on the type of extension, we call the generator t an R-/ II-/ £-/ RII-/ RE-/ [1¥-/ RITZ-
monomial respectively. In addition, an APS-extension (A(t;),...,(te),0) of (A, o) is called an RIIX-
extension (resp. R-, II-, &-, RII-, RE-, IIX-extension) if it is a tower of such extensions. *

Definition 2.3.54 (Cont. Definition 2.3.20).

Let (E,o0) and (G, o) be the difference ring extension defined in Definition 2.3.20. If const(G, o) =
const(E, o) and 0, (x1) < 04(x2) < -+ < 04(xs), then (G, 0) is called an ordered nested RIl-extension
of (E, o). *

Example 2.3.55 (Cont. Example 2.3.10).
The mixed g-multibasic difference ring (K(x)[th&]...[te, ,J—E],O') (resp. mixed g-multibasic difference
field (K(x)(t7)...(te),0)) in Example 2.3.10 is a IIZ-ring (resp. I1X-field). *

Remark 2.3.56.

In Karr (1981) and Schneider (2016) algorithms have been developed to check if an already designed
difference ring (resp. field) is built by properly chosen RIIX-extensions. Therefore with these algorithms,
one can decided whether or not the constructed difference rings in Examples 2.3.34, 2.3.35, 2.3.43,
2.3.44, 2.3.45, 2.3.52, and 2.3.55 are RIIX-extensions. However, in this thesis we are more ambitious.
We will carefully construct AP-extensions over the base difference rings (resp. fields) in Examples 2.3.6
and 2.3.10 such that they are automatically RII-extensions of these base rings (resp. fields) and such
that the given products can be rephrased within these extensions straightforwardly. In this regard, we will
utilize the following lemma. '

Lemma 2.3.57.
Let (F, o) be a IIX-field extension of (K, o) with const(K, o) = K. Then the A-extension (F[9], o) of

(IF, o) with order A > 1 is an R-extension. ¢
Proor:

By Karr (1985, Lemma 3.5) we have const(F, 0*) = const(FF, o) for all k € N\ {0}. Thus with Proposi-
tion 2.3.37, (F[9], o) is an R-extension of (F, o). n
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Corollary 2.3.58.
Let (F, o) be a IIX-field with constant field K = const(FF, o) and let (E, o) with E = F(ty) ... (t.) be a
[T-extension of (IF, o) where

O'(tk) = oy ti (249)

with o, € F* for 1 < k < e. Then the A-extension (E[9], o) of (E, o) with order A > 1 is an R-extension.$

Proor:
Note that the quotient field D = F(t;)...(t.) together with (2.49) forms a Il-extension of (F, o) by
iterative application of Schneider (2017, Corollary 2.6). Consequently also,

K = const(FF, o) = const(D[D], o) = const(E[J], o)

and thus (E[9], o) is an R-extension of (E, o). n

2.4 DIFFERENCE FIELDS, DIFFERENCE RINGS AND DIFFERENCE RING OF SE-
QUENCES

In this section we will discuss the connection between difference rings and the difference ring of sequences
as included already in Examples 2.3.27, 2.3.28, 2.3.29 and 2.3.30 to Examples 2.2.4,2.2.2, 2.2.3 and 2.2.4
respectively. More precisely, we elaborate how RII-extensions can be embedded into the difference ring
of sequences Schneider (2017); compare also Van Der Put and Singer (2006). Precisely this feature will
enable us to handle condition (2) of Problem RPE.

Definition 2.4.1 (Cont. Definition 2.3.14).
Let (A, o) be a difference ring with constant field K. A difference ring homomorphism (resp. monomor-
phism) 7: A — §(K) is called K-homomorphism (resp. K-monomorphism) if

Ve ek t(c) =c:={(ccc,...). *

The following lemma is the key tool to embed difference rings constructed by RlIl-extensions into the
difference ring of sequences; compare Schneider (2017, 2010a).

Lemma 2.4.2.
Let (A, o) be a difference ring with constant field K. Then the map T: A — S(K) is a K-homomorphism
if and only if there is an evaluation function ev : A x N — K for (A, o) (see Definition 2.3.23) with

T(f) = (ev(f,0), ev(f, 1),...). ¢

Proor:
The proof follows by Schneider (2001, Lemma 2.5.1). n
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Lemma 2.4.3.
Let (A, o) be a difference ring with constant field K. Then the following statements hold:

(1) Let (A(t), o) be an AP-extension of (A, o) with o(t) = «t (x € A*) and suppose that T: A — S(K)
as given in Lemma 2.4.2 is a K-homomorphism. Suppose that there is a & € N such that ev(x,n) # 0
for all n > &. Further, take uw € K*; ift» = 1 for some A > 1, we further assume that u* = 1
holds. Consider the map T’ : A(t) — S(K) with T'(f) = (ev'(f,n)), .5, where the evaluation function
ev’ : A(t) x N — K /s defined by

ev’(Z hith,n) = Zev(hi,n) ev'(t,n)t

with N
ev'(t,n) = uH ev(o, k—1).
k=5

Then t' is a K-homomorphism.

(2) If (A, o) is a difference field and (E, o) is a (nested) RIl-extension of (A, ¢), then any K-homomorphism
T:E — S(K) is injective. ¢

ProoF:
(1) The proof follows by Schneider (2017, Lemma 5.4(1)).

(2) By Schneider (2017, Theorem 3.3) (E, o) is simple that is, any ideal of E which is closed under o is
either E or {0} . Thus by Schneider (2017, Lemma 5.8) T’ is injective.

In this thesis, we will apply statement (1) of Lemma 2.4.3 iteratively. As base case, we will use the
following difference fields that can be embedded into the ring of sequences.

Example 2.4.4 (Cont. Example 2.3.6).

Take the rational difference field (K(x), o) over K defined in Example 2.3.6 and consider the map T :
K(x) — 8(K) defined by t(¢) = (ev (%,n))>n>o with a,b € K[x] and b # 0 where the evaluation
map ev : K(x) — K is as defined in (2.1). Then by Lemma 2.4.2 it follows that T : K(x) — S(K) is a
K-homomorphism. We can define the function:

Z(p) = max ({k € Nlp(k) = O}) +1 for any p € K[x] (2.50)

with max(&) = —1. Now let f = & € K(x) where a,b € KI[x], b # 0. Since a(x), b(x) have only finitely
many roots, it follows that () = 0 if and only if & = 0. Hence ker(t) = {0} and thus T is injective.
Summarizing, we have constructed a K-embedding, T: K(x) — S(K) where the difference field (K(x), o)
is embedded in the difference ring of K-sequences (S(K),S) as the sub-difference ring of K-sequences
(t(K(x)),S). We call (t(K(x)),S) the difference field of rational sequences. *
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Example 2.4.5 (Cont. Example 2.3.10).

Take the mixed g-multibasic difference field (I, o) with F = K(x,t) defined in Example 2.3.10. Then,
T:F — S(K) defined by () = (ev (%,n)>n>o with a,b € K[x,t] and b # 0 where the evaluation
function ev : F — K is as defined in (2.2) is a K-homomorphism. By Lemma 2.1.9 based on Bauer and
Petkovsek (1999, Section 3.2) we can define for p € Klx, t] \ {0} the function

Z(p) =max ({k e N[p(k,q*) =0}) +1 €N (2.51)
with max(@) = —1. For any rational function, f = 2 € IF\ {0} with g,h € K[x, 1], let
6 = max({Z(g), Z(h)}) € N.

Then f(n) # 0 for all n > & and thus T(f) # 0. Hence ker(t) = {0} and thus T is injective. In summary,
we have constructed a K-embedding T : F — S(K) where the difference field (F, o) is embedded in
(8(K),S) as (t(F),S) which we call the difference field of mixed q-multibasic rational sequences. *

Example 2.4.6 (Cont. Examples 2.3.27, 2.3.28, 2.3.29 and 2.3.30).
Since the evaluation functions (2.30), (2.32), (2.34), (2.36), (2.38), (2.40), (2.42), (2.44) and (2.46)
satisfy conditions (2.26), (2.27) and (2.28), we get:
(1) Polynomial expressions in ((—1)13)TL and (1)™ with shift behaviours
1 1 1

Sn((=1)6)" = ((=D5)" = (=15 (=15 and  Sa(i)t = @™ ="

can be modelled by polynomial expressions in the nested A-extension (K(x)[®][9;], 0) of (K(x), o)
constructed in Example 2.3.27.

(2) Polynomial expressions in (—1)™ and ((—1)%)n with shift behaviours
Sa(—D" = (=" == (=" and Sy ((=1)F)" = ((=1F)" = (=) (D))"

can be modelled by polynomial expressions in the nested A-extension (K(x)[®][9;], 0) of (K(x), o)
constructed in Example 2.3.28.

(3) Polynomial expressions in (\/ﬁ)n and (\/ﬁ)fn, 7™and 77™, 169™ and 169 ™ with shift behaviours

1 1 1 1
Su(VI3)" = (VI3)"T = VI3 (VI3)", S, - — ,
(V13) (V1) (V13) (V13 (V13T V13 (V13
1 1 11
n _ -n+l __ n _ _
Sa7t =T =TT Snzm = T = 7 70
S, 169™ = 169™! = 169 169™, S 1 — 1 _ 1 1

169" 169 169 169™

can be modelled by polynomial expressions in the nested P-extension, (K(x){(yi)(yz2)(ys),o) of
(K(x), o) constructed in Example 2.3.29.

1

(4) Polynomial expressions in n! and -, (n + 2)! and Gy With shift behaviours

n+2)
1 1 1T
1 — | = ! - = = nl
Sanl=Mn+1)!'=n+1)nl, S“n! M+ (+1)n!’
1 1 1 1

Ssn+2)=n+3)!'=n+3)(n+2), Sn

Mm+2! m+3)! Mm+3) m+2)r

can be modelled by polynomial expressions in the nested P-extension, (Q(x)(z1)(z2), o) of (Q(x), o)
constructed in Example 2.3.30.
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Let (A, o) with constant field K be any of the difference rings in items (1), (2), (3) and (4) and let
ev : A X N — K be the corresponding evaluation function. Then T: A — §(K) with T(f) = (ev(f,n))n>0
is a difference ringhomomorphism by Lemma 2.4.3. *
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CHAPTER 3

MAIN RESULT FOR NESTING DEPTH 1
PRODUCT EXPRESSIONS

In this chapter we discuss the main results for nesting depth 1 product expressions, i.e., those expressions
in Prod(S) with only one product quantifier where S = {K, K(n), K(q™), K(n,q™)}. We shall solve
Problem RPE algorithmically by proving the following main result in Theorem 3.1.1. Here the special-
ization e = O covers the hypergeometric case. Similarly, taking g-multibasic hypergeometric products
in (3.1) and suppressing x yield the multibasic case. Further, setting e = 1 provides the g-hypergeometric
case. Most of the results presented here and in the subsequent two chapters are from our article (Ocansey
and Schneider, 2018, Section 3, 4,and 5).

Theorem 3.1.1.
Let K = K(k1,...,ky)(q1,...,q9c) be a rational function field over a field K and consider the mixed
q-multibasic hypergeometric products

Pin) =]Jhi(kq"), ..., Pum)=]]hm(k q*) € Prod(K(n,q")) (3.1)
k=, k=Cm

with {; € N and hi(x,t) € K(x, t) such that hi(k, q*) has no pole and is non-zero for k > {;.

Then there exist irreducible monic polynomials f1, ..., fs € K[x,t]\K, non-negative integers {},...,{. and
a finite algebraic field extension K’ of K with a A-th root of unity { € K’ and elements «,...,«,, € K'*
which are not roots of unity with the following properties.

One can choose natural numbers i, d; € N for 1 <1 < m, integers u; with1 <i<m, 1 <j<w,
integers vi; with 1 < i< m, 1 <j < s and rational functions vy € K(x,t)* for 1 <1i < m such that the
following holds:

(1) For allm € N withn > &,

Vi n Vis

Pin) = (™)™ (o)™ (o) iy g™ [ [T 106 a®) | - [ [ ] Fs (6 q%) | - (3.2)

k=0 k=1,

(2) The sequences with entries from the field K’ = K’(k1,...,Ky)(q1y--+yqe),

() nsor s (@) nso (LT 106 %)) sg - (T s 050000 (3.3)

K=t} k=¢;
are among each other algebraically independent over T(K’(x, t)) [<C“>n>0] ; here T : K'(x,t) = S(K')
is a difference ring monomorphism where t(¢) = (ev (%, n)>n>0 for a,b € K'[x, t] is defined by (2.2).
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If K is a strongly o-computable field (see Definition 4.1.1 below), then the components in (3.2) are com-
putable. %

Namely, Theorem 3.1.1 provides a solution to Problem RPE as follows. Let P(n) € ProdE(K(n,q")
be defined as in (2.7) with S C Z™ finite, a(v,,...v,)(M) € K(n,q™) and where the products P;(n)
are given as in (3.1). Now assume that we have computed all the components as stated in Theo-
rem 3.1.1. Then determine! A € N such that all aj,,.. n,)(n) have no pole for n > A, and set
b = max(A,d1,...,0m). Moreover, replace all P; with T < i < m by their right-hand sides of (3.2) in
the expression P(n) yielding the expression Q(n) € ProdE(K'(n,q™)). Then by this construction we
have

P(n) =Q(n) foralln > .

Furthermore, statement (2) of Theorem 3.1.1 shows statement (2) of Problem RPE.

Finally, we look at the zero-recognition statement which is part (3) of Problem RPE. If Q =0, then
P(n) =0 for all n > & by statement (1) of Problem RPE. Conversely, if P(n) = 0 for all n from a certain
point on, then also Q(n) = 0 holds for all n from a certain point on by part statement (1). Since the
sequences (3.3) are algebraically independent over T(K'(x,1))[({™)n>0l, the expression Q(n) must be
free of these products. Consider the mixed g-multibasic difference field (K'(x,t), o) and the A-extension
(K’(x,t)[®], 0) of (K'(x,t),0) of order A with o(8) = (9§. By Corollary 5.4.2 below it follows that the
mixed g-multibasic difference field (K’(x,t),0) is a II¥-extension of (K’, o) with const(K’, o) = K’.
Thus by Lemma 2.3.57 it follows that the A-extension is an R-extension. In particular, it follows by
Lemma 2.4.3 that the homomorphic extension of T from (K'(x,t),0) to (K’(x,t)®], o) with T(9) =
(C™)n>o0 is a K’-embedding. Since Q(n) is a polynomial expression in (™ with coefficients from K'(n, q™)
(C™ comes from (3.2)), we can find an h(x,t,9) € K'(x,t)[d] such that the expression Q(n) equals
h(n, g™, ™). Further observe that t(h) and the produced sequence of Q(n) agree from a certain point
on. Thus t(h) = 0 and since T is a K’-embedding, h = 0. Consequently, Q(n) must be the zero-
expression.

We will provide a proof (and an underlying algorithm) for Theorem 3.1.1 by tackling the following
sub-problem formulated in the difference ring setting.

( Problem RII-RC: Construction of RII-ring extension (A, o) of I[IX*-field (F, o).

Given a mixed d-multibasic difference field (F, o) with F = K(x)(tq)...(te) where o(x) = x +
1 and o(ty) = qete for 1 < £ < e; given hy,...,hyy, € F*. Find an Rll-extension (A, o) of
(K'(x)(t1)...(te), o) where K is an algebraic field extension of K and g1,...,gm € A\ {0} where

o(gi) = o(hi) gi, for T <i<m.

- J

Namely, taking the special case F = K(x) with o(x) = x + 1, we will tackle the above problem in
Theorem 5.1.1, and we will derive the general case in Theorem 5.4.6. Then based on the particular choice
of the g; this will lead us directly to Theorem 3.1.1.

We will now give a concrete example of the above strategy for nesting depth 1 hypergeometric products
expressions in ProdE(K(n)). An example for the mixed g-multibasic situation is given in Example 5.5.5.

'Note that A can be determined by using the Z-function defined in Example 2.4.5
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Example 3.1.2.

Take the rational function field K = K(k) defined over the algebraic number field K = @((ﬁ—I—\/g), \/—_13)
and take the rational function field K(x) defined over K. Now consider the hypergeometric product
expressions

= [0 + J[ha(k) + ][ hs(k) € ProdE(K(n)) (3.4)
k=1 k=1 k=1
with
b () —13F13K) ha() 784 (k +1)2x hae) —17210368 (k + 1) x 35)

X 13v—13 (i4+v3)* k (x + 2)2 T 13V13 (14 v3) 10k (x4 2)5

where hy, hy, hs € K(x). With our algorithm (see Theorem 5.4.6 below) we construct the algebraic field
extension K’ = Q((— 1)%, V13) of K, take the rational function field K’ = K’(k) and define on top the
rational difference field (K’(x), o) with o(x) = x + 1. Based on this, we obtain the RII-extension (A, o)

of (K’(x), o) with

A =K'(x)[d] [y1,y1_]][g2,y2_1][y3, 143_]][144) 144_]][%,%_1] (3.6)

and the automorphism o : A — A defined by

o(9) = (—1)% 9, o(y1) = V134, o(y2) = 7 ya,
o(ys) = Kys, o(yq) = (K+ 1)y, ox)=Mx+1)x%

note that const(A, o) = K’. Now consider the difference ring homomorphism t: A — S(K’) which we de-
fine as follows. For the base field (KK’(x), o) we take the difference ring embedding t(¢) = (ev (%,n)>n>o
for a,b € K'[x] where ev is defined in (2.1). Further, applying iteratively part (1) of Lemma 2.4.3 we
obtain the difference ring homomorphism t: A — S(K') determined by

() = (((=1)%) " )ns0, (1) = (V13) nso, T(y2) = (7 ns0,
T(y&) - <Kn>n>O) T(gél) - <(K + 1)n>n203 T(%) - <n!>n20-

In addition, since (A, o) is an RII-extension of (K'(x), ), it follows by part (3) of Lemma 2.4.3 that T is
a K’-embedding. This implies that

(K () ey ), Tl Iya), Tlye ™ Ie(ys), Tlys ™ ey, tlya DIle(x), w1

is a Laurent polynomial ring over the ring T(K’(x))[t(®)]. Further, we find

199143143 19111‘42142 1951‘45145
r_ 1 4 2 44 2 2 44 A 7
= T RTRar g P+ P w87
o =102 =:g3

where

o(gi) = o(hi) g,
for i =1,2,3. Thus the g; model the shift behaviours of the hypergeometric products with the multipli-
cands h; € K(x). In particular, we have defined Q' such that

Q') = (P(M))nxo0
holds. Rephrasing

=

xeon, 9o (16" yie (V)Y ywe T’ wex™, we (k+)" oz e
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in (3.7) we get

() (@B ) e (09 @R (D) ) s
n (1) 2P (VB ) et ) (4 2)° (Vi3)") e ()’

Qn) = (3.8)

in ProdE(K’(n)). Note: n!and a™ with a € K’* are just shortcuts for [ [._; k and [ [x_; a, respectively.
Based on the corresponding proof of Theorem 3.1.1 at the end of Section 5.4 we can ensure that

holds for all n € N with n > 1. Further details on the computation steps can be found in Examples 5.4.7
and 5.4.8 below. *
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CHAPTER 4

ALGORITHMIC PRELIMINARIES: STRONGLY
O-COMPUTABLE FIELDS

In Karr's algorithm (Karr, 1981) and all the improvements (Schneider, 2008, 2015, 2007a, 2016, 2017;
Abramov and Petkoviek, 2010; Kauers and Schneider, 2006) one relies on certain algorithmic properties
of the constant field K. Among those, one needs to solve the following problem.

( Problem GO for «54,...,«, € K*

Given a field K and «;,..., «,, € K*. Compute a basis of the submodule

V= {(u1,...,uw) GZW‘ Hoci““ :1} of ZV over Z.
i=1

- J

Note that Problem GO is a generalisation of Problem O. In particular, if w = 1, then Problem GO reduces
to computing the order of o in K* (see Definition 2.3.16) which is precisely Problem O stated as follows.

( Problem O for o € K* 1

L Given a field K and o € K*. Find ord(«). J

In Schneider (2005) it has been worked out that Problem GO is solvable in any rational function field
K = K(Kq,...,Ky) provided that one can solve Problem GO in K and that one can factor multivariate
polynomials over K. In this thesis we require the following stronger assumption: Problem GO can be solved
not only in K (K with this property was called o-computable in Schneider (2005); Kauers and Schneider
(2006)) but also in any algebraic extension of it. So far, the class of o-computable fields treated in
the Mathematica package Sigma (Schneider, 2007b, 2013) are quotient field of the unique factorisation
domains. Among them K can be a rational function field over the rational numbers Q. Moreover, as
suggested in Schneider (2005, page 89), an implementation of the algorithms in Ge (1993a,b) to extend
the computational capabilities Sigma will be an important contribution.

Definition 4.1.1.

A field K is strongly o-computable if the standard operations in K can be performed, multivariate polyno-
mials can be factored over K and Problem GO can be solved for K and any finite algebraic field extension
of K. *
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Note that Ge's algorithm (Ge, 1993a) or (Kauers, 2005, Algorithm 7.16, page 84), solves Problem GO
over an arbitrary number field K. Since any finite algebraic extension of an algebraic number field is again
an algebraic number field, it follows with Ge's algorithm, that any number field K with a finite number
of generators is o-computable.

Summarizing, we can turn our theoretical results to algorithmic versions, if we assume that K =
K(k1,...,Ky) is a rational function field over a field K which is strongly o-computable. In particular, the
underlying algorithms are implemented in the Mathematica package NestedProducts for the case that
K is a finite algebraic field extension of Q.

Besides these fundamental properties of the constant field, we rely on further (algorithmic) properties
that can be ensured by difference ring theory. Let (F[t], o) be a difference ring over the field F with t
transcendental over F and o(t) = at + 3 where & € F* and 3 € F. Note that for any h € F[t] and any
k € Z we have o®(h) € F[t]. Furthermore, if h is irreducible, then also o*(h) is irreducible.

Definition 4.1.2.

Two polynomials f, h € F[t] \ {0} are said to be shift co-prime, also denoted by gcd,(f,h) =1, if for all
k € Z we have that gcd(f, o®(h)) = 1 Furthermore, we say that f and h are shift-equivalent, denoted
by f ~; h, if there is a k € Z with o ) ¢ F. If there is no such k, then we also write f =, h. *

It is immediate that ~ is an equivalence relation.

Definition 4.1.3.
Let (F[t], o) be a difference ring over F with o(t) = «xt+p where x e F*and B € F. Let @ = {fy,...,fe}
be a finite set of polynomials in F[t] for some e € N that are shift equivalent among each other. We call

fi € D for some i with i € {1,2,..., e} the leftmost polynomial in & if there is a non-negative integer
m > 0 such that for all h € @, o™(f;) = h. *

In the following we will focus mainly on irreducible polynomials f,h € F[t]. Then observe that f ~; h
holds if and only if gcd, (f,h) # 1 holds. In the following it will be important to determine such a
k. Here we utilize the following property of IIZ-extensions whose proof can be found in Karr (1981,
Theorem 4), Bronstein (2000, Corollary 1,2) or Schneider (2001, Theorem 2.2.4).

Lemma 4.1.4.
Let (F(t), o) be a IIT-extension of (F, o) and f € F(t)*. Then = ) € F for some k £ 0 iff == ) € F and
f=ut™ withueF* and m € Z. ¢

Namely, using this result one can deduce when such a k is unique.

Lemma 4.1.5.
Let (F(t), o) be a [1X-extension of (F, o) with o(t) = ot + B for x e F* and B €F. Let f,h € F[t] be

irreducible with f ~; h. Then there is a unique k € Z with —— o) jff O Y ¢ Forf #atorh#bt
for some a,b € F*. ¢
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ProOE:

113

” Suppose that < t €T, (ie, p=0)and f = at and h = bt for some a,b € F*. Then

T e F* forallk € Z and thus k is not unique.

“ <= " Conversely, suppose that k is not unique. Then there are ki,k, € Z With k1 > Kk, such that
o®1(f) = uh and o*2(f) = vh. Then Uk]f:zm Y ¢ F*. Thus by Lemma 4.1.4, Y cFand f=at
for some a € F*. Thus also h = bt for some b € IF*.

Consider the rational difference field (K(x), o) with o(x) = x+ 1. Note that x is a - monomlal Let
f,h € K[x] \ K be irreducible polynomials. If f ~; h, then there is a unique k € Z with ot e K.
Similarly for the mixed g-multibasic difference field (K(x)(t;)...(te), o) with o(x) =x+ 1 and o(t;y) =
giti for T < 1 < e we note that the t; are II-monomials; see Corollary 5.4.2 below. For T < i< e
and E = K(x)(ty)...(t; ) let f,h € E[t;] be monic irreducible polynomials. If f ~; h, then there
is a unique k € Z with == k € E if and only if f £ t; #% h. In both cases, such a unique k can be
computed if one can perform the usual operations in K; see Karr (1981) or Kauers and Schneider (2006,
Theorem 1). Optimized algorithms for these cases can be found in Bauer and Petkovsek (1999, Section
3). In addition, the function Z given in (2.50) or in (2.51) can be computed due to Bauer and Petkoviek
(1999). Summarizing, the following properties hold.

Lemma 4.1.6.
Let (F,0) be the rational or mixed q-multibasic difference field over K as defined in Examples 2.3.6
and 2.3.10. Suppose that the usual operations' in K are computable. Then one compute

(1) the Z-functions given in (2.50) or in (2.51);

(2) one can compute for sh:ft—equ:va/ent irreducible polynomials f,h in K[x] (or in K(x)(t1,...,ti—1)[ti])
akeZW/thU eK(w eK(MhVHJFﬂ} ¢

For further considerations, we introduce the following Lemma which gives a relation between two
polynomials that are shift-equivalent. This proof is a corrected version of the proof of the corresponding
Lemma 4.4 in Ocansey and Schneider (2018).

Lemma 4.1.7.
Let (F(t), o) be a difference field extension of (IF, o) with t transcendental over F and o(t) = ot + f3
(x e F*and p =0orax=1and p € F). Let f, h € F[t] \ F be monic and f ~; h. Then there is a
g € F(t)* with

h = m f. (4.1)

g
If f and h are in addition irreducible, all the irreducible factors in g with the exception of t if 3 = 0, are
shift equivalent to f (resp. h). ¢

IThis is the case if K is strongly o-computable, or if K is a rational function field over a strongly o-computable field.
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Proor:

Since f ~; h, thereis a k € Z and u € F* with o*(f) =uh. In particularu =1, if x =1 and B € F*.
Note that deg(f) = deg(h) = m. If 3 =0, then by comparing coefficients of the leading terms and using
the fact that f, h are monic, we get ut™ = o*(t™). If k > 0 and f =0, set

k—1

g:= H ot (t ™ f).

i=0

Then
o(g) ot ™)  of(f)t™ hut™ h

g t—mf fok(tm)  fok(tm)
Ifk>0and x =1 and 3 € F*, set

Then

g f
Thus (4.1) holds in both cases. On the other hand, if k <0 and 3 =0, set

T (%)

i=1

o(g) o*(f) h
?.

Then
o(g)  tmf ! tmo*(f)  hut™ h

g  ok(tmf 1) ok(tm)f fok(tm) f°
Ifk<0and x =1 and 3 € F*, set

g IZiI_jcr_i (%)

Then
olg) £ _ o) _h
g ok(f1)  f f
Hence again (4.1) holds which completes the proof. n
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CHAPTER §

ALGORITHMIC CONSTRUCTION OF
RII-EXTENSIONS FOR NESTING DEPTH |
EXPRESSIONS IN ProdE(K(n, ")).

In this chapter we will provide a proof for Theorem 3.1.1 for the case ProdE(K(n)) which is also discussed
briefly in Ocansey and Schneider (2017). Afterwards, this proof strategy will be generalized for the case
ProdE(K(n,q™)) in Section 5.5; compare Ocansey and Schneider (2018). In both cases, we will need
the following set from Karr (1981, Definition 21).

Definition 5.0.1.
For a difference field (F, o) and f = (fy,...,fs) € (IF*)* we define

JL(f, F) = {(vl,...,vs) ez® ‘ % = f]"---fys for some g € F*} (5.1)

*

Note that J(f, F) is a Z-submodule of Z* which has finite rank. We observe further that for the special
case const(A, o) = A, we have that % =1 for all g € A*. Thus

J(E, A) == {(vi,...,Vs) EZSH‘]’]...f‘S’s =1}

which is nothing else but the set in Problem GO.
Finally, we will heavily rely on the following Lemma that ensures if a P-extension forms a II-extension.
This result is also related to ideas from Hardouin and Singer (2008).

Lemma 5.0.2.
Let (IF,0) be a difference field and let £ = (fq,...,fs) € (F*)°. Then the following statements are
equivalent.

(1) There are no (vy,...,vs) € Z5\{0s} and g € F* with (5.25), i.e., M (f, F) ={0}.
(2) One can construct a I1-field extension (F(z1)...(zs),0) of (F,0) with o(z;) = fiz;, for 1 <1 <s.

(3) One can construct a Il-extension (F(z1)...(zs),0) of (F,0) with o(z;) =fizi, for 1 <i<s. @
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Proor:
(1) <= (2) is established by Schneider (2010a, Theorem 9.1). (2) = (3) is obvious while (3) = (2)
follows by iterative application of Schneider (2017, Corollary 2.6). =

Throughout this chapter, let (K(x), o) be the rational difference field over a constant field K, where
K = K(k1,...,Ky) is a rational function field over a field K. For algorithmic reasons we will assume in
addition that K is strongly o-computable (see Definition 4.1.1). In Section 5.1 we will treat Theorem 3.1.1
first for the special case ProdE(K). Next, we treat the case ProdE(K) in Section 5.2. In Section 5.3
we present simple criteria to check if a tower of II-monomials t; with @ € K[x] forms a II-extension.
Finally, in Section 5.4 we will utilize this extra knowledge to construct Il-extensions for the full case
ProdE(K(n)).

5.1 CONSTRUCTION OF RII-EXTENSIONS FOR NESTING DEPTH | EXPRESSIONS
IN ProdE(K)

Our construction is based on the following theorem.

Theorem 5.1.1.
Let y1,...,Ys € K*. Then there is an algebraic field extension K’ of K together with a A-th root of unity
¢ € K’ and elements &« = (x1,...,%,) € K" with M (e, K') ={0,,} such that foralli=1,...,s,

Yi= O g el (5.2)
holds for some 1 < pny <A and (Wi1y...,Uiw) € Z"W.
If K is strongly o-computable, then C, the oy and the pwi,u;; can be computed. &

Proor:

We prove the Theorem by induction on s. The base case s = 0 obviously holds. Now assume that there
are a A-th root of unity (, elements & = (x1,...,0,) € (K™)W with Ml (e, K') ={0,,}, T < u; <A and
(Vi,1y.-.Vi,w) € Z" such that

Yi = Clii OC\])i'] e OC\;\}W

holds for all 1 <1< s —1.
Now consider in addition v, € K*. First suppose the case M ((cx1,. .., %, Vs), K') ={0y4+1}. With
X1 i=7Ys, WE Can write yg as
Vs =0 g ol Oy

with A =v; =--- =v,, = 0. Further, with v; ,,.1 =0, we can write
i Vi Vi Vi w+1
Vo= o

for all 1 <1< s—1. This completes the proof for this case.

Otherwise, suppose that the Z-module J ({1, ..., %y, Ys), K') #£ {0, 1} and take a non-zero integer
vector (V1y..., Uy, Us) € M((X1y...y X, Vs)y K')\{Ows1}. Note that ug # 0 since M (x, K') ={0,,}.
Then take all the non-zero integers in (vq,...,V,Us) and define & to be their least common multiple.

Define &; := oc;/'“s' € K" for T < j < w where K" is some algebraic field extension of K’ and let
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2mi

AN = lem(5,A). Take a primitive A'-th root of unity (' := @ » . Then we can express Y, in terms of
5(1 yoooy &W by

_ C/)vs chj s —vj -sign(us) (53)
j=1 ]:1
with 1T < < A, Note that for each j,—vj - sign(us) € Z. Thus we have been able to represent
Ys as a power product of {/ and elements & = (&;,...,&,) € (K’*)" which are not roots of unity.
Consequently, we can write

~ 1L

vi = (C/)Mi &?i,l . (xxl,w

for T <1< s—1, where uy; = [ugfvij for T < j < wand 1 < py < AN, Now suppose that
J (&, K”) #{0,}. Then thereis a (mq,...,m,,) € Z" \ {0,,} such that

@™ =T1(«™) i:n< B el o [T =

j=1 j=1

with (mq,...,m,) # 0,,; contradicting the assumption that Jll (x, K') = {0,,} holds. Consequently,
J (&, K”) ={0,,} which completes the induction step.

Suppose that K is strongly o-computable. Then one can decide if J(x, K’') is the zero-module,
and if not one can compute a non-zero integer vector. All other operations in the proof rely on basic

operations that can be carried out. n
Remark 5.1.2.
In the trivial case, ¢ might simply be 1 in Theorem 5.1.1. In this case, it is redundant and we can even
exclude it. Y
Remark 5.1.3.

Let v1,...,Ys € K* and suppose that the ingredients (, «,...,«, and the u; and u;; are given as
stated in Theorem 5.1.1. Let n € N. Then by (5.2) we have that

n n n
. : K Ui Uy,
=1Ivi=11¢" T Hoc“w: (2" (o)™ o (o)™
k=1 k=1

The following remarks are relevant.
(1) Since Ml («, K) ={0,,}, we know that there are no ge K*, and (u1,...,uw) € Z" \ {0,,} with

olg) _

ot
In short we say that «y,...,a,, satisfy no integer relation. Thus it follows by Lemma 5.0.2 that
there is a II-extension (E, o) of (K,o) with E = k[g1,yf]] o [Uwyyw'] and o(y;) = o y; for
ji=1,...,w

(2) Consider the A-extension (E[9], o) of (E, o) with o(d) = {9 of order A. By Lemma 2.3.57 this is an
R-extension. (Take the quotient field of E, apply Lemma 2.3.57, and then take the corresponding
subring.)
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(3) Summarizing, the products Y, ..., Y™ can be rephrased in the RII-extension (K (11) ... (yw) (8), 0)
of (K, ). Namely, we can represent of" by y; and ¢ by 9.

(4) If K=Q (or if K is the quotient field of a certain unique factorization domain like a rational function
field over @Q), then this result can be obtained without any extension, i.e., K = IZ; see Schneider
(2005). [

More precisely, we have the following Lemma.

Lemma 5.1.4.

Let K be a number field and (K, o) be the difference field with o(c) = c for allc € K. Let (K{(y1) ... (ys), 0)
be a P-extension of (K, o) with o(yi) = viyi where y; € K*. Let ev: K(y1)...(ys) x N — K be the
evaluation function defined as ev(yi,n) =y for 1 <1i<s. Then the following statements hold:

~

(1) One can construct an RII-extension (K(®)(§1) ... (§w), o) of (K, o) with

~

o) =¢d and o) =oxPx for 1T<k<w (54)

where {, € K is a primitive A-th root of unity and an evaluation function €7 : K(9)(§j;) ... () xN — K
defined as

ev(d,n) =" and ev(Jx,n) = . (5.5)

~
~

(2) One can construct a difference ring homomorphism @ : K(y1) ... {ys) = K@) (F1) ... ({w) with

@(ys) = OG- g (5.6)
where vi; € Z and 0 < p; < A such that for all f € K(y1)...(ys) and for alln € N, ev(f,n) =
ev(@(f),n) holds. ¢

Proor:

(1) Givenyi,...,vs € K*, it follows by Theorem 5.1.1 that there is a finite algebraic field extension K of K
together with a A-th root of unity { € K and ..., o, € K such that JlL((et1, ..., &), K) ={0,}
and (5.2) holds. Let (K, o) be a difference field with o(c) = ¢ for all ¢ € K and let (K(j;) ... ({w), 0)
be a P-extension of (K, o) with the automorphism (5.4) and evaluation function (5.5). Since
(1,0, %), K) = {0y}, it follows by Lemma 5.0.2 that (K({j1) ... ({jw), 0) is a II-extension of
(K, o). Consider the A-extension (E(¥), o) of (K, o) where E = R(gﬁ oo (Uw) with o(d) = ¢ of
order A. By Lemma 2.3.57 this is an R-extension '. Note that, one can rearrange the generators in
E@®) = K{1) ... ({w) () to get the RII-extension (K(9)({1) ... (), o) of (K, o).

(2) Consider the uniquely determined ring homomorphism @ : K(y;)...(ys) — K®)(G1) ... (§w) sub-
ject to (5.6). Let f € K(y1)...(ys) with f:= ayj'---yis. We show that ¢ is a difference ring
homomorphism, i.e.,

o(e(f)) = @(o(f)) (57)

Note that if ¢ = 1, then we can consider only the IT-extension (E, o) of (K, o). Otherwise, the construction of the
single R-extension (E(}), o) of (E, o) is a redundant and causes no harm.
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holds. For the left hand side of (5.7) we have:

ole(ayi -yt = oa (O GGl e (00 57 - Gl
=aqa ((Cﬁ)m (0 ¥ )T (o gw)h,w) - ((Cs)vs (o g1)rs,1 o (0 gw)rs,w).

where Vi = gy ug and 15 = vy for T <i<sand 1 <j <w. Using (5.2), the right hand side
of (5.7) is:

e(olayy™ -y =o(a(yiy)™ - (vsys)™) = a((yr @y - )us) =
a((CUeqh o) AVIGIN - gR)) - ((C et - “W)(%”S yiéw ) =
a (€9 (o G)™ - (o Tw) ™) -+ ((CD)° (g §1)™" + -+ (0w Tow) ™).

