SOME FORMULAE FOR COEFFICIENTS IN RESTRICTED ¢-PRODUCTS

ANKUSH GOSWAMI AND VENKATA RAGHU TEJ PANTANGI

ABSTRACT. In this paper, we derive some formulae involving coefficients of polynomials which occur quite
naturally in the study of restricted partitions. Our method involves a recently discovered sieve technique by
Li and Wan (Sci. China. Math. 2010). Based on this method, by considering cyclic groups of different orders
we obtain some new results for these coefficients. The general result (see Theorem 4.1) holds for any group of
the form Zx where N € N and expresses certain partial sums of coefficients in terms of expressions involving
roots of unity. By specializing N to different values, we see that these expressions simplify in some cases and
we obtain several nice identities involving these coefficients. We also use a result of Sudler (Quarterly J. Math.
1964) to obtain an asymptotic formula for the maximum absolute value of these coefficients.

1. INTRODUCTION

In the study of partitions, one often comes across various g-series and g-products. In these kind of problems
we may (a) either need to understand the possible product representation of a given g¢-series; (b) or need to
understand the coefficients in the g-series expansion of a given g-product. Our purpose in this paper is the latter
theme. Before embarking on the specific product we are interested in, we begin with a very well-known infinite
g-product which is closely related to the product we are interested in:

(1.1) Ts,00(q) := (1- qj)sv

—

1

J

where s € N and which converges for |g| < 1. We note here that the product in (1.1) is very general in terms of
s. There are only a handful of values of s for which the infinite product in (1.1) yields a series expansion with
explicit coefficients. For s = 1, the product in (1.1) admits the following well-known (single) series expansion.

Theorem 1.1 (Euler Pentagonal Number Theorem). We have

o0 oo

H(l —¢) = Z (—1)kgk3e=D/2,

j=1 k=—oc0

Combinatorially, the coeflicient of g™ in the left-hand side of the identity in Theorem 1.1 is the difference of
the number of partitions of n into an even number of parts and the number of partitions of n into an odd number
of parts. Establishing an involution, Franklin [18] showed that this difference is zero unless n = k(3k £1)/2, a
pentagonal number, in which case the coefficient is (—1)¥, thereby yielding the right-hand side of the theorem.
In [1], Andrews gave a modern exposition of Euler’s original proof of the theorem and also discussed some
consequences. The case s = 3 yields the following well-known series expansion of Jacobi:

Theorem 1.2 (Jacobi). We have
[T -¢)?=> (-1F@k+1) ¢**D72

A Franklin-type involutive proof of Theorem 1.2 was obtained by Joichi and Stanton [19]. For all other
choices of s, there is no g-series expansion for the infinite product in (1.1) with explicit coefficients. However
in some cases, the g-product in (1.1) can be expressed as a double series representation of the Hecke-Rogers
type (see [2]). These representations were first obtained by Rogers [11] but systematically studied much later
by Hecke [15]. For instance, when s = 2, the product (1.1) admits the following double series representation.
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Theorem 1.3 (Hecke, Rogers). We have

H 1 _ q Z Z (_1)n+mq(n2—3m2)/2+(n+m)/2.
j=1

n=0—n/2<m<n/2

Kac and Peterson [16] also obtained the identity in Theorem 1.3 in connection to character formulas for
infinite dimensional Lie algebras and string functions. Bressoud [5] and Andrews [2] also obtained this identity.
In the case s = 24, the coefficients of the infinite product in (1.1) are closely related to the Ramanujan 7
function. The Ramanujan 7-function can be defined by

oo

(1.2) > r(n H (1—¢’)

n=0

The 7-function possess very nice arithmetic properties, see [7]. In particular, the 7-function is multiplicative, as
originally observed by Ramanujan and later proved by Mordell [8]. Lehmer [9] conjectured that the 7-function
never vanishes which is still open. Dyson [6] obtained a nice formula for 7(n) which has strong combinatorial
flavour but not easily seen to be related with a direct counting of special combinatorial objects.
Consider the truncation of the g-product in (1.1), that is, consider the polynomial
n

(13) Toale) =[] - )"

j=1
It is clear that Ny, := deg T, ,, = n(n + 1)s/2. Define the coeflicients t; ; ,, by

(1.4) Z tism -

T, n(q) comes up quite naturally in the study of restricted partitions. Although T ,(q) is the truncation

of T 00(q), very little is known about the coefficients in the g-series expansion of T ,(¢). For s = 1, let
M, :=max; |tj 1| Then Sudler [12] showed that
(1.5) log M,, = Kn + O(logn),

for some constant K =2 0.19861. In a subsequent paper, Sudler [13] showed, by establishing an algebraic identity
that the coeflicients ¢; 1, satisfies

