ON SUMS OF COEFFICIENTS OF POLYNOMIALS RELATED TO THE BORWEIN
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ABSTRACT. Recently, Li (Int. J. Number Theory 2020) obtained an asymptotic formula for a certain partial
sum involving coefficients for the polynomial in the First Borwein conjecture. As a consequence, he showed the
positivity of this sum. His result was based on a sieving principle discovered by himself and Wan (Sci. China.
Math. 2010). In fact, Li points out in his paper that his method can be generalized to prove an asymptotic
formula for a general partial sum involving coefficients for any prime p > 3. In this work, we extend Li’s method
to obtain asymptotic formula for several partial sums of coefficients of a very general polynomial. We find that
in the special cases p = 3,5, the signs of these sums are consistent with the three famous Borwein conjectures.
Similar sums have been studied earlier by Zaharescu (Ramanujan J. 2006) using a completely different method.
We also improve on the error terms in the asymptotic formula for Li and Zaharescu. Using a recent result of
Borwein (JNT 1993), we also obtain an asymptotic estimate for the maximum of the absolute value of these
coefficients for primes p = 2,3,5,7,11,13 and for p > 15, we obtain a lower bound on the maximum absolute
value of these coefficients for sufficiently large n.

1. INTRODUCTION

In 1990, Peter Borwein (see [1]) empirically discovered quite a number of mysteries involving sign patterns
of coefficients of certain polynomials. The most easily stated are the following:

Conjecture 1.1 (First Borwein conjecture). For the polynomials A, (q), Bn(q) and Cy(q) defined by

[T =621 =¢¥") = Au(¢®) — 4Bu(¢®) — *Cn(d®)
j=1
each has non-negative coefficients.

Conjecture 1.2 (Second Borwein conjecture). For the polynomials o, (q), Brn(q) and v, (q) defined by

n
[T = 720 = ¢¥7) = an(d®) — 4B (d®) — *m(d?)
j=1
each has non-negative coefficients.

Conjecture 1.3 (Third Borwein conjecture). For the polynomials vy,(q), ¢n(q), xn(q), ¥n(q) and w,(q) defined
by

[ -1 = )1 =" )1 = ¢77") = va(@®) — 40 (q°) — *Xn(d®) — ¢*¥(¢°) — ¢ wn(d®)
j=1
each has non-negative coefficients.

Recently, Wang [6] gave an analytic proof of the First Borwein conjecture using saddle point method. His
proof, besides other things, relied on a formula of Andrews [1, Theorem 4.1] for the polynomials A, (q), By (q)
and Cy,(q).

Let p > 3 be a prime and s,n € N. Consider the polynomial

n p—1
(11) Tp,s,n(Q) = H H(]- - qp]+k)s'
j=0k=1
For s = 1, Borwein [2] obtained an asymptotic estimate for ||Tp1n(q)|l|,=; = supjg=1 [Tp,1,n(q)| When p =
2,3,5,7,11 and 13. However for p > 15, he obtained an asymptotic lower bound for this quantity.
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It is clear that d,, s, := deg Tp s, = p(p — 1)s(n + 1)?/2. Define the coefficients ¢, , s by

dp,s,n

Tpsnle) = Z ti,p,sqi
=0

(1.2) = Topsn(@®) +qT1psn(@®)+ 46" Tp1psnld’),

where T; , 5 2(q) € Z[g]. Given a polynomial f(z), by [27]f(x), we denote the coefficient of 27 in f(z). Let
a,d € Z. In what follows, assume p | ¢ and let S, 4 ;,, denote the arithmetic progression

(1.3) Sadjp ={am+d:meZ}, withd=j (mod p).

Put @ = pl and consider the following finite sum of coefficients over S g ; p:

(1.4) S b= X N Tpenld?).
i>0 i>0
i€Spt.d,5.p 1€Spt.d,j.p
In [7, pp. 98, Theorem 1|, Zaharescu obtained an asymptotic formula for the sum in (1.4) when ¢ is an odd
prime < n+1 and ¢ # p. As a result, when £ < ¢(n+ 1) with 0 < ¢ < 1, he showed positivity (resp. negativity)
of the sum in (1.4) when j = 0 (resp. j # 0) for large n.