Thus (5.7) holds. Suppose that the evaluation functions ev and €Y satisfy the conditions (2.26), (2.27)
and (2.28). Then since (5.2) holds, it follows that ev(f,n) = €v(@(f),n) holds for all f €
K(yi)...(ys) and for all n € N. n

The Mathematica package NestedProducts contains the algorithmic part of Theorem 5.1.1 if K is
an algebraic number field, i.e., a finite algebraic field extension of the field of rational numbers Q. More
precisely, the field is given in the form K = Q(0) together with an irreducible polynomial f(x) € Q[x] with
f(0) = 0 such that the degree n := deg f is minimal (f is also called the minimal polynomial of 6). Let
01,...,0,, € C be the roots of the minimal polynomial f(x). Then the mappings

¢::Q(0) = C

defined as . »
@i(Z% 9j) =) v
j=0 j=0

with y; € Q are the embeddings of Q(0) into the field of complex numbers C for all i = 1,...,n.
Note that any finite algebraic extension K’ of K can be also represented in a similar manner and can be
embedded into C. Subsequently, we consider algebraic numbers as elements in the subfield @;(Q(0)) of
C for some 1.

Now let K be such a number field. Applying the underlying algorithm of Theorem 5.1.1 to given
Yi,...,Ys € K* might lead to rather complicated algebraic field extensions in which the «; are represented.
It turned out that the following strategy improved this situation substantially. Namely, consider the map,

|l :K—=R
1
Y = (v,7)?,

where R is the set of real numbers and (y,7y) denotes the product of y with its complex conjugate. In
this setting, one can solve the following problem.

( Problem RU fory € K*. W

L Given 'y € K*. Find, if possible, a root of unity C such that y = ||y|| C holds. J

Lemma 5.1.5.
If K is an algebraic number field, then Problem RU for vy € K* is solvable in K or some finite algebraic
extension K’ of K. ¢
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Proor:

Let vy € K = Q(«) where p(x) is the minimal polynomial of . We consider two cases. Suppose that
Iyl ¢ K. Then using the Primitive Element Theorem (see, e.g., (Winkler, 2012, pp. 145)) we can
construct a new minimal polynomial which represents the algebraic field extension K’ of K with ||y|| € K’.
Define ¢ := ” 7€ K’. Note that ||¢|| = 1. It remains to check if ( is a root of unity?, i.e., if there is an
n € Nwith (" =1. This is constructlvely decidable since K’ is strongly o-computable. In the second
case we have ||y|| € K, and thus ¢ := HYH € K. Since K is strongly o-computable, one can decide again

constructively if there is an n € N with ™ = 1. =

As preprocessing step (before we actually apply Theorem 5.1.1) we check algorithmically if we can
solve Problem RU for each of the algebraic numbers vyq,...,vys. Extracting their roots of unity and
applying Proposition 5.1.6, we can compute a common A-th root of unity that will represent all the other
roots of unity.

Proposition 5.1.6.

Let a and b be distinct primitive roots of unity of order Ay and Ay, respectively. Then there is a primitive
Ac-th root of unity ¢ such that for some 0 < mg, My < A. we have c™e = a and ¢c™® = ). O
Proor:

Take primitive roots of unity of orders A, and Ay, say, . = &% and B = @ZT?. Let a =" and b =BV
for 0 < U< Ag and 0 < v < Ay. Define Ac := lem(Ag,Ap) and take a primitive Ac.-th root of unity,

c= e . Then with My = u;—': mod A, and my = v i—; mod A. the Proposition is proven. u

Example 5.1.7.
With K = Q(i + v/3, v—13), we can extract the following products

e —784 e —17210368
U H13\/—_13(i1+\/§)4’ ][[]13\/—13(1'1+\/§)1° 58)

:‘y_l

=Y2 =1Y3

from (3.4). Let vy = —13, yv2 =+vV—13, y3 =784, yv4 =13, y5s = (1 + V3) and ye = —17210368.
Applying Problem RU to each y; we get the roots of unity 1, —1, 1, ”\f with orders 1, 2,4, 12, respectively.
By Proposition 5.1.6, the order of the common root of unity is 12. Among all the possible 12-th root

of unity, we take ( := e = (—1)'/¢. Note that we can express the other roots of unity with less order
in terms of our chosen root of unity, {. In particular, we can write 1,—1,1 as (', (®, (3, respectively.
Consequently, (5.8) simplifies to

(=1 ) HB*/_ (=¥ ) <(—1)é)“>5ﬁ%. (5.9)

2¢ lies on the unity circle. However, not every algebraic number on the unit circle is a root of unity: Take for instance

1
172\/§ + 3~ i and its complex conjugate; they are on the unit circle, but they are roots of the polynomial x* —2x3 —2x+1
which is irreducible in Q[x] and which is not a cyclotomic polynomial. For details on number fields containing such
numbers see Parry (1975).

3
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The pre-processing step yields the numbers vy} = V13, vs =13, v3 =49 and v, = 16807 which are
not roots of unity. Now we carry out the steps worked out in the proof of Theorem 5.1.1. The package
NestedProducts uses Ge's algorithm (Ge, 1993a); (Kauers, 2005, Algorithm 7.16, page 84) to given
o1 = v/13 and o, =49 and finds out that there is no integer relation, i.e, M ((cx1, ), K') ={0,} with
K’ = @((—1)%,\/§). For the purpose of working with primes whenever possible, we write o) = &3
where a; = 7. Note that, MM ((otq, ), K') = {02}. Now take the AP-extension (K'(9)(y1){y2),0) of

(K, o) with
o(®) = (—1)% 9, o(y1) = V134, o(ys) = 7o

By our construction and Remark 5.1.3 it follows that the AP-extension is an RII-extension. Further, with
7 and o, we can write

13 = (V13)* - 7°, 49 = (V13)° - 72, 16807 = (V13)° - 75,
Hence for
19” y22 r 195 yg
3 ) a3 =—"3
Y Y1

we get o(a]) = y{a{ for i = 1,2,3. Thus the shift behavior of the products in (5.8) is modelled by

/I Qa9 .,.3 !
a; =97 yj, a; =

af, ab, a}, respectively in K'®[y,y1~"1ly2, y, ). In particular, the products in (5.8) can be rewritten
to

(00 (i), (=) (((1)%”)5((%3);)3- 510

5.2 CONSTRUCTION OF RII-EXTENSIONS FOR NESTING DEPTH | EXPRESSIONS
IN ProdE(K)

Next, we treat the case that K = K(ky,...,Ky) is a rational function field where we suppose that K is
strongly o-computable.

Theorem 5.2.1.
Let K = K(Kq,...,Ky) be a rational function field over a field K and let y,...,vs € K*. Then there is
an algebraic field extension K’ of K together with a A-th root of unity ¢ € K’ with A > 1 and elements

o= (01y...,0,) € K(K1y...yky)” with M (x, K'(K1y... k) ={0w} such that foralli=1,...,s we
have (5.2) for some 1 < piy <A and (Wi 1y...,Uiw) € Z%W.
If X is strongly o-computable, then C, the oy and the pi,u;; can be computed. &
Proor:
There are monic irreducible® pairwise different polynomials fi,...,f. from K[k1,..., k] and elements
C1y...,Cs € K* such that for all i with 1 <1 < s we have
Yi = Ci f?iJ f;i’z SR ffi‘r (511)

31t would sulffice to require that the f; € K[k1,..., k] \ K are monic and pairwise co-prime. For practical reasons we
require in addition that the f; are irreducible. For instance, suppose we have to deal with (k(k 4+ 1))™. Then we could
take f1 = k(k + 1) and can adjoin the II-monomial o(t) = f; t to model the product. However, if in a later step also
the unforeseen products k™ and (k + 1)™ arise, one has to split t into two monomials, say t1,t2, with o(t;) = kt; and
o(t2) = (k4 1)t2. Requiring that the f; are irreducible avoids such undesirable redesigns of an already constructed

RII-extension.
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with z; ; € Z. By Theorem 5.1.1 there exist & = (o1,...,0,) € (K”)™ in an algebraic field extension
K" of K with Jll (x, K') ={0,,} and a root of unity ¢ € K’ such that

ci = et oqlm ce OC‘L/LV'MW (512)
holds for some pi,u;; € N. Hence
yio= Mot Lty fERT 202 fEr (5.13)

Now let (Viy. .y ViuyAy.eeyAr) € ZVT with

_ V1 V2 v A1 A2 A
]—CX] 0(,2 "'0(Wwf1 fz "'frr.

Since the f; are all irreducible and the o are from K’ \ {0}, it follows that A; = --- = A, = 0. Note that
o' oy =1

holds in K’ if and only if it holds in K'(ky,...,ky). Thus by Jl(x, K') = {0,,} we conclude that
vy =---=v, =0. Consequently, M ((xX1,..., 00, F1y...,F), K'(K1y..oyKky)) ={0nwar)

Now suppose that the computational aspects hold. Since one can factorize polynomials in K[kq,..., Ky],
the representation (5.11) is computable. In particular, the representation (5.12) is computable by Theo-
rem 5.1.1. This completes the proof. ™

Note that again Remark 5.1.3 is relevant where K’(ky,..., K, ) takes over the role of K’: using Theo-
rem 5.2.1 in combination with Lemma 5.0.2 we can construct a II-extension in which we can rephrase
products defined over K. Further, we remark that the package NestedProducts implements this ma-
chinery for the case that K is an algebraic number field. Summarizing, we allow products that depend

on extra parameters. This will be used for the multibasic case with K = K(q1,...,qc) for a field K (K
might be again, e.g., a rational function field defined over an algebraic number field). We remark further
that for the field K = Q(kq,...,Ky) this result can be accomplished without any field extension, i.e.,

K’ = K; see Schneider (2005).
More precisely, Lemma 5.1.4 can be extended to the following Lemma.

Lemma 5.2.2.

Let K = K(kq,...,Ky) be a rational function field over a field K and (K, o) be a difference field with
o(c) =c forall c € K. Let (K(x1)...(xs),0) be a P-extension of (K, o) with o(x;) = yix; where
Yi € K*. Let ev : K(x1)...(xs) Xx N — K be an evaluation function defined as ev(xi,n) = yI* for
1 <1< s. Then the following statements hold:

(1) One can construct an RII-extension (K(®)(§1) ... ({w), 0) * of (K, o) with
o(9) = 9 and o(Tx) = o T (5.14)

for1 <k < w where K = K(k,..., k) and K is a finite algebraic field extension of K with { € K being
a A-th root of unity and o, € K* together with an evaluation function €7 : K(9)({j1) ... ({w) xN = K
defined as

ev(d,n) =" and ev(Jx,n) = . (5.15)

*Note that if ¢ = 1, then the construction of the single R-extension (K(ﬁ), o) of (K, o) is redundant.
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(2) One can construct a difference ring homomorphism @ : K(x1) ... (xs) = K®)({{1) ... (Jw) with
E(xi) =M PV =gy gl (5.16)
where vi . € Z and 0 < p; < A such that for all f € K(x1)...(xs) and for alln € N,
ev(f,n) =ev(e(f),n)

holds. ¢

Proor:

(1) Given y1,...,vs € K*, it follows by Theorem 5.2.1 that there is a finite algebraic field exten-
sion K of K together with a A-th root of unity ¢ € K* and elements o7, ..., 0, € K* such that
M((x1,...,0), K) = {0,} and (5.13) holds. Let (K, o) be a difference field with o(c) = ¢ for
all ¢ € K and let (K({j1)...(Jw),0) be a P-extension of (K,o) with the automorphism (5.14)
and evaluation function (5.15). Since Jll((ot1, ..., &), K) ={0,}, it follows by Lemma 5.0.2 that
(K({j1) ... ({jw), o) is a IT-extension of (KK, o). In particular, we consider the A-extension ® (E(3), o)
of (K, o) where E = K (1) ... ({j,) with o(d) = {9 of order A > 1. By Corollary 2.3.58 this is an
R-extension. Note that, one can rearrange the generators in E(9) = K({j;) ... (§.)(®) to get the
RII-extension (K(8)({j1) ... ({w),0) of (K, o).

(2) Consider the uniquely determined ring homomorphism @ : K(x;) ... (xs) — K®)({j1) ... ({w) sub-
ject to (5.16). Let f € K(x1) ... {(xs) with f:= ax™ = ax]"---xM. We show that ¢ is a difference
ring homomorphism, i.e.,

o(e(f)) = @(o(f)) (5.17)
holds. For the left hand side of (5.17) we have:
olp(ax™)) = o(a (9 V)™ - (9% §*)™) = 0@ (97 §™) - (9 §™)) =
a ((C9 (o o)™ -+ (o Tw) ™) -+ ((CD)Vs (g Gr)™ - -+ (ot T )™ ).
where vy = @y my and i = My v; k. Using (5.13), the right hand side of (5.17) is:
@(o(ax™ X)) = @(a(yrxi)™ -+ (Yaxs)™) = @ (yg 9% V)™ oo fy, 9 Vo)™ =
(( N (o Go)™ - (0 D) ™) - ((ED)V (g Gr)™ -+ (ot T )™ ).

Thus (5.17) holds. Since (5.13) holds and the evaluation functions ev and €V satisfy the condi-
tions (2.26), (2.27) and (2.28) by Lemma 2.3.26, it follows that ev(f,n) = év(@(f),n) holds for all
f e K(x1)...(xs) and for all n € N. n

By Remark 5.1.2, ¢ can be 1 and thus the construction of the A-extension might be dropped, otherwise, it is redun-
dant.
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Example 5.2.3 (Cont. Example 5.1.7).
Let K’ = K’(k) with K’ = Q((—])]ﬁ,\/ﬁ) and consider

784 (k +1)2 t —17210368 (k + 1)°
—13v/—13k, 5.18
]H]\—,_—J H13\/ (1 ++/3)* E13\/—13(ﬁ+\/§)10|< (518)
=Y
=1Y2 =1Y3

which are instances of the products from (3.4). By Example 5.1.7 the products in (5. 8) can be mod-
elled in the RII-extension (K'(9)(y1)(ys),0) of (K’;o). Note that k,(k + 1) € K[k] \ K are both
irreducible over K. Thus J((v13,7,k,x+ 1), K’) = {04} holds. Consequently by Remark 5.1.3,
(K'(9)(y1)(y2){ys){ya), o) is an Rll-extension of (K’ o) with

o(ys) = Kys and oly4) = (k+1) y4.

Here the II-monomials y3 and y, model k™ and (k 4 1)™, respectively. In particular, for i = 1,2,3 we
get o(a;) = vy a; with
AT y2y2 9° ug 144

=9 y? ys, a=—F>"t as = (5.19)
Yi1Ys 111 Ys

In short, a;, az, a3 model the shift behaviours of the products in (5.18), respectively. In particular, the
products in (5.18) can be rewritten to

3 (((—1)%)“)”(7“)2((K+n“)2 (((—1”)“)5Un)z((KH)n)S. (5.20)
(v13)") r (V1)) wr

5.3 STRUCTURAL RESULTS FOR SINGLE NESTED [I-EXTENSIONS

Finally, we focus on products where non-constant polynomials are involved. Similar to Theorem 5.2.1 we
will use irreducible factors as main building blocks to define our II-extensions. The crucial refinement is
that these factors are also shift co-prime; compare also Schneider (2005, 2014). Here the following two
lemmas will be utilized.

Lemma 5.3.1.
Let (F(t), o) be a IIX-extension of (F, o) with o(t) = at+ B (x € F* and B =0orax=1and f € F).
Let f = (fy,...,fs) € (F[t] \ F)*. Suppose that

Vi,j (1 <i<j<s):gedy(fi, fj) =1 (5.21)
holds and that for i with 1 < i < s we have that®
E°~ J eF V VkeZ\{0}: ged(fy, o®(f;)) = 1. (5.22)

Then for all h € F* there does not exist (v1,...,vs) € Z° \{0s} and g € F(t)* with
o(g)

g
In particular, L (f, F(t)) ={0}. ¢

=V, (5.23)

®We note that (5.22) could be also rephrased in terms of Abramov’s dispersion Abramov (1971); Bronstein (2000).
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Proor:
Suppose that (5.21) and (5.22) hold. Now let h € F* and assume that there are a g € F(t)* and
(Viy...,vs) € Z° \ {Os} with (5.23). Suppose that = 0 and g = ut™ for some m € Z and some

u € F*. Then
o(g)

g

Hence vi = 0 for 1 < i < s since the f; are pairwise co-prime by (5.21), a contradiction. Thus we can
take a monic irreducible factor, say p € F[t] \ F of g where p # t if § = 0. In addition, among all these
possible factors we can choose one with the property that for k > 0, o*(p) is not a factor in g. Note
that this is possible by Lemma 4.1.5. Then o(p) does not cancel in %. Thus o(p) | f; for some 1 with
1 <1 <s. On the other hand, let r < 0 be minimal such that o"(p) is the irreducible factor in g with the
property that 0" (p) does not occur in o(g). Note that this is again possible by Lemma 4.1.5. Then ¢"(p)
does not cancel in %. Therefore, o"(p) | f;j for some j with 1 < j <'s. Consequently, ged, (fi, fj) # 1.
By (5.21) it follows that i =j. In particular by (5.22) it follows that

€F. (5.24)

o(f3)
T3

e F.

By Lemma 4.1.4 this implies f; = wt™ with m € Z, w € F* and 3 = 0. In particular, p = t, which we
have already excluded. In any case, we arrive at a contradiction and conclude that vi =---=v., =0. m

Note that condition (5.21) implies that the f; are pairwise shift co-prime. In addition condition (5.22)
implies that two different irreducible factors in f; are shift-co-prime. The next lemma considers the other
direction.

Lemma 5.3.2.

Let (IF(t), o) be a difference field extension of (IF, o) with t transcendental over F and o(t) = oct+ 3 where
x € Fand P e€F. Let f = (f1,...,fs) € (F[t] \ F)® be irreducible monic polynomials. If there are no
(Viy...yvs) € Z°\{0s} and g € F(t)* with

olg) _ M (5.25)

g
ie., if ML(F, F(t)) ={0s}, then

Vi,j(1<i<j<s): gedy(fi,fy) =1

holds. ¢

Proor:
Suppose there are i,j with 1 <1 <j <'s and ged, (fi, fj) # 1. Since fy, f; are irreducible, f; ~ f;. Thus
by Lemma 4.1.7 there is a g € F(t)* with f; = <9 £, Hence % = fif;! and thus we can find a

(Viy...yve) € 75\ {0,) with (5.23). ’ .

Summarizing, we arrive at the following result.

Theorem 5.3.3.
Let (F(t), o) be a Il1X-extension of (IF, o). Let f = (f1,...,fs) € (F[t] \ F)® be irreducible monic polyno-
mials. Then the following statements are equivalent.
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(1) Vi,j:1<i<j<s, gedg(fy, f5) =1
(2) There does not exist (vy,...,vs) € Z*\{0s} and g € F(t)* with

o) _ o

g
ie, JL(f, F(t)) = {0,).

(3) One can construct a Il-field extension (F(t)(x1)...(xs),0) of (F(t),0) with o(xi) = fixi, for
1< i<s.

(4) One can construct a I-extension (F(t)[x1,%;']...[xs,%5 '], 0) of (F(t),0) with o(x;) = fi %1, for
1 <i1<s. &

Proor:

Since the f; are irreducible, the condition (5.22) always holds. Therefore (1) = (2) follows from
Lemma 5.3.1. Further, (2) = (1) follows from Lemma 5.3.2. The equivalences between (2), (3) and
(4) follow by Lemma 5.0.2. n

5.4 CONSTRUCTION OF RII-EXTENSIONS FOR NESTING DEPTH | EXPRESSIONS
IN ProdE(K(n))

Finally, we combine Theorems 5.2.1 and 5.3.3 to get a IT-extension in which expressions from ProdE(K(x))
can be rephrased in general. In order to accomplish this task, we will show in Lemma 5.4.4 that the II-
monomials of the two constructions in the Sections 5.2 and 5.3 can be merged to one RII-extension.
Before we arrive at this result some preparation steps are needed.

Lemma 5.4.1.

Let (F(t), 0) be a X-extension of (IF, ) with o(t) =t+  and let (E, o) be a II-extension of (IF, o). Then
one can construct a Xi-extension (E(t), o) of (E, o) with o(t) =t+ . ¢
ProoF:

Let (E, o) be a Il-extension of (F, o) with E = F(ty)...(te) and suppose that there is a g € E with
o(g) = g+ B. Let i be minimal such that g € F(t;)...(ti). Since F(t) is a Z-field extension of F, it
follows by Theorem 2.3.51 that there is no g € F with o(g) = g+ 3. Then (Karr, 1985, Lemma 4.1)
implies that g cannot depend on t;, a contradiction. Thus there is no g € E with o(g) = g+ 3 and by
Theorem 2.3.51 we get the X-field extension (E(t), o) of (E, o) with o(t) =t+ . n

As a by-product of the above lemma it follows that the mixed g-multibasic difference field is built by
[I-monomials and one X-monomial.

Corollary 5.4.2.
The mixed q-multibasic difference ring (IF, o) with F = K(x)(t1)...(te) from Example 2.3.10 is a II%-
extension of (K, o). In particular, const(F, o) = K. &
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Proor:

Since the elements q1,..., q. are algebraically independent among each other, there are no g € K* and
(Viy...,Ve) € Z° \ {0} with

olg)

g

Therefore by Lemma 5.0.2, (E, o) with E = K(t1)... (te) is a II-extension of (K, o) with o(ti) = qi t;
for 1 < i < e. Since (K(x),0) is a X-extension of (K, o), we can activate Lemma 5.4.1 and can
construct the X-extension (E(x), o) of (E, o). Note that const(E(x), o) = const([E, o) also implies that
const(K(x)(ty)...(te), o) = const(K(x), o) = K. In particular, the P-extension (K(x)(t;)...(te), o) of
(K(x), o) is a IT-extension. Consequently, (F, o) is a [IX-extension of (K, o). n

1= gy gy

Proposition 5.4.3.
Let (F(tq1)...(te),0) be a [IX-extension of (F, o) with o(t;) = ity + By where By #0 or ¢y = 1. Let
f e F*. If thereisa g€ F(ty,...,t.)* with

o9 _¢
g
then g = wty' -tV where w € F*. In particular, vi =0, if 1 # 0 (i.e., t; is a X-monomial) or v; € Z,
if B =0 (i.e., t; is a II-monomial). O
Proor:
See Schneider (2001, Corollary 2.2.6, page 76). n
Lemma 5.4.4.

Let (K(x),0) be the rational difference field with o(x) = x + 1 and let (K(x)[x1,%7']...[%s, %25 '], 0)
be a Il-extension of (K(x), o) as given in Theorem 5.3.3 (item (4)). Further, let K’ be an algebraic field
extension of K and let (K'[y1,y7 '] ... [yw,ywn'l, o) be a l-extension of (K', &) with % € K'\{0}. Then
the difference ring (E, o) with B = K'(x)[y1,y7 1.+ Ww, Yow 1x1,%7 1. [2s, %5 '] is a H-extension of

(K'(x), 0). Furthermore, the A-extension (E[9], o) of (E, o) with c(®) = (9 of order A is an R-extension.4

Proor:

By iterative application of Schneider (2017, Corollary 2.6) it follows that (I, o) is a II-field extension of
(K';0) with F = K'(y¢1)...(yw). Note that (K'(x), o) is a Z-extension of (K, ). Thus by Lemma 5.4.1
(F(x), o) is a L-extension of (IF, o). We will show that (H, o) with H = F(x)(x1) ... (xs) forms a II-field
extension of (F(x), o). Since (K(x)[x1,%7']...[xs,%5'],0) is a I-extension of (K(x), o) as given in
Theorem 5.3.3 (item (4)), we conclude that also (item 2) of the theorem, i.e., condition (5.21) holds.
Now suppose that there is a g € F(x)* and (ly,...,1l5) € Z° with

ﬂQ:ﬂunﬁeKuy

g
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By reordering of the generators in (F(x),0) we get the II-field extension (K'(x)(y1)...(yw),0) of
(K'(x),0). By Proposition 5.4.3 we conclude that g = wy;'...yn with (ng,...,n,,) € Z" and

w € K'(x)*. Thus % = %oﬁ” ..o and hence
o(w) 1
o - ufy ... fl (5.26)

for some u € K'*. Now suppose that fl,f € Kix] C F[x] with i # j are not shift-co-prime in F[x].

Then there are a k € Z and v, f;, f; € Flx] \ F with o*(f;) = vf; and f; = vfi. But this implies that

fi;—i = o*(f;) € K[x]. Since fl,O'(f) € K[x], this implies that f—i € K(x). Since fi, o(f;) are both

irreducible in K[x] we conclude that € K. Consequently, f; and fj are also not shift-co-prime in KI[x],
a contradiction. Thus the condition (5 21) holds not only in K[x] but also in F[x]. Now suppose that
ged(fy, 0%(fi)) # 1 holds in F[x] for some k € Z \ {0}. By the same arguments as above, it follows that
o*(f;) = uf; for some u € K. By Lemma 4.1.4 we conclude that f; = t and Gtt € F. Therefore
also condition (5.22) holds. Consequently, we can activate Lemma 5.3.1 and it follows from (5.26) that
l; =--- =1, = 0. Consequently, we can apply Theorem 5.3.3 (equivalence (2) and (3)) and conclude
that (H, o) is a II-field extension of (F(x),c). Finally, consider the A-extension (H[8],0) of (H, o)
with o(9) = (9 of order A. By Lemma 2.3.57 it is an R-extension. Finally, consider the sub-difference
ring (H, o) with H = K’(x)[yhg]_]] .. [gw,y;v1][%1,%1_1] .. [%S,%S_‘][{)] which is an AP-extension of
(K’(x), 0). Since const(H, o) = const(K’(x), 0) = K/, it is an RII-extension. n

Remark 5.4.5.
Take (H, o) with H = K'(x){y1) ... (yw)(x1) ... (xs)(9) as constructed in Lemma 5.4.4. Then one
can rearrange the generators in H to get the RIl-extension (K'(x)(®)(y1)...{yw)(%1)...(xs),0) of

(K'(x), 0). L)

With these considerations we can derive the following theorem that enables one to construct RII-extension
to model product expressions in ProdE(K(n)) of nested depth-1.

Theorem 5.4.6.
Let (K(x), o) be the rational difference field with o(x) = x + 1 where K = K(k,...,Ky) is a rational
function field over a field K. Let hy,...,h € K(x)*. Then one can construct an Rll-extension (A, o) of

(K'(x), o) with
A=K Byt ur' 1wyt 1Be1y 27 1o sy %5 ']

and K’ = K’(kq,...,ky) where K’ is an algebraic field extension of K such that

e 0(d) = (O where ( € K' is a A-th root of unity;

o L%) = o5 € K'\ {0} for 1 <j < w where the «; are not roots of unity;
Yj

o(xv) =f, € K[x] \ K are irreducible’ and shift co-prime for 1 < v <'s;

Zv

“Instead of irreducibility it would suffice to require that the f; satisfy property (5.22) for 1 < i < s. Restricting to
irreducible factors simplifies the proof/construction below. In addition, it also turns the obtained difference ring to a
rather robust version. E.g., suppose that one takes f; = x (2x+ 1) leading to the [I-monomial x with o(x) =x (2x+1) %
Further, assume that one has to introduce unexpectedly also x and 2x 4 1 in a later computation. Then one has to
split x to the [I-monomials x1,%, with o(x1) = x%1 and o(x2) = (2x + 1) x,, i.e., one has to redesign the already
constructed RII-extension. In short, irreducible polynomials provide an RIIZ-extension which most probably need not
be redesigned if other products have to be considered.
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holds with the following property. For 1 < i < m one can define

gy = T OME Iy M Vi Vi € A (5.27)
withO <y KA—=T, Ui 1yeeey Uiw,Vi1y.-+,Vi,s € Z and 1y € K(x)* such that

o(gi) = o(hy) gi. (5.28)
If X is strongly o-computable, the components of the theorem can be computed. &
Proor:
For 1 < 1 < m we can take pairwise different monic irreducible polynomials pq,...,pn € K[x] \ K

Yiy+-+yYm € K* and di 1,...,din € Z such that

o(h) = yipi* - paer

holds. Note that this representation is computable if K is strongly o-computable. By Theorem 5.2.1 it
follows that there are a A-th root of unity { € K’, elements & = (x1,..., %) € (K™)" with Ml (x, K') =
{Ow} and integer vectors (i 1,...,Uiw) € Z" and p; € N with 0 < py < A such that

»yi — Cui o(‘;‘ti‘] e “;i,w
holds for all T <1< m. ObV|ous|y the o4 with 1 < j < w are not roots of unity. By Lemma 5.0.2 we

get the H-extensmn (K'Ty1,y;7 ' [gw, uy'l,0) of (K'y0) with o(y;) = o y; for 1 <j < w and we
obtain

a; =iyt y b (5.29)

with

olaiy) =viaq; (5.30)
for 1 <1< m. Next we proceed with the non-constant polynomials in K[x] \ K. Set . = {p1,...,pn}-
Then there is a partition P = {&,...,8s} of F with respect to ~, i.e., each €; contains precisely the
shift equivalent elements of 9. Take a representative from each equivalence class €; in % and collect
them in &F := {fq,...,fs}. Since each f; is shift equivalent with every element of §;, it follows by
Lemma 4.1.7 that for all h € §;, there is a rational function r € K(x)* with

h= m fi

T

for 1 <1 <'s. Consequently, we get 1y € K(x)* and v;; € Z with

din o(ri)

paiu Ceepobt = T f‘]’iJ . ,f\sli,s
for all T <1< s. Further, by this construction, we know that gcd(fi,f;) =1 for 1 <1 <j <'s. There-
fore, it foIIows by Theorem 5.3.3 that we can construct the II-extension (K(x)[1,%7']... [%s, %5 '], 0)
of (K(x),0) with o(x%i) = fi%i. Now define by =1 %" -+ - xVts. Then we get
o(by) =p' .- plin by, (5.31)

Finally, by Lemma 5.4.4 and Remark 5.4.5 we end up at the RIl-extension (A, o) of (K’(x),o) with
A=K x) B y1,u; .. [, g Ber, %7 oo Beey %2 '] with 0(9) = 9, o(y;) = oy for 1 <j < w
and o(xi) = fixq for 1 <1i<s.

Now let g; be as defined in (5.27). Since gi = a; b; with (5.30) and (5.31), we conclude that (5.28)
holds. If K is strongly o-computable, all the ingredients delivered by Theorems 5.1.1 and 5.3.3 can be
computed. This completes the proof. n
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Example 5.4.7.
Let K = K(k) be a rational function field over the algebraic number field K = Q(i1 4 v/3, v/—13) and take
the rational difference field (K(x), o) with o(x) = x+ 1. Given (3.5), we can write

o(h1) =vipy ', o(h2) =v2p1 P57, o(hs) =v3p1p3°

where the y1,v2,7v3 are given in (5.18) and where we set p; = x+1, p2 = x+3 as our monic irreducible
polynomials. Note that p; and p; are shift equivalent:
2

ged(p2, 0°(p1)) = p2.

Consequently both factors fall into the same equivalence class
E={0"(x+1)|keZ ={c"(x+3)|k e Z).

Take p; = x + 1 as a representative of the equivalence class €. Then by Lemma 4.1.7, it follows that
there is a g € K(x)* that connects the representatives to all other elements in their respective equivalence
classes. In particular with our example we have

x+3:m(x+1) where g = (x+1) (x + 2).

g
By Theorem 5.3.3, it follows that (K(x)[x,% '], o) is a II-extension of the difference field (K(x), o) with

o(x) = (x+1)%. In this ring, the II-monomial x models n!. By Lemma 5.4.4 the constructed difference
rings (K'[9] (y1) (y2) (ys) (y4), 0) and (K(x) (x), o) from Example 5.2.3 with K’ = Q((—1)%, v/13)(k)
can be merged into a single RIl-extension (A, o) where A is (3.6) with the automorphism defined ac-

cordingly. Further note that for

1 1 1
L 2T x+1)2(x+2)2%’ T (x+1)5 (x +2)5 %4
we have that
o(by) =p; ' by, o(b2) =p1p, 2 b2, o(b3) =p1p;° bs.

Taking a7, az,asz in (5.19) with o(yi) = a;yi for i = 1,2,3, we define g = a;b; fori =1,2,3 and
obtain o(gi;) = o(hi) gi. Note that the g; are precisely the elements given in (3.7). *

Now we are ready to prove Theorem 3.1.1 for the special case ProdE(K(n)). Namely, consider the nested
depth-1 product expressions

Pi(n) =] Jhi(k),...,Pm(m) =] [hm(k) €Prod(K(n))
k=40, k=fm

with £; € N where £; > Z(h;). Further, suppose that we are given the components as claimed in
Theorem 5.4.6.

e Now take the difference ring embedding T({) = (ev (%,n)>n>o for a,b € KI[x] where ev is defined
in (2.1). Then by iterative application of part (1) of Lemma 2.4.3 we can construct the K’-homomorphism
T:A — §(K’) determined by the homomorphic extension of

o (V) = (C")n>o0,
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o T(yi) = (af)n>o for T <i<wand
o T(zi) = ([Tne filk = 1))nso with €/ = Z(f;) + 1 for 1 <i<s.

In particular, since (A, o) is an RII-extension of (K’(x), o), it follows by part (3) of Lemma 2.4.3 that T
is a K’-embedding.
e Finally, define for 1 <1 < m the product expression

Vi1 Vi s

Gi(n) = i(n) (T (o) - (o) | T itk —1) |- [ [T sl =1)

k= K=/

from Prod(K’(n)) and define &; = max(&;, {],...,£.,Z(r;)). Observe that T(gi) = (G{(1n))n>0 with
(5.32)

By (5.28) and the fact that T is a K’-embedding, it follows that

S(t(gi)) = S{t(hi)) T(gi).
In particular, for n > §; we have that
Gim+1) =hin+1)Gi(n).
By definition, we have
Piin+1) =hi(n+1)Pi(n)

for n > 6; > {;. Since Gi(n) and P;(n) satisfy the same first order recurrence relation, they differ only
by a multiplicative constant. Namely, setting Qi(n) = ¢ Gi(n) with

Pi(64)
Gi(03)

c= e (K')*

we have that P;i(8;) = Qi(di) and thus Pi(n) = Qi(n) for all n > &;. This proves part (1) of Theo-
rem 3.1.1. Since T is a K’-embedding, the sequences

<(X?>n20’ ) <(X:/1V>n>0’ <H f1 (k o 1)>n>O’ ) <H fs (k - 1)>n20

k=¢] k=¢}

are among each other algebraically independent over T(K'(x))[(C™). _ ] which proves property (2) of
Theorem 3.1.1.

Example 5.4.8 (Cont. Example 5.4.7).
We have

o(gi) = o(hi) g
for i = 1,2,3 where the h; and g; are given in (3.5) and (3.7), respectively. For the K’-embedding

defined in Example 3.1.2 we obtain

n

ci1(gi) = (Pi(n))nso with Pi(n) = [ [ hi(k)
k=1
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and c; =1, c; =4 and c¢3 = 32. Since there are no poles in the g; we conclude that for

4 (((_1)é)“>” 7™ ((k+1)™)°

Gi(n) = n! ) Ga(n) = - : i |
. (1)’ (n+2)” ((VI3)") e
Gs(n) = 32((=09)") () (x4 1)’
(n+1)5<n+2)5 ((\/ﬁ) >3Kn o)
we have

Pi(n)=Gi(n) formn>1.

With P(n) = P;(n) + P2(n) + P3(n) (see (3.4)) and Q(n) = Gy(n) + G2(n) + G3(n) (see (3.8)) we
get

Pm)=Q(n) forn>1. (5.33)

*

Example 5.4.9.
The calculation steps illustrated in Examples 5.1.7, 5.2.3, 5.4.7, and 5.4.8 have all been implemented in
my Mathematica package NestedProducts. The Mathematica Session 1 below demonstrate how one can

use the Mathematica package NestedProducts to simplify the nested depth-1 hypergeometric product
given in (3.4).

( )

p L Mathematica Session 1 ] N

infi:= <<NestedProducts"
NestedProducts — A package by Evans Doe Ocansey — (C) RISC — Version 1.0 (October 1, 2019) ‘

—13+/—13«k
k

ne= P = “FormalProduct[ y ik, 1, n}| +
- 2
784 (k + 1)k ,{k,1,n}}
3vV=13 (i ++v3)4k(k+2)2
— 17210368 (k + 1)°k

3v/—13(1++v3)1%k (k+2)

FormalProduct [1

+ FormalProduct[ = ik, 1, “}];
ngl= Q = ProductReduce[P]

(8™ (") e a5 72 (e + 1)

eri{ES Yy u 2 2 = -
‘ (n+1)* (n+2)* (VI3)") xnn
32 (1)) (7)° (e + 1)
(n+1)° (n+2)° (V1)) k()

“Subsequently, we will use the shortcut FProduct which is an alias of FormalProduct.

Note that with Q given by the output Out[3] in Mathematica Session 1, the identity (5.33) holds. x
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Example 5.4.10.
Using the Mathematica package NestedProducts, we can simplify the nested depth-1 hypergeometric
product

n—1
2(2k—1
=11 (T) € Prod(K(n))
k=1
which evaluates to the same sequence as the central binomial coefficients (2 (n”_j”) forallm > 0 as
follows.
- { Mathematica Session 2 } \
nel= A = FProduct [%_”, {k, 1, n— 1}] ;
ns= B = ProductReduce[A]
2 n
n (Zn) 1
P 22n—1n n! g(k_ 2

Internally, the package uses the function SynchroniseProduct to rewrite the hypergeometric product
A(n) by changing the upper bound from n — 1 to n. This preprocessing step returns the nested depth-1
hypergeometric product

n
« 2 2k —-1)
Aln
() = Zn —1) H

k=1

In particular,
An)=AMn) vn>1

holds. The package then reduces the hypergeometric product ;‘\(n) to get the output Out[5] in Mathe-
matica Session 2. *

5.5 CONSTRUCTION OF RII-EXTENSIONS FOR NESTING DEPTH | EXPRESSIONS
N ProdE(K(n, q"))

In this section we extend the results of Theorem 5.4.6 in the previous section to the case ProdE(K(n, q™")).
As a consequence, we will also prove Theorem 3.1.1.

