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Abstract:
We demonstrate the implementation of various deletion algorithms on lists and binary trees in the
Theorema system.
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Lists are formed using the constructors “()" (empty list) and “-“ (“a-U” represents the list having “a”

as the first element).

Basic functions: concatenation, append, head, Tail, Front, last, isEmpty

These basic functions constitute the underlying computing environment for the algorithms on lists.

Some of them are implemented directly in Mathematica for increased efficiency. The symbol “ A” prefixes
Mathematica commands which are executed by the Theorema system.

ALGORITHM (BASICLIST)

Concatenation of two lists

v (O =U) =U
YJ (U = <>) ==
ey (3-U=xb-V) = KReplaceAll[a-U, ARule[(), b-V]]

Appending an element at the end of a list
Uv U-a == AReplaceAll[U, ARule[{(), (a~-<{))]]
,a
The first element of a list
v head[a-U] =a
U,a
The rest of the elements, without the first one
v Tail[a-U] ==
U,a
The first elements of a list without the last one, does not apply to the empty list
v Front[a-U] = AReplaceAll[a-U, ARule[(ABlank[] - <)), <)]]
,a

The last element of a list, does not apply to the empty list

v last[a-U] =
U,a

AFirst[ AFirst[MCases[a-U, (ABlank[] -()), AInfinity]]]

(Conc - SymL - 1)

(ConcSymL - 2)

(ConcSymL - 3)

(4)

(AppSymL)

(head)

(Tail)

(Front)

(Last)
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Testing emptiness
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Computation
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In[84]:= | 135t[(1‘ (2' (3' (4~ <>))))]

out[84]= | 4
In[85]:= | isEmpty[()]
out[85]= | True

In[86]:= | iSEmpty[ (3 - (4-0) ) ]

out[86]= | False

DelFOL: Delete the first occurrence of an element from a list

Pattern matching algorithm

ALGORITHM (DELFOL) x
In[23]:= v DelFOL[a, ()] = () (DelFOL - @) »
. U & a=
= o b,y DelFOL[a, b-U] = { b-DelFOL[a, U] « a#b (belFOL -1) >
|
Computation
In[87]:= | DelFOL[3, ()]
out[87]= | ()

In(88]:= |De1FOL[5, 1-(3-(6-(5-(4-(2-0)))))]

out[8g]= |1v 3- 6- 4- 2-()

In[89]:= | DelFoL[20, 1- (2-(6- (5~ (4-(2-0)))))]

out[89]= |1v 2- 6~ 5- 4- 2-0)

In[90}:= |De1FOL[2, 1-(2-(6-(5-(4-(2-0)))))]

out[90]= |1v 6- 5- 4- 2-0)

Functional algorithm

ALGORITHM (DELFOLF) x
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In[25]:= VU DelFOLf[a, U] ==
a,
O < 1isEmpty[U] (DelFoLf) »
Tail[U] < a = head[U]
head[U] - DelFOLf[a, Tail[U]] <« True
N
Computation
In[91]:= | DelFOLf[3, ()]
out[91]= | @)
wez- | DelFOLF[5, 1-(3- (6~ (5- (4~ (2-03)))))]
out[92]= | 1- 3- 6- 4- 2-()
wea- | DelFoLF[2, 1-(2- (6~ (5- (4~ (2-03)))))]
Out[94]= | 1- 6- 5- 4- 2-()
wesi- | DelFoLf[26, 1- (2~ (6~ (5- (4~ (2-0))))))]
out[95]= | 1- 2- 6- 5- 4- 2-()
Tail recursive algorithm
ALGORITHM (DELFOLTR) x
In[26]:= v DelFOL[a, U] = DelFOLtr[U, a, {}] (DeLFolNewTR) >
In[27]:= aVV DelFOLtI"[(), a, V] =V (DeLFOLtr—e) 2