As Zaharescu points out in his paper, it is interesting to obtain positivity (or negativity) of the above sum
for larger values of £. When ¢ > (n +1)? (with implied constant larger than 1), one can isolate each individual
terms in the sum (1.4). We note here that the main disadvantage of his asymptotic formula is the error term
which is large. This forces him to choose a ¢ < n+ 1 which ensures that the main term is bigger than the error
term, thereby showing postivity or negativity of the sums.

For (p,s,¢,7) = (3,1,n 4+ 1,0), Li [4] obtained an asymptotic formula for the sum in (1.4) using a new sieve
technique discovered by himself and Wan [3]. If we denote by t; 31 = a;, then Li proved that

Theorem 1.1 (Li). For 0<j < (n+1) we have

- 23"
Z j30/(nt1) = (1+o(1)).
=0

In particular, we have

n
Z a3;43¢(n+1) > 0.
=0

Indeed, the error term in Li’s asymptotic formula [4, pp. 4, Theorem 1.5] is much better than Zaharescu’s
which enabled him to prove the positivity of the sum in Theorem 1.1.

We note here that if one is only interested in positivity result in Theorem 1.1, then more strongly, one can
establish the positivity of the polynomial A, (¢) by using induction and the first among the following three
recurrences established by Andrews [1]:

Anlg) = (1+¢" A1(q) + ¢"Bu-1(q) + ¢"Cr-1(q),
Bu(q) = ¢" 'Ana(@) + 1+ N Baoi(q) — " Cra(q),
Cule) = ¢ "Ap1(@) +¢" "'Baci(@) — (14 ¢*" 1 Cr1(q).

The purpose of this paper is to extend Li’s results by obtaining asymptotic formula for the sums in (1.4) in the
case £ =n+1 for all p, s,j. As a consequence, we obtain positivity (or negativity) of the sums in (1.4) for large
n. Thus, for p = 3,5, we obtain asymptotic formula for the partial sums of coefficients involving polynomials in
Conjectures 1.1-1.3. This in turn shows that the sums are positive (or negative) for all n > 0. (see Corollaries
4.5.2-4.5.4). We also improve on the error terms in Li’s and Zaharescu’s asymptotic formula. Using a recent
result of Borwein [2], we also obtain an asymptotic estimate for the maximum absolute coefficients of T}, 5 »(q)
only in the case p = 2,3,5,7,11,13; however for p > 15 we obtain an asymptotic lower bound for the maximum
absolute coefficients.

Unlike in the case of A,,(q), positivity of partial sums involving the coefficients of polynomials B, (q) or C(q)
(one implies the other) does not follow in a similar fashion from any of Andrews’ recurrences above. Of course,
as mentioned above, Wang proved the positivity of B, (¢q) and C,,(¢) by saddle point method.
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This paper is organized as follows. In Section 3 we introduce a few notations, conventions and do some basic
counting. In Section 4 we state our main results. In Section 5 we recall Li and Wan’s [3] sieving principle and
also establish a few basic results. Finally in Section 6 we obtain the proofs of our main results.
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3. NOTATION, CONVENTIONS AND BASIC COUNTING

Let n € N and p > 3 be a prime. Set N, = (n+ 1)pand D, = {1,2,...p—1,p+1,...,2p—1,...,pn +
1,...,pn+p— 1}. We define the following;:

Cepsliyn) = # ><ViCD; Z|V|—0 mod 2) Z Z T, =J ¢,

i=1 =1z, €V;

Q:O,p,s(j7n) = # ><‘/1 CD; Z|V| =1 HlOd2 Z Z Ty, =

=1 =1 T, cev;

It is now apparent that

(3.1) tips = Ceps(fyn) — Cops(din).

Combinatorially, €. ,(j,n) (resp. €,,(j,n)) counts the number of partitions of j into an even (resp. odd)
number of non-multiples of p where every part can repeat at most s times.