5.5.1 STRUCTURAL RESULTS FOR NESTED [[-EXTENSIONS

In the following let (F., o) be a IIX-extension of (Fo, o) with F. = Fo(t;) ... (te) with o(t;) = o ti + B
and o; € F§, Bi € Fo for 1 <i<e Weset Fi =Fq(t1)...(t) and thus (Fi_;(t), o) is a IIX-extension
of (Fi_;,0) for1 <i<e.

We will use the following notations. For f = (fy,...,fs) and h we write f A\ h = (fy,...,fs,h) for
the concatenation of f and h. Moreover, the concatenation of f and h = (hy,...,hy) is denoted by
fAh=(f,...,fs,hy,..., hy).
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Lemma 5.5.1.
Let (F.,0) be a [I1X-extension of (Fy,0) as above. If the polynomials in f; € (Fi_1[t;] \ Fi_1)St for
1 <i<eands; € N\ {0} are such that

gedy (fij, fi) =1 for1<j<k<sy (5.34)
holds and that for 1 < { < s;
o(fie) ) K _
f— c Fi,1 V Yk e Z\{O} : ng(fi,(’,a o (fi’g)) = 1, (535)
i,0
then (1 /\--- Nfe, Fe) ={0s} where s = s + -+ + se. ¢
Proor:
Let vi € Z%',...,Ve € Z°¢ and g € 7 with
‘7(99) — YT Y (5.36)
Suppose that not all v; with T < i < e are zero-vectors and let T be maximal such that v, # Os.. Thus

the right hand side of (5.36) is in IE‘T and it follows by Proposition 5.4.3 that g = y .79+ tge with
Yy € F¥ and u; € Z; if t; is a ¥-monomial, then u; = 0. Hence

o e Y Y Y = Y

r+1 e r—1"'r

with h = o, 5" agMe )7 -+ £)7] € F;_,. Since conditions (5.34) and (5.35) hold for these entries,
Lemma 5.3.1 is applicable and we get Vv, = Osr, a contradiction. n

We can now formulate a generalization of Theorem 5.3.3 for nested IIX-extensions.

Theorem 5.5.2.

Let (F,0) be the IIZ-extension of (Fo,0) from above. For 1 < i < e, let f; = (fi1,...,fis) €
(Fi_1[t]\F;_1)%t with s; € N\{0} containing irreducible monic polynomials. Then the following statements
are equivalent.

(1) ged,(fij, fix) =1foralll <i<eand1 <j<k<s;
[ S1 Se 1 P *
| s eeey
(2) There does not exist vi € Z Ve € Z%¢ withvy /\--- Ave # 05 and g € F% such that

o) g
9
holds. That is, M (f1 /\--- Nfe, Fo) ={0s} where s = s7 + -+ - + se.
(3) One can construct a II- fie/d extension (F. (%1 1) ...(%1)51) coi(x%e,1) o (%e,s.)y 0) Of (Fey0) with
o(x%ix) =fixkxix for 1 <i<eand1 <k<

(4) One can construct a Il-extension (E, o) of (Fe,0) with E = Fe(xq11) ... (%1,5,) - (%e,1) -+« (Re,s.)
anda(zlk)—ﬁk%lk fOI’] 1<eand1 kgsi. <>
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Proor:
(1) = (2): Since the entries in f; are shift co-prime and irreducible, conditions (5.34) and (5.35) hold
and thus statement (2) follows by Lemma 5.5.1.
(2) = (3): We prove the statement by induction on the number of IIX-monomials t;,...,t.. Fore =0
nothing has to be shown. Now suppose that the implication has been shown for F._;, e > 0 and set
E=Fe 1(x%1,1,-c0y%1,5,) -+ (Re—1,1y+ - ey %e—1,5, ;). Suppose that (E(xe,1y...,%e,s.),0) is not a II-
field extension of (E, o) and let { be minimal with s; < s. such that (E(x¢ 1,...,%e,s,),0) is not a [I-field
extension of (E, o). Then by Theorem 2.3.42 there are a v s, € Z\ {0} and an w € E(xe1y...,%e,s;)"
with j = € — 1 such that o(w) = fZ:f“ w holds. By Proposition 5.4.3, w = gx ¢ x:e:)] with
(Ve,1y+-+yVe,s;) € Z% and g € F;_4. Thus

o(g) —Ve,s;

T — f;\]’m . fe,sj j fz,e’ssf-
(3) = (2). We prove the statement by induction on the number of IIX-monomials t;,...,t.. For
the base case e = 0 nothing has to be shown. Now suppose that the implication has been shown
already for e — 1 II3¥-monomials and set E = Fe(%1,1,...y%1,5,) -+ (Xe—1,1y+++yXe—1,5, ;). Suppose
that (E(xe,1,...,%e,s.),0) is a II-field extension of (E, o) and assume on the contrary that there are a
g € F% and ve € Z%¢ \ {0s,} such that

w = f}’ S P

g e—1

holds. Let j be maximal with v, ; # 0 and define

. —Vi —Ve—1,, —Ve,l —Ve,j—1 *
Yi=g%g R 7 %10 e i € ElRe 1y ey %e,j-1)
where %V =% Vi ... " for 1 <i< eand g€ F% Then
i i,1 i,s4 = e’
O—(‘Y) o fVe,j
e
v

with v, # 0; a contradiction since (E(xe 1,...,%e,j),0) is a II-field extension of (E(x¢ 1,...,%e,j-1), 0)
by Theorem 2.3.42.

(2) = (1). We prove the statement by induction on the number of IIX-monomials t;,...,t.. Fore =0
nothing has to be shown. Now assume that the implication holds for the first e — 1 IIX-monomials. Now
suppose that there are k, ¢ with 1 < k,€ < s and k # £ such that gcd(fex,fe,e) # 1 holds. Since
ged(fe xy fe,e) # 1 we know that they are shift equivalent and because f. i, fe ¢ are monic it follows by
Lemma 4.1.7 that there is a g € [} with

0—(g)fe,k - fe,€
and thus
0-(9) :f¥1 "‘f‘e)e
g

holds with v =05, fori<i<e—1and v, =(0,...,0,Vex,0,...,0,v¢ ¢,0,...,0) € Z% \ {05} where
Vex =—1land ve g = 1.
(3) = (4) is obvious and (4) = (3) follows by Schneider (2017, Corollary 2.6). n
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5.5.2 PROOF OF MAIN RESULT FOR NESTING DEPTH | PRODUCTS (THEOREM 3.1.1)

Using the structural results for nested IIX-extensions from the previous chapter, we are now in the
position to handle the mixed ¢-multibasic case. More precisely, we will generalize Theorem 5.4.6 from
the rational difference field to the mixed g-multibasic difference field (I, o) with @ = (q1,...,qe_1).
Here we assume that K = K(ky,...,Ky)(q1,...,ge_1) is a rational function field over a field K where
K is strongly o-computable. Following the notation from the previous subsection, we set Fy := K and
F; = Fo(ty)...(t;) for T < 1 < e. This means that (Fy(t;),0) is the X-extension of (Fy,0) with
o(t;) =t; + 1 and (F;_1(t;), 0) is the II-field extension of (F;_1,0) with o(t;) =q;_1 ¢ for2<i<e.

As for the rational case we have to merge difference rings coming from different constructions. Using
Theorem 5.5.2 instead of Theorem 5.3.3, Lemma 5.4.4 generalizes straightforwardly to Lemma 5.5.3.
Thus the proof is omitted here.

Lemma 5.5.3.

Let (F., o) be the mixed q-multi-basic difference field with ¥y = K from above. Further, let (K(y1)...{yw),0)
be a Il-extension of (K, o) with o; = % € K* and (Fe(x1,1) ... (%1,51) - (%e,1) -+ (Xe,5.), O) be

a Il-extension of (Fo, o) as given in item (4) of Theorem 5.5.2. Then the difference ring (E, o) with
E=Fe(yi)...(yw)&1,1) .. (%1,51) -+ (Xe,1) + - (Xe,s.) Is @ II-extension of (Fe, o) . Furthermore, the
A-extension (E[9], o) of (E, o) with o(d) = (¥ of order A is an R-extension. ¢

Gluing everything together, we obtain a generalization of Theorem 5.4.6. Namely, one obtains an al-
gorithmic construction of an RlII-extension in which one can represent a finite set of hypergeometric,
g-hypergeometric, -multibasic hypergeometric and mixed g-multibasic hypergeometric products.

Theorem 5.5.4.

Let (F.,0) be a mixed q-multibasic difference field extension of (Fo,0) with Fy = K where K =
K(Kyy..oyKy)(q1y---yqe—1) is a rational function field, o(t;) =t; +1 and o(t;) = qe_1t; for2 <€ <e.
Let hy,...,hy € FL. Then one can define an RIl-extension (A, o) of (K'(t), o) with

A=K'(t)... (t)®lyr,uy 1o Ty 1% ] B sy 2y g e B 1y %0 1) e e ser %08, (5.37)
and K' = K’(k1,...,ky)(q1y.-.,qe_1) where K’ is an algebraic field extension of K such that

o o(D) = (9 where { € K is a A-th root of unity.

O' .
o (ys) = o € K'\ {0} for 1 < j < w where the «; are not roots of unity;
Yj
0%
(x ) =fi; € Fi_1[ti] \ Fi_1 are monic, irreducible and shift co-prime;
]

holds with the following property. For 1 < k < m one can define®

— B Uikt oLy Wew s VieTT L Viobst Vot VioBs L Vet Vioese
gk = T 9y, Yw" 21 1,51 %21 %25, Ze i %e,se (5.38)

with O < e <KA—1, Ui € Z, Vyi,j € Z and 1 € Fy such that

o(gx) = o(hk) gk.

If K is strongly o-computable, the components of the theorem can be computed. &

8We remark that this representation is related to the normal form given in Chen et al. (2011).
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Proor:
Take irreducible monic polynomials B = {p1,...,pn} C Folty, ta, ..., tc] and take y1,...,ym € F§ such
that for each k with 1 <k < m we get di1,...,dxn € Z with

dy,1

o(hi) =vip;

dy,
.. .‘pn ".

Following the proof of Theorem 5.4.6, we can construct an Rll-extension Fy(x)(®)(y1)...(yw) of
(Fy(x), o) with constant field Fy = K’(kq,...,Ky)(q1,---,ge—1) where K’ is an algebraic extension of K
and the automorphism is defined as stated in Theorem 5.5.4 with the following property: we can define a;
of the form (5.29) in this ring with (5.30). Set .%; = {w € Blw e Klty, ta,..., 4] \ Kty ta, .. .,ti_1]}
for 1 < i< eanddefinel ={1 <i< el Fi #{}}. Then for each i € I there is a partition
P =1{€i1,...,8is,) of Fi with respect to the shift-equivalence of the automorphism defined for each t;,
i.e., each &; ; with 1 <j < syand i € I contains precisely the shift equivalent elements of ;. Take a repre-
sentative from each equivalence class €; ; in %; and collect them in % = {fi 1,...,fi s }. By construction
it follows that property (1) in Theorem 5.5.2 holds; here we put all t; with i & T in the ground field.
Therefore by Theorem 5.5.2 we obtain the II-field extension (Fe(x1,1)...(%1,5,) ... (%e,1) ... (%e,s.), O)
of (Fe,0) with o(xix) = fikzix forallieland 1 <k <s; with s; € N\ {0}; for i ¢ [ we set s; =0.
By Lemma 5.5.3 and Remark 5.4.5, (A, o) with (5.37) is an RIl-extension of (Fj(t;)...(tc),0). Let i,j
with i € Tand 1T <j < si. Since each fj; is shift equivalent with every element of &, ;, it follows by
Lemma 4.1.7 that for all h € € ;, there is a rational function 0 # r € F; \ F;_; with

— fi

Putting everything together we obtain for each k with 1 < k < m, an 0 # ¢ € F. and vy; =
(vk)i)]" A )Vk,i,Si) 6 Zsi Wlth

S e — O oy
Tk
Note that for
by =Ty %%1’1’1 ...%;’1‘;‘51 %551,2,1 ...%;:‘SJZ‘SZ .. .%:ﬁw e liese € A
we have that
o(by) =p§er - paen by.

Now let g € A be as defined in (5.38). Since gx = ay by where ayx equals (5.29) and has the
property (5.30), we get
o(gr) = o(hy) gi.

The proof of the computational part is the same as that of Theorem 5.4.6. ™

We are now ready to complete the proof for Theorem 3.1.1. To link to the notations used there, we
set 4 = (q1,---,qe—1) and set further (x,t1,...,te_1) = (t1,..., %), in particular we use the shortcut

t= (2,00 te1).

Proor (THEOREM 3.1.1):

Suppose we are given the products (3.1) and that we are given the components as stated in Theorem 5.5.4.
Then we follow the strategy as in Section 5.4.

e Take the K’-embedding

T:K'(x,t) = S(K') where T(£) = (ev (%,Tl)>n>o
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for a,b € K'[x, t] is defined by (2.2). Then by iterative application of part (1) of Lemma 2.4.3 we can
construct the K’-homomorphism
T:A — S(K)

determined by the homomorphic extension with
o T(9) = ((M)nxo
e T(yi) = (al)n>o for 1 <i<wand
o T(zij) = (Tlize fuilk =1, )nzo with ¢, = Z(fi;) + T for T<i<e 1<) <si

In particular, since (A, o) is an RIl-extension of (K'(x,t), o), it follows by part (3) of Lemma 2.4.3 that
T is a K'-embedding.
e Finally, define for 1 < i < m the product expressions

Gi(n) = ri(n) (C")™ (o)™ - - (o )10
n Vi1,1 Vil,s
<Hf1’1(k—1,qk ) (Hf] s1 , 1)) ]...
k:”‘l 151
n Vie,1 Vije,se
<er,1(k_1>qk ) (erse 1))
k:fé‘] k= ese
and define &; = max(li, 'y 1,..., 81,5,y y e 1y oy e s,y Z(11)). Then observe that

T(gi) = <G{(n)>n20
with (5.32). Now set Qi(n) := ¢ Gi(n) with

Pi(64)

= K.
Gi(oy) -

Then as for the proof of the rational case we conclude that
Pi(n) = Qi(n) forn > ;.

This proves part (1) of Theorem 3.1.1. Since T is a K’-embedding, the sequences

<(x111>n20"'°’<O£$lv>n>o’<Hf1)1(k_1)qk TL>O’ <er Se 1)>n>0

k={; k=¢!

e,se

are among each other algebraically independent over T(K/(x))[<C“>n>o] which proves property (2) of
Theorem 3.1.1. -

Example 5.5.5.
Let K = K(q1,q2) be the rational function field over the algebraic number field K = Q(v/—3,v—13),
and consider the mixed q = (q1, q2)-multibasic hypergeometric product expression

N V=13 (kg4 1) n k2 (k+ gk qk)? 169 (kq* g% + g% + kqk + 1
sz = af 1 (k+ +z)z H (kai i +as+kai+1) 5o

ol k+‘+k+1 L V3K e (kqy™ +2q¥t2 4+ 1) k2
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Now take the mixed q-multibasic difference field extension (K(x)(t;)(t2), o) of (K, o) with

O'(X):X—l—], O'(t]):q]t], O'(tz):qztz. (540)
Note that hi(k, g%, q%), ha(k, g%, q5) and hz(k, q¥, g%) with
V=13 (xt; +1 2 1 t2)? 169 (xt;ta +t t + 1
hy = 3(xty +1) h:X(X+]2),h3: 69 (xtita +t2 +xty + € K(x, 1, 1)

X2(qrtiqeta+x+1) 72 V=3(x+1)2 (xq?t; +2q3t, +1)x2

are the multiplicands of the above products, respectively. Applying Theorem 5.5.4 we construct the alge-
braic number field extension K’ = Q((—U%, V3,V13, 41, q2) of K and take the ITS-extension (F’, o) of
(K’y o) with F" = K’(x)(ty)(t2) with automorphisms defined as (5.40). On top of this mixed g-multibasic
difference field over K’ we construct the RII-extension (A, o) with A = F'(9)(y )(y2>< 1){(%2)(%3)(%4)
where the R-monomial 9 with () = (—=1)2 9 and the II-monomials Y1, Y2 with o(y;) = v3y; and
o(y2) = \/ﬁgz are used to scope the content of the polynomials in h;,h;,hs;. Furthermore, the
[I-monomials %1, %2, %3, %4 with

0(x1) = (x+1) 21, 0(x2) = ((x+1) q1 t14+1) %2 0(x3) = (g2 t2+1) %3, 0(x4) = (92 q1 t2 t1+x+1) x4

are used to handle the monic polynomials in hq, h,, h3. These II-monomials are constructed in an iterative
fashion as worked out in the proof of Theorem 5.5.4. In particular, within this construction we derive

. (q2q1—|—1)‘8gz%2 I 193%Z I (q]+1) (2(]%4—1)143%3
(zgrtati +x+1) =i (x4+1)7y;  (x+Daiti+1) (x+2)qits +1) %]
=9 R =93
=N =:g2 =t

such that
o(gi) = o(hi) g
holds for i = 1,2,3. Now take the K’-embedding
T:K'(x,t) = S(K') where t(£) = (ev (&,1))n0

for a,b € K'[x, t] is defined by (2.2). Then by iterative application of part (1) of Lemma 2.4.3 we can
construct the K’-embedding

T:A = §(K)
determined by the homomorphic extension of
(V) = <((—1)%)n>n20) T(y1) = <(\/§)n>n20> T(y2) = ((\/ﬁ)n)r@o,
(1) = (Mnzo, H kqf+1)) t(x3) = ([ [ (a5 + 1))nzo,
k=1 k=1

H d5 q¥ +k))n>o-

By our construction we can conclude that t(g;), T(g2) and T(g3) equal the sequences produced by the
three products in (5.39), respectively. In particular, T(Q) = (P(n))n>o0. Furthermore, if we define

- (4291 +1) i n_ 1 - k n;
Qm = e P (07T s T e+ ) [ e

IR AL IR




then we can guarantee that
PMm)=Qn) foralln>1.

The sequences generated by

=
=

(q5+1), ] | (a5 ak+%)

1 k

(\/g)ﬂ) (\/ﬁ)n) n, ﬁ (kqf+1),

~
I

1

N|—=

are algebraically independent among each other over T(K’(x,t))[{((—1)2)™)n>0] by construction. *

Example 5.5.6.
We use the Mathematica package NestedProducts to reduce the mixed q = (q1, q2)-multibasic hyper-
geometric product (5.39) in Example 5.5.5 above.

( )

p L Mathematica Session 3 ) N

V=13 (kqk +1)
k2 (q¥ g5t + k1)
K (k+afab)® A 4
\/—_3(k—|—1)2 ) y Ty
169 (kq¥ g5 + g5 +kqk +1)

(kqk+t2 +2q%+2 +1) k2

nfel= P = FProduct[ ,{k, 1, n}] +

FProduct [

FPro duct[ (K, 1, n}] ;

n7= Q = ProductReduce([P]

(a1 +1)  @OWB™ (17 4 3 L
oul)= (@3 T g +n+1) (n!)? ( 1 (i —H)> <H (95 q]f-i-k)) '

k= k=1

LY (T aetab 4t
(n+1)2 (\/3_,)n ganm—i— +

(q1+1) (297 +1) (vV13)™)* “(qu)
(D g +1) (n+2)qp 2 +1)  mH2 (1472

=1

Note that the hypergeometric product, Q given by Out[7] in Mathematica Session 3 above is an
element of ProdE(K(n)) where K = Q(i, v/3, v13). *
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CHAPTER 6

ALGORITHMIC CONSTRUCTION OF
RII-EXTENSIONS FOR HIGHER NESTING
DEPTH EXPRESSIONS IN ProdE(K(n))

In Chapter 5 we discussed how one can model product expressions of nesting depth 1 in an RII-extensions.
In this chapter we will extend this to product expressions of higher nesting depths. That is, expression in
Prod(S) with more than one product quantifier, where S € {K, K(n)}.

6.1 PPREPROCESSING HYPERGEOMETRIC PRODUCTS OF FINITE NESTING DEPTH

In this section we will present a detailed discussion of how hypergeometric products of finite nesting depth
in Prod(K(n)) are preprocessed. We will illustrate each preprocessing step with an example and then
summarise the entire preprocessing step in Lemma 6.1.5 below.

Let (K(x),0) be a rational difference field with o(x) = x + 1 together with the evaluation func-
tion (2.1) and the Z-function (2.50). Let P(n) be a hypergeometric product in n of nesting depth
m € N given by

n ki Km—1
P = [ i) [ [ f2ka) - T ] fm(km) € Prod(K(n)) (6.1)

k1=l ka=1, Km=lm

where fi(x) € K(x)* and l; € Nforall 1 <i<m. Then P(n) in Prod(K(n)) is preprocessed as follows.

(1) Note that by Remark 2.1.11, (6.1) can be written in a product factored form

n n k1 n ok Km-1
P(n) = (KHﬂ (k1)> (H Hfz(kz)> (H H---Hfm(km)> € ProdE(K(n)). (6.2)

1= k1=l k2=1; kKi=lLika=l2 km=lmn
Write
Pt Ry B ei‘ri
fi = ulfi,] fi,ri (63)

where u; € K* for 1 <1< m, fi; € K[x] \ K are irreducible monic polynomials and e; ; € Z for all
T <i<mandfor 1 <j<r;and for some r; € N. Substituting (6.3) into (6.2) and expanding the
product quantifiers over each factor in (6.3) we get

Pn)=Ai(n)A;(n)---An(n) € ProdE(K(n))
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where
n ki n ki1 i1 n ki1 Eirg
at) = (T T (IT- TTots) (T o) o9
ki1=14 ki=1 ki1=1 ki=1 ki1=1 ki=1
for all T < i < m. In particular, the first product on the right hand side in (6.4) with innermost

multiplicand u; € K* is a geometric product of nesting depth i in Prod(K) while the rest are nesting
depth 1 hypergeometric products in ProdE(K(n) \ K).

Example 6.1.1.

Let (K(x), o) be the rational difference field with K = Q(1/—3) and the automorphism o(x) = x + 1
equipped with the evaluation function (2.1) and the Z-function (2.50). Suppose we are given the
nesting depth 2 hypergeometric product

AR+ -2 —-7j+6)
P(n) —E 3% H S g © Prod(K(n). (6.5)
Then with
Ai(n) = H4> (Hk%%) (H %) (H %) (6.6)
k=1 k=1 k=1 Vv k=1
n k n k 1 n k 1 n
= (TTT1-2) (ITIT) (TTTT ) (TT0T0-2)
k=1j=1 k=1j=1 k=1j=1 ) k=1j=1
L o o (6.7)
HHU_”) (HH(leJ <HH“+3)>

equation (6.5) can be written in the form
P(n) =A;(n) Az(n) € ProdE(K(n))

where the product factors of A;(n) and A, (n) which are elements of ProdE (K (n)\K) have innermost
multiplicands being irreducible monic polynomials over K. *

Next we choose a & € N such that
¥Yn > 5, P(n) #0.

More precisely, with & :=={f1 1,...,f1 vy s fm1y ooy fmrf and £ ={ly, ..., L} we take

§ = max ({Z(f)|f € S}UZ).

Example 6.1.2 (Cont. Example 6.1.1).
With 8 == {4, x> + 1, =2, x =2, x — 1, x + 3, v/=3, k, 5, x — 3, x + 2} and & := {1}, we get

§ =max ({Z(f)Ife S}UZ) =4. *
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(3) For all T < i< m, rewrite each product factor in (6.4) such that the lower bounds are synchronised
to the & calculated in step (2). More precisely we apply the formula (6.9) to each of the products
n (6.4). Note that in (6.9) all the products on the right hand side are from Prod(K) except the last
one which is from Prod(K(n) \ K). Summarising we obtain

with
:ai<ﬁm,1)-.-<1‘[ Hun)<H Hfﬂ ) (H Hfm )) (6.8)
k1=>% k1=80 ki=d k1=0 ki=d k1=86 ki=d
where aj, Tt ; € K* for some j, € N. Here we utilise the rewrite rule
n k1 ki1 n ki
[T TT- I ( TT 1T T )(H [T 11n0e)
k1=l k=L, ki=l Aka=A2  ki=A; k1=8 ka=A2 ki=A4
n k1 — i n ki—2 n
(XL TT T TTw0) (T TT-T1 TTwoo ) (IT T T ) o)
k1=6 ky=8 k3=A; ki= k1=8 ko=5 ki_1=8 ki=A; k1=6 k=5

where A; = max(Z(h),1l;) < & for all j with 1 < j < i. In other words, the geometric products
in (6.4) are updated accordingly. In particular we have that, A;(n) = Ai(n) for all n > § and
consequently,

P(n) = P(n)
holds for all n > 6.
Example 6.1.3 (Cont. Example 6.1.2).

Synchronising the lower bounds of each product factor in (6.6) and (6.7) to 4 computed in Exam-
ple 6.1.2 and rewriting each product factor in (6.6) and (6.7) we get the following:

o35 () ) )
- 292 (T 2) (nn) ({1115 %) (1r1o-»

k=4 —4j=4 k=4 k=4j=
(6.11)
n k n k
[II1G-1 HH +2 [II1G6+3 ).
k=4j=4 k=4j=4 G k=4j=4
In particular, for i = 1,2, and for all n > 6 where § =4,
Al(n) - Al(n)
holds. Consequently, with
P(n) = A;(n) Az(n)
we have that
P(n) = P(n)
holds for all n > 4. *
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(4) Finally for all 1 < i < m, we rewrite each geometric product in (6.8) (i.e., the product factors in
Prod(K)) such that the lower bound & are synchronised to 1. Here one can use a similar formula as
given in (6.9). This yields

P/(n) = Af(n) As(m) -+ Al (n)

where

_ai<f[ﬁi,1>-~<1_[ Huu) (H Hf” ) (H Hfm )) (6.12)

ki1=1 ki=1 k1=0 ki=0 k1=0 ki=0

=:Bi,1(n) =:Bi,i(n) =:Fi(n)

with @i, 1y ; € K* for some j € N. In particular we have that, A;(n) = A{(n) holds for all n >

1
and consequently,

holds for all n > 6. Further, P/(n) can be rewritten as
P'(n) =cG(n)H(n)

where ¢ = @7 d; - -- G, is a unit in K*, G(n) is composed multiplicatively by geometric products in
product factored form of nesting depth at most m. More precisely,

G(n)=E;(n)Ez(n)---En(n) € ProdE(K)

where
Ei(n) =B1,4(n) -+ Bmy(n) € ProdE(K)

is a nesting depth 1 geometric product expression which is composed multiplicatively by the geometric
products Bj i(1n) in (6.12) for 1 < j < m. The geometric product B;;(n) is in product factored
form and of nesting depth i. In particular, its lower bounds are all synchronised to 1. On the other
hand, the product expression H(n) is composed by multiplicatively by products over irreducible monic
polynomials in K[x] \ K of nesting depth at most m. That is,

Hn) =F(n)F(n)---F(n) € ProdE(K(n) \ K)

where F;i(n) is the hypergeometric product expression in (6.12) which is composed multiplicatively
by hypergeometric products in product factored form with their lower bounds all synchronised to 6.

Example 6.1.4 (Cont. Example 6.1.3).
Synchronising the lower bounds of each geometric product in (6.10) and (6.11) to 1 and rewriting
these geometric products we get

wim =3 (T ) (T4 (T )

n)
=3 ) ) () Gt =) )
(11

k=4

k=1

k

H(112)> (ﬁﬁ“”)
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In particular, for i =1,2, and for all n > 4,

holds. In total we obtain

with
~ 15725
T 13824
n n K
o (15 1
k=1 il
n " n ok 1 n ok n ok (6.14)
H(n) = (Hk2+%> (HE> <HH(-_3)) (HH(J—Z)) (HH(J—U)
k=4 k=4 k=4 j=4 ) il 1111
n ok : Lok |
(EE(HZ) (EE(JH))
such that
P(n) =P'(n)

holds for all n > 4. Note that c is a unit in K*, G(n) is composed multiplicatively by geometric
products in Prod(K) of nesting depth at most 2 where each geometric product is in product factored
form and with all lower bounds synchronised to 1. On the other hand, the hypergeometric product
expression H(m) is composed multiplicatively by hypergeometric products over irreducible monic
polynomials in K[x] \ K and is of nesting depth at most m. In particular, H(n) is an element of
ProdE(K(n) \ K) and the hypergeometric product factors in H(n) are all in product factored form
with all lower bounds synchronised to 4. *

We summarise the preprocessing steps described in this section with the following lemma.

Lemma 6.1.5.

Let (K(x), o) be a rational difference field with o(x) = x+1 together with the evaluation function (2.1) and
the Z-function (2.50). Let {P1(n),...,P.(n)} be a finite set of hypergeometric products of finite nesting
depth in Prod(K(n)). Then one can compute a & € N and can construct

(a) ciy...,cc € K¥;

(b) geometric product expressions Gi(n) € ProdE(K) for 1 < 1 < e with lower bounds all synchronised
to 1 and composed multiplicatively by geometric products in product factored form;

(c) for 1 < i< e hypergeometric product expressions Hi(n) € ProdE(K(n) \ K) with lower bounds all
synchronised to & and composed multiplicatively by hypergeometic products in product factored form

where the innermost multiplicand of each product factor in Hi(n) is an irreducible monic polynomial
in K[x] \ K;
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such that for 1 <i< e and foralln > 6:

Pi(n) =ci Gi(n) Hi(n) #0. (6.15)

Subsequently, we assume whenever necessary that hypergeometric products
Pi(n),...,Pe(n) € Prod(K(n))

have undergone the preprocessing step discussed in this section yielding (6.15). As a result, we will
proceed as follows. For the geometric product expressions G;(n), we will begin in Section 6.2 by treating
geometric product expressions over roots of unity. For this subclass of nested geometric products, we
will show how they can be modelled in a single R-extension. The other subclass of nested geometric
products will be treated in Section 6.5. In particular, we will show how they can be modelled in a II-
extension. For the hypergeometric product expressions H;(n), we refine its hypergeometric product factors
in Prod(K(n)\K) in such a way that the refined version can be modelled automatically in a IT-extension.
Combining this result with those result from Sections 6.2 and 6.5, we will show in Theorem 6.6.15 that,
given any finite set of hypergeometric product expressions in ProdE(K(n)), one can always construct an
RII-extension in which the given products can be modelled.

6.2 (CONSTRUCTION OF SINGLE R-EXTENSION FOR HIGHER NESTING DEPTH
EXPRESSIONS IN ProdE (U)
Throughout this section, K is a field containing Q, K,,, is a splitting field for the polynomial x™ — 1 over

K (i.e., all roots of the polynomial x™ — 1 are in K,,) for some m € N\ {0, 1} and U, is the set of all
m-th roots of unity over K.

Proposition 6.2.1.
Let U,,, be the set of all m-th roots of unity over K. Then U, is a multiplicative cyclic group of order m.
Moreover,

Upg={mnimeU,nely} CKp.

Further U, 4l =p q, ifged(p,q) =1. O

Subsequently, we write
27i

where (;,, = e m = (—1 )% is a primitive m-th root of unity that generates the multiplicative group U,,.
Let m € N\ {0} with K,,, and U,,, as defined above. Then Prod(U,,) is the set of all nested products
over roots of unity in Uy,,. Observe that we get the chain

Prod(U,,) C Prod(K,,) € Prod(K,,(n)).

We define ProdEg, (n)(Um) as the set of all elements

D aym) Pi(n)" - Pe(n)e

Vv=(V1,...,Ve)ES

with e € N, S C Z¢ finite, a,(n) € K,,(n), vi,...,ve € Z and Py(n),...,P.(n) € Prod(U,,).
The problem we would like to solve in this section is specified as follows.
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Problem RGPEORU: Representation of Geometric Product Expressions Over Roots of Unity ]

Given
A(Tl) c ProdEKm(n) (Um) c

Find a natural number & € N and

A—1

B(n) =) £} € ProdEx, (n)(Ux)
i=0

with f; € K, (n) where K, is a finite algebraic extension of K, such that for all n € N with n > §,

We shall solve Problem RGPEORU by proving the following theorem.

Theorem 6.2.2.
Suppose we are given the nested geometric products A;(n),...,As(n) € Prod(U,,) in n with
n k1 kTifl
Am)=]JTa [ Jc2T] (6.16)
ki=li1 ka=li> ke =0ir,

for 1 < i< s where (5 € Uy, 4ij € Nfor1 < j < 1y and for some vy € N. Then there exist a
A € N\ {0, 1} with m|A and a primitive A-th root of unity () € K, satisfying the following property. For
all 1 <1< s there exist a natural numbers & € N and f; ; € K, for 0 <j < A such that

Ai(n) = Bi(n)

holds for all n > & where
A—1

Bi(n) =) fi; (L) € ProdEx, n)(Uy). &
j=0

6.2.1 SIMPLE A-EXTENSIONS

As in the previous chapters, (see for instance Chapter 3) we will prove Theorem 6.2.2 in the framework
of difference ring theory, more precisely within the framework of simple A-extensions which are a subclass
of nested A-extensions. This subsection only deals with the formulation of Problem RGPEORU in the
setting of simple A-extensions. However, some preparation is required for this task.

Remark 6.2.3.
Observe that every nested APS-ring (resp. field) can be ordered with respect to the depth of its APS-
monomials. [
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Example 6.2.4.
Let K30 = Q((—1)3, (=1)3) and let (Kzo[011[92][05][04][95][96], o) be a nested A-extension of the
difference field (K30, 0) of depth (1,2,1,3,2,3) with the automorphism o [g,, = idk,,,

o(91) 2 o(d2) 2 o(93) 2
= —] = — = —1 5
’8] ( )3) ‘82 81) ‘83 ( ) )
o(94) o(Ds) 2 o(J6)
G = 939 o2 = (-1 0303 G = 0398,

e Take all depth-1 A-monomials in {81, 9;, 93, 94, ¥s, V). That is, {87, 93} and set

19] '—)191,] and ‘83 P—)ﬁz)p

e Take all depth-2 A-monomials in {d,, ¥4, U5, O6}. That is {92, 5} and set

192 '—)19],2 and 195 l—)ﬁz)z.

e The remaining set of A-monomials {94, ¥} are of depth 3. Set

‘84 H191’3 and 86 l—)ﬁz)g.

In this way we get an ordered nested A-extension (Kzo[01,1][92,11[01,2][92,2][01 31[02,3], 0) of (K30, 0)
with depth (1,1,2,2,3,3). The difference rings

(K30[01,1102,1101 2102 2101 31®2.3],0)  and  (K30[01][02][03][04]1[D0s][6l, o)

are isomorphic: the isomorphism simply takes care of the relabelling and rearrangement of the A-
monomials by their depth. In particular, the set of constants remains unchanged for such an ordered
extension. For further details on these notions we refer to Definition 6.2.8. *

Definition 6.2.5.
Let (E,o0) with E = A(t;)...(te) be an APS-extension of a difference ring (A,0) and let G be a
multiplicative subgroup of A*. We call

GY :={gt]"---t’|g € G, and v; € Z where v; = 0 if t; is a S-monomial (or Z-monomial)}  (6.17)

the product group over G with respect to AP-/AII-/RP-/RII-monomials for the APS-extension (E, o)
of (A, o). If GE is free of any AS-monomial (or RE-monomial) i.e.,

GE =g ty'---tye|g € G, and v; € Z where v; =0 if t; is a AS-monomial (or RX-monomial)}, (6.18)

then it is called the product group over G with respect to P-monomials (or II-monomials) for the APS-
extension (E, o) of (A, 0). If G§ is free of any PS-monomial (or IIZ-monomial) i.e.,

GE:={gt)"---tl|g € G, and v; € Z where v{ =0 if t; is a PS-monomial (or IIZ-monomial)}, (6.19)

then it is called the product group over G with respect to A-monomials (or R-monomials) for the APS-
extension (E, o) of (A, o). *
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Remark 6.2.6.
The product groups G and é% have already been introduced in Schneider (2016) and Schneider (2017)
respectively. In addition for these three products groups introduced above we have that,

Gi ¢ Gi 2 G o

Proposition 6.2.7.
Let (E,o) with E = A(ty) ... (t.) be an APS-extension of a difference ring (A, o) and let G be a multi-
plicative subgroup of A*. Then G% is a multiplicative subgroup of E* 0

Proor:
Let f,h € G} be arbitrary but fixed with f := wt*'---t and h := vt]'- -t} where u,v € G and
mi,ny € Z for 1 <i<e. Then,

R = (Wt ) (vl )T =y T T e e

Since G is a group, it follows that uv™' € G and clearly m; —n; € Z for 1 <i<e. Thus fh™' € GE,
which completes the proof. n

Definition 6.2.8.

Let (A, o) be a difference ring with const(A, o) = K,, for some m € N\ {0,1} with 9(f) = 0 for
all f € A. Let U := ({;n) be the multiplicative cyclic group of order m. An A-extension (E, o) with
E=AM]...[0] of (A, 0) is called a U-simple A-extension of depth-(vy,...,v.), if forall 1 <i<e

. % € Uﬁm‘}'“[ﬁi“} where Uﬁmﬂ“'[ﬁi‘” is the product group over U respect to A-monomials;
e (D) =wvy;

If vi < vy < - < Ve, then (E, 0) is called an ordered U-simple A-extension of (A, o). Similarly, we call
(E, 0) a U-simple R-extension of (A, o) of depth-(vy,...,v.) if it is a U-simple A-extension of (A, o) of
depth-(vy,...,Vv.) and const([E, o) = const(A, o). Furthermore, (E, o) is an ordered U-simple R-extension
of (A, o) if it is an ordered U-simple A-extension of (A, o) and const([E, o) = const(A, o). Finally, we call
(E, 0) a simple A-extension (resp. simple R-extension) of (A, o), if it is a A*-simple A-extension (resp.

A*-simple R-extension) of (A, o). *
Remark 6.2.9.