In[28]:= a,b‘:/u,v DelFOLtr[b - U, a, V] =
{ V=U e a=0b (DelFOLtr -1) »
DelFOLtr[U, a, V~b] « a#b
]
Computation
In[96]:= | DelFOL[3, ()]

out[96]= | ()
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- |De1FOL[5, 1-(3-(6-(5- (4~ (2- O))I}))]

out[97]= |l- 3- 6- 4- 2-()

if98)= | DelFOL[20, 1- (2- (6- (5~ (4-(2-0)))))]

out[98]= |l- 2- 6~ 5- 4- 2-0

In[99]:= |De1FOL[2, 1~(2~(6v(5v(4V(2'<>)))))]

out[99]= |l- 6- 5- 4- 2-()

In[100]:= | DelFOLtr[(), 3, O]

out[100]= | @)

In[101]:= | DelFOLtr‘[(Sv (4v (2~()))), S ()]
out[101]= | 5- 4- 2-()

woz- | DelFoLtr[1- (3~ (6 (5- (4~ (2-0)))))s 55 O]

out[102]= | 1- 3- 6- 4- 2-()
In{10]= | DelFoLtr[1- (2- (6~ (5- (4~ (2-¢)))))s 20, <]
Out[103]= |l- 2- 6~ 5- 4- 2-()

woa- | DelFoLtr[1- (2 (6 (5- (4~ (2-0)))))s 2, O]

Out[104]= |l- 6- (5-(4-(2-0

Functional tail recursive algorithm

ALGORITHM (DELFOLTRF)

In[29]:= VU DelFOL [a, U] == DelFOLtrf[U, a, ()]
a,
In[30]:= v DelFOLtrf[U, a, V] ==
a,u,v
v < 1isEmpty[U]
V = Tail[U] &< a = head[U]
DelFOLtrf[Tail[U], a, V-~ head[U]] « True

(DelFOLnewTRF) »

(DeLFoLtrf) »
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Computation
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DelAOL: Delete all occurrences of an element in a list

Pattern matching algorithm

ALGORITHM (DELAOL) x
In[31]:= v DelAOL[a, ()] = () (DelAOL -0) »
In[32]:= a,‘g,u DelAOL[a, b - U] == DelAOL [a, U] (DelAoL —1) »
a==b
In[33]:= a"g',u DelAOL[a, b-U] == b -DelAOL[a, U] (DelAoL ~2) 3
a¢b
N
Computation
In[116]:= | DelAOL[3, ()]
out[116]= | ()
In[117):= | DelAOL[5, 1- (5-(6-(5-(4~-(5-)))))]
out[117]= | 1- 6- 4-0

infi18):= |De1AOL[2, 1-(2-(6-(5-(4-(2-0)))))]

out[118]= |1v 6- 5- 4-()

infi16)= | DelAOL[20, 1- (2-(6- (5~ (4-(2-0)))))]

out[119]= |1v 2- 6~ 5- 4- 2-0)

Functional algorithm

ALGORITHM (DELAOLF) x
In[34]:= VU DelAOLf[a, U] ==
a,
O < 1isEmpty[U] (DetaoLf) »
[ DelAOLf[a, Tail[U]] < a == head[U]
head[U] - DelAOLf[a, Tail[U]] <« True
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Computation
In[120]:= | DelAOLf[3, ()]
out[120]= | @)

In[121]:= DelAOLf[5, 1- (5-(6-(5-(4~-(5-)))))]

out[121]= |l~ &= 4d={)

wiz- | DelaoLf[2, 1-(2- (6~ (5- (4~ (2-03)))))]

out[122]= |l~ 6- 5- 4-)

wi- | DelroLf[2e, 1- (2~ (6~ (5- (4~ (2-0))))))]

out[123]= |l~ 2- 6~ 5- 4- 2-(

Tail recursive algorithm

ALGORITHM (DELAOLTR) x
In[35]:= aVU DelAOL [a, U] == DelAOLtr[U, a, {)] (oetaotnens
In[36]:= aVV DelAOLtr[(), a, V] ==V (DelAOLtr - @) »
In[37]:= v DelAOLtr[b -U, a, V] = DelAOLtr[U, a, V]
a,b,u,v (DelAOLtr -1) »
a==b
In[38]:= v DelAOLtr[b -U, a, V] == DelAOLtr[U, a, V-~ b]
a,b,u,v (DelAOLtr -2) »
a#b
B
Computation
In[124]:= | DelAOL[3, ()]
out[124]= | @)
In[125]:= | DelAOL[5, 1-(5-(6-(5-(4-(5-)))))]