As in [4], we shift the problem to that of counting the size of certain subsets of the group G' = Zy,. We note
that G\ D, is a subgroup of index p. Given 0 < ki, ko, ,ks < |Dp| and 0 < b < N, define

My sk, ho, - kg b) o= #Q XK Vi © D3t Vil =k, Vil = ey Y Y @y, =b(mod N) ¢,
i=1 i=1 x,, €V;

and set
MP,S’n(b) = Z ( 1)k1+k2+ +ksMp,s n(klu k27 e 7/65; b)
0<k1, k2, ks <| Dyl
From (1.4) and (3.1), we see that if b = j (mod p) then the following are equivalent:

(32) MP»Svn(b) = Z ti,p,s = Z th€+b,p,s = Z [qbijJrng]Tj,p,s,n(qp%

0<i<dp,s,n 0<(<By,s(b) 0<t<Bp,s(b)
i€SN, bip
where B, 5(b) := [(dp,s,n —b)/Np|. For ease of notation, we will mostly use the second sum in (3.2) for M, ; (D).
We next introduce a few more notations. Let () := (x —1)(x —2)--- (x — k+ 1) denote the falling factorial.
Let G be the set of complex-valued linear characters of G. By 1y, we denote the trivial character in G. Let
Xpr = D’; and X, ) denote the subset of all tuples in D}’; with distinct coordinates.

4. MAIN RESULTS

Our main results are below.

Theorem 4.1. With M, ; () defined as in (3.2) and b € Zy, we have

< ps(n+1)/2’

b)) ,8,m,b
’Mp757n(b) - npi—i-l

where

o[ emnpe s,
P,8,m,b = —ps(nt) =1, otherwise.
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Theorem 4.2. For a fived prime p > 3 and b € Zy,, define

. _f inf{neN:(p—1Dp+t/2=1 > n 1} ifp|b,
b inf {n € N: ps(+1/271 > p 4 1} otherwise.

Then for all n > n, s we have

>0, ifp]|b,
Mp,s,n(b){ < 0, otherwise.

For p = 3, Li’s theorem [4, pp. 4, Prop. 1.6] shows that M3 1, (b)(= M3, (b)) > 0 when b = 0 (mod 3) for all
n > 0. For p =3, when b #Z 0 (mod 3), we have

Theorem 4.3. Let b=1,2 (mod 3) with b € Zn,. Then

3/"/
Ms 1 n(b) = —

In particular, M3 1 ,(b) <0 for all n > 0.

Theorem 4.4. Forp=3,5s =2 and b € Zn, we have

9. 32n+1 ¢ b
—(1 1 it 3
S (o1),  if3]h,
M3,2,n(b) =
32n+1
o Ei (14+0(1)), otherwise.

In particular, M3z o ,(b) > 0 (resp. Mz 2, (b) < 0) when b =0 (mod 3) (resp. b # 0 (mod 3)) for all n > 0.

Theorem 4.5. Forp=15,5s=1 and b € Zn, we have

4.5"
1 1 if
(o), 5,
Ms,1,0(b) = o
o 1(1 +0(1)), otherwise.

In particular, Ms1,,(b) > 0 (resp. Ms1,(b) <0) when b=0 (mod 5) (resp. b # 0 (mod 5)) for all n > 0.
In view of (1.2), we immediately deduce the following from Theorem 4.1:
Corollary 4.5.1. Forp >3 and b€ Zy,, let b= j (mod p). Then we have
b—j-+LN, P Xpsinb
Z boteN, ps = Z lq 1T p.sin(q”) = ni—kl(l +0(1)),
0<< By, o (b) 0<E<B,, . (b)
where X, s np s as in Theorem 4.1 and By s(b) = |(dps,n — b)/Np].

In particular, noting the fact that the polynomials Tj , s »(¢) are the polynomials in the first three Borwein
conjectures for suitable choices of j,p and s we have, in view of Theorems 4.3-4.5 the following:

Corollary 4.5.2. For p=3,s=1 and a fized b € Zn,, let b = 3u+ j be such that j = 1,2 (mod 3). Then we
have

3’”
_ 3u+£N. 3\
0> Z 13u+1+£N3,3,1 = Z la *1Bn(q”) = Tna 1(1 +0(1)),
0<(¢<Bg3,1(b) 0<¢<Bg3,1(b)
3n
_ 3u+£N. 3\
0> Z l3u+246N3,3,1 = Z la *JCnlq”) = T 1(1 +0o(1)).