From Definition 6.2.8, we observe that, if vi = --- = v, then 0(8;) = 1 for all 1 < i < e. Thus,
(E, o) is a U-simple A-extension/U-simple R-extension/simple A-extension/simple R-extension of (A, o)
of monomial depth 1. '
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Example 6.2.10 (Cont. Example 6.2.4).
The ordered nested A-extension (Kszo[01,11[02,1][01 2][92,2][91 3]0, 3], 0) of the difference field (K3, 0)
with

o(91,1) 2 o(91,2) 9t1.3)
o= (—1)3, ek —97.1, 0 —93197 2,
9 o )

o(021) _ 1 o(022) | pyrgr g3 oW23) __ 53,93,
92 %2 172 V73 T

in Example 6.2.4 is a U-simple A-extension of the difference field (K3, o). Here the multiplicative cyclic
group U is
2 2 1
U= (=1, (=1)3, (=1)%) = ((=1)75). *

We are now ready to formulate the sub-problem to be tackled in the framework of difference rings
that will aid in proving Theorem 6.2.2.

Problem SR-RC: Construction of Single R-Ring extension (A, o) over K.

Given a simple A-extension (K,,[31]...[Be], o) of a difference field (K,,, o) with

= oy = Cl;{ 8\1’1,1 .. ,19‘{1114 = (K;)]&iz[ﬁ]].-.[ﬁif]]

for T <1 < e where (,, is a primitive m-th root of unity with 0 < w; < m; given y1,...,Ys €
(K* )Km[{h]n-[ﬁe}
m/Kn '

Find a single R-extension (K,[8], o) of (K), o) with o(8) = (& where (, € K, is a primitive A-th
root of unity with m|A and K, is a finite algebraic field extension of K,, such that the following
properties hold.

(1) The map @ : K\ ,[4]... 8] — K ] is a difference ring homomorphism.

(2) The diagram below commutes.

Ky ] S(Ky).
A—1
(3) For k with T < k < s one can define gy = Z Jk,i 9t € K, [9] with gk,i € K, such that
i=0

ev (0’ (vi), 1) = ev(o’(gk), )

holds for all j, £ € N.

6.2.2 SorLvING ProBLEM RGPEORU FOR NESTING DEPTH 1 PRODUCTS IN ProdE(U)

In Schneider (2017) the necessary tools needed to prove Theorem 6.2.2 for nesting depth 1 products over
primitive roots of unity have been discussed. In particular, it has been shown how a simple R-extension
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of monomial depth 1 (i.e., each R-monomial is of depth-1) can be merged into a single R-extension via
a difference ring isomorphism. See Schneider (2017, Lemma 2.22). For the sake of completeness, we will
discuss the following result and generalise it afterwards for simple A-extensions of any depth.

Lemma 6.2.11 (Schneider (2017), Lemma 2.22).

Let (IF, o) be a constant-stable difference field. Let (F[94]...[Del, o) be a nested A extension of (F, o) of
o) ¢ const(IF, o)* is
a primitive Ai-th root of unity for 1 < i < e and that gcd(Ai, A;) = 1 for pairwise d/st/nct i andj. Then
the following statements holds.

monomial depth 1 with orders A, ..., respectively. Further, suppose that (; =

(1) There is an R-extension (F[8], o) of order A := [[{_; A with o(d) = {9 where ¢:=T]5_; G.

(2) There is a difference ring isomorphism @ : F[4]...[9.] — F[B] with @|p = idp such that for 1 <i<e,
©(8;) =¥V for explicitly computable vi € N. In particular, the inverse of ¢ is computable.

(3) (F94]...[0], 0) is an R-extension of (F, o) of monomial depth 1. ¢

Proor:
(1) Observe that { = (q--- (. is a primitive A-th root of unity. Thus it follows by Proposition 2.3.37
that (F[®], o) is an R-extension of (F, o) with o(8) = (9.

(2) Let A =Ay---A.. From ged(A,A;) = 1 for all pairwise distinct i and j, we know that ged (£, A;) = 1.
By the extended Euclidean algorithm, we can compute 1y, s; € Z such that

A
Ti 7\— + S 7\1 =1 (620)

and 0 < 1; < A; holds. Set vy :=1; & )\ . Observe that r; and A; are relatively prime since otherwise,
the left hand side of (6.20) is divisible by a non-negative integer while the right hand side is not;
a contradiction. Consider the ring homomorphlsm deflned by @(9;) = dVi. We show that ¢ is a

difference ring homomorphism. Note that CV‘ = C =1,ifj #1. Hence, (' =(; AR C:fsi)“ =
Ci. Thus

QoA ---37)) = @(o(D)™ - - o(De) ™)
=@((Gd)™) - @((CeDe)™)
= O V)™ (B
= ()T (CD) Ve
— 0—(19"1 my ..,SVeme)
o(@(®1)™ - @(De)™)
GG )

which shows that ¢ is an difference ring homomorphism by linearity. Finally, we show that ¢ is
bijective. Note that since @|r = idy is a bijection, it suffice to argue on the monomials. Suppose
that ¢ is not injective. Then there is a g € F[94]...[0:] \ {0} with @(g) = 0. This also implies
that there are at least two different monomials in g say g; = 97'---9% and g, = 8?1---826
with (as,...,ae) # (by,...,b.) and 0 < ay, by < Ay such that @©(g7) = @(g2) holds. Multiplying
(p(ﬁfb‘- --9,®¢) on both sides of ©(g7) = @(g2) we obtain (p(ﬁ?‘_b‘ . -ﬁ?e_be) = 1. Consequently,
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we can assume that there is non-zero vector (cy,...,ce) € N¢ with 0 < ¢; < A; for 1 < i < e with
@97+ -9¢) = 1. By definition of ¢,

A

QAT D) = @(91)°1 -+~ (De)Ce = PVIETT Ve ce — TIA CTE T R ce

Observe that A divides (14 % c1+---+T1e Ao A c.) =:w. Let j be arbitrary but fixed. Then A divides
w. In addition, A; divides 1; 7\% ci for 1 <1< e withi##j. Hence it must also divide 1y %} cj. We
know that A; is relatively prime with ; and 2 - Therefore A; divides c;. Since ¢; < A;, it follows that
c; = 0. Consequently, c; = 0 for all j, which is a contradiction to O, # (c1,...,ce) € N®. Therefore,
@ is injective.

We show surjectivity by inverting ¢ explicitly. Let n € N with 0 < n < A and define d :=
ged(ry A—7‘], yTe 3o A By iterative appllcatlon of the extended Euclidean algorithm, we can compute
(mi,.. .,me) € N¢ with d =m; 1y ﬂ +o M Te )\e. Thus @ (37" - 97) = 94, Now we claim
that d and A are relatively prime: Let p be prime such that p divides A = A; ---A.. Then there is a
j with T <j < e such that p divides A;. Since the A; with T <i < e are pairwise relatively prime, we
have that p does not d|V|de A Also, since A; and t; are relatively prime, p does not divide 1;. Thus
p does not divide 15 A and hence p does not divide d. Therefore, gcd(d,A) = 1. By the extended
Euclidean algorithm, we can compute u,k € Z with ud + kA =1 and get

8nud :Sn—nkk :8“

which implies that
@(8§Lm1 . ‘ﬁgme) :Snud =9,

By linearity, we obtain the inverse of .

(3) Suppose that (F[9]...[d.],0) is not an R-extension of (I, o). Then there is a g € F[d;4 J\F
such that o(g) = g. Also, @©(g) = @(o(g)) = o(e(g)) € const(FV], o). Since (]F[ﬁ],cr) is an
R-extension of (F, o), ¢©(g) € const(F, o). In particular, @(g) € F. Since @|p = idr, we have that
g = @(g) € F, a contradiction to the statement g € F[9¢]...[D.] \ F. Hence (F[®;]...[D],0) is a
nested R-extension of (IF, o) of monomial depth 1. n

Finally we obtain a criterion that allows one to determine whether a nested A-extension of monomial
depth 1 is an R-extension of monomial depth 1; compare Schneider (2017, Proposition 2.23).

Proposition 6.2.12.
Let (F,0) be a constant-stable difference field. Let (F[9]..

.[Del, 0) be a nested A-extension of (I, o)
monomial depth 1 of orders A1,...,A. respectively. Then (F[9
o(d

]...@el,0) is a nested R-extension of

1
(F, o) of monomial depth 1 if and only if for1 < i< e, (;:= (al) € const(IF, o)* are primitive A;-th roots
of unity and gcd(Ai, Aj) =1 for all pairwise distinct i and j. OJ
Proor:

“ — " Suppose (F[8]...[De],0) is an R-extension of (F, o) of monomial depth 1. Then by Propo-

sition 2.3.37 ¢; = 2

We show that the A; are pairwise relatively prime. Suppose that there are i and j with i < j such
?\]

that d = ged(Ai,A)) # 1 holds. Define vi := 4 € Nand vj := 3 € N. Let ¢ = 0% and

€ const(F,0)* for T < i < e are primitive Ai-th roots of unity respectively.
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G = GE;?J'). Then (C.Vl) =1 = (C;’j)d. Summarizing, given v; and v; with 0 < v; < Ay and

1

0 < v; < A, CV‘ and C are d th root of unity. Therefore, we can choose 0 < vé <Aiand 0 < v; <N
with C C] such that C and C;i are both d-th root of unity. Now let w := 19?/19‘;1. Then
o(w) = w € const(F[H4]...D],0) = const(F, o) and 19].vj = wd}'. Since v; <N, 19)?‘j = 1 is not the
defining relation of ¥;; a contradiction.

“ <=7 follows by statement (3) of Lemma 6.2.11. n

In the following example, we will demonstrate how Problem RGPEORU can be solved for the class
of nesting depth 1 geometric products over roots of unity using the above tools.

Example 6.2.13.
Let K30 = Q((—1)3,(—1)3) and let (K30, ) be a difference field. Consider the expression in terms of

2

single products over roots of unity in Uz := (—1, (—1)3, (=1)3) = ((=1)75):
2

=[]0 + [](=15 + [] (=175 € ProdEx,,(n)(Uso) (6.21)
=1

k=1 k=1 k=

WIN

Observe that P(n) can be modelled in the simple A-extension (A, o) of (Ks30,0) of monomial depth
1 with A = K30[91][92][93] equipped with the automorphism o : A — A and the evaluation function
ev: A x N — Kj3¢ defined by

o(1) = — 91, 0(92) = (—1)3 9, o(93) = (—1)5 93,

v(o,n) =] v(o,n) =] (- v(os,n) =] (-

w\N
m\N

respectively. The orders of the A-monomials 87, ¥, and 83 are 2, 3 and 5 respectively. Here, the A-
monomials ¥, ¥, and 93 model the first, second and third product expression in (6.21) respectively.
Since the order of the primitive roots of unity: (—1), (—1)§ and (—1)% are pairwise relatively prime, it
follows by Proposition 6.2.12 that (K30[91][02][93], o) is an R-extension of (K30, 0) of monomial depth
1. Further, by statement (2) of Lemma 6.2.11, we know that the nested R-extension (K30 [8:][92]®3], 0)
of (K3p,0) of monomial depth 1, is isomorphic to the single R-extension (K30[®], o) of (K39, 0) with
o(9) = (—1)75 9 and subject to the relation 93° = 1. In particular, the isomorphism

@ : K3o[01][02]03] — K300

is defined by @(9;) =8Vi for i =1,2,3 where vi =15, v; = 10 and v3 = 6. By Example 2.4.4 the map
T: K30 = S(K30) defined by T(3) = (ev (%,n)))n>o with the evaluation function ev : K39 x N — K3z,
given by ev(c,n) = c is a K3p-embedding. Furthermore, since (K30[9], o) is an R-extension of (K3, 0),
it follows by statement (2) of Lemma 2.4.3 that the homomorphic extension

T: K300 — S(K30)
with T(9) = <ev(19, n)>n>0 where ev(d,n) = ((—1)%)n is also a K3p-embedding. Now define,
Q' :==9" +9"° +9° € K30[0I.

Note that we have defined Q' such that T(Q’) = (P(n)), ., holds. In particular, with

+ (=18 + (=B
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we have that
P(n) =Q(n)

holds for all n > 0. In other words, P(n) and Q(n) evaluate to the same sequence. *

In the next two subsections, our goal is to generalise statements (1) and (2) of Lemma 6.2.11 for
simple A-extension of any depth. We will require some algorithmic preparations.

6.2.3 AN ALGORITHMIC MACHINERY — ORDER, O-FACTORIAL, PERIOD AND FACTORIAL OR-
DER

An important ingredients that are necessary for generalising statements (1) and (2) of Lemma 6.2.11 for
simple A-extension of any monomial depth are the order (see Definition 2.3.16), period and factorial order
of elements in difference rings as discussed in Karr (1981); and Schneider (2016, Section 5).

Definition 6.2.14.
Let (A, o) be a difference ring. The rising factorial or o-factorial of f € A* to k € Z is defined by

fo(f) - o* 1 (f) if k>0,
fie,o) =9 1 if k=0,
11 _2/1 1 .
o ](¥)0' 2(;)0']((?) if k <O.
If the automorphism is clear from the context, then we write f(y, instead of f(x ). *
Proposition 6.2.15.

Let (A, o) be a difference ring, «, g € A* andn € Z. Then:

(1) (xg)n) = X(n) G(n)-
(2) If o(g) = « g, then 0™(g) = x(n) g. -

Proor:
(1) fn=0, then (x @)y =1=1-1=0(n)g(n)-

If n > 0, then
(xg)n) =ago(ag) o™ (ag)
=ago(a)o(g)---o™ («) o™ '(g)
= (aofe) -+~ 0™ () (golg) -~ 0™ (g))
= X(n) g(n)
If n <0, then

(ocg xg) ng)
:071(];)071%)072(1;)072(15) o™ () o™ (3)
= (0 D)o 2L 0n(D) (67 (Do 2 ()
= X(n) 9gmn)
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(2) If n =0, then the statement holds. Suppose that n > 0 and ¢*(g) = a(x) g holds for all 0 < k <
n—1. Then

o™(g) = o(0"'(g)) = o(x(n_1) 9)
= o(xm-1)) o(g)
=o(oco(o)---0™ () x g
= o) 0% (o) --- 0™ (&) x g
=&mY

o™(g) =0 (0" (g)) = 0 &X(nt1) 9)
o (1)) o (g)
oo (D)o (L) o™ (1) L
o (Do 3(L)0M(L) Ly
o (o A(L) 0™ g
=Xmn)9 u
Furthermore we need the following definitions.
Definition 6.2.16.
Let (A, o) be a difference ring. We define the period of & € A* by
0 if In >0s.t. o™ () =«
per(o) =<
min{n > 0|o™(«) = «} otherwise;
and the factorial order of « by
0 if >0s.t om) =1
ford(a) = i3 >t Xm) *
min{n > 0| x,) =1} otherwise.
Lemma 6.2.17 (Schneider (2016), Lemma 5.1).
Let (A, o) be a difference ring with «, g € A. Then the following holds:
(1) If o € const(A, 0)*, then per(«) =1 and ford(«) = ord(«).
(2) If 6(g) = g, then per(g) = ford(«).
(3) If per(a) > 0 and ord(e) > 0, then per(w) |ford(«) |ord (o) per(x) and
ford() = min(iper(a) |1 < i< ord(a) and x(iper(a)) = 1) > 0. (6.22)
¢
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Proor:
(1) If & € const(A,0)*, then o(x) = « and it follows that per(a) = 1. Also since o) = «™ for all
n > 0, it follows that ford(o) = ord ().

(2) By Proposition 6.2.15, 0™(g) = g if and only if &,y = 1. Therefore, per(g) = ford(«).

(3) Let k =per(x) >0 and v =ord(«) > 0. Then we have that,

Vo) = (ao(a) - 0 ()Y = «” o(a¥) - o T (V) = 1.

K(kv) = X0(x)--- 0O
Therefore, we can choose n = ord(«) per(«) to get x() = 1. In particular, for any £ > 0 with
x(¢) = 1 we have that

o(1)  olxw) o)

] —= et —=
1 X(0) (0.6

Hence per(«) [ €. Thus the smallest natural number k with o,y = 1 is given by (6.22). In particular,
per(«) | ford (o) |ord (o) per( ). n

The next two lemmas below discuss methods for computing the order, factorial order and period of
elements in the product group of a nested A-extension. In Schneider (2016, Lemma 5.2 and Lemma 5.3),
these two lemmas have been proved for the class of nested R-extensions. In those proofs, the property
that the set of constants remain unchanged was never used. Thus, the proofs hold for the class of nested
A-extension. Nonetheless we will repeat these proofs again for the sake of completeness.

Lemma 6.2.18.
Let (E,o0) with E = A[91]...[0.] be a nested A-extension of (A,0) and let o« = (79 € (A*)E
with { € A*, my € N. Then ord(«) > 0 if and only if ord(C) > 0. Iford(() > 0, then

ord(d4) ord (D)
d(a) =1 d 6.23

ord(o) = tem (010}, (o T oo )
Proor:
If e =0, then o = C and the lemma holds. Now let n := ord(«) > 0 and suppose that

T BTN = ooy
holds. Let k be maximal such that ord(9dy) t vi n. Then there is an £ with 0 < £ < ord(dy) with
Sird(ﬁk)ff _ Cn 19;“1 X 'Slzlk;] .

a contradiction to the assumption that 9°"*™*) = 1 is the defining relation for the A-monomial 9. Thus

(O3 =1and (" =1, i.e, ord(¢) > 0 and ord (97" --d7*) > 0. In particular,
ord(«) = lem(ord(C),ord (97" - - 7).
By similar arguments as above, we can show that

(O7)" =+ = (01" =1
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and consequently
ord(97"'- - - 97*¢) = lem(ord (D7), ..., ord (D).

Since also d(o,)
ord (9
d(dM™) = L

o) = Cedlord(:), m)

holds, the identity (6.23) is proven.
Conversely, suppose ord(() > 0, then the right hand side of (6.23) has a positive value say n > 0.
Then one can check that «™ = 1. Therefore, ord(x) > 0. n

The next lemma sets the stage to compute the period and the factorial order of elements in the product
group of a simple A-extension.

Lemma 6.2.19.
Let (E,o0) with E = A[4]...[D] be a nested A-extension of (A, o) with per(d;) >0 for 1 <i<e. Let
o= ()9 € (AN with C € A%, vq,...,ve € N.

(1) Then per(«) > 0 if and only if per(C) > 0. If per(C) > 0, then
per(o) = min(1 <j <ulo)(x) =« and j|u) (6.24)
with u = lem(per(C), per(dy,), ..., per(di, ) where {ir,..., i} = {i|ord(di) 1 vi}.
(2) We have that ford(«) > O if and only if ford(() > 0.
(3) If pex(C) > 0 and ord () > O, then ford(a) > 0 and 0 < per(«) | ford(e) | per(o) ord ().

(4) If the values ord(9;) and per(d;) for 1 < i< e and the values per(() > 0 and ord(() > O are given
explicitly, then per(«) and ford(«) can be calculated. ¢

Proor:

(1) If per(¢) > O, then uw > 0. In particular, it follows that o“(«) = «. Therefore, per(a) > 0
with per(a)|u and we have (6.24). Conversely, suppose that per(a) > 0. Then with k =
lcm(per(o), per(dy),...,per(d:)) > 0 we have

(oY 0% = o = 0 (o) = 0*(Q) B} - - DYe.
Thus, it follows that o*(() = ¢. Therefore, per(¢) > 0.

(2) Since per(9d;) > 0 and ord(9;) > 0, it follows by Lemma 6.2.17 that ford(d;) > 0 for all 1 <i<e.
If ford(¢) > O, then take k = lcm(ford((),ford(d¢),...,ford(d.)) > 0. By statement (1) of
Proposition 6.2.15,

) = (C- D% ) ey = Loy (O ey -+ - (B2 ) iy = 1.

Hence ford(«) > 0. Conversely, if ford(«) > 0, take m = lecm(ford(«), ford(d4), ..., ford(d.)) > 0.
Then again by statement (1) of Proposition 6.2.15,

T=otm) = (COY" -9 ) (m) = Cim) OV ) m) - BT ) (m) = (-

Therefore, ford () > 0.
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(3) If per(¢) > 0, then by part (1) of the Lemma, per(a) > 0. Further, if ord(C) > 0, then by
Lemma 6.2.18 ord(«) > 0. Therefore by part (3) of Lemma 6.2.17, per(«) | ford(«) | per(o) ord(«).
In particular, ford(o«) > 0.

(4) If the values of per({) and per(d;) for T < i < e are given, then u in statement (1) of the Lemma
can be computed. Further, if the values of ord(C) and ord(d;) for T <1 < e are given, then ord(x)
can be determined by Lemma 6.2.18. Thus, per(«) can be calculated by (6.24) and then ford(«)
can be calculated by (6.22). =

Combining the above two lemmas, we arrive at the following result which have also been discussed for
the class of simple R-extensions in Schneider (2016, Proposition 5.5). Moreover, since the property that
the set of constants remain unchanged was not used in the proof for the class of simple R-extension, then
the proof holds also for the class of simple A-extensions. For the sake of completeness, we repeat the
proof here for the class of simple A-extensions.

Proposition 6.2.20.
Let (E,o0) with E = A[9:]...[9.] be a simple A-extension of (A, o) with U D) — OV YN where
Ci € A" and v;; € N. Then the following statements holds:

(1) ord(C;) > 0 for 1 < i< e. In particular, if the values of ord((;) are given (are computable), then the
values ord(d;) are also computable.

(2) Ifper(¢i) >0 for] < e, thenper(d;) > 0 for 1 <1< e. In particular, if the values of ord((;) and
per((;i) for 1 < i < e are given explicitly (are computab/e) then the values per(d;) for all 1 < i<
are also computab/e. D

Proor:

(1) If i =1, then by Definition 2.3.17, ord (%) = ord((;) > O Now suppose that ord((;) is given for
1 <1< e and assume that the values of ord(d;) for 1 < i < e — 1 have already been determined.
We prove the case i = e. Define o = GS):). Then by (6.23), we obtain the value ord(«) and by

Definition 2.3.17, ord(9d.) = ord () which completes the inductive step.

(2) Suppose that per(¢;) > 0 for T < i < e and v; = per(9;) for all T <1 < e— 1 have been shown
already. We prove the inductive statement with i = e. Define & = 598 . By statements (1) and (2)
of Lemma 6.2.19 we have that per(«) > 0 and ford(«) > O respectively and by statement (2)
Lemma 6.2.17 per(d.) = ford(a). If the values of ord((;) for 1 < i < e are given explicitly, then

ord(a) can be computed by statement (1) of the Proposition. If per((.) is given explicitly and

V1,...,Vc_7 are given or have already been computed, then with (6.24), per(«) can be computed.
Hence ford (o) can also be computed with (6.22). Thus by statement (2) of Lemma 6.2.17, per(d.) =
ford () which computes the inductive step. n

Finally we present some properties for the class of simple A-extensions over a strong constant-stable
difference field. Again, these properties have already been discussed in Schneider (2016, Corollary 5.6)
for the class of simple R-extensions over a strong constant-stable difference field. The proofs are basically
the same to those presented for simple R-extensions.
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Corollary 6.2.21.
Let (E, o) with E = F[94]... 8] be a simple A-extension of a difference field (F, o) with const(F, o) = K
such that all roots of unity in F are constants, i.e., (IF, o) is strong constant-stable. Then the following
statements holds.

(1) For1 < i< e we have that
o(d4)
Dy
for some root of unity (; € K* with ord((;)|ord(9i) andvi; € N for1 <j <i—1.

= O DY (6.25)

i,i—1

(2) (K[B4]...[®],0) is a simple A-extension of (K, o).
(3) Let =™ 9me € (K" P) with my,...,m. € N and € K*. Then

ord({) >0 <= ord(x) >0 <= per(x) >0 < ford(x) > 0.

(4) If (K, o) is computable and Problem O is solvable in K*, then for all x € (K*)ﬁm‘}'“we], the values of
ord(«), per(a) and ford (o) are computable.

(5) If Problem O is solvable in K* and (I, o) is computable, then Problem O is solvable in (F*)E. &

Proor:

(1) Since (E,o) with E = F[84]...[9] is a simple A-extension of (F,c), we have that (6.25) with
vij; € Nand ¢; € F*. By Lemma 6.2.18 it follows that ord((;) > 0 and ord((;)|ord(di). In
particular, ¢; € K* since all roots of unity in F are constants by assumption.

(2) Itisimmediate that K[94]... D] with olx = K and (6.25) forms the difference ring, (K[94]...[d.], o).
In particular, it is a difference ring extension of (K, o) and by Definition 6.2.8 it is a simple A-extension
of (K, o).

(3) By part (1) of the Corollary, we know that ¢; € K* with ord(;) > 0 for 1 < i < e. In particular,
per(¢;) =1 >0 for 1 < i< e. By Proposition 6.2.20 we have that ord(d;) > 0 and per(d;) > 0
for T < i< e. Since ¢ € K*, it follows by statement (1) of Lemma 6.2.17 that per({) =1 > 0 and
ford(C) = ord({) > 0. Thus, the equivalences follows by Lemma 6.2.18 and statements (1) and (2)
of Lemma 6.2.19.

(4) Since ¢; € K* for all 1 < 1 < e, ord((;) can be determined by solving Problem O for each (; in
K*. Further, by Proposition 6.2.20, ord(d;) and per(d;) for all 1 <1 < e can be determined. Now
let o« = OO € (K*)E[e”“'we] with ¢ € K* and my,..., m. € N. Note that ord(() can be
determined by again solving Problem O for ¢ in K*. Then with (6.23), ord(«) can be computed.
In addition, since per(¢) = 1 and ford(() = ord(() are given, we can utilise (6.24) and (6.22) to
compute per(«) and ford (o) respectively.

(5) Let o = ¢+ -9 € (F*)E with ¢ € F* and my,...,m. € N. By Lemma 6.2.18 ord(«) > 0
if and only if ord({) > 0. By assumption, ord(() > 0 implies that ¢ € K*. Thus, if { ¢ K*, then
ord(a) = 0. Otherwise, if ¢ € K*, then by item (4) of the Corollary, we can compute ord(«). -
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Example 6.2.22 (Cont. Example 6.2.10).
We compute the order, period and factorial order of the A-monomials in the ordered Uszy-simple A-
extension (Kgo[@]J][ﬂz)]][ﬁ]yz] [192’2] [‘8])3][19;3], 0") of (Kgo,o‘) introduced in Example 6.2.10.

(1) Take the depth-1 A-monomials, i.e., ¥;,; and ¥, 7, with
o(di,1) = (—1)%191,1 and o(V21) = (—1)%192,1-

2
5

Since (—1)%, (—1)5 € K*, it follows by statement (1) of Lemma 6.2.17 that

2
3

per((—1)3) = per((—1)5) =1, ford((—=1)%) = ord((—1)%) = 3 and ford((—1)5) = ord((—1)5) = 5.
By statement (2) of Lemma 6.2.17, the period of the depth-1 A-monomials are as follows:
per(d;1) = ford((—1)3) = 3 and per(9,,;) = ford((—1)5) =5.
Note that the order of the depth-1 A-monomials are known a priori. That is,
ord(94,1) =3 and ord(9;,7) =5.
Now with (6.22), we compute the factorial order of the depth-1 A-monomials:

fOId(‘S]J) =3 and fOId(‘Sz)]) =5.

(2) Take the depth-2 A-monomials, i.e., ¥; 2 and 9, , with
G(ﬁ]’z) :—8$)1‘81)2 and 0'(‘82)2) = (—1)%19%,]19331192,2.

By Definition 2.3.17 we have that, ord(d;,) = ord(—97 ;) and ord(d,,) = ord((—1)%1‘}%’1 931)
and with (6.23) we compute

ord(1,) =ord(—9%;) =6  and  ord(d,,) =ord((—1)7 92,93 ) = 15.
By statement (2) of Lemma 6.2.17,

per(d ) =ford(—92,) =6  and  per(9d,,) =ford((—1)5 83,93 ,) = 15.
The factorial order of 97, and ¥, , are computed with (6.22):

ford(9,) =36  and  ford(9,,) = 45.

(3) Take the depth-3 A-monomials, i.e., ¥; 3 and 9, 3 with
o(,3) =—95, 97,913 and 0(D2,3) =—97,95,923.

Again by Definition 2.3.17, ord(9;3) = ord(—93 ;93 ,) and ord(d,3) = ord(—95 , 95 ,). Thus,
with (6.23) we have that,

ord(dy,3) = ord(— 93, 95 ,) =10 and ord(d2,3) = ord(— 97,93 ,) = 6.
Again by statement (2) of Lemma 6.2.17,
per(dy3) = ford(—%‘z‘)] 19?)2) =20 and per(d,3) = ford(—f}?)2 83)2) = 36.

Finally, with (6.22), we compute the factorial order of 9; 3 and ¥, 3 as

fOI‘d(ﬂ],g,) =20 and fOI‘d(ﬁz)g) = 36. *
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6.2.4 IDEMPOTENT REPRESENTATION OF SINGLE RPS-EXTENSIONS

Throughout this subsection, (IF, o) is a difference field with the constant field K = const(F, o), (E, o)
with E = F[8](ty)...(te) is an RPS-extension of (F, o) where 9 is an R-monomial of order A with
(= @ € K* and the t; for 1 < i < e are PS-monomials with o(t;) = «; t; + B, i.e., either o; = 1
which implies that t; is an S-monomial or o; € (F*)E with B; = 0 implying that t; is a P-monomial. Here,
(F*)E is the product group over F* with respect to P-monomials for the RPS-extension (E, o) of (F, o),
see (6.18). Most of the results presented in this subsection have already been discussed in Schneider
(2017, Section 4). These ideas are also inspired by Put and Singer (1997).

Lemma 6.2.23.

Let A be an integral domain and let A[9] be a polynomial ring subject to the relation 9 =1 with A > 1.
Let f = Z?:_(; fidt and g = Z?:_J gi 9" with fi, gi € A and f(vi) = g(vi) for distinct {v1,...,va} C A.
Then f = g. ¢

Proor:
Consider the polynomial ring A[y]. Define f := Z?:_g fiyl, § = Zi‘:_g giyt € Alyl. Leth:=f—§e
Aly]. Then

A—1 A—1
h(v;) = fv;)) —§(v) = D_fivj—D givj =0
i=0 i=0

for all T <j < A. Since A is an integral domain, we have h = 0. Therefore, f = g and hence f=g. nm

The next Lemma is taken from Schneider (2017, Lemma 4.2); compare also Erocal (2011, Corollary
3.35).

Lemma 6.2.24.
Let F be a field and let { be a primitive A-th root of unity. Let F[9] be a polynomial ring subject to the
relation 9 = 1. Then the following statements hold.

(1) There are idempotent elements €y, ...,ex_1 € F[8] where
A1 :
o -
e = ex(D) = | | e (6.26)
i=0
iAA—1—K

for all 0 < k < A with

. 1 ifj=A—1-%
e () = and €1 (CV) = exs1 mod A- 6.27
W(0) {O AN ((£9) = €icst moan (6:27)

(2) The idempotent elements defined in (6.26) are pairwise orthogonal and € + -+ -+ ex_1 = 1. ¢
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ProoF:
(1) We will first prove identity (6.27) and use it to show that the -y are idempotent elements. The first
identity is obvious. For the second identity,

Y — Cl Cl 1
H@\ i HC)\ T—(kt1) _ i~ = €k+1mod A~

179\ 1 k iEA— T (k+1)

Now let 0 < k < A and define
A—1
w(d) =er(d)> =) £
j=0

with f; € F. By (6.27) we have that
w((') = e (') =€ (C') for0<i<A.

Since ( is a primitive A-th root of unity, ¢! for all 0 < i < A are distinct, it follows by Lemma 6.2.23
that
e(V) =w@d) = ‘ek(s)2~

(2) For 0 < i,j < A, the factors in €;(d) €;(9) gives 9 — 1 which shows that €;(9) €;(d) = 0. Hence
the -e; are pairwise orthogonal. Now define g(9) = €o(d) + -+ ex_1(9) — 1. Then it follows by
(6.27) that g(C') =0 for all 0 <i < A. Thus by Lemma 6.2.23, 0 =g=-ep+ -+ €x_1. n

In the next theorem we discuss how one can decompose a simple RPS-extension (I, o) of a difference
field (F, o) with E = F[®](t;) ... (t.) whose product group (F*) is free of any RS-/RX-monomial. For
a more detailed result see Schneider (2017, Theorem 4.3); compare also Put and Singer (1997, Corollary
1.16), and Hardouin and Singer (2008, Lemma 6.8).

Theorem 6.2.25.
Let (E,o0) with E = F[®](ty)...(t.) be an RPS-extension of a difference field (IF, o) where © is an
R-monomial of order A with ¢ = % € const(IF,0)*. Let €o,...,ex_1 be the idempotent, pairwise

orthogonal elements in (6.26) that sum up to one. Then the following statement holds:
(1) The ring E can be written as the direct sum
E=eE® - -Dery1E (6.28)
where €\ [E is a ring with ey as multiplicative identity for all 0 < k < A.

(2) We have that € E = €K for 0 < k < A where £ = F(t;) ... (te). &

Proor:
Any g € E can be written in the form g = Y )7 gi 9" where g; € B = F(t;)...(t). With this
representation, consider the map 1V : E — E defined by

AT AT
2 9 ) e
i=0 i=0
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with §; = g(C*'~'). Now define §(9) :=P(g). Then note that for all 0 < k < A,

T

G =) Giel T = Gie=g(TH),

i

|
o

Since Cis a primitive A-th root of unity, (¥ for 0 < k < A are distinct. Thus it follows by Lemma 6.2.23 that
g = §. In other words, if we consider [E as an [-module with basis 1,9,92,...,9* ", then o,..., €\
is also a basis and 1 is a basis transformation. In particular, this gives the direct sum

]E:*e()ﬂ;:@"-@‘e)\_]l@

of modules. Note that e for 0 < k < A is an integral domain with -ey as multiplicative identity. Thus
we obtain a direct sum of rings -ex[E. In particular, for g € E, we have

e.g=-e.g(C*' ")

with g((*77%) e | for all 0 < k < A. Thus ecE = e[t for all 0 < k < A which completes the proof. s

Proposition 6.2.26.

Let (K [91]... [0, 0) be a simple A-extension of a difference field (K, o) with <. = 9T
for all 1 <i< e wherem e N\{0,1}, 0 <uy <m and ,, € K%, is a primitive m th root of unity. Then
there is a defining evaluation function evy, : K, [91]... D] X N = K., for the map ©: K, [0:1]...[8] —

S(K,.) such that T is a difference ring homomorphism. O

Proor:
Let (A, 0) with A = K,,[91]... 9] be a simple A-extension of (K,,, o). Consider the map

T {A = SKnm) (6.29)

f = (evm(f,n))n>o0

where evy,, : K, [31]... [Pl X N — K,,, satisfies the properties in Lemma 2.4.2 and is defined recursively
by

€Vin <Z Cviﬁ\{i‘] o '19!1’8) Tl) = Z eVm(Cvn Tl) eVm(191 ) n)vm o 'evm(ﬁm n)w‘e

v;EN® vi;EN®

with evy, (cy, ) = ¢y, for all ¢y, € K, and

eV (i, n) = l—Ievm Xiyj — (6.30)
where o; € (K%, )K: By.. . Then by Schneider (2001, Lemma 2.5.1) T is a difference ring homomor-
phism. [
Remark 6.2.27.

The evaluation function (6.30) introduced in the proof of Proposition 6.2.26 is also called the naturally
induced evaluation function of (K, [8:]...[8],0). e
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We are now ready to generalise items (1) and (2) of Lemma 6.2.11 for simple A-extension of any
depth.

Theorem 6.2.28.

Let (Kin[91]...[®], 0) be a simple A-extension of a constant-stable difference field (K., o) with %’éi) =
i 9T ~~~8ff{1 forall1 < i< e wherem e N\{0,1}, 0 < wy < m and i, € K, is a primitive
s-th root of unity. Furthermore, let evy, : K, ,[91]... D] x N — K, be the naturally induced evaluation
given in (6.30) and let T, : K [94]...0] — S(K) be the difference ring homomorphism defined by

Tm(f) = <evm(f, n)>n>0 Then the following statements hold.

(1) There is a difference ring (KA[9], o) with a primitive A-th root of unity, (, = UE;)) € K} with A :=

lcm(per(d4),...,per(de)) > 0 where K, is a finite algebraic extension of K,,, with m|A such that
@ :Knil...Be] = KBl = €Ky @ - - @ ex 1K, (6.31)

defined with
@(f) =foeo+ -+ fa_rer (6.32)
where f; = evi, (f,A—1—1) € Ky CK,\ for 0 < i< A is a difference ring homomorphism, where the

ey are the idempotent orthogonal elements defined in (6.26). In particular, (IK\[9], o) is an R-extension
of (K)\, 0') .

(2) Take the evaluation function evy : Ky x N — K, defined by ev, [x, = id and evy(d, n) = " and
consider the Ky-homomorphism T, : Ky[®] — S(K,) defined by T)(f) = <ev7\(f, n)>n>o. Then for
the pairwise orthogonal idempotent elements ey defined in (6.26) with 0 < k < A, we have that

1 ifAIn+k+1,

(6.33)
0O ifAfn+k+1.

€V (‘ekv TL) = {

(3) The Kx-homomorphism Ty : K\[0] — S(K,) with the evaluation function defined in part (2) is injective.

(4) The diagram below commutes

Kmn®]... 0 — ™ S(Ku)

@l l@/ (6.34)
KA ~ €Ky @ - - @ er1 Ky —2— S(K,)

where @' : §(K,,) = S(K,) is the injective difference ring homomorphism defined by ¢'(a) = a. <

Proor:
(1) Since ¢ € K&, per(Chi) =1 > 0 for all T < u; < e. Hence it follows by statement (2) of

Proposition 6.2.20 that per(d;) > 0. Define A := lcm(per(d;),...,per(d:)) > 0 and (, = e =
(—1)% € K} where K, is some algebraic extension of K,,. Note that m divides A. Take the A-
extension (K, [9], o) of (K,, o) with o(9) = (5 9. By Proposition 2.3.37 it follows that (K,[9], 0) is

an R-extension of (K, o). By Theorem 6.2.25 we have that
Ka[D] = €Ky @ - - - ® ex_1K,
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where the ey for 0 < k < A are the orthogonal idempotent elements defined in (6.26). Now consider
the map (6.31) defined by 6.32. We will now show that ¢ is a ring homomorphism. Observe that
for any ¢ € Ky, evin(c,1) = c for all i € N and with statement (2) of Lemma 6.2.24 we have that

e(c)=cey+---+cex1=cles+---+er1)=c.