(1.6) tiam =2 *)(¢* @)oo + O(1),

where 2n 4+ 2 < j < 3n + 2. By establishing another algebraic identity and Dirichlet’s box principle, he showed
that (¢%; ¢)eo has unbounded coefficients. This enabled him to show using (1.6) that ¢; 1, are unbounded as
n+1>j—2n—2— oo asn — oo. In [14], Wright improved the asymptotic estimate in (1.5). By obtaining a
new formula for the truncation of the series in Theorem 1.1, Andrews and Merca [3] recently obtained infinitely
many inequalities for p(n), the unrestricted partition of n. For non-negative integers m,r, let (T)q denote the

g-binomial coefficient defined by
1—gm)A—g"h)---(1—gm ")
(1.7) (m> _ Ql-gl-¢)-(1-q¢)
q

if r <m,

r
0, otherwise.

Using Cauchy’s theorem [4, Theorem 2.1, pp. 17], it follows for s = 1 that

n

(1.8) ﬁ 1—¢) Z <k) (—1)kgkk+1)/2,

k=0

Since each of (Z)q is a polynomial in ¢ of degree k(n — k) with integer coefficients [4, Theorem 3.2, pp. 35], the

right-hand side of (1.8) does not give us an explicit form of the coefficient (independent of q) of ¢™

To this end, we adopt the following conventions. Given a polynomial f(x), by [2/]f(z), we denote the
coefficient of z7 in f(z). Let d € Z be such that 0 < d < a — 1. In what follows, let S, 4 denote the arithmetic
progression

(1.9) Sad:={am+d:meZ}.
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The aim of this article is to obtain several results concerning the coefficients ¢; 5 ,,. Let N € N and consider the
following sum:

(1.10) S tiem

0<i<Ns,n
1€ESN,4

where 0 < d < N. We obtain a nice formula involving roots of unity for the sum in (1.10). Under two suitable
choices of N (see Section 4) we obtain two interesting results. In one case, the sum reduces to a single coefficient
of Ts (q), thereby yielding a formula for the individual coefficients involving roots of unity. In the other case, the
sum involving roots of unity simplify and we obtain a nice closed expression for the sum of coefficients. Finally,
we use a result due to Sudler [12] to obtain an asymptotic estimate for the maximum absolute coefficients of
Ts,n(Q)~

This paper is organized as follows. In Section 3 we introduce a few notations, conventions and do some basic
counting. In Section 4 we state our main results. In Section 5 we recall Li and Wan’s [10] sieving principle and
also establish a few basic results. Finally in Section 6 we obtain the proofs of our main results.

2. ACKNOWLEDGEMENT

The research of the first author was supported by grant SFB F50-06 of the Austrian Science Fund (FWF).
The authors thank George Andrews and Peter Paule for their feedback.

3. NOTATION, CONVENTIONS AND BASIC COUNTING

Let n € N. Consider the set D,, = {1,2,--- ,n}. We define the following;:

Ces(fyn) = # X%CDZ:ZHMEO(IHOdQ),Z Z Ty, =] ¢,
=1 i=1 i=1 2, €V
s S S

Cosliin) = #{ X VicDy: Y [Vi[=1(mod2),Y Y ay =
i=1 i=1 i=1z,,€V;

It is now apparent that
(3].) tj,s,n = Ce,s(jvn) - Qo,s(ja TL)

Combinatorially, €. ,(j,n) (resp. €,,(j,n)) counts the number of partitions of j into an even (resp. odd)
number of parts < n where every part can repeat at most s times.

Let N € N to be chosen appropriately later. Let G = Zy. Given 0 < ky, ks, -+ ks <|Dp] and 0 < j < N,
define

Mypn (bt ko, s d) = # 4 X Vi © Dyt VAl =k, [Val = ks, D D @, =5 (mod N) 3,
i=1

7 1=1x,,€V;

and set

Ms,n,N(b) = Z (_1)k1+k2+...+ks Swn,N(kl’k%"' ks, 0).
0<k1,k2, - ,ks<|Dy|

From (3.1), we see that

(32) Ms,n,N(j) = Z ti,sﬂl'