0<e<Bs3.1(b) 0<€< B3 1 (b)



ON SUMS RELATED TO BORWEIN CONJECTURES

5
Corollary 4.5.3. Forp=3,s =2 and a fired b € Zn,, let b = 3u+ j be such that j = 0,1,2 (mod 3). Then
we have
SutON. 3 2. 32n+1
0< Z L3u+4N3,3,2 = Z lq Hlom(q”) = ﬁ(l +0(1)),
0<£<Bs,2(b) 0<£<Bs,2(b)
3u+EN. 3 3entt
— UTLING —_
0> Z l3u+144N3,32 = Z [q 1Bnlg”) = ol (1+0(1)),
0<¢<Bsa(b) 0<¢<Bs2(b)
0 _ 3u+£N3 3\ __ _32TL+1 1 1
> Z t3u+2+6N3,32 = Z [q I (q”) = n+ 1( +o(1)).
0<(¢<B3,2(b) 0<(¢<Bj3,2(b)

Corollary 4.5.4. Forp=>5,s=1andb € Zn,, let b= j (mod 5). Then we have

4.5"
(1+0(1)) >0,  if 5[p,
b—j+LN 5 n+ 1
oo tensa= Y, TN Tsan(d®) =
0<¢<Bs.1(b) 0<<Bs 1 (b) o"

o (I14+0(1)) <0, otherwise.

where To5.1n(0) = V@), T15.1.0(0) = (@), T25.1.0(0) = Xn(@); T351.0(0) = ¥n(q), Tas1.n(q) = walq) are
the polynomials in Conjecture 1.3.

Theorem 4.6. Let p=2,3,5,7,11,13 and n be sufficiently large. Then we have

max |ti,p,s| _ ps(n+1)+0(10gn)
K3

Theorem 4.7. Let p > 15 and n be sufficiently large. Then we have

(1.219...)8(11—1)("-4-1) ps(nt1)—2

>

. >
miax |t’hpa5| ~ sp2n2 sn2

5. LI-WAN SIEVE

The quantity M, s n(k1, k2, -+, ks;b) is the number of certain type of subsets of D,. As in [4] we apply some
elementary character theory to estimate it.

‘We note that

pi= 0

el

is the regular character of G. It is well-known that p(g) = 0 for all ¢ € G \ {0}, and that p(0) = |G|

Given 0 < r < |D,|, a character ¢ € G,and 7 = (z1,..., x.), we set

Hw(azi) = f,(%), and S(z) = Zm

S
Let Yp’fé’kz"“ #s denote the cartesian product Hyp,ki- Then we have
i=1

1
Bilka! - kMo b, i b) = < 3 > W(S(@) + S@2) + - + S(E) — b)

sko,-o K A~
}g 2 s IZJEG

SNCI(P) w8 > w0

: (81,82, ,Bs)EY L F2 s ghotyped

o - k
(Z1,T2, ,Ts)EYD,
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In the right-hand side above we interchange the sums to get,

2 ~ 1N
klle! o 'ks!Mp,s,n(klak27' o aks;b) = N;;l H <(pp)p>
1=1

ki
+NE Y ) > I1se@)
YoAPEG (F1,F2, - ,Za)EY Lok ks i=1
S S
(5.1) :N;H(M) +N Y ) Fo ()
i=1 P ki YoAYel =1 \z,€X,x,

For a Y C X, and a character ¢ € G, set Fy,(Y) := Y fy (7). We now have
yey
gl k! ) = N T (PN 1 S TT 7
(52) k1~k2~"'ks~Mp,s,n(klak23"‘ aksvb) *Np H P +Np Z 1/} (b)HFw(XP’kz)
1=1 i wo;ﬁweé =1
We now estimate sums of the form F,, (X, x). The symmetric group Sy acts naturally on X, , = D’;. Let 7 € Sg
be a permutation whose cycle decomposition is
T = (iliZ . "ial)(jle .. .ja2) - (£1£2 .. .gas)
where a; > 1,1 < i < s. We define
Xpp = {(171,:132,--- k) € Xp g 1 Ty = - =T,y Ty = Zﬁﬁgas}.