Thus, @(1) = 1. Further, let f,g € Ky [91]... D] with f:= ad}'- -9 and g :==bd]'- - - 92z where
a,b € Ky, and vi, z; € Z for 1 < i< e. Define fy :=ev, (f,A—1—Xk) and gy :=evi (g, A—1—Xk)
for 0 < k < A. Then,

e(f+g)=evp(f+g,A—1)es+ - +ev (f+g,0)er

(e (f,A—1) +evn(g,A—1)) €0+ + (evn(f,0) + evin(g,0)) €r_1
(evm(f,A—1) €+ -+ evn(f,0)er_1) + (eVm(g,A— 1) €0+ - -+ + €vin(g,0) €r_1)
= (foeo+ -+ fr_1ex1)+ (goe€o+ -+ gr1€r1)

¢(f) + @(g).

Similarly,

o(fg) =ev(fg,A—1)eo+- - +ev,(fg,0)exr
= (eVin(f,A—1) evin(g,A — 1)) €0 + - - - + (Vi (f,0) evin(g,0)) €r_1
=fogoeot+figier+ -+ 19ga1exr
= (foeo+ -+ fr1ex1)(goeo+ - +gr1er1)
= @(f) (g).

The first equality follows since the -e; are idempotent. Thus, ¢ is a ring homomorphism. Next we
show by induction on the number of A-monomials, e € N, that @ is a difference ring homomorphism.
For the base case, i.e., e = 0, there are no A-monomials and we have that

for all ¢ € K,,. Thus, the statement holds for the base case. Now assume that the statement holds
for all A-monomials ¥; with 0 <1i < e and let s, € N. We prove the statement for the A-monomial,
9o, with o(D,) = &9, with & € (K7, Km0

. More precisely we show that
o(@(d3)) = @(o(dg)) (6.35)
holds. For the left hand side of (6.35), we have that
POg°) =voeo+  +Va-1€r1
where v; = evi,, (935,A — 1 —1) € K,;,, for 0 < i < A are A-th root of unity. Thus,
o(@(9¢)) =vooleo) +---+vya-10(err1).

By (6.27) we have that o(e)_1) =€, and o(ei) =€;1 for 0 <i < A— 1. Therefore,

(@) =FVoeo+ - +¥a_1e€r1 (6.36)

where Yo = ya_1 and ¥; = vi_q for 1 <i<A—1.
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For the right hand side of (6.35), we have that

o(95) = (D) = (& D) = ade

e

where o = &% € (Kz ) 0 Perl Thys,

P(o(95°)) = @(axd3°) = @) P (D3°)
=(ooeo+ - +or_1ex_1)(voeo+ - +vr1er1)

=0XoYoe€o+ -+ XA_1YA-1€r1 (6.37)

where oy = evi (o, A — 1 —1) and v; = ev (93e,A — 1 — 1) for 0 < i < A are A-th root of unity.
Again (6.37) holds since the e; are idempotent. By this construction,

Yi = i Vi

for 0 <1 < A. Together with (6.36), equation (6.35) holds. Thus, ¢ is a difference ring homomor-
phism.

Evaluation of the idempotent elements ey given in (6.33) follows by substituting j with n in (6.27).

Since (K, [8], 0) is an R-extension of a difference field (K,, 0), it follows by Schneider (2017, Theorem
3.3) that it is simple, i.e., any ideal of K,[9] that is closed under o is either K,[8] or {0}. Thus by
Schneider (2017, Lemma 5.8) T, is injective.

Let x € Kin[9]...[9:] and let ev,,,, evy, be evaluation functions for K,,,[84] ... [D] and K, [9] defined
by (6.30) and (6.33) respectively. We prove that

@' (Tm(a)) = Tal@(a)) (6.38)
holds. For the left hand side of (6.38), we have
@' (Tm(%) = Tm (o) = (e¥m (0], o € S(Km) € S(K»).
For the right hand side of (6.38) we have the following. First of all, by (6.32),
¢la) =ooeo+ -+ oa1€x1
where o; = evip (0, A —1—1) € K,,, C K, for 0 <i< A. Thus,
(@) = (evalxoeo + -+ on 97\*1’“)>n>o

= <eV7\(OCo €0>n)>n>o T+t <eV)\((X}\—1 0A71>n)>n>o

=

= Xo <eVA(€o»n)>n>o SR O, | <eV>\(€>\—1>T1)>n>O

=

= <evm(oc,n)>n>o.

The last equality follows by (6.33). This proves the statement and consequently the diagram (6.34)
commutes. n
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Remark 6.2.29.
By statement (4) of Theorem 6.2.28 and (6.33) we observe that for a fixed k € N and o € K;,,[)4] ... [D.]

eVm(“) k) = eV?\(@(“)) k)

= oto evx(eo, k) + -+ o1 eva(er_1,k)

= «; evr(ej, k) (6.39)
= evim (o, j)
holds for some j € {0,1,...,A — 1} with A |k —j. [ )

Example 6.2.30 (Cont. Example 6.2.10).

From Example 6.2.10, we already know the period of the A-monomials in the Uso-simple A-extension
2

(K3001,1102,11[01,2]1[02,2]1 31[02,3], 0) of (K30, 0) where K30 = Q((—1)3, (—1)5). Set

A =lcm(per(d1,1), per(9,,1), per(dq,2), per(9,2), per(dq3), per(d,,3)) =180

sy

and take a A-th root of unity, say, () := e = (—1)
difference ring homomorphism

3=

. Then with K, = Q(\) we can construct a

@ 1 K30[01,1]02,11[01 212,201 3]102,3] = €Ky @ --- @ ex_ 1Ky =K, [l

where the ey for 0 < k < A are the pairwise orthogonal idempotent elements defined in (6.26). In
particular, (K\[®],0) with 0(®) = (59 is a single R-extension of (K,, o). Moreover, we get the K,-
embedding

e Ky ® - @en1 Ky — S(K,)

with the evaluation function, evy : €K\ @& --- @ ex_1 Ky x N — §(K,) defined by

A—1 A—1
eva() fiei®)n) =) eva(fy,n) eval(e:(d),n)}
i=0 i=0

where ev, (fi, 1) and ev,(e;(9),n) are the evaluation functions defined in (2.1) and (6.33) respectively.
Consequently, with ¢@’(a) = a, the diagram

K30 [01 1102111 21022107 3102.3] —2 8(Kso)

| I

KA[D] ~ €oKy & - B er_ 1Ky —2— S(Ky)

commutes. )
Corollary 6.2.31.
Let (Kw[®1]...[®e), 0) be a simple A-extension of a difference field (K., o) with

0—59. ) =0 = n{.&‘]"ﬂ .. .1911371 c (K;)ﬁinﬂz[ﬁﬂ...[ﬁlf]]
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forall1 < i< ewherem e N\{0,1}, 0 < uy < m and ¢, € K3, is a primitive m-th root of unity.
Let evy, @ Kiy[D]... O] x N — K, be the naturally induced evaluation function defined by (6.30).
Let Yiy...,Vs € (K*m)ﬁiwﬂ“'we]. Then one can define a single R-extension (K9], o) of (K,, o) with
o(d) = C\D where ¢, € K is primitive A-th root of unity and K, is a finite algebraic field extension of
K with m|A together with the evaluation function evy : K\[¥] x N — K, defined by evy(d,n) = C}
with (6.33) such that the following property hold. For all k with 1 < k < s one can define

A1
gk = Z gr1 9" € Ky[B] (6.40)
i=0
with gx i € K, such that for all i,j € N,
evin (0 (vi),3) = eva(o(gx), i) (6.41)
holds. In particular, g € KA[8] can be computed for all 1 <k < s. &

Proor:
By Theorem 6.2.28, there is a single R-extension (Kj[9],0) of (Kj, o) subject to the relation 9 = 1

2mi

with o(9) = (O where A := lcm(per(y1),...,per(ys)) >0, (:=er = (—1)% € Ky and K, is some
algebraic extension of K,,, such that m|A. Furthermore, there is a difference ring homomorphism

@ :Kn]...Be] = €Ky ® - @ ey 1Ky =K\ [D]
such that the diagram (6.34). Define,
gk := @(Yx) = gk,0€0 + -+ gia—1 ea—1 € Ky[D]

where gy = eV (YibA—1—10) € K, for 0 < { < A. Now by (2.28), we have that ev,, (0" (v),j) =
eV (Yi,1+3). Similarly, eva(0'(gx),j) = eva(gx,i+3) = eva(@(yi),i+7j). Finally by the first equality
in (6.39) we have that

evmh/k) i+ )) = eV?\((p(‘Yk)»i + J)
holds for all 1, j € N and for all k with 1T < k <'s. This completes the proof. Since Problem O is solvable
in K, A can be computed. Hence for all k with 1 < k <'s, gx given by (6.40) is computable. This
completes the proof. n

Remark 6.2.32.
Note that with Theorem 6.2.28 and Corollary 6.2.31, Problem SR-RC is solved. More precisely, items (1)
and (4) of Theorem 6.2.28 solves items (1) and (2) of Problem SR-RC respectively, while item (3)
of Problem SR-RC is solved by Corollary 6.2.31.

>

Example 6.2.33.
Let K¢ = Q((—])%) and let (K¢, 0) be a rational difference field. Consider the nested products over

roots of unity in Ug = ((—1)3):

n n i j >
Pm)=]]-1+ H—(H(—1)%H—1> € ProdEx, (Us). (6.42)



We illustrate in detail with the help of the Mathematica package NestedProducts the various steps in
order to construct an alternative representation Q of the sequence object P(n) in a single R-extension of
(K¢, 0) such that for all n € N, P(n) and Q(n) evaluate to the same sequence. Expanding the second
product in (6.42) we have

n n i n i j

4
piw) = [Tt + [T TTIT0¢ TITTTT - (6.3

i=1 i=1 i=1j=1 i=1j=1k=1

(1) Now, we construct a simple A-extension of (Kg, o) that models P(n) precisely. Here we have
(Ke[®1,11[02,11[51,2102,2]1[01 3], 0) with

o(91,1) 0(91,3)

:—1, : :_19 y :_19 .8 )]
o1, 91 1,1 9 s 1,1 92,1
0(92,1) 1 0(92,2) 4
S02) _ (8, 2) (1)t
9, (—=T1) 9 (—1)3 92,1

subject to the relations 97 ; =1, 93, =1, 97, = 1,93, = 1 and 8] ; = 1 together with the
evaluation function

ev(dr,n) =], ev(di ) =]I]-1, evids,)=TTTT]-1,

ev(®2,m) = [ (=13, ev(@m) =TI T(-1)5

In this ring, the expression
fZ:191,] +191’]191,3192)2 (644)

models P(n) since ev(f,n) = P(n) for all n > 1.
(2) Next we use our package to compute the periods of the A-monomials. In particular, we compute:
per(9d1,1) = 2, per(V2,1) = 3, per(d2,1) =4, per(dz2) =3, and per(d;3) =4.

Let A := lcm(per(9,1), per(9;,1),per(d,,1),per(d,2), per(dy,3)) = 12. Then the minimal single R-
extension of (Kg(x), o) that models (6.44) is (K;2(x)®], o) with o(d) = (—1)% O subject to relation
972 = 1. Now consider the difference ring homomorphism

@ : Kg[01,1]1[02,1]01,2]02,21[01,3] = Kq2[0]

as defined in part (1) of Theorem 6.2.28. Then applying @ to (6.44) we get

1
@011 +91,1913922) = ((2+20® +2a® + ') + (o +2a7) 0 + (1 + &?) D?

6
+(—ax+od+o =2+ + 4202+ +a® +a8)9*
+la+ o’ +o +a) P+ 2+ 60 -4t + %) 9° (6.46)
+Ra+o )V +(14+a)B¥+Ba+o®+a” +3a”)9°
+@—6a®+5a"—2a°+a®) 9"+ (a+ o’ + & + ) 9')

11mi

where o« = @ 6~ = (—1)%. Note that (6.46) models P(n) in the single R-extension (K;,[9], o) of
(Kg, 0) with the automorphism o : Ky, — K;, and the evaluation function evy; : K29 x N — Ky,
defined by

=

o) =(-1)¢d and evi,(9,n)=((—1)



respectively. Since (K;;[9], o) is an R-extension of (K;;,0) it follows by part (2) of Lemma 2.4.3

that
T12 - K2 8] — §(K43)

with
= <ev(19,n)>n>o
is a Kj,-embedding. Let Q(n) =1t(@((D1,1 +91,191,392,2)). Then,
Q) = ¢ (24202 +208 4 o) + (& + 207) (-1} + (1 + ) (-1)H)")?
T atoad o =200 o) ((=)e )P+ (4202 + ot + b+ od) (((—=1)5)™)*
+ (ot o o +a ) (1)) + 2+ 602 —da’ + ') ((—D)F)™)°
+ 2o+ o) (D)™ + (1 +a2) (1)) + Bt o + o +3a) (—1)5)™)°
+(4—602+50" =208 + o) ((=1)5))'0 + (a4 o + o + o) (~1)5)™)")
with & = e 6" = (—1)% for all n € N. In particular, we have that
P(n) = Q(n)
holds for all n € N. *
Remark 6.2.34.

Note that the simple A-extension of (K¢, 0) constructed in item (1) of Example 6.2.33 above to model (6.42)
is not unique. In particular, with the simple A-extension (K¢[81,1][91,2][%1 3], 0) of (K¢, o) equipped with
the automorphism

o(D1,1) = =11, 0(®1,2) = (=1)3 92191 2, o(913) :(—1)%9?,13?,291,3

and the naturally induced evaluation function ev : Kg[9 1][91 2][91,3] x N = Kg defined by

. . N . ) 5
ev(ﬁLhn):H_]» ev ‘91 2y ( )’ 8]3’ ) H_<H(_1)§H_]>
j=1 i j=1 k=1

k=1 k=1
and subject to the relations 87 ; = 1, 9, = 1 and 99 ; = 1, the expression 91 ; + ;3 in the ring
K[B1,11[01,2][01,3] also models (6.42). [

w\N

:]:

Proor (THEOREM 6.2.2):
Suppose we are given the geometric products over roots of unity A;(n),...,As(n) € Prod(U,,) in n
with (6.16). By Lemma 6.1.5 we can rewrite each A;(n) as

n k1 kTi*T
Ai(n) =uiAi(n)  where Ai(n) = H G H EWEEE H G,y (6.47)
K=l k=1 K =1

and u; € U,,. Observe that we can construct a simple A-extension (K,,[%]... 9], 0) of (K., 0) with

8 et . Cul 19\’1.1 .. ,81)1_1] 1 c (Um)§$[8]1[191—]}
i
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for 1 <1 < s and the naturally induced evaluation function ev,,, : K., [94]...[%s] x N — K, defined by
eV (O, n) = Hevm xi,k—1)

with the following property. For all i with 1 < i <'s, the geometric product A;(n) over roots of unity is

modelled by some y; € (Um)izw‘]'“[ﬁ“], ie.,

~

eV (vi, 1) = Ag(n) (6.48)

holds for all n > & where & is some natural number. By Corollary 6.2.31, we can construct the single
R-extension (K, [V], o) of (K,, o) with the automorphism o(9) = (5 ¥ together with the difference ring
homomorphism (6.31) defined by (6.32) and for 1 <1 < s we can define

A—1

gi = Z gi,k O € Ky [9]

k=0

with gi x € K, such that for all k,j € N,
eV (0% (v1),) = eva(0*(g1),]) (6.49)
holds. By item (1) of Lemma 2.4.3, we can construct the K)-homomorphism
T KaB] = S(Ky)  with  1\(d) = <C‘A‘>n>0.

Since (K,[9], o) is an R-extension, it follows by item (3) of Theorem 6.2.28 that T, is a K-embedding.
Finally, we define for 1 <1i<s

A—1
= Z Ji,x (C;\l)k
k=0
and get
eva(gi, 1) = Gi(n) Vn >s.
With (6.47), (6.49) and (6.48) we conclude that
Ai(n) = wAi(n)
=1u; Gi(n)

holds for all n > & and this completes the proof. n

Example 6.2.35.
We represent the nesting depth 2 geometric product expression

n k 3 n 3 n k 5
An) H( [T ) (H—1> <H (—1)) +1 | € ProdE, (U,)
k=1 i=1 k=1 k=11i=1

in a single R-extension of (K;, o) where K; = Q. We will first represent A(n) in a G-simple A-extension
of (K3, 0) where G = U, = (—1). More precisely, we take A = K;[x][y][x] with the automorphism and
evaluation function defined by

O'(J}) =%, O—(y_) = 3y~) O—(%) = —XTZ,

=X
n k 3 n ok
evie,n) = (1), ev(y,n) =[] (— T (—1)>, eviz,n) =[] (-1
k=1 i=1 k=1 1i=1
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respectively. The constructed difference field (A, o) is subject to the relations > = 1, y2 = 1 and
%22 = 1. In this ring, A(n) is modelled by the expression (y — 1) (x %° + 1) € A which can be reduced
toA;=(y—1)(xx+1) € A. In particular,

An)=ev(A;,n) Vn>1
holds. Next we compute the periods of the A-monomials «, y and x. Thus we have:
per(c) =1 VcekK,, per(a) = 2, per(y) =4, per(x) = 4.

Let A := lcm(per(x), per(y), per(x)) =lcm(2,4,4) =4 and let  := e =1i. Consider the A-extension
(K4[8], 0) of (K4, 0) where K4 = Q(1) with the automorphism o and the naturally induced evaluation
function ev : K4[8] x N — K, defined by

o®) =1d and ev(d,n) = ()" (6.51)
subject to the relation 9* = 1. By Proposition 2.3.37, (K4[],0) is an R-extension of (KK4,0) and by
Theorem 6.2.25 the ring K4[9] can be written as the direct sum €K; @ €1K4 @ €,K4 @ e3K,4 where
i . . 1
Z(ﬁ3+n82—8—n); e = (1—9+9—9°);

4
=% (—9° +19%+9—1); ees =411(1 +9 4974+ 9%)

with €y + €7 + e, +e3 = 1. Now consider the difference ring homomorphism

€y =
(6.52)

€2

@ Kolzellyllx] = Ka[d] ~ €Ky & 1Ky & €Ky & e3Ky

defined by
@(x) = —€o+ €1 — €y +e3 =9
Oly) = €o—e1—e2+e3 =~ ;ﬁﬁ(ﬁz—ﬁ);
O(x) = —€y— € + €1+ €3 = 1 ;ﬁ%(ﬁz—l—ﬁ).
Then

P(AD) = o((y—1) (@x+1)) = (@33 (82+ﬁ)—1) (@83 (192-1—1'1)-1—1) _o.

Thus A(n) =ev(@(A;),n) =0 for all n € N, i.e., it evaluates to the zero sequence. *

Example 6.2.36.
Using my Mathematica package NestedProducts the nested products

j

n k no f k
Pim)=JJIII]-7 €Prod@ and Pym)=]] k% € Prod(Q(i))
k=1j=1 i=1 k=1

which appeared in Schneider (2016, Equations 4 and 7) respectively can be reduced. In Mathematica
Session 4 below we reduce the nesting depth 3 geometric product

n k j
Pi(n) = H HH —1 € Prod(Q)

k=1j=1 i=1

to a geometric product expression of nesting depth 1.
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( )

r L Mathematica Session 4 ] \

mgi= P71 = FProduct[FProduct[FProduct[—1, {k, 1, j}I, {j, 1, i}], {i, 1, n}];
ne= Q1 = ProductReduce[Pq]

I R,
Out[9]=z+zll(]l) +z

Observe that while P(n) € Prod(Q), its reduced expression Q7 which is given by Out[9] in the Math-
ematica Session 4 is an element of Prod(Q(1)).
In Mathematica Session 5 below, we reduce the nesting depth 2 hypergeometric product

7 -k
Pz{n)_HkM

k=1

€ Prod(Q(1))

to a nesting depth 1 hypergeometric product expression.

y { Mathematica Session 5 } N

FProduct[i, {i, 1, k}]
k+1

o= P2 = FP‘roduct[— 1k, 1, Tl}};

mi= Q2 = ProductReduce[P;]

Out[11]=

i
4

Here, the 8-th root of unity, (—1)%, is the complex number e
for P2(n) in Schneider (2016, Equation 7), i.e.,

i1\ —(=D)"+1 (5 (1)F
(-3-3) s <H k)

k=1

. While the simplification obtained

is as the input expression an element of ProdE(Q(1)) , the simplification Q, given by Out[11] in the Mathe-
matica Session 5 is an element of ProdE(Q(e”Ti)). Furthermore, note that whiles the output in Schneider
(2016, Equation 7) is a nesting depth 2 hypergeometric product expression, Qz given by Out[11] in
the Mathematica Session 5 is a nesting depth 1 hypergeometric product expression. *

6.3 CONSTRUCTION OF MULTIPLE CHAIN [I-EXTENSIONS FOR HIGHER NEST-
ING DEPTH EXPRESSIONS IN ProdE(K)

In this section we will discuss how one can model geometric products of higher nesting depth over a
constant field K = K(kq,..., k) which is a rational function field over a o-strongly computable field K.
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Definition 6.3.1.

Let (A, o) be a difference ring with constant field K = const(A, o) and set 9(f) = 0 for all f € A. Let
G be a subgroup of A*. A P-extension (E, o) of (A,o0) with E = A(t;)...(te) is called a G-simple
P-extension of depth-(vy,...,v.), if forall 1 <1i < e,

tr)een (i)

e 0(t;) = ity where ; € Gﬁ is the product group over G respect to P-monomials;

° D(ti) = Vj.
If vi < vy, < -+ < v, then (E, o) is called an ordered G-simple P-extension of (A, o). Similarly,
we call (E, o) a G-simple II-extension of (A, o) of depth-(vy,...,v.) if it is a G-simple P-extension of

(A, o) of depth-(vq,...,Vv.) and const(E, o) = const(A, o). Furthermore, (IE, o) is an ordered G-simple
[1-extension of (A, o) if it is an ordered G-simple P-extension of (A, o) and const(E, o) = const(A, o).
Finally, we call (E,o) a simple P-extension (resp. simple I1-extension) of (A, o), if it is an A*-simple

P-extension (resp. A*-simple IT-extension) of (A, o). *
Example 6.3.2.
Consider the following geometric products
n n n i 2 n i j 3
Pim)=]]2 P.m)=]]5 Psm)=]]3 <H7> , Pam)=]]1I]2 (Hs) (6.53)
i=1 i=1 i=1 =1 i=1j=1 k=1

in Prod(Q). We construct a simple P-extension that models these products. Let (Q(y;)...(yr),0) be
a simple P-extension of (Q, o) with the automorphism

G(C) =C, Vee Q) G(yl) = 21.{1) 0(1(42) = 5142’ 0-(143) - 7143»

2 3 3 (654)
o(ys) =147y3ys, 0(ys) =3ys, 0(ys) =54ysys, o(ur) =54ysysyr

and the evaluation function ev : Q(y;) ... (y7) X N — Q defined as follows: ev(c,n) =c¢, Vc € Q,

i=1

. 2
v(y,n Hz ev(ys,n H7, ev(ys,n) =] ]3 (H7) ,evlygm Hz (H3) :

n

ev(TJ?)n) = H5> ev(yinn) = H ) 1aL7) HHZ <H3> .
i=1

i=1 i=1j=1

(6.55)
Then (6.53) can be modelled in the constructed simple P-extension (Q(y;)...(y7), o) of (Q,0). More
precisely, the monomials y1, y2, y4 and y7; model P;(n), P2(n), P3(n) and P4(n) respectively. *

We will now consider a special class of simple P-/II-extensions called single chain and (ordered)
multiple chain P-/II-extensions that are closely related to the product factored form representation of
nested products. Based on that we will demonstrate how any simple P-/II-extension with an evaluation
function can be transformed into a (ordered) multiple chain P-/II-extension.
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Definition 6.3.3.
Let (E, o) be a difference ring extension of (A, o) with 9(f) =0 for all f € E. We call (E(t;)... (t.),0)
a single chain P-/Il-extension of (IE, o) over A if and only if for all 1 <k < e,

G(tk) =cCi bty Tty with ¢, € A*.

Note that 0(ty) = k. We call c; the base of the single chain P-/Il-extension (E, o) of (A, o). Further,
we call (E, o) a multiple chain P-/II-extension of (A, o) if it is a tower of single chain P-/II-extensions
over A. *

Example 6.3.4.

We construct a multiple chain extension that models the geometric products in (6.53). First we write
each geometric product in a product factored form; see Remark 2.1.11. Note that P;(n) and P,(n) are
already in a product factored form since they are of nesting depth 1. For P3(n) and P4(n) we have

- <ﬂ3> (ﬁH7>2 and  Pi(n) = (f[Hz) (ﬁji”ﬁsf (6.56)

i=1j=1 i=1j=1

as their respective product factored form. Note that for all n € N
P3(n) =P3(n) and Ps(n) = Pi(n)
holds. Now consider the following single chain P-extensions of (Q, o) over Q.

(1) Define the single chain P-extension (Q(x4:),0) of (Q,0) over Q with 5 as its base and with the
automorphism o : Q(x11) — Q(x1,1) and the evaluation function €7 : Q(x1) x N — Q defined as

0(x11) =5%1,1 and ev(c,m) =c¢, Vc € Q, ev(x%q,1,n) = HS. (6.57)

i=1

(2) Define the single chain P-extension (Q(x2,1)(%2,2), 0) of (Q, o) over Q with base 2 together with the
automorphism o and the evaluation function €V : Q(x2 1) (%22) X N — Q defined as
0'(%2,1) = 2%, 0'(%2,2) =2%9,1 %22 and

n L 6.58
ev(c,n) =c,VceQ, €v(xyq,n)= HZ, eV (%92, ) = HHZ ( )

i=1 i=1j=1

(3) Define the single chain P-extension (Q(x31)(x3,2),0) of (Q, ) over Q with 7 as its base with the
automorphism o and the evaluation function €v : Q(x3 1) (x%32) X N — Q defined as
U(%z,l) = 7%3,1, U(%s 2) =7%3 1432 and

~ ) no i (6.59)
ev(c,n) =c, Ve e Q, €¥(x3,n H7 €V (x3,2,1) = HH7

i=1j=1

(4) Define the single chain P-extension (Q(x4,1)(%4,2)(%4,3), 0) of (Q, ) over Q with base 3 together
with the automorphism o and the evaluation function €V : Q(x4,1)(%4,2) (%4,3) X N — Q defined as

U(%4,1) = 3%4,1> G(%4,2) = 3%4,1%4 2y U(%4 3) = 3%41%42%4 3y

n

e’ir(c,n) =, Vee Q) ehv(%él,lan) = Hg» %4 2y L HH3 eV %4 B = ﬁ

i=1 i=1j=1 i=1j=1 k=1
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Putting everything together, we have constructed (Q(x1)(%2.1)(%2,2)(%3.1)(%3,2) (%4.1)(%4.2) (%4,3), O)
which is the multiple chain P-extension of (Q, o) based at 5,2,7,3. In this ring together with a proper
extension of the evaluation function, the sequences generated by P;(n), P2(n), P3(n) and P4(n) are
modelled by %51, %1,1, %41 %35 and x5 5% 5 respectively. *

Remark 6.3.5.

Given any simple P-extension (E, o) of a difference ring (A, o) with constant field K = const(A, o) and
an evaluation function ev : E x N — K, one can always construct a multiple chain P-extension (&, o) of
(A, o) together with a proper evaluation function by following the procedure outlined in Example 6.3.4.
More precisely the following steps suffice.

(1) Write a product factored form of each product expression that is modelled by the simple P-
monomials.

(2) Among the product factored forms with the same multiplicand, take one, say P(n), with the highest
nesting depth. Construct a single chain P-extension of (A, o) over A and an evaluation function
such that the outermost P-monomials models P(n).

(3) Repeat step (2) for the remaining product factored forms.

(4) Combine the constructed single chain P-extensions of (A, o) over A to obtain a multiple chain
P-extension of (A, o). In addition, compose the evaluation function accordingly.

As a consequence, we state the following Lemma without proof. [

Lemma 6.3.6.
Let (A, o) be a difference ring with constant field const(A, o) = K and let (A(t;)...(te),0) be a simp/e P-

extension of (A, o) with o(t;) = o t; for 1 < i< e where oy =7yit]"' -t/ € Gy (A*) (b
Vij €Z for1 <j<i—1. Letev:A(ty)...(te) x N — K be an evaluation functlon defined as

v(ty,n) = | | ev(o, k

In particular the P-monomials t; model product expressions in ProdE(K(n)) whose lower bounds are all
synchronised to some & € N. Then one can construct

’

(i) a multiple chain P-extension (E, o) of (A, o) where

E = A<Z1’1> NN <Z1’51><Zz)1> N <Zz)52> N <Zm’1> e <Zm,sm>

) Ze — o(, Z l/V}] I — Z z * Ze ] <Z£‘k_ >

for1<{<mandforl < k<3g,'

(ii) and an evaluation function €v : E x N — K defined as

n

eV(zei,n) = | | V(&exyj — 1)
=5

forT<€<mandforT <k < sy
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such that the following holds. There are vi ;i € Z for 1 <i<e, 1 <j<mand1 <k <s;j such that

(1) the map
p: A<t1> e <te> — A<Z1’]> ‘e <Z1,S]><Z2y1> e <Zzy52> PN <Zm)1> N <Zm,sm>
with
plte) =23 oz 2y ez ez

is a difference ring homomorphism,

(2) the diagram below commutes

Altr)... (te) v > S(K)

0| o

Azia) . (21 Mz21) oo (22.6,) o (Zmt) oo (Zmisn) —— S(K)

where P(f) = (ev(f,n)) _  and P(f) = (€v(f,n))__, are both K-homomorphism.

Consequently, for all g € A(ty) ... (te),
holds for all k, n € N, ¢

Example 6.3.7 (Cont. Examples 6.3.2 and 6.3.4).

Consider the simple P-extension (Q(y1){y2)(ys)(y){(ys)(ye)(y7), o) of (Q,0) constructed in Exam-
ple 6.3.2 with the automorphism and the evaluation function given by (6.54) and (6.55) respectively. Con-
sider also the multiple chain P-extension (Q(x1,1)(x2.1)(%2.2)(%3.1)(%3,2) (%4,1) (%4,2) (%4,3), 0) of (Q,0)
with the automorphism and evaluation function (6.57), (6.58), (6.59) and (6.60) constructed in Exam-
ple 6.3.4. Then we can construct the difference ring homomorphism

P Qy)(ya) (us) (ya) (ys)(ue) (ur) — Q(e1,1) (22,1) (R2,2) (%3,1) (%3,2) (%4,1) (%4,2) (%4,3)
defined as follows:

plyi) = =21, ply2) ==, plys) = %31, plyd) = %4,1%§,z>

P(ys) = %41, plys) = %2,1%2,% P(Y7r) = %22 %Z,s-

In particular, for all n € N,

~

ev(%2,1)n)> eV(y%n) — e’v(zl,l)n)a ev(yg,n) = ehv(%&bn))

ev(yl,n)
ev(ys,n) = €¥(xy1 25,5, 1), €V(ys,n) =€V(x41,n), ev(yesn) = e¥(xy%],,n),

~

ev(yr,n) = eV(x2 %5 5,M)

holds. *
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Proposition 6.3.8.

Let (A, o) be a difference field with const(A, o) = K and let (A(t;) ... (t.), o) be a single chain P-extension
of (A, o) with o(tx) =cty - tx_1ty forall 1 <k < e where c € A* and c is not a root of unity. Then
(A(ty)...(te), 0) is a [I-extension. O

Proor:
Suppose that (A(tq) ... (tx), o) is not a IT-extension of (A(t;)...(tx_1),0) for some k with 1 <k < e.
Then by Theorem 2.3.40 thereisa g € A(ty)...(tx—1) \ {0} and m € Z \ {0} such that

o(g)=(cty---tx1)™g.
Write

9= giti
i=¢

with deg(g) = r and ldeg(g) = £. If m > 0, then deg(o(g)) = r and deg ((ct1 ---tk,1)mg) =m+r.
Thus m = 0, a contradiction. Conversely if m < 0, then ldeg(o(g)) = € and ldeg ((cty -+ tx—1)™g)

m+4{. Again m = 0 which is a contradiction. Consequently, (A(tq)... (te), o) is a I[I-extension of (A, o).

In particular, it is a single chain Il-extension of (A, o) over A. n
Example 6.3.9.

Each of the single chain P-extension of (Q, ) over Q constructed in items (1), (2), (3) and (4) of
Example 6.3.4 is a single chain II-extension of (Q, o) over Q. *
Remark 6.3.10.

It is obvious that the building blocks of a multiple chain P-extension are “stand-alone” single chain II-
extensions. However, this does not mean that a multiple chain P-extension whose building blocks are
“stand-alone” single chain Il-extensions will always be a multiple chain II-extension. The criterion for a
multiple chain P-extension to be a Il-extension is given in Theorem 6.4.14 below. o

In the following let m € N\ {0}, and for T < { < m let (K, o) with K¢ = K(ye) = K(ye,1) ... (Ye,s,)
be a single chain IT-extension of (K, o) with base hy € K* where

0(Yex) = Xk Yo,k Where oo =heye1-- Yokt € (K*)EW“‘)“”““*”) (6.61)

and 0(ye,x) =k for 1 <k <s. Let ev: Ky x N — K be an evaluation function defined as
U(’, ky L Hev Xy k)] — ] = H (Xf,k- (662)
j=1

In particular, for all ¢ € K, ev(ec,n) =c for all n > 0. Let (A, o) be the multiple chain P-extension of
(K, o) built by the single chain II-extensions (K, o) of (K, o) over K. That is,

A=K{Yn)yz) .- (Ym) =Ky1,1) .- Y1,500U2,1) - Yz,60) - Ym,1) -+ (Ymysi)-
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Depending on the context, Yy, denotes (Y¢,1,...,Ye,s,) OF Ye,15---yYe,s, OF Yg,1 - - Ye,s,- Note that the
P-monomials ygx can be ordered in increasing order of their depths. Let d = max(ss,s,,...,5m) and
Ao = K. Consider the tower of difference ring extensions (A;, o) of (A;_1, 0) with the ring

Ai=A 1Y) =AY Yz,i) - Ywii)
for 1 <i<dwhere m=w; >w; > .-+ > wyg and with the automorphism
U(U(’,,i) = XeiYes where e = heyz,1 Y € (K*)};Ii(ye,ﬁ...(ye,iq) (6.63)

for T < € < wj. Note that the d(ye,i) = 1. Further, the ring A4 is isomorphic to A up to reordering of
the P-monomials. We call (Aq4, o) an ordered multiple chain P-extension of (K, o) of monomial depth at
most d induced by the single chain IT-extensions (K, o) of (K, o) for 1 < { < m with (6.61) and (6.62).
Observe that since Ay ~ A, the evaluation function ev : A; x N — K for all 1 with 1 <1 < d is also
defined by (6.62).

Example 6.3.11 (Cont. Example 6.3.4).

The difference ring (Q(1,1) (%2,1) (%2,2) (%3,1) (%3,2) (%4,1) (%4,2) (%4,3), 0) constructed in Example 6.3.4 is
a multiple chain P-extension of (Q, o). In particular, the diagram below illustrates a graphical view of the
ordered multiple chain P-extension (Q(x1,1)(x2,1) (%3,1) (%4,1) (%2,2) (X3,2) (%4,2) (x4,3), 0) composed by the
single chain II-extensions (Q(x1,1), 0), (Q(x2,1)(%2,2),0), (Q(x3,1)(x%3,2),0) and (Q(x4,1) (*4,2)(%4,3), O)
of (Q,0). In the diagram, each horizontal line represents a single chain Il-extension of (Q,0). On the
other hand, if we adjoin stepwise the generators at the dotted lines from left to right, then we have
an ordered multiple chain P-extension of (Q, ). Thus, in general, a row-wise view corresponds to the
distinct single chain Il-extension of the ground difference ring, while a column-wise view corresponds to
the ordered multiple chain P-extension of the ground difference ring at a particular depth.

%4, %4, 4,3
Q(4,1) (%4,2) (%4,3) - <

3, Z3,2

@<%3,1> <%3,2> . .
% %

Q(x2,1) (%2,2) -~ 32
1,1

@<%1,1> d

Ay = @<%1,1><%2,1><%3,1><%4,1> Ay = A, <%2,2><%3,2><%4,2> Az = A2<%4,3>

*

64 STRUCTURAL RESULT FOR MULTIPLE CHAIN [I-EXTENSIONS

We begin with some general properties which will be essential in this section. Most of these results have
already been discussed in Schneider (2016, Section 3 and 4). For the sake of completeness, the proofs
are repeated.

Definition 6.4.1.

A ring A is said to be reduced if there are no non-zero nilpotent elements, i.e., for any & € A \ {0} and
any n >0, «™ # 0. A is said to be connected if 0 and 1 are the only idempotent elements, i.e., for any
o€ A\{0,1}, a? # «. *
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A polynomial ap + aj t+---+ an t™ € A[t] with a; in the ring A is invertible if and only if ay € A*
and a; withi>1 are mlpotent elements. Thus, if A[t] is a reduced ring, then A[t]* = A. In Karpilovsky
(1983, Theorem 1); see also Neher (2008), where this result has been extended to the ring of Laurent
polynomials, A[t, %]. In particular, a complete characterisation of the invertible elements in A[t, t] is
presented. For our purpose, we extract the following result.

Lemma 6.4.2.

Let A be commutative ring with 1. If A is reduced, then A[t]* = A. If A is reduced and connected, then
Alt)* =Alt, 11" ={ht"|[h € A", v e Z}. R
Definition 6.4.3.