Outf125]= |l~ 6- (4~
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In[126]:= |DelAOL[2, 1~(2v(6~—(5v(4V(2'<>)))))]

Out[126]= |l~ 6- 5- 4-)

In(127]:= | DelAOL[ze, 7 (2v (sv (5v (4- (z- <>)))))]
out[127]= |l~ 2- 6~ 5- 4- 2-()

In[128]:= | DelAOLtr[(), 3, ()]

Out[128]= | @)

In[129]:= |De1AOLtr‘[(5v (4v (2~()))), Sh ()]

out[129]= |5~ 4- 2-()

wio- | DelAoLtr[1- (3- (6 (5- (4~ (2-0)))))s 55 O]

out[130]= | 1- 3- 6- 4- 2-()
o | pelAoLtr[1- (2- (6~ (5~ (4~ (2= ))))))> 20, <]
Out[131]= |l~ 2- 6- 5- 4- 2-()

wiz- | DelaoLtr[1- (2 (6 (5- (4~ (2-0)))))s 2, O]

out[132]= |l~ 6- 5- 4-)

Functional tail recursive algorithm

ALGORITHM (DELAOLTRF)

In[39]:= VU DelAOL [a, U] == DelAOLtrf[U, a, ()]
a,
In40]:= v DelAOLtrf[U, a, V] ==
a,u,v
v < 1isEmpty[U]
DelAOLtrf[Tail[U], a, V] < a == head[U]
DelAOLtrf[Tail[U], a, V~head[U]] <« True

(DelAOLnewTRF) »

(DeLAOLtrf) »
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Computation
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Trees
Trees are formed using the constructors “e” (empty tree) and “{...»" (“(L,a,R)"” represents the tree
having “a” as the root, “L" as the left subtree, and “R” as the right subtree).
Basic functions: root, Left, Right, ConcT, isEmpty, occurs

These basic functions constitute the underlying computing environment for the algorithms on trees.
Concatenation and emptiness test are overloaded - they have the same name as the corresponding
functions for lists, but this is not a problem because the shape difference between lists and trees.

ALGORITHM (BASICTREE) x

Structural decomposition

n
—

In[41]:= a’Y,R Left[(L, a, R)] = (Left) »
In[42]:= YR root[(L, a, R)] = a (root) >
aJ E
In[43]:= a,Y,R Right[(L, a, R)] == (Right) >
Concatenation of trees
In[44]:= \;’ (8 < S) =1'S (ConcT - @) »
Inf45]:= a)LYR,S (<L, a, Ry =S) =(L, a, R=S) (ConeT -1) »
Emptiness test
In[46]:= isEmpty[e] == True (isEmptyTTrue) »
In[47]:= . Y . isEmpty[(L, a, R)] == False (isEmptyTFalse) >
Occurrence test
In[48]:= ‘Z (ade) = False (occurs - @) >
a<lL
In[49]:= a,bYL,R (a < (L, b, R)) = V& a:= (occurs -1) »
a<R
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Computation
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In[163]:= | isEmpty[e]

Out[163]= | True

In[164]:= | isEmpty[(e, 8, €)]
out[164]= | False

In[165]:= |1 4 €

out[165]= | False

In[166]:= | 2 4 (g, 1, (e, 3,
out[166]= | False

In[167]:= | 4 4 (&, 1, (g, 3,
out[167]= | True

In[168]:= | 5 4 (¢, 1, (e, 3,
Out[168]= | True

In[169]:= | 8 « (¢, 1, (e, 3,
Out[169]= | True

DelFOST: Delete the first occurrence of an element from a sorted tree

(&,

(&,

(&,

(&,

Pattern matching algorithm

ALGORITHM (DELFOST)
In[50]:= VvV DelFOST[a, €] = ¢
a
In[51]:= v DelFOST[a, (L, b, R)]
a,b,L,R
a<b

In[52]:=
a,b,L,R
a=b

In[53]:= bVL
a) Bt ]
a>b

DelFOST[a, (L, b, R)]