In other words, X, is the set of elements in X, 5 fixed under the action of 7. Let C be a set of conjugacy
class representatives of Si. Let us denote by C(7) the number of elements conjugate to 7. Now for any 7 € Sy,
we have 7(Xp ) = Xp k. We note that for any pair 7, 7/ of conjugate permutations, and for any ¢ € G, we
have Fy, (7;,6) =Fy (Y;k) That is, according to the definitions in [3], X, 5 is symmetric and f,; is normal on
X. Thus we have the following result which is essentially [3, Proposition 2.8].

Proposition 5.1. We have

Fy(Xpn) = > sen(r)C(T)Fy(X,, ).
T€CK

5.1. Some useful lemmas. The following lemma exhibits the relationship between F (X ;k) and the cycle
structure of 7.

Lemma 5.2. Let 7 € Cy, be the representative whose cyclic structure is associated with the partition (1°1,2°2 .. k)
of k. Then we have Fy(X] ;) = [T, (X ¢ia)s.
acD,

Proof. Recall that
Fy(Xp) = > [l
c1 c2 Ck

= > [Ive) [[v*@ero) - [ @ertensni)

ZEXT  i=1 i=1 i=1

Given y € G define
(5.3) sp,(X) = > _ x(a).
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Let N(cy,ca,...cx) denote the number of elements of Sy of cycle type (c1,ca,...cx). It is well-known (see, for
example, [5]) that

k!
T 1aeq1202ey! - kokey)

(5.4) N(ey,ca,...cx)
Then

Lemma 5.3. We have

k
Fy(Xpw) = (1% 3 Nler,ea,--- ) [[(—sp, ()%

Zi ic;=k =1

Proof. To prove this lemma, we first note that sgn(r) = (—1)*=X: <. Also the cyclic structure for every 7 € Cy,

can be associated to a partition of k of the form (1¢,2¢ ... k°). Hence the right-hand sum in Proposition 5.1
runs over all such partitions of k. Noting that the conjugate permutations have same cycle type, and there are
exactly N(c1,ca,- -+ ,cr) permutations with cycle type (c1, ¢, cx) we conclude, in view of Lemma 5.2 that
k
Fy(Xpn) = (=1 > Nler,ea,-o e [J(= D2 v'(a)),
> ici=k i=1  a€D,
|
Next, we define the following polynomial in k variables:
(5.5) Z(ty, .o tk) = > N(ew, ..t e
Z ici =k

From Lemma 5.3 and (5.5) we immediately see that
Corollary 5.3.1. We have

Fy(Xpr) = (=1)*Zu(=sp, (¥), —sp, (®?), -+, —sp, (¥*))
where for x € G, sp,(X) is as in (5.3).

Thus, it only remains to evaluate the sums sp, (x) for x = YPii=1,2,---,k, and we do this next. Let o(x)
denotes the order of the character y. Then

Lemma 5.4. Let

. 0, if oy) 4,
5111(2) T { —(p—1)N,/p, ot(l)lerwisze
and
0, if o(y) # 1,p,
63 (i) = Np/p,  ifo(w)/p|iand o(s) 14,
—(p = 1)Np/p, if o(¢) | 4.
Then

(1) if pto(®), Fyu(Xpx) = (~1)*Zx(87 (1), ..., 61 (k)), and

(2) if p| o), Fyu(Xpn) = (1) Zk(d5 (1), ..., 6 (k).

Proof. First, observe that G \ D, is a subgroup of index p. Hence from elementary character theory, we can
deduce that

A.if o(y) # 1, p, we have sp, () = sa(¢) — se\p, (¥) =0,
B. if o(¢)) = 1, we have sp,(¢) = |D,| = (p — 1)N,/p, and
C. if o(¢) = p, we have sp, (V) = —sc\p, (V) = —|G \ Dp| = —Np/p.