Let (A,o) be a difference ring. We define the set of semi-constants (also called semi-invariants in
Bronstein (2000)) of (A, o) by

sconst(A,0) ={c € Alo(c) =uc for some u e A*}. *

In Bronstein (2000, Lemma 3), it has been shown that for a general difference ring (A, o), the set
sconst(A, o) \ {0} is only a multiplicative monoid. However, for the purpose of constructing simple II-
extensions, we follow Schneider (2016) and introduce the following refinement in order to turn the set of
semi-constants into a group.

Definition 6.4.4.
Let (A, o) be a difference ring and let G be a multiplicative subgroup of A* (in short G < A*). Then we
define the set of semi-constants (semi-invariants) of (A, o) over G as

sconstg(A,0) ={c € A|o(c) =uc for some u € G}. *

Observe from Definition 6.4.4 that, if G = A*, then sconst ,«)(A, 0) = sconst(A, o). On the other hand
if G = {1}, then sconst{;;(A, o) = const(A, o). For all our considerations, we will choose G such that
sconstg (A, o)\ {0} is a subgroup of A*. Then with such a group G, the Z-submodule (5.1) can be refined
to the set of semi-constants over a G.

Lemma 6.4.5 (Schneider (2016), Lemma 2.16).

Let (A, o) be a difference ring and let G < A* with sconstg (A, o) \ {0} < A*; let f = (fy,...,f,) € G".
Then JU(f, A) = J(f, sconstg (A, o)). Furthermore, JU(f, sconstG(A, 0)) is a free submodule of 7"
over 7 with rank(J (f, sconstg (A, 0))) < 1. ¢

Proor:
“C" Ifv = (vi,...,v:) € JM(F, A), then o(g) = Vg for some g € A\ {0}. This implies that
g € sconstgA since f¥ € G. Therefore v € M (f, sconstg (A, o)).

“D" Ifu=(w,...,u,) € JM(f, sconstg (A, o)), then o(g) = f* g for some g € sconstg(A, o)
with f* € G. Since G and sconstg (A, o) \ {0} are both subgroups of A*, it follows that f* € A* and
g € A* C A\ {0}. Therefore u e J(f, A).
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Next we prove that JI (f, sconstg (A, o)) is an additive subgroup of Z". Note that JU (f, sconstg (A, o))
is not empty since 0, € J(f, sconstg(A,0)). Let u,v € JM(f, sconstg(A, o)) with u = (uq,...,u,)
and v = (vq,...,Vv,) where ui, vi € Z. We prove u —v € JU(f, sconstg(A, c)). Since the integer
vectors u, v € J(f, sconstg (A, o)), we know that there are gy, g, € sconstg (A, o) \ {0} such that

o(gu) = f" gu and o(g,) = f¥ g,.

Consider,

0(gug,') =olgu)olg,) ' =fguf g, =f"Vgug,'
Since sconstg (A, o) \ {0} is a group, it follows that g, g;' € sconstg(A, o) \ {0}. Therefore, u—v €
JU(f, sconstg (A, o)) which proves that JI(f, sconstg(A, o)) is a subgroup of Z". Let m € Z, we
prove the scalar multiplication, mu € JI(f, sconstg (A, 0)). Since u € M (f, sconstg (A, o)), there is a
g € sconstg (A, o) \ {0} with o(g) = f* g. Consider,

O'(Qm) — (G(g))m — (fu g)m — fmu gm.

Since sconstg (A, o) \ {0} is a group, it follows that g™ € sconstgA \ {0} and mu € Z". Therefore,
mu € J(f, sconstG(A, 0)) which completes the proof that Jll (f, sconstg (A, o)) is a submodule of Z™.
With the standard basis 8 = {eq,..., e} of Z", we know that rank(Z") = r. Since JU (f, sconstg (A, o))

is a submodule of Z", it follows that rank(Jl (f, sconstg (A, 0))) < . n
Lemma 6.4.6.

Let (A, o) be a difference ring: sconst(A, o) \ {0} < A* if and only if sconst(A, o) \ {0} = A*. ¢
Proor:

Suppose that sconst(A, o) \ {0} < A*. If « € A*, then o(x) € A*. Thus u := % e A* and

with o(ax) = wo it foIIows that o € sconst( o) \ {0}. Therefore A* C sconst(A, o) \ {0} and with
sconst(A, o) \ {0} < A* we have that sconst(A, o) \ {0} C A*. The other |mpI|cat|on is immediate and
obvious. -

If the set of constants forms a group, then the result of Theorem 2.3.40 can be sharpened.

Theorem 6.4.7 (Schneider (2016), Theorem 3.17).

Let (A, o) be a difference ring and let G < A* with sconstg (A, o) \{0} < A*. Let (A(t), o) be a difference
ring extension of (A, o) with o(t) = at for some x € G. Then (A(t), G) is a IT-extension of (A, o) if and
only if there does not exit g € sconstg (A, o)\ {0} andv € Z\ {0} with o(g) = «¥ g. &
Proor:

“ =" Assume that t is not a II-monomial. Then we can take a g € A\ {0} and a v € Z\ {0} such that
o(g) = «¥ g. Since G is a group and oc € G, it follows that ¥ € G. Therefore, g € sconstg (A, o)\ {0} <
A*. Moreover, if v < 0 then let § = 5 e A\ {0}.

113

<= " This direction of the proof is immediate by the first part of the proof of Theorem 2.3.40. n
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We will now characterise the set of semi-constants for II-extensions.

Proposition 6.4.8 (Schneider (2016), Proposition 3.19).
Let (A, o) be a difference ring with G < A* and sconstg (A, o) \ {0} < A*. Let (A(t), o) be a Il-extension
of (A, o) with o(t) = «t for some « € G. Then

sconstg (A(t),0) ={ht"|h € sconstg(A,0) and v € Z} and sconstg(A(t),o) \{0} <A(t)*. O

Proor:

“C " :Llet f € sconstg(A(t),0), ie, f =)  fitt € A(t) with o(f) = uf for some u € G. By
Lemma 2.3.39 o(f;) = ux 'f;. Suppose that there are k,ﬂ € Z with { > k and f # 0 # f,. Since
uwot € G, it follows that f; € sconstg (A, o) \ {0} < A*. Thus we have that

1:k —k 1:k
(f2> YR
with { —k > 0; a contradiction to the assumption that (A(t), o) is a IT-extension of (A, o). Therefore,

f =ht¥ for some h € sconstg(A, o), v e Z.
“D”:Let f=htY with h € sconstg(A, o) and v € Z. Then there is a u € G with o(h) = uh. Hence

o(f)=c(h)a’t"  =ua"ht" =ua’f

with wa” € G. Therefore, f € sconstg(A(t), o) and obviously sconstg (A(t), o) \ {0} < A(t)*. n

Next, we lift the result above to the product group, G= GA<t ={ht'|he G andv e Z}.

Theorem 6.4.9 (Schneider (2016), Theorem 3.20).
Let (A, o) be a difference ring with G < A* and sconstg (A, o) \ {0} < A*. Let (A(t), o) be a Il-extension

of (A, o) with o(t) = at for some o« € G and let G= GA . Then

sconsts (A(t), o) = sconstg (A(t), o) ={ht"|h € sconstg(A, o) and v € Z}. o

Proor:

By Proposition 6.4.8, we have that sconstg (A(t), o) ={gt¥|g € sconstg(A, o) and v € Z}. It remains
to prove the equality, sconstga (A(t), 0) = sconstg(A(t), o).

“ 27 Since G < G, the inclusion sconstg (A(t), o) D sconstg (A(t), o) obviously follows.

“ C ”: Suppose that g = ) ; git" € sconstg(A(t),0). Then there are a h € G and a v € Z with
o(g) = ht" g. By comparing coefficients, we have that o(g;) «' = hg;_,. If v > 1, then take k minimal
such that g # 0. Then o(gy) o ® # 0. But the choice of k, we get hy_, = 0 and thus hg,_, =0, a
contradiction. On the other hand, if k < 0, then take k maximal such that gx_, # 0. Then h gy, # 0.

However, by the choice of k, we have that o(gy) ™ = 0 which is also a contraction. Therefore, m =0
and consequently, g € sconstg (A(t), o). =

The next theorem gives a description of sconst(A(t), o) given that A is reduced and connected.
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Theorem 6.4.10 (Schneider (2016), Theorem 3.21).
Let (A, o) be a difference ring which is reduced and connected with sconst(A, o) \ {0} = A*. Let (A(t), o)
be a Il-extension of (A, o) with o(t) = xt for some o« € A*. Then

sconst(A(t), 0) = {ht"|h € sconst(A, o), v € Z}. o

Proor:

Let G = (A*)i<t> = {gt'|g € A,v € Z}. Then by Lemma 6.42 G = A(t)*. Thus we conclude
that sconst(A(t), o) = sconstyy-(A(t), o) = sconstg(A(t), o) = {htV|h € sconst(A, o), v € Z} by
Theorem 6.4.9. [ ]

Lemma 6.4.11 (Schneider (2016), Lemma 4.4).
Let (A(t), 0) be a IIX-extension of (A, o). If A is reduced, then (A(t), o) is reduced. Furthermore, if A is
reduced and connected, then A(t) is also reduced and connected. ¢

Proor:
Let A be a reduced and t be a II-monomial. Let f = . f;t' € A(t) with f # 0 and f™ = 0 for some
n > 0. Since A is reduced, f ¢ A. Let m € Z be maximal such that f,;, % 0. Then the coefficient of
t™™in fis fIy, = 0 and thus f,, is a nilpotent element in A which contradicts the assumption that A is
a reduced ring.

Now let A be reduced and connected and take f =) , fit' € A(t) with f> = f and f ¢ {0, 1}. Since
A is connected, f € A. Let m € Z be maximal such that f,, # 0. If m > 0, then the coefficient of t*™
in f2 is f2_ and thus with f> = f we have that f2_ = 0; a contraction that A is reduced. Otherwise, if
m = 0, take M minimal with f;,. Note that M < 0 since f € A. As above, it follows that fﬁl = 0 which
is again a contraction. Thus, if A is reduced (and connected), A(t) is reduced (and connected). Note
that for X-monomial t, the same implication holds since A[t] < A(t). u

We will now present the general structure of the semi-constants for nested Il-extensions. This result
is a specialisation of Schneider (2016, Corollary 4.6).

Corollary 6.4.12.
Let (E, o) be a Il-extension of (A, o) with E = A(ty) ... (te).

(1) Let G < A* with sconstg (A, o)\ {0} < A* and G = GE. If (E, o) is a G-simple [T-extension of (A, o),
then sconstg (E, o) \ {0} < IE* where

sconst (E,0) ={ht]' -t |h € sconstg (A, o) and v; € Z}.
(2) If A is reduced and connected and sconst(A, o) \ {0} = A*, then
sconst(E, o) \ {0} = {ht]"- -tV |h € A" and v; € Z} = E". (6.64)
(3) If A is a field, then we have that (6.64). &
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Proor:

(1) We prove the statement by induction on the number of II-monomials, e. If e = 0, then there is
nothing to prove. Suppose that the statement holds and consider an extra II-monomial, te 1, with
0(tes1)/tes1 € G. Define G= the”) = G]i test), By Theorem 6.4.9,

sconsta (E(tet1),0) ={hty, ;[h € sconsts(E, o), v € Z}
and thus by the induction assumption we have that,

sconstg (E, 0) = {ht]"-- 1) |h € sconstg (A, o) and v; € Z}

e+1
and thus sconsta (E(tei1), 0) \ {0} < E(tey1)*. This completes the induction step.

(2) Again we prove the statement by induction on the number of II-monomials, e. If e =0, then there is
nothing to prove. Suppose that the statement holds and consider an extra II-monomial, te 1, with
0(tes1)/tes1 € E*. By Theorem 6.4.10, sconst(E(te;1),0) = {htl,;|h € sconst(E, o), v € Z}.
Since sconst(E, o) \ {0} < E*, it follows by Lemma 6.4.6 that

sconst (E(tes1), 0) \ {0} = (Rt [h € E', v € Z} = E{te1)".

The second equality follows by Lemma 6.4.2, because by recursive application of Lemma 6.4.11
E(tey1) is reduced and connected. By the induction assumption we have that,

sconst(E(tes1),0) \ {0} ={ht]"--t;%] |h € A", v; € Z} = E(tes1)*.

(3) Since any field is reduced and connected and sconst(A, o) \ {0} = A* by Lemma 6.4.6, statement (3)
follows by statement (2). n

The following remark is obvious.

Remark 6.4.13.
Let (H, o) be a difference field and let (H,, o) with H; = H(te1) ... (t¢,s,) be the single chain II-extension
of (H, o) with the automorphism o defined by (6.65). Let (A, o) be the ordered multiple chain P-extension
of (H, o) with A =H(tq 1) ... (tw,,1)..-(t1,a) - .. (tw,,a) of monomial depth d := max(sy,...,Sy) with
m = w; > Wy > --- > wq composed by the single chain II-extensions (H, o) of (H, o) with the
automorphism (6.65). By statement (3) of Corollary 6.4.12,

sconst(HH,, 0) = {ht"“ oz 'h e H* and Vex € Z} = Hj

KS(

for all 1 < £ < m and also

sconst (A, {htv‘ g t1] 1 tvz1 t‘z’f;z L tymsm lh € H* and vy € Z} = A~

S1 m,1

In particular,
sconst(H,, o) C sconst(A,o0) forall 1< m. 'Y

We end this Section by giving the necessary and sufficient criteria for an ordered multiple chain
P-extension to be a II-extension.
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Theorem 6.4.14.
Let (H, o) be a difference field and let (H;, o) with Hy = H(te1)...(te,s,) for 1 < € < m be the single
chain TI-extensions of (H, o) over H with base ¢, € H together with the automorphism

O'(t(g’k) = etk where xXex =Ceteq-- -ty € (H*)g<te’1>m<tz’k7]>. (665)
Let (A, o) be the ordered multiple chain P-extension of (H, o) with
A=H{t 1) ... (twy1) - (t1,a) -+« (twg,a)

of monomial depth d := max(s1,...,Sm) with m =w; > w, > --- > wq composed by the single chain
[T-extensions (H, o) of (H, o) with the automorphism (6.65). Then (A, o) is a Il-extension of (H, o) if

and only if!
‘/I/L((ChCZ)"-aCm))H):{om}- &

Proor:

“ — " Suppose that (A, o) is a IT-extension of (H, o). Then, it is a tower of Il-extensions (A;, o) of
(H, o) where A; = Ai_1(t1,i)...(tw,,i) for 1 <1< d with Ay = H. Since (A;,0) is a II-extension of
(H, o), it follows by Lemma 5.0.2 that, M ((ot1 1,. .., Xy, 1), H) =M ((c1y... Cn, ), H) ={0.,} where
W1 = M.

“ <= " Conversely, suppose that JI ({1 1,0%2,1,..., %, 1), H) ={0,,} with w; = m and let (A, o)
with Ay = H(ty 1) ... (tw,,1) be a P-extension of (H, o) with o(tj1) = &1 t5,1 forall T < j < wy.
By Lemma 5.0.2, (A;, 0) is a II-extension of (H, o). Let (Ai, o) with A; = A;_1(t11)...(tw, i) be the
multiple chain P-extension of (H, o) of monomial depth i for all 1 < i < d with the automorphism (6.65)
and assume that (Ay, o) is a [I-extension of (H, o) for all 1 <k < d— 1. Suppose that (Ag4, o) is not a
IT-extension of (Ag4_1,0). Then by Lemma 5.0.2, we can take a g € Aq_; \ {0} and (v1,v2,...,Vy,) €
2"+ \ {0y} such that

Vw
o(g) = 0‘11),1(1 O‘lz),zd c®, 9q g (6.66)
holds. By Corollary 6.4.12 it follows that g = hty'y' )% - ttvvj‘)f S A5 e R t:vvtl‘:"ﬁ:]] with

h € H* and vy ; € Z. For the left hand side of (6.66) we have that

_ Vi,d—1 ¢V2,d-1 . 4VWa-1,d-1
o(g) = Yt a1 e Lo 1yd—1

where v € Ay, and for the right hand side of (6.66) we have that

ol V2 VI,a-1+V1 4V2,a-1+02 Vwg1,d-1F Vwy
1,d %2.d

wa,d 9= W g5 2,d—1 A

where w € Ay 5. Consequently,

Vi,d—1 = Vk,d—1 + Vk
and thus v = 0 for all 1 < k < wq4 which is a contradiction to the assumption that (vq,...,Vw,) # Ow,
for all T < k < wq. Thus (Ag4,0) is a II-extension of (A4 _1,0) and consequently, a Il-extension of
(]HL G)- |

Example 6.4.15 (Cont. Example 6.3.11).

The ordered multiple chain P-extension (Q(x1,1)(%2,1)(%3,1)(%4,1) (%2,2) (%3,2) (%4,2) (X4,3), 0) of (Q,0)
constructed in Example 6.3.11 is a IT-extension since JU((5, 2, 7, 3), Q) = {04}. That is, the difference
ring (Q(x1,1)(x%2,1)(%3,1)(%4,1), 0) is a II-extension of (Q, o). *

'Note that (c1,...,cm) = (X1,1,- -+, Gy ,1)-
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6.5 CoNsTRUCTION OF RII-EXTENSIONS FOR HIGHER NESTING DEPTH EX-
PRESSIONS IN ProdE(K)

In this section we discuss how one can construct a simple RII-extension to model geometric product
expressions of higher nested depths in ProdE(K). More precisely, suppose we are given an ordered
multiple chain P-extension (A4, o) of the difference field (K, o) with K = K(kq,...,K,) where K is some
o-strongly computable field. Then in Lemma 6.5.2 we will elaborate how this extension can be rephrased
to a difference ring built by several nested II-monomials and several nested A-monomials. Afterwards
we will utilise the result from Section 6.2, more precisely Theorem 6.2.28 to rephrase these nested A-
monomials in terms of one single R-monomial. Summarising we will succeed in Lemma 6.5.5 in rephrasing
the multiple chain P-extension to a multiple chain II-extension adjoined with one R-monomial.

Lemma 6.5.1.

Let (A(t), o) be aIl-extension of (A, o) with o(t) = at and let (H, o) be a difference ring. Let §: A — H
be a difference ring homomorphism and let p : A(t) — H be a ring homomorphism defined by p |y = p and
p(t) = g for some g € H. If 0(g) = p(«) g, then p is a difference ring homomorphism. ¢

Proor:
Suppose that o(g) = p(«) g holds. Then

Consequently, o(p(f)) = p(o(f)) for all f € A(t). n

Lemma 6.5.2.

For1 < € < m, let (K o) with Kg = K(ye,1)...(Yes,) be single chain II-extensions of (K, o) over
K = K(ky,...,Kky) with base hy € K*, the automorphisms (6.61) and the naturally induced evaluation
functions (6.62). Let d := max(s1,...,Sm) and Ao = K. Consider the tower of difference ring extensions
(Ai,0) of (Ai_1,0) where Ay = Ai_1(U1,1)(Y2,i) -+ - (Uwii) for T <i<dwithm=w; > -+ > wg,
the automorphism (6.63) and the evaluation function (6.62). In particular, one gets (Aq4, 0) as the ordered
multiple chain P-extension of (K, o) of monomial depth at most d composed by the single chain I1-extensions
(K¢, 0) of (K, 0) for T < < m with (6.61) and (6.62). Then one can construct

(a) an ordered multiple chain AP-extension (Hg4,0) of (K, o) of monomial depth at most d with K =
K(K1y ..., Kky) where K is a finite algebraic field extension of K, with

Ha =K®1,1) .. Qo) G1) oo Fer 1) oo (01,a) - Ouga) (T1,a) -+ (Teg,a) (6.67)
where? vi > 0 and eq > 1 and with the automorphism defined by

0(V¢,a) =Ve,ade,a  where yeqa=C"Vg1--Dga1 € Ugﬁe‘”"'we’d’” (6.68)

where for 1 < { < vq and U = () is a multiplicative cyclic subgroup of K* generated by a primitive
A-th root of unity ( € K* and

~ ~ ~

o(fe,a) = &ealea  where  &pa=ReGer-- Gea 1 € (R0 Ha) (6.69)

where &g q = ﬁzgm - Ye,a—1 € (K*)gg“>”'<1‘~”’d"> for 1 << ey;

2Note that if v; = 0, then there is no depth-i A-monomial, &, ; for some i with 1 <1i < d.
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(b) an evaluation function € : Hgq x N — K defined as
Y (De,ay 1 H V(yeaj—1)  and  €v(fea,n) =] [ev(de,ai—1) (6.70)
j=1 j=1
such that the following properties hold:

(1) The P-extension (A4, 0) of (K, o) where

Aa=K(@G1)(G2) .. Ga) = K(Gr,1) .- (Gey,1) G21) - (Gea2) - (Gr,a) - (Gegua)  (671)

with the automorphism (6.69) is a Il-extension. In particular, it is an ordered multiple chain TI-
extension of monomial depth d.

(2) One can construct a difference ring homomorphism
Pa: Ad — Hy

Ked 5 Ve,d Hetd |, qHovad ~veqa | ~Vieq,d
Ye,a = 94" Ut =97y Voed Uiid Yea,d

(6.72)

with 0 < Hex,a < A for 1 <k < vg and vy x,qa € Z not all zero for 1 < k < eq such that for all
fe Ag and for alln € N,
ev(f,n) = €v(pa(f),n)

holds. ¢

Proor:
Let (Agq,0) with Ag =A4q_1(Y1,4)(U2,a) - - - (Ywy,a) be the ordered multiple chain P-extension of (K, o)
of monomial depth d € N as described above with the automorphism (6.63) and the evaluation func-
tion (6.62). We proof the Lemma by induction on the monomial depth d.

If d =1, then the Lemma holds by Lemma 5.2.2. Let d > 2 and suppose that the Lemma holds for
d — 1. That is, we can construct (Hg_ 1, 0) with

Ha 1 =K®1,1) .. Qo 1) @110 o Wer1) - Oram1) oo - Poam1)@1,a-1) -+« (Teq 1,01

which is an ordered multiple chain AP-extension of (K, o) of monomial depth at most d — 1 with

o(Vek) = Yok Ve and  o(Tex) = &ex ek (6.73)

where for T <k < d—1, )
KD L TR
K = CMSEJ "'ﬂe,k—l c UK[ 1l Do r—1]

with 1T <€ < vy and

&Zk :Flegg1 Uek ] € (K*) K(Ge1)--(Tex)

with 1 < € < ex. In addition, we get the evaluation function v : Hyg 1 x N — K defined as

(Do, H V(Yer,i—1) and  €¥(Je,m H (&exyj—1) (6.74)

3For all ¢ € K, we set €¥(c,n) = c foralln > 0.
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such that statements (1) and (2) of the Lemma hold. We prove the Lemma for the ordered multiple
chain P-extension (Agq, 0) of (K, o) with Aqg = Ag_1(Y1,4)(U2,4) - - - (Ywy,a). Consider the P-monomials:
Y1,d)Y2,dy -+ -y Ywg,a I Ag of monomial depth d. Since the shift quotient of these P-monomials is
contained in Ag_q, i.e.,

o(ye,a)

Ye,a

we can iteratively apply the difference ring homomorphism pq_1 : Ag_; — Hg_1 to rephrase each &y 4
in Hg_1. That is,

*
= og,a € Ag_q,

Pa—1(xe,a) =hepa—1(Ye1) - Pa—1(Ye,a—1)
=hep1(Ye,1) - - Pa—1(Ye,a—1) (6.75)
Zhe (3;1“13:)“) (‘952@1 1 gzed11)

where
o = e
and
Oy =0y gt
forT<i<dand 1 <l <wg with 0 < pea-1 <Aforl <k<vg_qand vy a1 € Z not all zero for

1<k g eg_1 such that for all n € N,

eV(OCe,mn) = €V(pqa_1 (Oce,d)ﬂl)

holds. Take all the depth-(d — 1) AP-single chain monomials in (6.75) with non-zero integer exponents.
Then they belong to at least one of the single chain AP-extensions of (K, o) in (H4_1, o). Suppose there
are eq > 1 of these single chains II-extensions (K., o) of (K, o) with

~

Ky = K(Gr,1)(Gr,2) - (r,a1)
for 1 <1 < eq and vg > 0 of them that are single chain A-extensions (Ky, o) of (K, o) with
Ko = K(9v,1)(Dv,2) - - - (9v,a-1)
for 1 < b < vg. Consider the single chain P-extensions (K, o) of (K, ¢) of monomial depth d where
K; =K ({Gr,a) = K(Gr,1)(0r2) - - Gr,a-1) (Gr,a)
and the single chain A-extensions (K{, o) of (K, 0) of monomial depth d where
Kp = Ko (Ob,a) = K{86,1) (D0,2) - .- Bv,a-1) (3v,a)
with the respective automorphisms
O'(Ur,d) = &r,dYr,d and 0(191),(1) =Yb,aVv,a (6.76)

where

&T,d = HT‘QT,] - gT,d—] c (K ) (Gr,1)--(Or,a—1)

~ ﬁ*

and i}
4= 0By Dy gy € U Cre)
and the evaluation functions v : K. x N — K and &v : K{, x N — K defined by

n

yr an H &'r d)] ) and 19b aHn H 'Yb d)) - 1) (677)
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respectively. By Proposition 6.3.8, each (K/, o) is a IT-extension of (K, 0). Let the difference ring (A4, 0)
with

Ad=Aa1(T1,a)(G2,a) -+ (Teq,a)
be the ordered multiple chain P-extension of (K, o) with the automorphism (6.73) and (6.76) and the
evaluation function (6.74) and (6.77) where

Ay =K@1) ... Wa1) =K@1,1) oo Wey1) oo T1,a) - Teg r,a1)-

Since M ((1,. .., Tq), K) ={04}, it follows by Theorem 6.4.14 that (A4, o) is a IT-extension of (K, 0). In
particular, it is an ordered multiple chain II-extension of monomial depth d by construction. Furthermore,
observe that for all 1 < £ < wy we can take

e = cedT O B BTy € (RO (678)
for some ¢; € K* with
o(ge)
= Pa—1 (“E,d)-
e

By iterative application of Lemma 6.5.1, the difference ring homomorphism pgq_1: Aq_1 — Hg_1 can be
extended to

~

Pa:Aa1(Y1,a)(Yz,a)  Ywa,a) = Ha1(01,a)P2,a) - Pvg,a) (T1,a) (T2,a) - (Teg,a)
with
Pala, ; = Pa—1 and Pa(Ye,a) = ge

for T <€ < wgq. Now we show that, for all f € Agq and for all n € N we can choose ¢ € K* such that
ev(f,n) = €¥(pq(f),n) holds. Note that for all n > 1

ev(ye,a,n+ 1) =ev(o(yeal),n) = ev(ag q,n) ev(yeq,n). (6.79)
On the other hand, since pq is a difference ring homomorphism, we have that
o(palye,a)) = palo(ye,a)) = paloae,a) Palye,a) = pa—1(oe,a) PalyYe,a)
for all n > 1. Applying the evaluation function €v we get
eif(pd(ye,d),n+ 1) = e~‘/’(¢(0d(9€,d))>n) = €V(pa—1 (Oée,d)> n) e~V(Pd(Uz,d)>n)- (6.80)

By the induction hypothesis, ev(a¢ 4,) = €v(pa_1(c¢,a), n) holds for all n € N. Since ev(y¢,q4,1) and
€V(p(ye,a), 1) satisfy the same first order recurrence relation, they differ only by a multiplicative constant.
Namely, choosing

o ev(ye,a, 1)

~ &v(p(ye,a), 1)
in (6.78) we have that ev(ye,q,1) = €v(g¢, 1) and thus ev(ye q,m) = €v(ge,n) holds for all n > 1.
Together with the induction hypothesis

ev(f,n) = €v(pa(f),n)

for all f € A and for all n > 1. This completes the proof. n
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Remark 6.5.3.
(1) The evaluation function (6.74) introduced in the proof of Lemma 6.5.2 is also called the naturally
induced evaluation function of (Hg, o) with (6.67).

(2) The generators of Hy with (6.67) constructed in Lemma 6.5.2 can be rearranged to get the ATI-

extension (K[@]’]] .o [191)1’]] . [19]’(1] .o [svd,d]<g1,1> .. <ge])1> .o <g1,d> . <g€d,d>) G) of (K, (Y).
Furthermore, a consequence of statement (2) of Lemma 6.5.2 is that the diagram

¥ 8(K)

I

>

!/

)

ke
—
°

==}
R

commutes where A = Ay, p = pa, p’ id and the difference ring homomorphism T and { are

defined by %(f) = <e’ir(f,n)>n>0 and P(g) = <ev g, )>n>0 respectively. [ Y
Example 6.5.4.
We will represent the geometric product expression
ﬁ —(2k+3)?
n . V23
Hm) =] [-—«= 6.81
() =[]~ 2x+3)° (6:81)

of nesting depth 2 in ProdE(K) with K = K(k) where K = Q(v/2) in a simple RII-extension of (K, o).
We first write (6.81) in a product factored form:

Hy(n) = (H—K> (f[ TEEE ) (ﬁﬁ 2K3) (ﬁﬁ (2k+3) ) € Prod(K). (6.82)

k=1 k=1 k=11i=1

Note that
Hn)=H;(n) vyn>1
holds. Let (A, 0) with A = K(w1){wa1){ws1)(wa1)(we o) (wys) be the ordered multiple chain P-

extension of (K, o) composed by the following single chain II-extensions.

(1) The single chain II-extension (Kj, o) of (K, o) over K with base —k where K; = K(w ;) with the
automorphism o and the evaluation function ev : Ky x N — K is defined as:

o(c) =c,Vc eK, o(wy1) = —kw,

= 6.83
evic,n) =c,Vc e K, ev(wyi,n H ( )

(2) The single chain T-extension (K, o) of (K, o) over K with base v/2 k3 where K, = K(ws){ws )
with the automorphism o and the evaluation function ev : K; x N — K is defined as:

o(c) =c, Ve ek, U(w2 1) = \/ZK3 Wa 1, U(w2,2) = \/ZK3 W1 W2 2,
no X (6.84)
ev(c,n) =c,Vc e K, ev(wsyi,n H\/EK ev(wo,n) :HH\/ZKg.
k=11i=1
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(3) The single chain II-extension (K3, 0) of (K, o) over K with base (2k + 3)% where K3 = K(w; 1)
with the automorphism o and the evaluation function ev : K3 x N — K is defined as:
o(c)=c, VceK, o(wsy) = 2k +3) ws 1,

6.85
ev(c,n) =c,Vc e K, ev(wsi,n H 2k +3)° (685)
k=1

(4) The single chain II-extension (K4, 0) of (K, o) over K with —(2k + 3)? as its base where K; =
K(wy4,1) (w4,2) with the automorphism o and the evaluation function ev : K4 x N — K is defined as:

o(c) =¢, Vc €K, o(wy,) = —(2k+ 3)? Wy 1y o(wy2) = —(2Kk + 3)? Wy 1 Wy 2,
n no kK X (6.86)
ev(c,n) =c,VeeK, ev(wy,n)=]]-2x+3)% eviwi,n)=]]]]-2x+3)>
k=1 k=11=1

Now we merge the single chain II-extensions to an ordered multiple chain P-extension yielding the tower
of ring extensions K < Ay < A; where Ay = K(wq,1)(wa ) (ws 1) (wa1) and Ay = Aq(w o) (wy9).
Then the product expression (6.82) is modelled by

Wi,1 Wy 2

Hy = € Ay, (6.87)

w31 W2 2
that is,
ev(Hy,n)=Hi(n) ¥Yn>1

holds. We follow the proof of Lemma 6.5.2 to construct an ordered multiple chain All-extension in
which (6.81) can be modelled.

(1) Take the shift quotient of all depth-1 P-monomials w1, w1, w31 and wy in the ordered multiple
chain P-extension (A1, o) of (K, o) of monomial depth 1 where A; = K(w 1) (wo,1) (ws,1)(wa4,1), with

o(wi,) . o(ws,1) — 23 o(ws1) o(wy,1) _

K :(2K+3)3)

wW,1 W1 w31 Wy,1

—(2k +3)?

in K*. Observe that there are monic irreducible pairwise distinct polynomials k, (k + %) € K\ K and
the algebraic numbers (— \/_ 2 € K such that the elements in K* can be written as a power product
of (—1), v2, k and (k + ) see (5.13) of Theorem 5.2.1. Solving Problem GO with (v/2, k, k + %)
as input we have that JVL((\/Z K, K + 2), K) ={03}. Let (A1, 0) with

~

Ay =K(y1) = Kyi1) (Y1) (Us,)

be a P-extension of (K, o) with

o(c) =c, Ve ek, o(y1,1) \fyl B o(y2,1) = Kya1, G(y3,1)=(l<+%)u3,1>
. » n (6.88)
eV(C,Tl) :C)VCEK) 141 N H\[ ev(y-Q,b HK ev li3,1, :H(K_'—%)
k=1

Since JL((V2, Kk, K + %), K) = {05} it follows by Lemma 5.0.2 that (A;,0) is a Il-extension of
(K, 0). In particular it is an ordered multiple chain of monomial depth 1 composed by the single
chains II-extensions (K(y1,1),0), (K(ys2,1),0) and (K(ys1),0) of monomial depth 1. Furthermore,
the difference ring extension (A;[9], o) of (A;, o) with

o(d) = —9; and v(o,n) =] [ (- (6.89)

k=1
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is an A-extension of order 2. In particular, by Lemma 2.3.57 it is also an R-extension. The depth-1
P-monomials w ;, w1, ws; and w4 can be written in terms of the depth-1 AII-monomials ¥4,
Y11, Yo2,1 and y3; via the difference ring homomorphism

p1:A1—>H1

with
P1(wi,1) =91 yo 1, p1(wa1) = Y11 Y34,
P1 (wa,l) = u?,1 ug,la P1 (w4,1) =M lﬁ,1 14?2,,1

where H; = K1) (y1,1)(y2,1)(ys,1)-

(6.90)

Take the shift quotient of all depth-2 simple P-monomials: w2, w42, in the ordered multiple chain
P-extension (A, o) of (K, o) of monomial depth at most 2 with A, = A (ws2)(wy2), that is,

M = \/E K3 W1 and O—(w4’2) = —(2 K+ 3)211}4’1
W9 W42

in the product group (K*)%‘. Applying p; to these elements we get
V2 gyl —(26 430797yl ui, € (KO (6.91)

Since the depth-1 single chain AP-monomials 91, 41,1, Y2,1, 3,1 have non-zero integer exponents
in (6.91), we extend the single chain AP-extension of (K, o) that each AP-monomial belongs to.
More precisely, consider the following single chain A-/P-extensions: (K[8][,], o), (K(y1,1)(y1,2),0),
(K(yo,1)(y2,2),0) and (K(ys,1)(ys2),0) of (K, o) with the automorphism and evaluation function

n k
o(9) = — 9 95, ev(®,n) = [T (6.92)

for the A-extension and

o(y1,2) \/_1.{1 1Y1,2y 0(y22) = Ky, 1142 29 o(ysz2) = (k+ %)ys,l Ys3,2y
. n ok 3 (6.93)
(41,200 HHf V(Y220 HHK v(ysom) =[] (x+3)
k=1i=1 k=1i=1 k=1i=1

for the single chain P-extensions respectively. Consider the ordered multiple chain P-extension (Az, o)
of (K, o) with (6.88) and (6.93) where

Ay = Ay (yo) = K{yr)(ye) = Klyi,1) (g, (ys1) (g1,2) (Y2,2) (ys,2)-

Since JIL((V/2, K, K + %), K) = {03}, it follows by Theorem 6.4.14 that (A,, o) is a II-extension of
(K, o) and consequently, a IT-extension of (A, o). By construction, it is an ordered multiple chain II-
extension of (K, o) of monomial depth 2. Observe that the difference ring extension (H,, o) of (K, o)
where H, = H; (92)(y1,2)(y2,2)(ys,2) with the automorphism (6.88), (6.89), (6.92) and (6.93) is
an AP-extension of (K, o). Now we claim that for the product group elements in (6.91), there are
g1, 92 € (K*)i? such that

olga) _ —(2k+3P 0yl vl (6.94)

ol91) = \/z K’ Yi,1 yg’ 1
g1 ’ g2
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Looking at py(wa1) = y1,1 43, and py(wy1) =Dy, y3, in (6.90), we can choose
g1 = Y12 yg,z and g2="% yi2 14:%,2
and (6.94) holds. Thus we can define the difference ring homomorphism
p2: A, — Hj
with Hz = Hi (92)(y1,2) (Y2,2) (y3,2) by:
P2la, = P1, p2(wa2) = Y12Y3 s, p2(wap2) = V2415 Y3,.
By Remark 6.5.3 the generators in H, can be rearranged to get the All-extension (F, o) with
H = KO1102) (1,1 (yo,1) (ys,1) (h1,2) (y2,2) (Us,2)
of (K, o). Applying p> to Hy in (6.87) we get

Pz(wl,l) PZ(W4,2) lc)1 V2 Yo2,1 141 2 143 2 1

H:=p,(H;) = 6.95
P2(Fh) Pz(ws,l) Pz(wz,z) 141 1143 1!12 2 ( )
In particular, by part (2) of Lemma 6.5.2,
ev(f,n) = ev(p2(f),n)
for all f € A and for all n > 1. Thus (6.95) models (6.81). That is, with
) ) (=1 (—1) ("3 (M)(nf)f <(K+%)(“;‘)>2
(n) :=¢v(H,n) = % N (6.96)
(V") ((e+)7) (<))
we have that
H(n)=Hn) vneN
holds.
By Remark 6.5.3 the diagram:
A= K<w1,1><w2,1><w3,1><w4,1><w2,2><w4,2> # S(K)
Pl lp’
= K020 (y1) (ho,1) (1) (r,2) (U20) (3,0) —— S(K).
commutes where p = p,, ¥(f) = (€¥(f, n)>n>0 P(g) = (ev(g,n )>n20 and p’ =id. *

Lemma 6.5.5.