0<i<Nin
iGSN,j
We next introduce a few more notations. Let (x); := (x—1)(z —2)--- (x —k +1) denote the falling factorial.
Let G be the set of complex-valued linear characters of G. By 1y, we denote the trivial character in G. Let
Xop = be and X, ; denote the subset of all tuples in DfL with distinct coordinates.
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4. MAIN RESULTS
Our main results are below.
Theorem 4.1. Let j € Zy. Then we have
) i 1 iy s
Monn(@) = Y [0Ts(@) =5 > ¢7'0) [ @ —w(-a)
0<i<Ns,n P#Po a€D,,

iESN,;
where ¥y £ 1 € Ly.
Theorem 4.2. Let j € Zy. Then we have

% Z sin (7”4. 2§ —sn(n + 1)/2> H sin® (%ar) , ifsn=1 (mod 2)

. 1<r<N/2 N a€D,
Ms,n,N(]) = .

2(21)5" 2j —sn(n+1)/2 ) rar .
~ Z cos (wr~ H sin® ( ) ; otherwise.

N N
1<r<N/2 a€Dy,

Theorem 4.3. Let sn =1 (mod 2). For a given j € Zy, let N —1 < N, be such that 2j = Ny, (mod N).
Then

MS,"wN(j) = Z ti,s,n =0.

0<i<Nsn
1€SN,;

In particular, let N' | Ny,,. Then
M n N0 (0) = Z tent,s;n = 0.
0<U<N, /N’
Theorem 4.4. Let j € Zy, ,+1.- Then we have

b= 51 2 070 T 0= vi-ay

PY#o a€Dy
where Yo # 1 € L, , 41.
Theorem 4.5. Let j € Zy,+1 we have

(n+ 1) tp(n+1), ifj=0,
Ms,n,n(j) == Z ti,s,n ==

0<i<Ny —(n+1)%71, otherwise.
1€Sn 15

Corollary 4.5.1. Let 1 < N <n—1. Then for any j € Zn we have

Ms,n(j) = Z ti,s,n =0.

0<i<Ns,n
i€ESN,;

Corollary 4.5.2. For positive odd integers s and n, let D be any divisor of Ny, such that Ny, /2 < D < Ny .
Then

2‘:D,s,n = _17 t(NS7n7D),s,n =1
Corollary 4.5.3. Let n =3 (mod 4) and s be an odd integer. Then

tsn(z+l) on = 0.

In view of (1.2), let us denote by 7,,(j) the jth coefficient of the following truncated product:

n 12n(n+1)
[[a-d= > =G
k=1 =0

Then
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Corollary 4.5.4. Let j € Zpy1. We have

(12n(n+1)—j)/(n+1) (n+1)FPe(n+1), ifj=0,
Ta(l(n+1) +j) =
=0 —(n+1)%, otherwise.

Let M, s = max; |t s »|. Then using a result due to Sudler [12] we prove the following:
Theorem 4.6. For a sufficiently large n we have
M, s = esKn+O(logn)
) )

where K = log 2 + max (wl/ log sin 7t dt) ~ 0.19861, with % <w < 1.
0

5. LI-WAN SIEVE

The quantity M , n(k1, ke, -, ks, j) is the number of certain type of subsets of D;. We next apply some
elementary character theory to estimate it.
We note that

pi=> ¢

ped
is the regular character of G. It is well-known that p(g) = 0 for all g € G\ {0}, and that p(0) = |G| = N. Given
0 <r < |D,|, a character ¢ € G, and & = (z1,..., x,), we set

[Te@) =ru@, md 8@ =3 .

Let Yils’kz"" ks denote the cartesian product [[;_, X, ,. Then we have

kll"'kslMs,n,N(klvk2a"' aksvj) = l Z Zw(‘g(.’i‘l)—FS(i‘g)—f——f—S(i‘s)—])

N kq.,k k A
(Z1,Z2, ,@s)EY, K27 pEG

_ % 1., + 3 Yo vt [Tes@)

=1 (T1,32, T )€Y b F20 B Yo #PeC =1
In the right-hand side above we interchange the sums to get,

S

‘ 1 iy T -
Falo koMo (koo ke d) = o [ [T+ X2 @710) > I fe(@)
i=1 PoAPYEG (Z1,82, ,F.) €Y, LR ks =1
1 s S
(5.1) = S Iwe+ X oI X se@)
i=1 YoAPEG =1 \z,€Xn i,
For aY C X, ; and a character 1 € G, set Fy(Y) := Y f4(7). We now have
yey
1+ 1 L ATT o~
(5.2) kilkol e« k! Mgy (k1 ko, -+ ks, b) = NH(n)ki—i—N > vt G) [ FeXn)
i=1 Po£YEG i=1

We now estimate sums of the form Fy (X, x). The symmetric group Sy acts naturally on X, = DF. Let
T € Sk be a permutation whose cycle decomposition is

T = (i1i2"'ial)(jle"'jaQ)"'(£1€2"'£a5)
where a; > 1,1 < i < s. We define
X’Z,k = {(xl’x27... al'k) Gank:xil :.'.:xin,l’.'. ’le :...:xzas}.