In order to estimate Fy (X, k), we need to consider the following two cases:

Case I: p { o(¢)). In this case, for all i we have p { o(3*) since o(¢') = o()/(o(2)),i). Thus from (A)
and (B) we see that

(5.6) sp, () = { (p—1)Np/p, ifo(¢) =1,

0, otherwise
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which implies (1) in view of Corollary 5.3.1 and the definition of §¥ (7).
Case II: p | o()). Here we have the following from (A), (B) and (C):
(57) SDP(I/)Z) = 7Np/p, if O(d]l) =D
0, otherwise
which implies (2) in view of Corollary 5.3.1 and the definition of 53’(2)

5.2. Some combinatorial functions and estimates. We now evaluate Zj, (Jf(l), XK

Zi(6¥(1),..., 6Y(k)). From (5.4) and (5.5) we immediately deduce the following:
Lemma 5.5 (Exponential generating function). We have

uk

, 61"(k)) and

Z Zk(t17 t27 e tk)ﬁ = 6ut1+u2t72+'”
k>0 ’
The next result follows by substituting special values for the variables t1,t3,--- in Lemma 5.5.

Corollary 5.5.1. We have
(1) ifti=a iffd|i and t; =0 iff d{ i, then
k
1
Zi(0,--+,0,a,0,---,0,a,---) = [u ]
w—/ (

k] (1= ud)a/d’
d—1 d—1

(2) ifti=aiffd|iandp-dti;ift,=0iff p-d|i; and if t; =0 iff d t i, then
p-d—1

Zk(07"' 7O7aa07"' ,O,CE,O,"' 7O7b7"'): |:
—_—— ——— N —

d—1 d—1 d—1

uF

1

k'} (1 — ud)a/d(1 — upd) 5

Proof. The proof of this corollary is similar to the case for p = 3 in [4, pp. 7, Lemma 2.3].

From Lemma 5.4 and Corollary 5.5.1 we obtain:

Lemma 5.6. We have
(1) if pto(x),

S uk (p—1)N.
Fy(Xpx) = (-1 [k,] (1 — o)) Tor

(2) if plo(+),
_ K 0@
Pl = (-1)* ] -0
: (1_u0(w)/p)o<w>

6. PROOFS OF THE MAIN RESULTS

Proof of Theorem 4.1. From (5.2) we have

- - 1)N,
(6'1) Mp,s,n(kh ko, -+ >ks;b) = N;D_l {H <(p k> p/p) + Pklykfz,"' ks T leakZ""yks + Rkl,kz,'”,ks} )

i=1 i
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where
Pkl,k%“'qk's kl'k2 Z u) )HFw(kaz)
,pto(9) i=1
S
Qs kg, s = 3 ,k S v O [[FeXpw)
1l k! p,0(¥)=p i=1
(6'2) Rkl,kz,'” ks = T 1 Z w ) H Flll (Ypyki)'
kl k2 s N
p,plo(¢) =
o()#p
Using Lemma 5.6, we see that
- ( 1)k1+k2+ ks S uki o) (?71)Np
Pry kg ke = Ttk Z P! )‘ Tl (1 —u¥))wetor |
b,pto(v) i=1
Np

»

( 1)k1+kz+ +ks

le,kz,-~~,ks = W Z ¢ ) - |:]€1 :| <Zu> 5

p,0()=p i=

Np
s -1 o()
L (=L)Rukaks ukel (R o($)i/p
Rkhk%'”yks - kl'kQ s. E 1/) ) - kq,' § u .

p,plo(¢) i=
o(y)#p

(6.3)
Recall that

(6.4) My.s.n(b) = D, (NIRRT (R ka, kD).
0<ky,k2,- ks <|Dp]|

Using the well-known fact

we see that

(6.5)

|Dy | °
(—1 k1+k2+ ks H( 1N, /p> _ Z(_l)k<|?€p|) —0.
0<k1, ,ks<|Dp| k=0

Thus (6.1), (6.4) and (6.5) yield,

1
M, sn(b) = N Z (_1)k1+k2+ -Hcspkl,k%__’ks
P 0<ki ko, ks <| Dyl

+ > ()Rt R Qo ke

ngl,]fz,"';k?sg‘DPl
kidkot-+ks
(6.6) + > (=1)P T Ry g e,
0<ky k2, ks <|Dp|

Given a character ¢ of order p, there is a unique x € {1,---,p — 1} such that for all y € Zy,, we have
P(y) = e2™@9/P. Now
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Case L: If p | b. Then