DelFOST[a, (L, b, R)]

€),

€),

€),

€),

== (L:R)

5,

5,

5,

5,

(&,

(&,

(&,

(&,

8,

8,

8,

8,

€2

€2

€2

€2

(DelFOST[a, L], b, R)

= (L, b, DelFOST[a, R])

(DelFOST - )

(DelFOST - 1)

(DelFOST - 2)

(DelFOST - 3)

2
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Computation

In[170]:=

Out[170]=

In[171]:=

Out[171]=

In[172]:=

Out[172]=

In[173]:=

Out[173]=

In[174]:=

Out[174]=

In[175]:=

Out[175]=

In[176]:=

Out[176]=

In[177]:=

Out[177]=

In[178]:=

Out[178]=



16 | DeletionAlgorithms-Tma-report.nb

Functional algorithm

ALGORITHM (DELFOSTF)
In[54]:= VT DelFOSTf[a, T] ==
a,
€ < 1isEmpty[T]
(DelFOSTf[a, Left[T]], <« a< root[T] (DeLFoSTF) >
root[T], Right[T])
Left[T] =< Right[T] < a=root[T]
(Left[T], root[T], < a>root[T]
DelFOSTf[a, Right[T]])
Computation
In[206]:= |De1FOST'F[3, €]
Out[206]= | e
In[207]:= |De1FOST'F[3, (e, 5, €)]
Out[207]= | (e, 5, &)
In[208]:= |De1FOST-F[5, (e, 5, €)]
Out[208]= | e
In200]:= |De1FOST-F[10, (g5 5, €]
Out[209]= | (e, 5, &)
In210)= |De1FOST-F[3, ((e, 3, &), 5, &)]
out[210]= | (e, 5, &)
In211):= |De1FOST-F[3, (e, 3, &), 3, (e, 7, (e, 10, &)))]
out[211)= | (e, 3, (e, 7, (&, 10, €)))
In[212):= |De1FOST-F[7, ((e, 3, &), 5, (e, 7, (e, 10, &)))]

Out[212]= | (Ler 3y By 9y L&, L0, E))
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1) |De1FOSTf[10, (e, 3, €Y, 5, (e, 7, (&, 10, €)))]
Out[213]= | <<El 3! €>I 5! <£l 7! €>>
oot |De1FOSTf[5, (e, 3, €Y, 5, (e, 7, (e, 10, €>})]
Out[214]= | <€I 31 <€r 71 <€r 10! €>>>

DelFOT: Delete the first occurrence of an element from an unsorted tree

Pattern matching algorithm

ALGORITHM (DELFOT) x
In[55]:= ‘;’ DelFOT[a, €] = € (DelFOT — @) >
In[56]:= LR DelFOT[a, (L, b, R)] == (L < R) ———
a=b
In[57]:= . ‘?’ , DelFOT[a, (L, b, R)] == (DelFOT[a, L], b, R) P ———
a¢bAadql
In[58]:= a’b‘?’L)R DelFOT[a, (L, b, R)] == (L, b, DelFOT[a, R]) pr——
a¢bAa<R
In[59]:= a,bYL,R DelFOT[a, (L, b, R)] == (L, b, R) T ———

azb A -(adl) A -(a<R)

]
Computation
In[215]:= | DelFOT[3, €]
out[215]= | €
In[216]:= | DelFOT[3, (&g, 5, ¢€)]
out[216]= | (g, 5, €)
In[217]:= | DelFOT[5, (&g, 5, ¢€)]

out[217]= | IS
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In[218]:= DelFOT[10, <((e, 3, &), 1, (e, 2, (e, 1, €)))]

Out[218]= | <<El 3! €>I ll <El 2! <£l ll €>>>

oot |De1FOT[5, ((e; 5, €}, 3, &)]
out[219]= | (g, 3, &)
o220)= |De1FOT[3, (e, 3, €%, 3, (&5 7, (€5 1, €)))]