In other words, X , is the set of elements in X, ; fixed under the action of 7. Let C}, be a set of conjugacy
class representatives of Si. Let us denote by C(7) the number of elements conjugate to 7. Now for any 7 € Sy,
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we have 7(X,, 1) = X, 5. We note that for any pair 7, 7/ of conjugate permutations, and for any 1 € G, we

have Fy (X:L,k) = Fy (X:Lk,) That is, according to the definitions in [10], X, 5 is symmetric and f, is normal
on X. Thus we have the following result which is essentially [10, Proposition 2.8].

Proposition 5.1. We have

Fy(Xng) = ) sen(r)C(r)Fy (X, 0)-
T7€CK

5.1. Some useful lemmas. The following lemma exhibits the relationship between F, (Y;k) and the cycle
structure of 7.

Lemma 5.2. Let 7 € Cy, be the representative whose cyclic structure is associated with the partition (1°,2°2 .. k)
of k. Then we have Fy(X] ;) = Hle( S api(a))s.
a€D,

Proof. Recall that

Fw( 'r:,k): Z HT/)(fUi)

C1 Cc2 Cl

= Z H Y(xi) H U (ey12:) - - - H P (T ten thi)

TEX] , i=1 i=1 i=1

Given y € G define
(5.3) sp, (x) == Z x(a).
a€D,

Let N(c1,ca,...c) denote the number of elements of Sy of cycle type (c1,ca, .. .c). It is well-known (see, for
example, [17]) that
k!

(5.4) Nler, ez, ) = lereyl2¢2cpl - - kerey !’

Then

Lemma 5.3. We have

k
Fy(Xpp) = (—1)* Z N(cy, e, ,Ck)H(—SDn(W))Ci-

Ei 7,C7=k i=1

Proof. To prove this lemma, we first note that sgn(7) = (—1)*=2:¢. Also the cyclic structure for every 7 € Cj
can be associated to a partition of k of the form (1¢,2¢ ... k°). Hence the right-hand sum in Proposition 5.1
runs over all such partitions of k. Noting that the conjugate permutations have same cycle type, and there are
exactly N(ci,ca,- -+ ,c) permutations with cycle type (c1, ca, - - - ¢x) we conclude, in view of Lemma 5.2 that

k
Fy(Xur) = (DY 3 Nevea a) [[(- 32 vi(a)).

Ei ici=k =1 a€D,,

Next, we define the following polynomial in k variables:
(5.5) Z(tr, .o t) = > N(ew,... )t e
Z iCi:k)

From Lemma 5.3 and (5.5) we immediately see that
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Corollary 5.3.1. We have
Fy(Xnp) = (=1)"Zk(=sp, (¢), =5D, (V*),- -, —sp, (V"))
where for x € G, sp, (x) is as in (5.3).
5.2. Some combinatorial functions and estimates. We now evaluate Z;(5%(1),---,0%(k)). From (5.4)
and (5.5) we immediately deduce the following:

Lemma 5.4 (Exponential generating function). We have

k
ZZk(tlth,. . tk)% — eut1+u2t72+m
k>0 !

Lemma 5.5. Let D C N. Then

uk

2 (=sp (). =sp (). =5 () = |57 | T[ (0 v,

acD
More generally, one can prove the following stronger result.

Lemma 5.6. Let tj = bjimoaq) if dfj andt; = a iffd| j, then

u® 1
Zk:(b17b27"'7bd—17a7b17b27"'abd—17a7b17b27"'7bd—15a7"'): |:k' d )
. d)a/dH(l 7U€72iwr/d)W(T’d)/d

where
d—1 ) )
d) _ Z bje217r7‘]/d'
j=1

We only prove Lemma 5.5. Using Lagrange’s interpolation one can prove Lemma 5.6.