(67) Z ’L/) Z 2mibx/p _

p,0(¥)=p

Case II: If p1b. Then, as = runs over elements in Z,, so does bz and we get

(6.8) Z ’L/J Ze2mbaz/p 2627{'11/17

,0(¢)=p

So from (6.3) we have

> (—)ftht R Qe kb,

0<k1 k2, ks <|Dp|

Np
1 G P I N
_ -1 i J
o D S I S A
Y,0()=p 0<k1, - ks <|Dp| =1 j=0
Np

= X w0 2 10 Zu]

¥,0(¢)=p 0<ky ka2, ks <|Dp| i=1
& S
[Dpl p—1 . r
©) (X o) [T (S
¥,0(p)=p k=0 j=0
Noting that the sum
Np
|Dyp| p—1 P
k=0 §=0

since it is the sum of all coefficients of the multinomial expansion of (1 +u + u? + --- + uP~1)M»/P we obtain
the following from (6.7), (6.8) and (6.9):

Ep,s,n,b = Z (—1)k1+k2+“.+k5le,kg,m,ks
0<ky ko, ks <|Dp]|
1) - p*Ne/p ifp|b
11 W : :
(6.11) { —psNe/P otherwise.

Next, we estimate Py, ,,... k, and Ri, k,,... k- Consider

e

Z E1+kot-+k
(_1) 1+ et stl»k2s""k5
0<ky k2, ks <|Dp|

s ks p—1
=l > e Y lj,j[“] ;uowwp

,plo(¢) 0<k1 k2, ,ks<|D
o(¥)#p
Np
o(0)
= Y ¢l Z H Zuo(wmp
¥,plo(th) 0<k1 k2, ks <|Dp| i=1

o(¥)>p
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D, | -1 Np/o(¥)
< 5 S (S
plo(y) \ k=0 J=0
o(¥)>p
(6.12) < Y ptNeoW) = g(N,) - e/,
plo(¥)
o(¢)>p
Finally, we consider
> (—1)fFR R P e ks
0<k1,k2, ,ks<|Dp|
S.01 Tk (p—1)Np
- -1 il PRI N e
= > v > Hki!{ki!}u u®)) et
¥,pfo(¢) 0<ky, ka2, ks <|Dp|i=1
& (P-1)Np
=2 v > M- wt) e
va)fo(w) 0<k1,ka, - sksg‘Dpl i=1
o(y)>1
|y ey \
=| D2 7o) | X [ (- wt) e
¥,pto(+h) k=0
o(y)>1
(6.13) =0,
| Dp| 1N 1N
where the last step is obtained by noting that > [u*](1—u?)™ #  is the sum of all coefficients of (1—u?)~ #
k=0
which is zero.
Hence (6.6), (6.11), (6.12) and (6.13) yield
Zpsnb -1 kithatotk
Mpsn(b) — === < N, > (-1) *Pry kg ook,
b 0<ky ka2, ke <| Dyl
+N,! > (—1)ftRe e Ry ke,
0Lk k2, ks <|Dyp|
< pNe/2p,
which yields the theorem. O

Proof of Theorem 4.2. To prove this theorem, we need to consider two cases.