~

Let (Ha,0) with Ha = K®1,1)... Qv 1) (G10) oo Gey) - O1,a) + - Vvg,a)(U1,0) -+ (Jeg,a) be the
ordered All-extension of (K, ) with the automorphism defined in (6.68) and (6.69) and the evaluation

function defined in (6.70), that satisfy properties (1) and (2) of Lemma 6.5.2 where K = K(k1,. .., ky).
Then there is an R-extension (D[9], o) of (D, o) where
D=K'(G11)-- (Gey1) - (1,0) -+ (Geg,a) (6.97)
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with the automorphism o(®) = (', of order N'. Here, K’ = K’'(Kkq,...,Ky), (' is a primitive N’-th root of
unity in K’ and X' is a finite algebraic field extension of K. Furthermore, the difference ring (D, o) with

D =KBIG1,1) - (ey1)--- T1,a) - - Teg,a) (6.98)

is an RIl-extension of (K', o) and the ring D can be written as the direct sum
Dzeoﬁ@E]D@“'@ew_]D (699)

where €y, ...,ex_1 are the idempotent, pairwise orthogonal elements in (6.26) that sum up to one. ¢

Proor:
Note that by Remark 6.5.3 the generators in Hg can be rearranged to get the All-extension (F, o) of
(K, o) where

A =KMo 1)  Brial e Bo,d@11) oo @ey 1) oo @ria) - ewa) (6.100)

with the automorphism (6.68) and (6.69) and the evaluation function and (6.70) satisfying properties (1)
and (2) of Lemma 6.5.2. Consider the sub-difference ring (K[ﬂhﬂ...[191)],1]...[191,(1]...[19%,(1],0) of

~

(]ﬁl, o) which is a difference ring extension of (K, o), with the automorphism defined by
_ ) R®e,1]...[De-1]
0(Vex) =VexVex  where e =MV k1 € Up (6.101)

for 1 <k < d and for T < € < vy where U = () is the multiplicative cyclic subgroup of K generated by
a primitive A-th root of unity, { € K*. Observe that the difference ring extension (G, o) of (K, o) where
G = K[ﬂm] v Bu ] Bral .. Buy,,al with (6.101) is a simple A-extension to which statement (1)
of Theorem 6.2.28 can be applied. Thus there is an R-extension (K’'[9], o) of (K’, o) with

o(®) =9 (6.102)

of order A’ where K’ = K’(k1,...,Ky), (' is a primitive A’-th root of unity in K’ and K’ is a finite algebraic
field extension of K. Note that the difference ring (]ﬁ), o) where D is given by (6.97) with the automorphism
defined by (6.69) is a Il-extension of (K’, o). Thus by Corollary 2.3.58 it follows that the A-extension
(D[], o) of (D, o) with (6.102) of order A’ is an R-extension. By Remark 5.4.5, the difference ring (D, o)
where D = K'BI(G1,1) ... (Jey,1) - (U1,a) - -+ (Jey,a) with the automorphism (6.102) and (6.69) is an

RlII-extension of (K’, o). By statement (1) of Theorem 6.2.25
DZBOD@"'@B)\/,]D

and by stetement (2) of the same Theorem, €D = e, D for 0 < k < A’. Thus (6.99) holds. n

Example 6.5.6 (Cont. Example 6.5.4).
Take the All-extension (H, o) of (K, o) where H = K[3]1[021(y1.1)(y2,1)(us,1){y1,2)(ys2,2)(ys2) con-
structed in Example 6.5.4 with the automorphism (6.88), (6.89), (6.92), (6.93) and consider the sub-

~

difference ring (K[®:][9,], o) of (H, o) with
0'(‘81) :—191 and 0'(192):—19] ‘82
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which is a simple A-extension of (K, o) where K = Q(v/2). Then by statement (1) of Theorem 6.2.28
there is an R-extension (K'[8], o) of (K’, o) of order 4 with

o(®) =19 (6.103)

where K’ = Q(1, v/2). Furthermore, (D, o) where D = K'[] (y1.1)(yo2.1) (ys.1) (41.2) (y2,2) (ys.2) with the
automorphism (6.103) and

ofc) =¢, VeeK, o(y11) = V2yr1, 0(y2,1) = Ky,

o(ys1) = (k+ %) Y31y o(y1,2) = \/zyu Y1,2, 0(Y2,2) = KY2,1Y22, (6.104)
= (k+ %) Y3,1Ys3,2.

is an RIT-extension of (K', o). With D = K’ (4 1) (y2.1)(ys.1)(y1.2) (42.2) (ys.2), the ring D can be written

as the direct sum
D :€o®@€1®@~62®@83®

where the idempotent elements ey for 0 < k < 3 are defined by (6.52). *

Lemma 6.5.7.

Let (H, o) with (6.100) be the ordered AP-extension of (K, 0) equipped with the automorphism defined
by (6.68) and (6.69) and the evaluation function (6.70) satisfying properties (1) and (2) of Lemma 6.5.2
and let (D, o) with (6.98) be the single RII-extension of (K’ o) with the automorphism (6.102) and (6.69)
and the evaluation function €v : D x N — K’ defined by *

w(O,n)=]]c  and Y (§e,a, 10 H (&eayj — (6.105)

k=1

that satisfies Lemma 6.5.5. Then the map ¢ : H — D defined as

$(Gex) =Tk (6.106)

dDek) = Bex,0€0 + -+ Beka—1€r—1 (6.107)
where B i = ev(De, A —1—1) for 0 <1 < A is a difference ring homomorphism. Furthermore, for all
f e H and for alln € N, ev(f,n) = ev(d(f),n) holds. ¢
Proor:

We show that ¢ : I — D defined as (6.106) and (6.107) is a difference ring homomorphism. By
statement (1) of Theorem 6.2.28, ¢|g where G = K[ﬂm] v Dol Bral .. By, al which is defined
by (6.107) is a difference ring homomorphism. Since ¢ maps ¢ x to itself, ¢ itself is a difference ring
homomorphism. Furthermore, for all f € H and for all n € N, we have that ev(f,n) = ev($p(f),n)
holds. [

“Note that for all ¢ € K, €v(c,n) = c foralln > 0.
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Remark 6.5.8.
As a consequence of Lemma 6.5.7, the diagram

T * >y S(K)

% l“”

Dr~eDd - dex 1D — S(K')

with T(f) = (ev(Pp(f),n))n>0, ¢ defined by (6.106) and (6.107), T(f) = (ev(f,n))n>0 and ¢’ = id,
commutes. [

Example 6.5.9 (Cont. Example 6.5.4 and 6.5.6).

~

Consider the All-extension (H, o) of (K, o) constructed in Example 6.5.4 and the RII-extension (D, o) of
(K’, o) constructed in Example 6.5.6 with the automorphism o and the evaluation function ev: D x N —
K’ defined by (6.88), (6.93), (6.103) and

€v(d,n) = ﬁﬁ. (6.108)

k=1
Then the map
¢:H—D
Yok = Yok

Vi — Bioeo + Bi,1er + Bizer + Pizes

with (6.52) where 3;; = ev(9i,3 —j) for i € {1,2} and 0 < j < 3 is a difference ring homomorphism.
More precisely, for the A-monomials we have that
d(D1) = —eo + €1 — €1 + €3 = 7

b(D2) =—eo—e1 +e,+e3= @8(%24-]'1).

Applying ¢ to the expression (6.95) in I we have that

G01) b(02) blyon) Plyuis) Plyi,) _ (=) (O +1) yoiyisuis
d)(u(f,ﬂ d)(14§,1) ¢(y§’,2) 214?,1 u§,1 yg,z

which models (6.96). That is, with

A= cE

n+1

(1—1) (@)™ (™) + 1) k™ ((ﬁ)("ﬂ)3 ((H%)( ! ))2
2((V2)") (14 ) ()

Am) :=ev(f,n) =

we have that

~

Am) =fAm) ¥neN
holds. In addition, by Remark 6.5.8 the diagram

= KO 102 (w1,1) (w1 (ya,) (Ua,2) (2,0) (U3,2) = > S(K)

o Jo

D = KB (y1,1) (Yo,1) (U3,1) (Y1,2) (Y2,2) (Ys,2) =~ oD & €D @ €D @ e;D —— S(K')

142



commutes where D = K'(y11)(y2,1)(43,1) (1,2) (y2,2) (y3,2). Putting Example 6.5.4 and Example 6.5.6
together we have that
Hn) =AMm)=Amn) vneN

holds and the following diagram

commutes. *

Summarising we have the following theorem.

Theorem 6.5.10.

For 1 <t <m, let (K¢, 0) with K¢ = K(ye,1) ... (Ye,s,) be the single chain II-extensions of (K, o) over
K = K(Kkq,...,Ky) with base hy € K* for 1 < £ < m, the automorphisms (6.61) and the naturally induced
evaluation functions (6.62). Let d := max(sy,...,sm) and Ay = K. Consider the tower of difference ring
extensions (A, o) of (Ai_1,0) where

A=A (Y1) Y21) - (Ywit)

for1 <1< dwthm=w; >w, > .-+ > wq and the automorphism (6.63) and the evaluation
function (6.62). This yields (A4, 0) as an ordered multiple chain P-extension of (K, o) of monomial depth
at most d composed by the single chain Il-extensions (K¢, o) of (K,o) for 1 < £ < m with (6.61)
and (6.62). Then one can construct

(1) an Rll-extension (D, o) of (K', o) with
D =KBIG1,1) .- (Ger1) - (Tr,a) - - (Teg,a)s®
where K’ = K’(Ky,...,Ky) and K’ is a finite algebraic field extension of K and with the automorphism
od) =P and 0(@@,(1) = X¢,aYe,a

where (' € K’ is a A'-th root of unity and

S 1= o - o R (G0 1) (e
Sea = Rete - Goor € (R Ter)Oan)

for1 <l <eq;

(2) a naturally induced evaluation function €7 : D x N — K’ defined as ©

n):HC/ and y@d) H &ed)J_])
=1 =1

I = 1,thenwecanconsideronlytheH-extension( ) of (K/yo) withD = K" (§1.1) .. ey 1) -+ T1,a) -+ Tey,a)-
Otherwise, the construction of the single R-extension (D[9], o) o ( 0) is a redundant and causes no harm.
®Note that for all ¢ € K’, €v(c,n) = c foralln > 0.
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such that the map @ : Aq — D defined as

(p:Ad—HD

~Viegy,d

Ye,a > (Bea0€o + -+ Beaa—1ea—1) G700, 54
is a difference ring homomorphism where for all f € Ay and for allm € N,
ev(f, Tl) = ev((p(f), TL)

holds. Here, B¢ ,i = ev(Dea,A'—1—1) for 0 <1< A and ey,...,ex_1 are the idempotent, pairwise
orthogonal elements in (6.26) that sum up to one. &

Proor:

Given the ordered multiple chain P-extension (Ag4,0) of (K, o) of monomial depth at most d with the
automorphism o : Ay — A, defined by (6.63) and the evaluation function ev : Ay x N — K defined
by (6.62), it follows by Lemma 6.5.2 that we can construct an ordered multiple chain AP-extension
(Hg, 0) of (K, o) of monomial depth at most d where Hy is given by (6.67) with the automorphism
(6.68) and (6.69) and the evaluation function (6.70) such that the sub-difference ring (A4, o) of (Hg, o)
where Ag is given by (6.71) is a II-extension of (K, o). Furthermore, we can also construct a difference

ring homomorphism, pq : Ag — Hy with (6.72) such that for all f € A4 and for all n € N,

ev(f,n) = €v(pq(f),n)

~

holds. Given the All-extension (Hg, o) of (K, o) it follows by Lemma 6.5.5 that we can construct the
single RIl-extension (D, o) of (K’, o) where D is given by (6.98) with (6.102) of order A’ that can be
written as the direct sum (6.99). Observe that, by Remark 6.5.3 the generators in Hy can be rearranged
to get the All-extension (FI, o) of (K, o) with (6.100). By Lemma 6.5.7, the map ¢ : Il — D defined
by (6.106) and (6.107) is a difference ring homomorphism such that f € I and for all n € N,

ev(f,n) = ev(d(f),n)
holds. Putting everything together, the map ¢ : Ay — D with
©(Ye,a) = d(p(Ye,a)) = (Be,a,0€0 + -+ + Bean—1er—1) §yge - 'in:&‘d
is a difference ring homomorphism. Furthermore, for all f € A4 and for all n € N,

ev(f,n) = ev(p(f),n) = €v(d(p(f)),n)

holds. u

Example 6.5.11.
We will represent the nesting depth 2 geometric product expression

Gm) =]
k=1

[\SYON]

k
(H _7]6) € ProdE(K) (6.109)
i=1
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where K = Q(v/6) in an ordered multiple chain II-extension of (K, o). We first write (6.109) in a product
factored form:

Gi(n) = (k]_[: %) <ﬁ3> (f[H ) (ﬁﬁ%) € Prod(K). (6.110)

k=11i=1 k=11=1

Note that
Gn)=Gi(n) Yyn>1.

Let (A, o) with A = K®1)(y1,1)(y21)(ys,1)(¥2)(ys,2) be an ordered multiple chain AP-extension of
(K, o) whose building blocks are the following single chain A-/II-extensions.

(1) The single chain A-extension (G, o) of (K, o) over K of order 2 where G = K(91)(92) with the
automorphism o : G — G and evaluation function ev : G x N — K is defined as:

G(X):X+1> 0‘(191):—19], (‘92):_8182,
o o 6.111
ev(x,n) =mn, 1913 H y €V ‘92) H H ( )
k=1 k=11i=1

(2) The single chain Il-extension (K, o) of (K, o) over K where K; = K(y; ;) with the automorphism
0 : Ky — K5 and the naturally induced evaluation function ev : K; x N — K is defined as

o(c) =c,Vec ek, (1411):21111»

6.112
evic,n) =c,VceK, ev(y;,n HZ ( )

(3) The single chain II-extension (K3, o) of (K, o) over K where K; = K(y»,1) with the automorphism
0 : K; — K, and the naturally induced evaluation function ev : K; x N — K is defined as

o(c) =c¢,VceK, o(yz21) =3 Y21,

6.113
evic,n) =c, Vc e K, ev(ysi,n H3 ( )

(4) The single chain II-extension (K3, o) of (K, o) over K where K3 = K(y3,1)(ys,2) with the automor-
phism o : K3 — K3 and the naturally induced evaluation function ev : K3 x N — K is defined as:

o(c) =c, Ve ek, o(ys,1) \/_143 1y o(ys.2) = \/8143,1 Y32,
no K (6.114)
EV(C,T‘L) =, Ve e K» y_S LN H \/_ ev(y-?),%n) - H H \/g
k=1i=1

Now we merge the single chain A-/II-extensions to an ordered multiple chain AP-extension yielding the
tower of ring extensions K < Ay < A, where Ay = K1) (y1,1)(y2,1)(ys,1) and Ay = Ay (D2)(ys.9).
Then the product expression (6.109) is modelled by

Gy = 282 g (6.115)

Yi1,1Y3,2

that is,



holds. Let (H, o) with H = K(y1,1)(y2,1)(us,1)(ys2) be the ordered multiple chain P-extension of
(K, o) composed by the single chain II-extensions (K;, o) for i = 1,2, 3 based at the algebraic numbers
2, 3, V6 € K* respectively which were constructed in items (2), (3) and (4) above. In particular, we have

_¥2l o (6.116)
Yi1,1Y3,2

We follow the proof of Lemma 6.5.2 to construct an ordered multiple chain AIl-ring in which (6.109)
can be modelled.

(1) Take the shift quotient of all depth-1 P-monomials y; 1, Y21 and y3; in the ordered multiple chain
P-extension (Hy, o) of (K, o) of monomial depth T with H; = K(y,1)(y2,1)(uys,1), i-e.,

G(ym) _ > U(ym) —3 U(y3,1) _ \/g
Y11 ’ Y21 ’ Y31

in K*. By item (1) of Lemma 5.1.47 we can construct the II-extension (H;, o) of (K’, o) where H; =
K’(g1,1)({2,1) with the automorphism o : H; — H; and the evaluation function €¥ : f; x N — K’

1411 \/_1411, 1421 \/_142 1y

Lo (6.117)
(g1, H\/_ eV(y.z,th) :1_[\/g
k=1
together with the difference ring homomorphism p; : H; — M, defined by
P1(y11) = Q%,p P1(y21) = Q;,p P1(ys,1) = G1,1 G2, (6.118)

Here, K’ = Q(v/2,v/3). Further, note that (Fly, o) is an ordered multiple chain II-extension of (K’, o)
of monomial depth 1 which is composed by the single chain II-extensions (K!, o) of monomial depth
1 where K{ = K'(¢;,1) for i =1,2 with (6.117).

(2) Take the shift quotient of the depth-2 P-monomial, y3 in the ordered multiple chain P-extension
(Hy, o) of (K, o) of monomial depth 2 with H, = Hj (y3.), i.e.,

olWs2) _ \Eu e (kA (6.119)
Ys,2

Applying the difference ring homomorphism p; : H; — F; to the right hand side of (6.119) we get
1(V6ys1) = V6o € (K™

Since the depth-1 single chain II-monomials 4, 1, {2,1 have non-zero integer exponents in the expres-
sion above, we extend the single chain II-extension that each [I-monomial belongs to. More precisely,
consider the following single chain II-extensions (K!, o) of (K’, o) for i = 1,2 where K = K{({i 2)
with

= \/_Ql 191,2, 0(f22) = \/51«12,1 Ua2,2,

n k
V({12 M HH\/_ eV(go,o,m) = HH\/.’;

k=1 1i=1 k=1 1i=1

(6.120)

Now consider the ordered multiple chain IT-extension (I, o) of (K’, o) of monomial depth 2 where
Fl, = 5 (41.2) (§2,2) with (6.120) and composed by the single chain IT-extensions (K, o) of (K’, o)

’Since ¢ = 1, we only consider the IT-extension (K'({1,1){({j2,1), o) of (K’, 0).

146



for i = 1,2. Since JFL((\/Z V3), K’) — {0,)}, it follows by Theorem 6.4.14 that (I, o) is a II-

extension of (K’, o). In particular, (s, o) is an ordered multiple chain Tl-extension of (K’, o) of

monomial depth 2. It remains to show that there is an element g € (K’)% with

o(g) = V61,1 1a.1 -

Looking at p1(ys,1) = 1,1 2,1 We can choose g = 11,2 2,2 Which satisfies the relation above. Thus
we define the difference ring homomorphism

P2 Hz — Hz
with
p2|]1-]11 = P1, pz(us,z) =g.

Merging (F,, o) and the single chain A-extension (G, o) of (K, o) with (6.111) we get the ordered
multiple chain All-extension (I, o) of (K’, o) where

=K' (91)(G1,1) (G2,1) (92) (G1,2) (f2,2)
with (6.1}1), (6.117) and (6.120). We extend the difference ring homomorphism p, : H, — H to
p: A — H by defining
Plr, = P2, and p(d;) =9; fori=1,2.
Applying p to (6.115) we have

o(Fy) = P(ﬁz)p(yu) . L2 Q%,l

— =290 .
Ply1,1) plus2) u%g Yi1,2Y22

Given the difference ring (A, o), it follows by Lemma 6.5.5 that we can construct the simple RII-extension
(D, 0) of (K, o) where K = K’(i) and D = K[9] (41,1)(F2,1)(H1,2)(d2,2) which can be written as the direct
sum

D = EOD@€1D@92®@~63®
where D = K(gl,l)<g2,1><g1,2><g2,2> and ey for 0 < k < 3 are idempotent elements given by (6.52), with
the automorphism, ¢ : D — I and the evaluation function, v : D x N — K defined by (6.103), (6.108),
(6.117), and (6.120). Further, the map ¢ : Hl — D defined by

$(91) = —eo + €1 — €2 + €3 =07
1
$(92) =—€o—e1 + e+ e3= (2—11)8(192+f1);

G(Gex) = Gox
is a difference ring homomorphism. Applying ¢ to p(F;) € H we get

~ 1—1)9 (9% +1) 43
Gi = 0(p(Gr) = TS TVt
Yi1Y1,2Y2,.2

and
~ (-0 (P ) (V)"
(m) = &v(G1,n) = e (6121)
2((v2)") (va) ™ (va)
with
Gm)=Gn) vn>1 *
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6.6 CONSTRUCTION OF RII-EXTENSIONS FOR HIGHER NESTING DEPTH EX-
PRESSIONS IN ProdE(K(n))

In this section, we will extend the result in Section 6.5 to the class of hypergeometric product expressions in
ProdE(K(n)). More precisely, suppose we are given the rational function field (K(x), o) with o(x) = x+1
and the evaluation function (2.1) where K is the rational function field K(kq,...,k,) over some o-
strongly computable field K. Suppose further that we are give a finite set of hypergeometric products
{Pi(n),...,Pe(n)} € Prod(K(n)) of finite nesting depth. Then in Lemma 6.6.3, we will refine these
given hypergeometric products to obtain other hypergeometric products in product factored form whose
distinct innermost multiplicands are irreducible monic polynomials in K[x] \ K and are shift co-prime
among each other. For these refined hypergeometric products, we will succeed in Lemma 6.6.10 by
constructing a multiple chain II-extension of (K(x), o) where they can be modelled. Furthermore, the
refinement procedure in Lemma 6.6.3 also yields other geometric products which can be modelled in
a simple RlII-extension. Combining these two difference rings, we will succeed in Theorem 6.6.13 by
merging them to get a RIl-extension in which the given hypergeometric products {P;(n),...,P.(n)} of
finite nesting depth came be modelled.

We begin with the Theorem below which is a generalisation of Theorem 5.3.3 for multiple chain
[I-extensions.

Theorem 6.6.1.
Let (F(t), o) be a IIX-extension of (F,0) with o(t) = at+p (x € F*and B =0orax =1 and p € F).
Let f = (fy,...,fn) € (F[t] \ F)™ be irreducible monic polynomials. For all 1 < { < m, let (F,, o) with

Fe = ]F(t)(ZeJ) . <Z€,3g>

be a single chain II-extension of (IF(t), o) with base f, € F[t] \ F with the automorphism (6.122). Let
(Hb, O') with
Hy, = F(t)<Z1> ee <Zb> = F(t)<21,]> ee <ZW]’1> ee <Z1’b> e <Zwb,b>

be an ordered multiple chain P-extension of (IF(t), o) of monomial depth b = max(sy,...,Sm) with bases
f1y...,fm where m =wq > wy > -+ > Wy, which is composed by the single chain Il-extensions (F, o)
of (F(t),o). Then (Hy, o) is a Il-extension of (F(t), o) if and only if gcd,(fi,f;) = 1 for all i,j with
1<i<j<m. &
Proor:

“ — " If (Hp,0) is a II-extension of (F(t), o), then by Theorem 6.4.14 JL(f, F(t)) = {O,n} and by
Theorem 5.3.3 ged (fi, f;) =1 forall i, j with 1 <i<j <m.

“ <= " Conversely, if ged,(fi,f;) = 1 for all i,j with T < i < j < m, then by Theorem 5.3.3
JL(f, F(t)) = {On} and by Theorem 6.4.14 (Hy, o) is a II-extension of (F(t), o). n

Throughout this section, (K(x), o) is a rational difference field with K = K(ky,...,Kky) where K is
some o-strongly computable field. As in the previous section, we suppose the following. Let (FF, o) with
F = K(x) be the rational difference field over K as defined in Example 2.3.6 that satisfies Lemma 4.1.6.
In addition, we will use the evaluation function defined in (2.1). For T < { < m with m € N\ {0}, let
(F¢, 0) with

Fz = F<Zz> = F<Ze’1> . <Ze’5€>
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be a single chain IT-extension of (I, o) with base f, € F* together with the automorphism
o(zex) = g zee  where oy =Tfeze1 - - Zegx—1 € (F*)$<Zz’]>”'<ze’k4> (6.122)

and 0(z¢,x) =k for T <k < s¢. Let ev:Fy x N — K be an evaluation function for (IF¢, o) defined as
V(zek, M H ev(ogk,j—1) (6.123)

where & € N is chosen big enough such that ev(agx,0) # 0 for 1 <€ <mand 1 <k < s¢. Note that
these input assumptions are justified by Lemma 6.1.5. We will follow the construction on page 124. Let
(H, o) be the multiple chain P-extension of (IF, o) built by the single chain II-extensions (Fy, o) of (F, o)
over I based at f, € F*. That is,

H = F<Z1><Zz> . <Zm> = F<Z1)]> . <Z1,s1><7~2,1> . <22,sz> . <Zm)]> . <Zm,sm>-

Depending on the context, z; denotes (z¢,1,...,2¢,s,) OF Zg,1y .-y Ze,s, OF Zg,1 -+ * Zg,s,. Again observe that
the P-monomials z¢ x can be ordered in increasing order of their depths. Let b = max(si,52,...,5m)
and Hy = F. Consider the tower of difference ring extensions (H;, o) of (H; 1, 0) where

Hiy =Hi q(zi) = Hi—1(z1,1)(22,i) - - - (Zwi,i)
for 1 <1< bwithm=w; >w, >--->wp and the automorphism
0(ze:) = otgi 20 where &gy =feze1-- 21 € (F*); (ze1).{zti) (6.124)

for T < € < w;. Note that the depth of each z¢; is i. Further, the ring Hy, is a isomorphic to H up to
reordering of the P-monomials. Recall that (Hy, o) is an ordered multiple chain P-extension of (F, o) of
monomial depth at most b induced by single chain II-extensions (Fy, o) of (F, o) for T < { < m with the
automorphism (6.122) and the evaluation function (6.123). Observe that since Hy ~ H, the evaluation
function ev : H; x N — K for all i with 1 <1< b is also defined by (6.123).

Remark 6.6.2.

Subsequently, we will call the evaluation function (6.123) the naturally induced evaluation function of the
single chain II-extension (F(z¢ 1) ... (z¢s,), 0) with respect to & € N. We will use the same terminology
for the (ordered) multiple chain P-/II-extensions as well. [ )

Lemma 6.6.3.

Let (K(x), o) with o(x) = x + 1 be the rational difference field satisfying Lemma 4.1.6 together with the
evaluation function ev : K(x) x N — K defined by (2.1) and the Z-function defined by (2.50). Suppose we
are given a finite set of hypergeometric product expressions {P;(n),...,P.(n)} C ProdE(K(n)) of nesting
depth at most d. Then one can choose a & € N and can construct

(1) C1y...,Cc € K*;
(2) for all 1 < £ < e rational functions r¢(n) € K(n)*,

(3) geometric product expressions Ge(n) € ProdE(K) for 1 < € < e with lower bounds all synchronised
to 1 and composed multiplicatively by geometric products in product factored form;
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(4) for 1 < { < e hypergeometric product expressions He(n) € ProdE(K(n) \ K) with lower bounds
all synchronised to & and composed multiplicatively by hypergeometric products in product factored
form where the innermost multiplicands are given by irreducible monic polynomials in K[x] \ K that
are shift co-prime among each other;

such that for 1 <€ < e and foralln > &:

Pe(n) = ¢ Fe(n) Ge(n) He(n) # 0. (6.125)
¢

Proor:
By Lemma 6.1.5 we can compute a & € N and construct c¢y,...,c. € K, geometric product expressions

G¢(n) € ProdE(K) for T < £ < e and hypergeometric product expressions H¢(n) € ProdE(K(n) \ K)
for 1 < £ < e satisfying properties (a), (b) and (c) respectively such that

Pe(n) = ¢ Ge(n) He(n) # 0

holds. We will process the hypergeometric products in the Hy(n) further and update the geometric
product expressions G,(n) and the units ¢, accordingly.

(1) Take all the irreducible monic ponnomiaIs which are the innermost muItipIicands of each product
factor Hi(n) say f1,...,fs € Kix] \ K and set F = {fy,...,fs} C K[x] \ K. With part (2) of
Lemma 4 1.6, we can construct a partition &P = {&€;,..., 6} W|th respect to ~,. That is, each 6;
for T < i < m, contains precisely the shift equivalent eIements of . ForeachiwithT <i<m
take the Ieftmost element in 6; say fl, as the representative of the equivalence class é; in & and
collect them in R = {1?1, .,fm}. Since each f; is shift equivalent with every element of €;, we can
take k > 0 with o) ¢ K+ and it follows by Lemma 4.1.7 that for each h € 6; one can construct
anr e K(x)* W|th

such that
h=—=1; (6.126)

holds. Note that since f is monic, oJ(f;) is monic for all 1 < <j < k—1 and thus r is also monic.
Further, since ev(ot(f;),n) # 0 for all i € N and for all n > 9, we have that,

r(n) =ev(r,n) = ev(f;, n) ev(o(fi), n) ev(o?(fi), n)---ev(o* ' (fi), n) #0.

(2) Now take all nesting depth d hypergeometric product factors in each product expression Hy(n). Each
of them can be treated as follows. Let h be its irreducible monic multiplicand and choose i such that
h € é;. Using the relation (6.126) in the preprocessing step (1), the hypergeometric product under
construction can be reduced as follows:

(T TTm0) = (TT 1550 ) (1T TTre).

k1=56 kq=d ki=5 kq=5 ki=5 kq=5

=:Aga(n)
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Note that the product

telescopes multiplicatively. That is,

(H kﬁ de) (H k]d—[z )(H T—frkd]H) (6.128)

k1=6 kq=b k16kd16 k1=5 kg_1=6

=:Fga-1(n)

Note further that the nesting depth of the product on the right hand side of (6.128) reduces to
d — 1. Further, v(8) € K*. Thus the product F4_1(n) is a geometric product with all lower bounds
synchronised to 4. By item (4) of Section 6.1, we can rewrite the geometric product F4_1(n) of
nesting depth d — 1 into product factored forms where all lower bounds are synchronised to 1. That
is

Fea—1(n) = dea—1Bea—1(n)
where d¢ 41 € K* and
n n kg ka—2
Bea—1(n) = | |1’1€,d71,1 | | | |1’1€,d71,2 - | | | Iud 1,d—1
k=1 ki=1ky=1 ki=1 kg 1=1

with lig 11 € K* for all 1 <1< d—1. In particular, for alln > $
Fea—1(n) =Fea1(n)

holds. Thus (6.128) becomes

(H ﬁ kd—F] ) ~(7,d 1 (H ﬁT‘ kd ]+1 ) (6129)

ki=5 kq=5 k1=5 kg_1=6

We observe that the inner most multiplicand v(kq_1 + 1) of the second product on the right hand
side of (6.129) is monic and it corresponds to o(r) € K(x)*. Let r,...,1s € K[x] \ K be irreducible
monic polynomials such that o(r) =1"---r¥. Then (6.129) becomes

ka-2 ka-2

(H kld—[ kd“)zﬁ,u (H anm)V- (H Hrskd1>v (6.130)

ki=8 ka=b ki=8 kq_1=5 Ki=6 kq_1=0
Substituting (6.130) into (6.127) we get

n ka—1 Ka—2 & Ka—2
(H"'Hh(kd)) = de,a-1Beal <H Hﬁ ka1 ) (H HTS Ka—1 ) Aga(n). (6.131)
ki1=0 kag=5 k1=0 kq_1=0 ki1=06 kgq_1=06

Finally replace the hypergeometric product on the left hand side of (6.131) in He(n) for 1 <€ < e
by the hypergeometric product A 4(n) on the right hand side of (6.131). In addition multiply the
geometric product expression By q_1(n) and the units d¢ 41 to G¢(n) and c; respectively. After the
treatment of all products with nesting depth d, we proceed to step (3).
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(3) Set F = F U{ry,...,1s}. Note that all irreducible monic polynomials ; for i = 1,...,s are shift-

equivalent to f; by (6.126). In particular, o™ (1) = f, with m; > 0. Thus the elements T1yeuenyTs
can be stored accordingly in the existing equivalence classes €;,...,%,, and fy,...,f, are still the
leftmost elements of the updated equivalence classes 6, ..., 6,, respectively. Now repeat the above

process in step (2) for all product factors in H¢(n) for 1T < £ < e with nesting depth, d = d — 1 until
d = 0. For each of these steps, the representative f; of the equivalence class ;, used in the previous
step, i.e., d, is used to reduce each product factor at step d — 1. Furthermore, at depth d = 1, we
get a rational r(n) € K(n)*.

Summarising, we obtain
(1) 61)"')66 € K*;
(2) rational functions #1(n),...,f.(n) € K(n)*

(3) geometric product expressions Gi1(n),...,Ge(n) € ProdE(K) with lower bounds all synchronised
to 1 and composed multiplicatively by geometric products in product factored form;

~

(4) hypergeometric product expressions H;(n),...,He(n) € ProdE(K(n) \ K) with lower bounds all
synchronised to & and composed multiplicatively by hypergeometric products in product factored
form where the innermost multiplicands are irreducible monic polynomials in & which are all shift
co-prime among each other.

In particular, (6.125) holds for all £ with T < € < e and for all n > 9. n

Remark 6.6.4.
Recall that by earlier discussions in Sections 6.2 and 6.5, the geometric product expressions

G¢(n) € ProdE(K)

for all 1 <€ < ein (6.125) can be modelled in an RII-extension; see Theorem 6.5.10. Subsequently, we
focus on the hypergeometric product expressions

H¢(n) € ProdE(K(n) \ K)

for all 1 <€ < ein (6.125) and show how they can be modelled in a II-extension. [

Example 6.6.5.
Let (K(x), o) be the rational difference field with o(x) = x4+ 1 with K = Q. Given the product expression

LI K 1+2)
(et (06
Pm)=][x—+ =
k=1

(k+3

) € ProdE(K(n)), (6.132)

we follow the procedure in Lemma 6.6.3 as follows. By Lemma 6.1.5 we compute = 1, such that for all
n>l



holds. Here c =1, G(n) =1 and H(n) is given by

o= (F14) ([ (0T (T2 (1T

1
k=11i=1 k=11i=1 2

) . (6.133)

In particular, H(n) with (6.133) is composed multiplicatively by hypergeometric products of nesting depth
at most 2 which are all in product factored form. Let

F ={h1, hy, h3, hy}

where h; =x, h, =x+ % hs =x + 2 and hy = x + 3 are monic and irreducible polynomials. Since h4
is shift equivalent with h3 and hy, i.e.,

ged(hy,0%(h3)) =hs  and  ged(hy, 0% (hy)) = hy,
they fall into the same equivalence class
€, = {hy, h3, ha}.

The other equivalence class is
€y = {h4}

and we get the set partition
P = {%17 %2}

Take the leftmost elements, hy and h, as the representatives of the equivalence classes €; and 6,
respectively. Thus

%R = {h1, ha}.
By Lemma 4.1.7 with gy =x(x+ 1) and g2 =x(x+ 1) (x + 2) in K(x)* we have that

h] and h4
g 92

holds. Thus for the hypergeometric products of nesting depth 2 over h; and hy in (6.133) we have that

f[f[m (H 91 k+1 ) (13[1—[1) (ﬁ;) (ﬁ(k+1)> (ﬁ(k+2)> (ﬁﬁx)

k=1 i=1 k=11=1 k=1 k=1 k=1 k=11=1
and
n 1 n g (k) n k .I
[ - (T ) (T ) -
Hl—] R (1) (k 1 g2(k + ”) (k—1 i v

(119) ([t ([t (i) (1111

After reducing all nesting depth 2 hypergeometric products in (6.133) the new monic and irreducible
polynomial that emerges is hs = x4+ 1. Thus

=F U{hs}.
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Note that since hy is shift equivalent with hs, i.e., gcd(o(hy),hs) = hs, we insert hs into ;.

In

particular, the leftmost factor of €;, h; remains unchanged. By Lemma 4.1.7 with g3 = x, we have that

g3

holds. Thus the nesting depth 1 hypergemtric products over h3, hy and hs reduce as follows:

(115)
(1)
(113)

L. 1
Hh5(k):(n+1)

L. 2
th(k):(n+1)(n+2)

L 6
Hh4(k) T el mt2)(n+3)

we have that foralln > 1,

holds.

Example 6.6.6 (Cont. Examples 6.1.1, 6.1.2, 6.1.3, 6.1.4).
Given the nesting depth 2 hypergeometric product

k

Ak 41
P(n) =
2 \/—_3kH

~2( = 7j+6)
5(G2—j—6)

€ Prod(K(n)).

(6.134)

(6.135)

in Example 6.1.1 we follow the procedure in Lemma 6.6.3 as follows. From Example 6.1.2, § =4 and

from Example 6.1.4 with ¢, G(n) and H(n) given by

15725
€~ 13824
n 16 n k 2
(i) 1)
5= ) (L
H(n) =
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we have that
P(n) =cG(n)H(n)

holds for all n > 4. We will now focus on the hypergeometric expression H(n) and update ¢ and G(n)

accordingly. Let
F ={hy, hy, hs, hy, hs, hg, h7}

where
hi=x—3,h, =x—2, hs=x—1,hy =%, hs =x+ 2, hg =x+ 3, ‘ny:xz—i—}l

are irreducible monic polynomials. Since h; is shift co-prime to all polynomials in & \ {h;}, we have the

equivalence class
6, ={hs}.

The other equivalence class is
c82 - {hh hZ) h3) h43 h5) h6}

since
ngG(hh O-(hZ)) = hZ) ngO‘(h1) o-z(hS)) = h3> ngcr(hh 03 (h4)) = h4)
ngcr(hh GS(hS)) - h5) ngcr(h1> 0—6(h6)) = he.