Proof of Lemma 5.5. Let d = o(¢)). From Lemma 5.5 we have

k d Ot
ZZk (7'SD(1/})775D(7/}2)"" 775D(7/)k)) % = exp Z—g Z !
h=0 Jj=1 L=
d © d[+j
=exp{ — Z Z Vi (a Z
j=la€eD
d i1
= exp 7; GGZDW / de
d " ia
= exp ; g,;,/o 1 — :vd d:c

"Z 177[}J cadh
L)
* Y(a 1—¢d())
Z (1—7 lxd)}

ac 0

D
| <x—ff<—a>>}

Il I
@ @
e S
e} e}

ng

I
@
o]
o

I

@D

"

T
/—/H/—’H/—’H/—’H/—’H/—’H/—/H

I
=
!
=
|
S

o
m
o)
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which proves the lemma.

From Corollary 5.3.1 and Lemma 5.5 we obtain:

Lemma 5.7. We have

Pl = 0[] T (- wi-a

a€D,

6. PROOFS OF THE MAIN RESULTS

Proof of Theorem 4.1. From (5.2) we have

1 S /n
1 Moy (ko kg ke d) = — P o
(6.1) N (K1, ko J) I {}:[1 <k7,> + PNk ks, k}
where
(6.2) PN gy ko, ks = k1'k2 T Z P! HE/; ki)

Using Lemma 5.7, we see that

6.3 P, k=
(6.3) N Kt ke ks PRI Z P _
p#po i=

| T - v,

( 1)k1+k2+ ks S [
1 a€D,

Recall that

(64) Ms,n,N(j) = Z (_1)k1+k2+~-+ks s,n,N(kla k27 e 7k37j)'
0<k1,ka, - ks <|Dy|

Using the well-known fact

Sy (100l
> (1 (1) =0,
we see that
(6.5)
1)k1+kat+ks T(n _ = 1)k | Dn| 870
O<k1,zk \(7 ) H(kl) N kzzo(i ) ( k ) o
Thus (6.1), (6.4) and (6.5) yield,
(6.6) Msnn (i) = % Z (—1)fthat e Py g kg
0<ki,kz2, - ks <|Dy|
From (6.3) we have
Z (—1)krthatothapy

0<k1,k2, - ks <| Dy |

- Yo Y e

] IT (w—(-a)

Y7#o 0<k1, ks <|Dn | a€D,,

= D Y > H[u’ﬂ I (v—v(-a)
Y#Po 0<ky,ka, ks <| Dy | i=1 a€D,
|Dn| 3

(6.7) = > vt | W ]I (w—v(=a)

P#1ho k=0 a€D,
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It is clear that

| Dn|
(6.8) YW T (w—=v(=a) = [T @ —e(-a)),
k=0 a€D, a€D,

and thus (6.7) implies

(6.9) > (—1)frthetthe Py g ek, = > 07 NG) [ (= (-a))®.

0<k1,k2, - ks <| Dy | P#ho a€Dy,

Finally, from (6.6) and (6.9) we get

(6.10) Myn() =5 3 07 0) T (- v(-a),

h#ho a€D,
which proves the result.
|
Proof of Theorem 4.2. We note that
i0 _ —if i0 —if
(6.11) sinf = %, cosf = %

First, let us assume that NV is odd. Then for every vy # ¢ € Zn, there is an element in {=N/2 <r < N/2}
such that (m) = >/ (V).
Using the first identity in (6.11) in the sum in the right-hand side of Theorem 4.1 we get

. 1 ! 1T —imrsn(n imrar —imar s
Meanli) = L 3 cummeimmtnen [T (g g
—N/2<r<N/2 a€D,
(Ql)sn ! inr(2j—sn(n+1)/2)/N . s (Tar
(6.12) = N Z el H sin (W)’
—N/2<r<N/2 a€D,

where Z/ indicates r # 0. If N is even, r = —N/2 = N/2 (mod N) corresponds to the character of order 2.
Thus in this case, except for this character, for every other character, there is an element in {—N/2 < r < N/2}
such that ¢(m) = e*™™"/N However, we note that for r = £N/2, the product [[,c,, sin® (%) = 0 since
2 € D,,. Thus in this case too, we have

61 -2 5

—N/2<r<N/2 a€D,,

/

imr(2j—sn(n+1)/2)/N 1S (E)
e H Sin N .