Case I: p | b. In this case, from Theorem 4.1 we have

Zpsnp=(p=1)-

Thus the main term in Theorem 4.1 dominates the error provided
(p—1) pstD1

n+1
It is now clear that for all n > inf{n € N: (p — 1)p*("+V/2=1 > n 11}, M, ;(b) > 0 when p | b.

ps(n+1) )

n+1)/2

> p

Case II: ptb. In this case, from Theorem 4.1 we have

EIJ s,n,b = _ps(n+1)'
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Thus the absolute value of the main term in Theorem 4.1 dominates the error provided

s(n+1)—1
p ( ) > ps(n+1)/2.
n+1
It is now clear that for all n > inf{n € N : p*("*1/2=1 > » + 1} M, . ,(b) < 0 when p { b. This proves the
theorem. g

Proof of Theorem 4.3. The first part of the theorem follows from Theorem 4.1 by choosing p = 3 and s = 1.
For the other part, we use Theorem 4.2. Thus the smallest nz 1, € N for which

3HD/2=1 5 4

holds true is n3 1, = 4. Thus for all n > 4 we have M31,(b) < 0. Also by direct computation, one shows
that M3 1 ,(b) < 0 for all n < 4. Indeed, using Wang’s result [6], one immediately concludes that Mz 1 ,,(b) < 0
without any of the above analysis. O

Proof of Theorem 4.4. The first part of this theorem follows directly from Theorem 4.1 by choosing p = 3 and
s =2.
For the other part, we use Theorem 4.2. Thus in the case b =0 (mod 3) we have

2-3">n+1
for all n € N. Hence M35, > 0 for all n € N. In the case b # 0 (mod 3) we have
(6.14) 3" >n+1
holds true for all n € N. Hence M35, < 0 for all n € N. O

Proof of Theorem 4.5. The first part of this theorem follows directly from Theorem 4.1 by choosing p = 5 and
s=1.
For the other part, we use Theorem 4.2. Thus in the case b =0 (mod 5) we have
R |
for all n € N. Hence M5, > 0 for all n € N. In the case b # 0 (mod 5) we have

(6.15) 5HD/2-1 5 1
holds true for all n > 3. By direct computation one checks that Ms, < 0 for all n < 3. Hence M5, < 0 for
all n € N. O

Proof of Theorem 4.6. Using Cauchy’s formula we see that

1 / Tp,s.n(q) 1 |dg|

6.16 tins| = |=— BT dgl < — max [T, s n(q —— =max |1, sn(q)l
610 ool = |7 [ T < S Ton@] | E = e T )
On the other hand we have
(6.17) max [Tpon(@| < D [tips| < (dpan + 1) max [t .

lal=1 0<j<Nsn J
Since dp s n < sp*n?, (6.16) and (6.17) imply
(6.18) log,, max |tj,sn| = log, ‘Iél‘i}i |Ty,s,n(q)] + O(logn).
Thus the theorem follows if we show that
(6.19) log,, ‘m‘a>§ |Tp.s.n(q)] = s(n+ 1) + O(logn).

al=
We note that
n s n p—1 s

6.20 max |Tp s n(q)| = max 1—¢)| = [ max 1— ghitk
(6.20) e 1) = x| TT0 =) = { o TTTT )

From [2, Theorem 1, pp. 229], we have

n p—1
. 1
21 1 1—gPtR) =n+1 - ).
(6.21) 0g,, max HH( TN =n+ —|—O<n>

=1
lq| 20 k=1
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Now the estimate (6.19) and thus the theorem follow from (6.18), (6.20) and (6.21).
Proof of Theorem 4.7. We have

(6.22) max |Tpon(@) < D |tips

ax < (dp,s,n + 1) max [ty s,
lal= 0<j<Nin ’

which implies since dp s < sp?n? that

1 1
6.23 t; 3>7 Tsn 5 o Tsn .
(6.23) max|typ.l 2 g max [Ton(@)] > Z50s max|Ts.n(q)]
From [2, Theorem 2, pp. 229] we have
n p—1
(6.24) max [T JJ(1 = ¢™™*)| 2 (1.219- )P~ DD 5 pott,
e i
Since
n p—1 ?
_ j+k
(6.25) max (Ton(@)] = | max [T [J1 =) |
j=0k=1
using (6.24) in (6.23) yields
(1.219--- )S(p—l)(n+1) ps(nt1)—2
(6.26) mJaXItj,p,sl 2 2 Z T

(1]
(2]
(3]

[4]
(5]
[6]
[7]
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