Thus we get the set partition
P = {%1) %2}

Take the left most elements, h; and h; as the representatives of the equivalence classes €, and é,
respectively. Then

% ={h7, i}
By Lemma 4.1.7 with g1, g2, g3, g4, g5 € K(x)* where
g1 = (x = 3), 92 = (x —3) (x = 2),
g3 =(x—3)(x—=2)(x—1), gs=(x—3)(x=2) (x =) x(x+1),

gs=(x—=3)(x—=2)(x—1)x(x+1) (x+2),

we have that

o o
hy= N9, hs = =2, hy= N9y,
g1 92 g3
hs = 0(94)hh he = U(Qs)h]_
94 g5

k=4 j=4 k=4 j=4 k=4 j=4
n n k
_ (H (k—z)> (HHm m)
k=4 k=4 j=4
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n k n k n k
TTITr0) = (HHQZ(”.”) <H1‘[mm>
k=4 j=4 ka4 92 (3) k=4 j=4
n n n n k
- (H%) (H(k—z)) <H(k—1)> (HHM;))
K—4 k—4 K—4 k—4 j=4

({1 ) ({9 ({L e 0) T ) ([T ) FLTT00

- 37324sooo<ﬁ 7120>(f[ (k- 2)>(f[ (k- 1)>(f£k> (ﬁ (k+ 1)><f[ (k+ 2)><f[ (k+ 3)) (f[ ﬁm (j)) :

k=1 k=4 k=4 k=4 k=4 k=4j=4

(i)

k=4 k—a

After reducing reducing all nesting depth 2 hypergeometric products in the hypergeometric product ex-
pression H(n) given in (6.137), the new irreducible monic polynomial that emerges is hg = x + 1.
Thus

F = F U{hgh.

Note that since hy is shift equivalent with hg, i.e., gcd,(o(hy), hg) = hg, we insert hg into ;. In
particular, the leftmost factor of €;, hy remains unchanged. By Lemma 4.1.7 with g¢ = (x — 3) (x —
2) (x — 1) x we have that

9e
holds. Thus the nesting depth 1 hypergeometric products over h,, h3, hy, hs, hg and hg are reduced as
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follows:

[Tt = Hg‘k“) ﬁm(k)):(n—m (f[hﬂk))

ol k=d k_d 4

e ngk“) ﬁh1(k))=(n_2)z(n_”(ﬁmm)

o4 ke ke o

ﬁm(k): H93k+1 ﬁ‘m(k) =(n_2)(6n_”n(ll[h1(k)>-

4 ked ked 4

ghg(k): H96k+ gm(k) :(n_z)(“z nn+1) <Hh1 )
ghs;(k): k;% §h1(k) :(n—z)(n—1)1721()(n+1 ) (n+2) (Hh‘ )
ﬁhé(k): Hg5k+1 ﬁh](k) :(n—Z)(n—1)n(1712—g1)(n+2 ) (n+3) (Hh1 )

Substituting the reduced nesting depth 2 and nesting depth 1 hypergeometric product factors into the
hypergeometric product expression H(n) given in (6.137) and updating the geometric product expression
G(n) and units ¢ € K* in (6.137) accordingly, we get the following:

3145
384"

i @[1 34@) (ﬁ)ﬁé) Hm = Qﬁl(kz*l))(ﬁ(ks))g(ﬁﬁﬁ3)). (o1

In particular, all innermost multiplicands of the hypergeometric products in F(n) given in (6.138) are

¢ = Tm=m—=2Pm-1)n+1)(n+2)(n+3),

shift co-prime among each other. Furthermore,
P(n) =é&r(n)G(n)An)

holds for all n > 4. *

Definition 6.6.7.

Let (K(x), 0) be a rational difference field with o(x) = x+1 and let H;(n), ..., H¢(n) be hypergeometric
product expressions in ProdE(K(n)) which are composed multiplicatively by hypergeometric products in
product factored form. We say that H;(n),...,He(n) are in reduced normal form if

(1) the innermost multiplicand of each hypergeometric product factor in H¢(n) for 1 < £ < e is an
irreducible monic polynomial in K[x];

(2) all the distinct innermost multiplicands of H;(n),..., Hc(n) are shift co-prime among each other.

Furthermore, we say that Hy(n),...,He(n) are d-refined if they are in reduced normal form and all lower
bounds in each H¢(n) for 1 < £ < e are synchronised to & € N such that for all n > §, Hy(n) # 0. *
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Example 6.6.8 (Cont. Example 6.6.5).
The product expression H(n) in (6.134) is in reduced normal form and furthermore, it is T-refined.  *

Example 6.6.9 (Cont. Example 6.6.6).
The product expression Fl(n) given in (6.138) above is in reduced normal form. In addition, since its
lower bounds are all synchronised to 4 and H(n) %0 for all m > 4, it is 4-refined. *

Lemma 6.6.10.

Let (K(x), 0) be a rational difference field with the automorphism o(x) = x+ 1 and the evaluation function
ev : K(x) x N = K given by (2.1). Let Hi(n),...,H.(n) be hypergeometric product expressions in
ProdE(K(n) \ K) of nesting depth at most b which are all in reduced normal form and &-refined for some
§ € N. Then one can construct an ordered multiple chain Tl-extension (Hy, o) of (K(x), o) with

Ay = K(x)(Z1) ... (Z6) = KX)(E11) oo« Epya) oo Z1p) o ve Epyob) (6.139)

which is composed by the single chain Tl-extensions (Fy, o) of (K(x), o) where [y = K(x){(Ze,1) .-+ (Ze,s,)
with
(1) the automorphism o : [, — I, defined by

o(Zex) = 8o 2o where  &gi=ToZeq - Zop € (K(X)*)gﬁ%i%(ieJ>~~<22,k71> (6.140)

where f, € K[x] \ K is an irreducible monic polynomial for 1 < € < pq and 1 <k < s¢, and

(2) the naturally induced evaluation function €Y : Fo x N — K with respect to & given by eV|k(x) = ev
with (2.1) and

v(Zou,n) = [ [ev(des,j—1) (6.141)
j=5

for1 <L<pyandl <k< sy
Furthermore, for all g € Hy, the map % : Hy — S(K) defined by
¥(g) = (e¥(g,M)),.50 (6.142)
is a K-embedding. ¢

Proor:
The construction of the ordered multiple chain P-extension (I, o) of (K(x), o) with (6.139) follows by
the procedure outlined in Remark 6.3.5. Suppose we have constructed such an ordered multiple chain
P-extension (Hy, o) of (K(x),0). Then since the bases ﬂ,...,ﬁ,] of the single chain II-extensions
(Fq,0),..., (fFP1 ,0) that composes (I, o) are shift co-prime, i.e.,

ngo‘(fi)Fj) =1

for all i, j with 1 < i <j < p1, by Theorem 6.6.1 it follows that (Fl,, o) is a [T-extension of (K(x), o).
In particular, it is an ordered multiple chain II-extension of monomial depth at most b. Since (Hy, o) is
a IT-extension of a rational difference field (K(x), o), it follows by statement (2) of Lemma 2.4.3 that

T Hy, — S(K)
defined by (6.142) is a K-embedding. m
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Example 6.6.11 (Cont. Example 6.6.8).

Since the nesting depth 2 hypergeometric product expression H(n) in (6.134) is in reduced normal form
and furthermore 1-refined, it follows by Lemma 6.6.10 that there is an ordered multiple chain II-extension
(F, o) of (K(x), o) of monomial depth 2 with

H = K(x)(%1,1) (%2,1) (%2,2)
where (H, 0) is composed by the following single chain II-extensions:

(1) (F4, 0) of (K(x), o) over K(x) where F; = K(x)(%4,1) and the automorphism o : F; — F; and the
naturally induced evaluation function €v : 'y x N — K with respect to 1 are defined as:

G(X):X+1, O—(%ll):(x_l_])%/l,l)

6.143
eﬁv(x)n) =mn, V(%1 LT Hk ( )

(2) (F1,0) of (K(x),0) over K(x) where F, = K(x)(%2,1)(£2,2) and the automorphism o : F, —» [,
and the naturally induced evaluation function €¥ : ﬁ‘z x N — K with respect to 1 are defined as:

ox) =x+1, 0(%2,1) = (x + 3) Zay1, G(%22)=(X+%)%2,1%2,2)
. b ) (6.144)
ev(x,n) =n, 7\’/2 LM H k+ eV %2 25T HH(l"'%)
k=1 k=1i=1
Furthermore, the map
T H— $(K)
defined by
f) = <e"v(f,n)>n>o
for all f € My is a K-embedding. *

Example 6.6.12 (Cont. 6.6.9).

From Example 6.6.9, we know that the nesting depth 2 hypergeometric expression H(n) given in (6.138)
is 4-refined. Thus by Lemma 6.6.10 we can construct the ordered multiple chain IT-extension (H, o) of
(K(x), o) of monomial depth 2 with

H = K(x){(%1,1) (Z2,1)(%1,)
where (f, o) is composed by the following single chain II-extensions:

(1) (Fq, 0) of (K(x),0) over K(x) where Ff; = K(x)(£1,1)(£1,2) and the automorphism o : F, — Ty
and the naturally induced evaluation function €7 : f; x N — K with respect to 4 are defined as:

O'(X) =X+ ], O'(%q,l) = (X—Z) %1,1, O-(£1,2) = (X—Z) %1,1 %1)2,
n n k
. . (6.145
€v(x,n) =n, €v(%1,1,Mn) = H (k—3), €v(Z12,n HH j— )
k=4 k=4 j=4
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(2) (75, 0) of (K(x), o) over K(x) where F, = K(x)(%2,1) and the automorphism o : F, — ¥, and the
naturally induced evaluation function €v : ', x N — K with respect to 4 are defined as:
ox) =x+1, 0(%2,1) = ((x+1)* + ) Zaps

e 6.146
€v(x,n) =n, v(%a,m) = [ [ K2+ 1. ( )
k=1

Furthermore, by statement (2) of Lemma 2.4.3 it follows that the K-homomorphism
% — S(K)

defined by
T(f) = (ev(f,n))

n=>0

for all f € M is a K-embedding. *

So far we have treated hypergeometric products over monic and irreducible polynomials of finite
nesting depth say b that are d-refined for some 6 € N; see Definition 6.6.7. Given such hypergeometric
products, it follows by Lemma 6.6.10 that we can construct an ordered multiple chain IT-extension (F, o)
of (K(x), o) where K = K(ky,...,Ky) and

Hy = Kx)(Z1) oo (o) = KX)E11) oo Epy 1) e o) oo Eppib)- (6.147)
In particular, (H,, o) is composed by the single chain II-extensions (I, o) of (K(x), o) where
Fo = K(x){(Ze1)(Ee2) -+« Fosp)

for 1 <€ < pjand 1< k< sg together with the automorphism o : Fe — Fz defined by

o(Zex) = &eZere  where &g =TfeZeq - 2o € (K(x)*)ﬁg@“>"‘<Z""k"> (6.148)
and the naturally induced evaluation function €¥ : Iy x N — K with respect to § € N defined by

n

V(Ze o H (&e,ky ) — 1) (6.149)

On the other hand, geometric products over the contents was also treated in Section 6.5. In particular
these products appeared additionally by the approach described in Lemmas 6.1.5 and 6.6.3. All these
geometric products can be modelled in an RII-extension. More precisely, in Theorem 6.5.10 we constructed

a simple RIl-extension (I, 0) of (K, o) where K = K(k1, ..., k), K is a finite algebraic field extension
of K and

D =KOIG1,1) . Gey1) - @1,a) -+ easa) (6.150)
with

(a) the automorphism o : D — D defined by
o(d) =9, (6.151)
0(Tex) = Vex Uex (6.152)
where ¢ € K is a A-th root of unity and
— e Goper € (RF)EOD -G

,i'/
forT<k<dand1<{<eand
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(b) the naturally evaluation function v : D x N — K defined by

(9, ) (6.153)

—.
—_

I
:ﬁ ':;:

€7 (G, ) = | | €v(Ten,) — 1) (6.154)

1

—.

In particular, by reordering we obtain the difference ring extension (A4, o) of (K, o) with

Ba = R(G1) oo (Ga) = RG1a) v Gera) oo Gr.a) o (D), (6.155)

the automorphism (6.152) and the naturally induced evaluation function (6.154) which is a sub-difference

ring of (D, o). Furthermore, it is an ordered multiple chain II-extension of (K, o) and is composed by the
single chain IT-extensions (K¢, o) of (K, ) where

Ko = K(Ge,1) {Ge,2) - - - Teer)

for 1 <€ < ey.

Putting the two difference rings (Fl,, ) with (6.147) and (DD, o) with (6.150) together, we are able
to completely model any finite set of hypergeometric product expressions of finite nesting depth coming
from ProdE(K(n)) in a simple RII-extension. More precisely, we have the following theorem.

Theorem 6.6.13.

Let (K(x),0) be a rational difference field over K with o(x) = x + 1 and let the difference ring (H,, o)
with (6.147) be an ordered multiple chain I1-extension of (K(x), o) with the automorphism (6.148). Further,
let K be an algebraic field extension of K and let the difference ring (A4, o) with (6.155) be the ordered

~ ~

multiple chain I1-extension of (K, o) with the automorphism (6.152). Then the difference ring (IE, o) with

~ ~

£ =KX)(G1)(Z1) ... (Ga)(Zv) (6.156)

where (1) = (J14) ... (ey,i) for 1 < i< dand (Zx) = (Z1x) ... (Zp k) for 1 < k < b is an ordered
multiple chain T-extension of (KK(x), o). Furthermore, the A-extension (E, o) of (£, o) where E = E[9]
with (6.151) of order A is an R-extension. &

Proor:

Take the IT-extensions (I;, o) of (K(x), o) with H; = K(x)(z1,1) -+ (zp,,1) and (A1, 0) of (K, o) with
A, = K(gm) ... (§e,,1) which are both of monomial depth 1. By Lemma 5.4.4 the difference ring (E;, o)
with

By =K @11) - Gey,1)Era) e (Epyr)

~ ~

is a [T-extension of (K(x), o) of monomial depth 1. Consider the ordered multiple chain P-extension (I, o)
of (K(x), o) with (6.156) which is composed by the single chain II-extensions in the ordered multiple
chains (H,, o) and (Aq4, o). By Theorem 6.4.14 it follows that (|, o) is a IT-extension of (K(x), o). By
Corollary 2.3.58 the A-extension (E, o) of (K, o) where E = E[9] with the automorphism (6.151) is an

R-extension. u
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Example 6.6.14 (Cont. Examples 6.6.5, 6.6.8, 6.6.11 and 6.5.11).
Let (K(x), o) be the rational difference field with K = Q(+/6) equipped with the automorphism o(x) =
x + 1 and the evaluation function (2.1). We will represent the hypergeometric product expression

W) (T1655)

of nesting depth 2 in an RllI-extension (E, o) of the rational difference field (K(x), o) where K is some
finite algebraic field extension of K.

€ ProdE(K(n)) (6.157)

(1) By Lemma 6.6.3 we can compute a 6 € N and construct a ¢ € K*, an ¥(n) € K(n)*, a geometric prod-
uct expression G(n) € ProdE(K) and a hypergeometric product expression H(n) € ProdE(K(n)\K)
with

such that for alln > 1

holds.

(2) Since the nesting depth 2 hypergeometric expression H(n) is in reduced normal form and also 1-
refined, by Lemma 6.6.10 we can construct the ordered multiple chain IT-extension (H, o) of (K(x), 0)
with

H = K(x)(%1,1)(%2,1) (%2,2)
of monomial depth 2. In particular, (F, o) is composed by the single chain II-extensions (I, o) and
(2, o) given by items (1) and (2) respectively in Example 6.6.11. Further H(n) is modelled by

1 -

]:h = € H.

Z1,1 %2,2

That is,
H(n) = €v(H,n)

holds for all n > 1.

(3) We continue with the geometric product expression G(n). By Theorem 6.5.10 we can construct an
RIl-extension (D, o) of (K, o) with

D = KO (G11) (G2.1) (G1.2) (22) = €D @ €D @ €,D @ e3D

where DD = K(gl,g<g2,1><g1,2)<g2,2>, K = Q(v2, V3) and € for 0 < k < 3 are the idempotent
elements given by (6.52). The automorphism o : D — D and the naturally induced evaluation
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function € : D x N — K are defined by (6.103), (6.108), (6.117) and (6.120). In particular G(n)
is modelled by
(=13 +1) 45,

é1 = = = — eD
214%,1 Yi1,2Y2,2

and with

we have that

holds for all n > 1.

(4) Putting everything together, it follows by Theorem 6.6.13 that (E, o) is an RII-extension of (K(x), o)
where

~

E = R(x)BI(§i1,1)(G2,1) (F1,1) (R2,1) (f1,2) (G2,2) (£2,0) = €0k @ €1 K & €, & 3
with IE: = K(X)<1;I:1,1><‘g~2,1><£1,1><£2,1>~<‘g~1,2><g2)2><£2,2>. The automorphism o:E — E and the
evaluation function €7 : E x N — K are given by (6.103), (6.108), (6.117), (6.120), (6.143)

and (6.144). In this difference ring, the nesting depth 2 hypergeometric product expression P(n)
given by (6.157) is modelled by

. 366 T, ) 18(1—4)9 (92 +1) 33, CE
(X + 3)2 (X + 2)2 (X + 1)2 (X + 3)2 (X + 2)2 (X + ])21;%)1 Q1,2 1;2)2 %1)1 %2)2

and with

2

) . 18(1—1) (i)™ (™2 +1) ((V3)" n 1

Pin) =evPn) = n2< ()) 5 (HH(i+ ))
(m+3)2(m+22 (m+ 12 ((vV2)") (v (v3) e Nt

N[=

we have that
P(n) =P(n)

holds for all n > 1. *

Summarising we have the following theorem.

Theorem 6.6.15.

Let (K(x),0) with o(x) = x + 1 be the rational difference field satisfying Lemma 4.1.6 together with
the evaluation function ev : K(x) x N — K defined by (2.1) and the Z-function defined by (2.50). In
particular, K is the rational function field K(kq,..., Ky ) over a field K. Suppose we are given a finite set of
hypergeometric product expressions

{P1(n),...,Pe(n)} C ProdE(K(n)) (6.158)

~

of nesting depth at most d for some d € N. Then there is ad € N and an RIl-extension (E, o) of (K(x), o)
of monomial depth at most d where K is a finite algebraic field extension of K equipped with a naturally
induced evaluation function €v : E x N — K with respect to & with the following properties:
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(1) The map t: E — S(K) with t(f) = (€v(f,n))

S0 /S5 a K-embedding.

(2) There are elements g1, ...,g. € E* such that for j with 1 <j < e and for alln > &

Pj(n) = €¥(g;,n)

holds.

If K is a strongly o-computable, the components of the theorem can be computed. &

Proor:

(a)

Given the hypergeometric product expressions in (6.158), it follows by Lemma 6.6.3 that we can
compute a & € N and construct for all 1 < j < e, ¢;j € K*, rational functions 1; € K(n)*,
geometric product expressions Gj(n) € ProdE(K) and hypergeometric product expressions l:lj(n) €
ProdE(K(n) \ K) such that

Pj(n) = & 7(n) Gj(n) Hj(n) #0 (6.159)
holds for all n > 6.

Take the hypergeometric product expressions H;(n),...,He(n) in (6.159). Note that since each
He(n) is in reduced normal form with all lower bounds are synchronised to & € N and they are
non-zero for all n > 9, it follows by Definition 6.6.7 that they are 6-refined. By Lemma 6.6.10 we can
construct an ordered multiple chain II-extension (Hy, o) of (K(x), o) with (6.147) which is composed
by the single chain II-extensions (I¢, 0) of (K(x), o) with 1 < £ < p; for some p; € N where

~

Fe = K(X) <Zg)]><ie,2> . e <Z(g)s,z>

with the automorphism o : IF‘g — IF‘g and the naturally induced evaluation function €V : I@‘e x N — K
with respect to & defined by (6.148) and (6.149) respectively. In particular, there is an ﬂj € Hy, that
models l:lj(n) for all j with 1 <j < e. That s,

~

ev(hj,n) =H;(n) Vn > 6. (6.160)

Next we take the geometric product expressions Gi(n),...,Ge(n) in (6.159). Then by Theo-
rem 6.5.10 we can construct an RII-extension (D, o) of (K, o) with (6.150) together with the
automorphism o : D — D and the naturally induced evaluation function v : D x N — K de-
fined by (6.151), (6.152) and (6.105), (6.154) respectively. In particular, for each éj(n) there is a

g; € D that models it. That is,

&v(g;,n) = Gj(n) Vn > . (6.161)

By Theorem 6.6.13 we can merge these two difference rings to obtain an RlII-extension (E, o) of
(K(x), 0) with (6.156) and the automorphism o : E — [E and the evaluation function v : Ex N — K
defined accordingly.
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(e) In particular, since (E, o) is an Rll-extension of a rational difference field (R(x), 0), it follows by
part (2) of Lemma 2.4.3 that ¥ : E — S(KK) defined by (6.142) is a K-embedding. For 1 <j < e,
define

g == ¢ Tj g hy
where €¥(¥;, ) = ¥;(n) and the evaluation ofl~1 and §j; are given by (6.160) and (6.161) respectively.
Then with (6.159) it follows that for all j with 1 <j < e and for all n > 6 we get

P;(n) = €v(g;, ).

Finally observe that if K is strongly o-computable, all the ingredients delivered by Theorems 5.1.1 and 5.3.3
can be computed and consequently, (E, o) can be constructed and T and gq,...,g. can be computed
explicitly. [

Example 6.6.16 (Cont. Examples 6.6.6, 6.6.9, 6.6.12).

Let (K(x), o) be the rational difference field with K = Q(v/—3) equippped with the field automorphism
o : K(x) — K(x) and the evaluation function ev : K(x) x N — K defined by o(x) = x4+ 1 and (2.1)
respectively. Given the nesting depth 2 hypergeometric product P(n) with (6.135) in Example 6.6.6, we
compueted & =4 and refined the given hypergeometric product P(n) to get

P(n) =ér(n) G(n)AMn) (6.162)
where &, r(n), G(n) and Fl(n) are given in (6.138). In particular, (6.162) holds for all n € N with n > 4.
Furthermore, from Example 6.6.9 we know that the hypergeometric product expression H(n), is 4-refined
and in Example 6.6.12 we constructed the ordered multiple chain II-extension (H, o) of (K(x), o). There,
(I, o) was composed by the single chain II-extensions (1, 0) and (I, o) of (K(x), o) defined in items (1)
and (2) respectively. The automorphism and the naturally induced evaluation function with respect to &
were defined as (6.145) and (6.146) respectively. In particular, the hypergeometric product expression
H(n) is modelled by the expression
h=2%,,%], %, €L
It only remains to construct an RII-extension to model the geometric product expression G(n). Using
my Mathematica package NestedProducts, we are able to construct the RII-extension (D, o) of (K, o)
with

D = KON G1,1) ({2,1) (F,1) (Hl2,2) (F3,2) = €oD @ €D @ €,D @ 3D

where D = K{(¢1.1)(Fo,1) ({s.1) (F2.2) (§3,2) and ey for 0 < k < 3 are the idempotent elements given
by (6.52). In particular, (D, o) is composed by the following difference rings.

(1) The single R-extension (K[9], o) of (K, o) with the automorphism o : K9] — K[J] and the naturally
induced evaluation function €v : K[9] x N — K defined by (6.103) and (6.108) respectively.

(2) The ordered multiple chain II-extension (D, 0) of (K, o) which is composed by the following single
chain II-extensions over K.

(i) The single chain II-extension (K;, o) of (K, o) where K; = K(4j; ;) with the automorphism
0 : Ky — K; and the naturally induced evaluation function €v : K; x N — K defined as

o(c) =c,Vc €K, o(g1,1) \/_th

6.163
ev(c,n) =¢c, Ve €K, €v(fgi1,n H\/_ ( )
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(ii) The single chain II-extension (K3, o) of (K, o) where K; = K({21)(g2,2) with the automor-
phism o : K, — K, and the naturally induced evaluation function €v : K; x N — K defined

as
o(c) =c, VceK, 0(42,1) = 24o,1, 0(4o2) = 2421 Go,2,
n k
. (6.164)
eV(C,n):C,VCGK, y_g 1, N HZ 14_22, HHZ
k=1 i=1

(iii) The single chain II-extension (K3, 0) of (K, o) where K3 = K(43,1)(g3,2) with the automor-
phism o : K3 — K3 and the naturally induced evaluation function €v : K3 x N — K defined
as:

o(c) =c,VceK, o(4s,1) =543, 0(43,2) = 513,132
n k
. (6.165)
ev(c,n) =c,Vc e K, €({s,n H5 ¢v(isomn) = [ [ ]5
k=1i=1

In the constructed difference ring (D, o), G(n) is modelled by

(1—1) (A +9%) 43, G,

e D.
2%1 11432

Q =
Merging the two difference rings (H, o) and (D, 0), we get the RII-extension (E, o) of (K(x), o) where

E = KON G11) (Go1) (1) (1) (Fon) (fo.2) ({s,2) (£12) = €k @ €1 E @ e @ €3l

with
E = K0 (fi1,0) (F2,0) (1) (Zr,1) (Zo,1) (G2,2) (d3,2) (B ,2).

The automorphism o : E — [E and the evaluation function €¥ : ExN — K are defined by (6.103), (6.108),
(6.163), (6.164) and (6.165). By statement (2) of Theorem 6.6.15, there is an element p € E such that
for all n > 4,

P(n) = ev(p, n) (6.166)

holds. Looking at the rational function v(n) in (6.138), we can take Tt = (x—2)3 (x—1) (x+1) (x+2) (x+3)

and set
3145

P = 384 rgh e E.

Then (6.166) holds. In particular,

ev(p,n) = 37]6485“ —i)m=2PMm—-1)n+1)(n+2)(n+3) (1'1 + ((1’1)“)2)
- ! N n n 3 n k
((V3)") " @2t sy (H (1 + %)) (H (k—3)> (HH Y —%) :
k=4 k=4 k=4 j=4
Since T: E — S(K) is a K-embedding, the sequences generated by
n n n k
(V3)", 2, 2041, 5040, (H (K + %)) : (H (k—3)> : (HH ( —3))
k=4 k=4 k=4 j=4

for allm € N with n > 4, are algebraically independent among each other over the ring T(K(x))[{(1)™)n>o0]
by construction. *
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In the following examples below, | will demonstrate how one can use my Mathematica package,
NestedProduct in the Mathematica computer algebra system to reduce some hypergeometric products
that appeared in some scientific literature.

Example 6.6.17.
We demonstrate how one can use my Mathematica package NestedProducts to simplify the hypergeo-
metric product

3

1

1 K—1 .
3l <H %ﬁ) € ProdE(Q(n)) (6.167)
K1 1

which appeared in Kauers (2018, Example 3). The product was guessed using the Mathematica package
RATE which was written by Christian Krattenthaler; see Krattenthaler (1997). More generally, formu-
lae for determinants that tend to involve nested products can be guessed using Krattenthaler (1997)
on Mathematica or more recently, the algorithms described in Hebisch and Rubey (2011, Section 3.3)
implemented on the FriCAS® system.

p { Mathematica Session 6 } N
1 1 i+1)(i+2) Al
oz P = ZFProduct[SG (FProduct[ el RN }D k, 1, n 1}},

ni3= Q = ProductReduce|[P]

N (2nj—3)2 (3")%n i (kn (+3 )4 (ﬁfb)z <ﬁﬁ

n.+1
(2! 9 k=1i=1 k=1i=1

N\w
v

Internally, the package uses the function SynchroniseProduct to rewrite the hypergeometric prod-
uct (6.167) by changing the upper bounds from n—1 and k—1 to n and k respectively. This preprocessing
step returns the hypergeometric product expression

Sm+1)(n+2) (& 2]+3 L (2k+3)2 « ) +2)
1
2(2n+3) (H ) ( Ok +1)(k+2) (H 4(2j+3)2 (6.168)

which evaluates to the same sequence as (6.167) for all n > 1. The package then reduces (6.168) to get

the hypergeometric product expression Q given by Out[13] in the Mathematica Session 6 above. *
Example 6.6.18.
The product expression
14171 . (3n 2 Y Bk
A = 6.169
M = T 2n o1 H n+k (6.169)

k=0

8FriCAS is freely available at http://fricas.sourceforge.net
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was conjectured in the 1980s by Mills et al. (1983) as the number of n x n alternating sign matrices.
The conjecture was later proved by Zeilberger (1996b). For more information on alternating sign matrices
see (Zeilberger, 1996a; Robbins and Rumsey Jr., 1986; Robbins, 1991; Kuperberg, 1996; Bressoud, 1999;
Bressoud and Propp, 1999; Fischer, 2011). The product expression (6.169) can be transformed to

n—1 k]

4. 1713037+2)(3j+4)
= 2 . 6.170
H )11 4(254+1)(25+3) ( )

See Krattenthaler (2001, page 409) or Hebisch and Rubey (2011, Section 3.3). We demonstrate how
the hypergeometric product (6.169) can be reduced further using the NestedProducts package.

( )

r L Mathematica Session 7 ] \

3(3j+2)(3j+4)
4(2j+1)(2j+3)°

wi- H = FProduct [z FPro duct[ G, 1, k—1 }} K 1,n— 1}} ;

) (e

nisi= G = ProductReduce[H]

n (n+ n 3 /n
ICLE R ICLEDIC ) (3 (H (k41 ) <H (kj—

8(2n+1)(3“) K1 k=1

(f1f10+9) (ﬁﬁ ) (Mg

k=1j=1 k=1j=1 k:1]=1
In particular, the hypergeometric product expression G, given by Out[15] in the Mathematica Session 7,
satisfies the identity

!

W\N
W\-b

N\

Hn)=G(n) vn>1.

In Zeilberger (1996a, Main Theorem) and Fischer (2007, Thoerem 1) it has been shown that the product
expression

(r)n_m —r+1 Jn1 T 3k 2)!
A = 6.171
where (1), =1(r+1) ---(r+n—1), counts the number of n x n alternating sign matrices for which
the unique 1 of the first row is at the r-th column. Combining the Mathematica package RATE or
the alternative by Hebisch and Rubey (2011, Section 3.3) with the NestedProducts package we can
reduce (6.171) further for any positive integer r. Let's consider the case r = 2.

—1 k]

i R JG+23i-1Gj+1)
Az(n)_A(n,Z)—zk_]ZH J+1 2i—N2j+n
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( )

y L Mathematica Session 8 ] \

G+2)Bj—=1)(Bj+1)
2

In16}= A = %FProduct [ZFProduct[ N22j=1)(2j = 1)

J( ,{j,1,k—1}}{k,1,n—1}};
nu= G2 = ProductReduce[A;]

om[m:3n(9n2—1)(z“)7(3(”§') (11[ %)>3<§(k1;) (}j 3>Z(ﬁﬁ(i§))

8(2n—1)(3m)° (")

This means that for the hypergeometric product expression G, defined by Out[17] in the Mathematica
Session 8, the identity
Az(n) = Ga(n)

holds for all n > 1. *

Example 6.6.19.
We use our Mathematica package, NestedProducts to reduce the following hypergeometric products

n—1 3n—-1 2n— 1 k—1

27G+1)(3j+1)(3j+2)*(3j+4)*(3j+5)
n) zl_IOkll_ZIk!H.—ZHUOH 625+ 1225 1302 (6.172)
k= k=2n k=n j

Ha(n) = (_12)(‘2‘) :_: 2 k)!(2<2!)1< +1)! % :ﬁ: %1 L4 j_ij1)+(1z)j4+ 3) (6.173)
Hy(n) = )2(“;‘) :_: (zﬂs)j 1( gk(;: )+!)z)! = _% Tkﬁ: %3 E = 4+ (;i (22;)+ i (6.174)
Ha(n & ii - z::;) )21“1:)2!)! - 1@ ;ij[: ; ]]ij - %; )+(j3)+é)j2+(j54)r 2 (6.175)

n S R e
oo I8y (CEUCCRTELES R

which appeared in Krattenthaler (2001, Theorem 49, Equations (3.56), (3.57), (3.58), (3.59), (3.60))
respectively. The right most expression of (6.172), (6.173), (6.174), (6.175) were obtained using the
Mathematica package RATE by Christian Krattenthaler; see Krattenthaler (1997), whiles the right most
expression of (6.176) and (6.177) were obtained using the algorithms in Hebisch and Rubey (2011,
Section 3.3) which is implemented on the FriCAS system.

For the hypergeometric product H;(n) given by (6.172) we obtain the following simplification.
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’

s L Mathematica Session 9 } .

27G+1)3Bj+1)(3j+2)?(3j+4)%2(3j+5)
16(2j+1)2(2j+3)2 ’

nig= H7 = 2FProduct [1 20 FProduct[
6,1, k=1, (k, 1, n=1});
nigi= F1 = ProductReduce[H ]

B2 ) (ﬁ<k+%>)6(r“1 v (fts)

4(2n+1)2 (30)"? (2% ))Sn'

Note that the identity
Hi(n) =F(n)

where Fy is given by Out[19] in the Mathematica Session 9 holds for all n > 1.

For the hypergeometric product H;(n) given by (6.173) we obtain the following result.

- { Mathematica Session 10 } \

—(G+1)*
4(2j+1)(2j+3)

o= Ho = %FProduot [1_—21 FProduct[ 5,1, k—1}

[

Ik, 1,n—1}];

ney= F2 = ProductReduce[H;]

(1—1) ((4) )(zr;( “))‘( ") (i[l(wr%)) (ﬁHJ) (ﬁﬂ %)

Out[21]=

42n+1)(2 k=1j=1

Again the identity,
Hz(n) = F2(n) *

where the hypergeometric product expression F, is given by Out[21] in Mathematica Session 10 holds for
allm > 1.

Similarly, all the remaining identities (6.174), (6.175), (6.176) and (6.177) can be derived.

The product expressions we have covered in this thesis are all indefinite. However, there seems to be
at least some classes of definite products objects that can be transformed into indefinite products. For
example the product expression (6.178) below as well as the expressions (6.169) and (6.171) from above.
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Example 6.6.20.
The product expression,

HmJ:IIIIIIT%?%%Ez (6.178)

is definite since the multiplicand
i+j+k
itj+k+2
depends on the symbolic variables k and j which are upper bound symbolic variables of some product
quantifiers in (6.178). Using “heuristic’ methods implemented in the Mathematica package Sigma, one
can transform (6.178) to the indefinite hypergeometric product

o 4) 2)(2j+1)?
= HH3 3]+1)(3j+2) € ProdE(Q(n)).

On the other hand, using the Mathematica package RATE by Krattenthaler (1997), the definite product
expression (6.178) can be transformed to the indefinite hypergeometric products

nf] k—1

5 4(2j+5)?

2 ProdE
Ll Hs Gi+7) 318 ¢ FrdEQMn)

or
n—1 k—1 j—1

5 11 98 (2i4+7)2(31+7)(31+8)
=51l g [1; 2145231+ 10) 3111 < odERMn):

=1 j=1 i=1

U‘IIUJ

Kk
In particular, for allm > 1,
H(n) =M;(n) = M, (n) = M3z(n)

holds. The Mathematica sessions below illustrates how the hypergeometric products, M, M, and M3
are reduced further using the Mathematica package NestedProducts.

( )

r L Mathematica Session 11 ] \

4j(G+2)(2j+1)?
3G+1)2Bj+1)(Bj+2)

|m%=hd1==Hji—FProducq2FProduct[

= G, 1, Y, k, 1, mi];

ne3= Q71 = ProductReduce[M1]

(2(“3‘))4 nox Nk n ok
o E L frrnoe ) ({115 ) (1T

(3( 2 ))3 =1j=1 k=1j=1 k:h:]

Nl—‘

W\N
\_/

With the calculation in the Mathematica Session 11, we conclude that for the hypergeometric product
expression Q7 given by Out[23], we have that for all n > 1 the identity

(n) =Q1(n)
holds.
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( )

r L Mathematica Session 12 ] \

4(2j+5)?
3(3j+7)(3j+8)

o= M = gFProduct[% FProduct[ 1, k— 1}} k1, n— 1}} ;

nsl= Q2 = ProductReduce[M;]

56(2n +5)%5™ (3n)° (2("1))* (ﬁ (k+ Z)>2
= 3

Out[25]=
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With the output Q; given by Out[25] in the Mathematica Session 12 we obtain the identity

M;(n) = Qz2(n)

which holds for all n > 1.

( )

y L Mathematica Session 13 J \

2i+7)2(3i+7) (3i+8)
(21+5)2(3i+10) (3i+11)’

3 5 928
wesi- M = = FProduct [ﬁ FProduct [ﬁ FProduct[
{i> 1))_1]{'» {j) 1) k_1}]) {kv 1» n_1}i|1
ner= Q3 = ProductReduce[Ms3]

- 56(2n+5)25“(3")6(2(“?)?14 (ﬁ(Hg))z(ﬁ(H%))Z(ﬁ(kl ))4

253n+7)3n+8) 7 (20)7 (30313

With Q3 given by Out[27] in the Mathematica Session 13, we derive the identity

M;s(n) = Qz(n)

which holds for all n > 1. Observe that, the hypergeometric product expressions Q. and Q3 are the
same. We observe that while (6.178) is a nesting depth 3 product expression, the factors of its reduced
expressions, namely Qq, Q2 and Q3 given by Out[23], Out[25] and Out[27] respectively are all at most
nesting depth 2 products. In particular, the algorithms described in this thesis enable the user to reduced
the nesting depth 3 hypergeometric product M3 to the nesting depth 2 hypergeometric product Q. In
addition we want to emphasis once more that we obtain an extra bonus by the underlying difference ring
theory. Namely, the sequences of the output product expressions in each of the Mathematica Sessions
above are algebraically independent among each other over the field of rational sequences. *
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difference ring extension, 30

difference field of rational sequences, 50
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difference ring isomorphism, 33
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basic rational sequence domain, 22

connected ring, 125
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difference ideal, 32
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extension depth, 36
leftmost polynomial, 58
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model sequence in difference ring, 36
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nested P-extension, 32

nested basic or g-hypergeometric product, 25
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ric product, 25
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product factored form, 26

product group with respect to A-monomials (or R-
monomials), 94

product group with respect to AP-/AIl-/RP-/RII-
monomials, 94

product group with respect to P-monomials (or P-
monomials), 94

product-extension, 31

R-extension, 40

rational sequence domain, 22
rational difference field, 31
reduced normal form, 157
reduced ring, 125

reflexive difference ideal, 32
rising factorial, 100

shift co-prime, 58
shift-equivalent, 58

simple A-extension, 95
simple P-extension, 120
simple Il-extension, 120
simple R-extension, 95
single chain P-extension, 121
single chain II-extension, 121
strong constant-stable, 41
sum-extension, 31
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