Next we combine terms in (6.12) and (6.13) corresponding to r and —r to get

(6.14)

L (20 imr(2j—sn(n+1)/2)/N ins (4T
Mon() = P55 (e IT s (%)

1<r<N/2 a€Dy,
—inmr(2j—sn(n+1)/2)/N i8S (_H)
+ e H Sin N
a€Dy,

_ (21)sn inr(2j—sn(n+1)/2)/N sn ,—inr(2j—sn(n+1)/2)/N s (Tar
= Z (e J +(=1)""e J ) H sin® (W) :
1<r<N/2 a€D,

Using the identities in (6.11), (6.14) yields

(24)5m+L . 25 —sn(n+1)/2 . (mar . B
—N Z sin | 77 - N H sin (W)’ if sn =1 (mod 2)

Min(j) = 3 1<r<N/2 ( y a€D,
811 - 2(24)5" ( 25 —sn(n+1 2) . /Tar .
—-— Z cos | mr - H sin® (—) , otherwise.
N 1<r<N/2 N a€D, N
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275 — N,
Proof of Theorem 4.3. Let j € Zy. If N < N, ,,+1 be such that 2j = N, ,, (mod N), we find sin <7r7“]Ns’"> =

0 for all 1 <r < N/2. Since sn =1 (mod 2), using Theorem 4.2 we obtain

(6.15) M;sn(j5) = 0.

If N'| N, then taking j = 0 above, we find

(6.16) M, ., (0) =0

which proves our assertion. (Il

Proof of Theorem 4.4. To prove this theorem we only have to note that for N = N, , +1, M, N, (§) = tjsn-
Now applying Theorem 4.1 we obtain the theorem.

Proof of Theorem 4.5. To prove this theorem we choose N = n + 1. Thus |C¥| =n+ 1. If ¢ # ¢y be such that
o() < n+ 1. Then there exists an a € D,, such that o(¢)) = a, in which case we have

(6.17) II @ =v(=a)=o0.
a€D,

If o()) = n + 1 we have
1— n+1

. z
(618) ag (1—1/)(—0,)) :l%ﬁ :n—l—l
In view of (6.17) and (6.18) we see from Theorem 4.1 that
) 1 1. ,
M nn(j) = > T i+ 1)
n+1
Y#o
o(¥)=n+1
(6.19) = (n+1)" D wT).
»#po
o(y)=n+1
In view of the fact that there are exactly ¢(n + 1) characters each of order n + 1, we see that
—1/:\ <p(n+ 1)5 ifj =0,
(6.20) Z V) = { -1, otherwise,
b#po
o(y)=n+1
which proves the theorem. |
Proof of Corollary 4.5.2. Using Theorem 4.3, we see that
(6.21) > tpen=0.

0<¢<N, /D

If Ns/2 < D < Ngp,, the sum in (6.21) consists only of two terms corresponding to ¢ = 0, 1. Thus

1+1itpsn=0.
Note that T 5, (¢) is an anti-palindromic polynomial since
(6.22) ¢V Ton(1/q) = (1) T n(@) = —Tsn(a),
since s and n are both odd. Thus
(6.23) t(Nen—D),s;n = —tDsn = L.

O

Proof of Corollary 4.5.3. Since n =3 (mod 4), we can choose N’ = N ,,/2 in Theorem 4.3. Thus we have
(6.24) 1+itn, ,/28m T tNepsn =0.
Note that
(6.25) ¢ Ton(1/q) = (-1)"Tsn(q) = ~Tsn(a),

since s and n are both odd. Thus iy, , s,n = —to,s,n = —1. Hence (6.24) yields

th.n/275>n = O
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O
Proof of Theorem 4.6. Following Sudler [12], we obtain by Cauchy’s formula that
1 Ts,n(q) 1 |dq|
6.26 Ljsn| = —/ ——=dq| < ——max |T »(q —— = max [T} ,(q)|.
620 ltianl = [z [ ToPde) < pomex Tt [ g o = max T )
On the other hand we have
(6.27) max Ton(@)] < > |tjen| < (Non + 1) max [t o nl.
lal=1 0<j<Nauom J
Hence (6.26) and (6.27) imply
(6.28) log max [t} s »| = log |m|a)§ |Ts.n(q)| + O(logn).
J ql=
Thus the theorem follows if we show that
(6.29) log lmla)i |Ts.n(q)| = sKn + O(logn).
q =
We note that
(6.30) max |T; ,,(¢)| = max H(l —¢)| = | max H(l —¢’)
lg|=1 lal=1 |-~ lal=1 "7
j= j=
From [12], we have
(6.31) log ‘m‘a)l( H(l —¢’)| = Kn+ O(logn).
al=1|-
j=1
Hence in view of (6.28), (6.30) and (6.31), the estimate (6.29) and hence the theorem follow. O
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