Out[220]= | <€I 31 <€r 71 <€r 1[ €>>>

oo |De1FOT[7, (e, 5, €%, 3, (&5 7, (€5 1, €)))]
Out[221]= | ey S ey, S e, 15500
o2 |De1FOT[10, (e, 7, €Y, 5, (€, 3, (&, 10, €)))]

Out[222]= | (Ley Ty €Yy By L&y 3, ED)

- |De1FOT[5, ((es T, €Y, 5, (€5 3, (€5 1, €)))]

Out[223]= | <€I 71 <€r 31 <€r 1[ €>>>

Functional algorithm

ALGORITHM (DELFOTF)

In[60]:= vV_ DelFOTf[a, T] ==
a,T
[ € < 1isEmpty[T]
Left[T] < Right[T] & a=root[T]
(DelFOTf[a, Left[T]], <« a < Left[T]
root[T], Right[T])

(DeLFOTf) >

(Left[T], root[T], < a < Right[T]
DelFOTf[a, Right[T]])
L T = True
Computation
In[233]:= | DelFOTf[3, €]

Out[233]= | €
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In[234]:= |De1FOT'F[3, (e, 5, €)]

Out[234]= | (g, 5, €)

In[235]:= |De1FOT'F[5, (e, 5, €)]

Out[235]= | IS

- |De1FOT-F[10, (Ce, 3, €Y, 1, (e, 2, (€5 1, €)))]

Out[236]= | <<El 3! €>I ll <£l 2! <£l ll €>>>

e |De1FOT-F[5, (e, 5, €), 3, €]

out[237)= | (g, 3, &)

- |De1FOT-F[3, (e, 3, €)Y, 3, (&, 7, (&5 1, €)))]

Out[238]= | <€I 31 <€r 71 <€r 1[ €>>>

e |De1FOT-F[7, (e, 5, €)Y, 3, (&5 7, (&5 1, €X)]

Out[239]= | (LEy By €Yy 3, L&y 1, ED)

oiot0)- |De1FOT-F[10, (e, 7, €Y, 5, (e, 3, (e, 10, €)})]

Out[240]= | (e, T, €, 5, (g, 3, €))
o= |De1FOT-F[5, ey T, €)Y, 5, (€5 3, (&5 1, €)))]

Out[241]= | <€I 71 <€r 31 <€r 1[ €>>>

DelAOST: Delete all occurrences of an element from a sorted tree

Pattern matching algorithm

ALGORITHM (DELAOST) x

In[61]:= Z DelAOST[a, €] == € (DelAOST - 0) »

In[62]:= a,b\)fL,R DelAOST[a, (L, b, R)] == (DelAOST[a, L], b, R) EEy——
a<b

Inf63]:= DelAOST[a, (L, b, R)] == (DelAOST[a, L] = DelAOST[a, R]) EETE———

a,b,L,R
a=b
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In[64]:=

In[242]:=

Out[242]=

In[243]:=

Out[243]=

In[244]:=

Out[244]=

In[245]:=

Out[245]=

In[246]:=

Out[246]=

In[247]:=

Out[247]=

In[248]:=

Out[248]=

In[249]:=

Out[249]=

In[250]:=

Out[250]=

Computation
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Functional algorithm

ALGORITHM (DELAOSTYF) x
In[65]:= VT DelAOSTf[a, T] ==
a,
[ € & 1isEmpty[T]
(DelAOSTf[a, Left[T]], <« a<root[T]
root[T], Right[T]) (DelAOSTS) »
(DelAOSTf[a, Left[T]] = « a=root[T]
DelAOSTf[a, Right[T]])
(Left[T], root[T], < a>root[T]
DelAOSTf[a, Right[T]])

N
Computation
In[251]:= |De1AOST'F[3, €]
out[251]= | €
o5 | DelAOSTF[3, (e, 5, €]

out[252]= | (g, 5, €)

e |De1AOSTf[5, (g5 5, €]

out[253]= | €

o5 - |De1A05Tf[1a, (€5 5, €)]

Out[254]= | (g, 5, €)

e |De1AOSTf[3, ((e, 3, €)Y, 5, £)]

Out[255]= | (g, 5, €)

. |De1AOST[3, (e, 3, €)Y, 5, €)]

Out[259]= | DelAOST[3, ({&g, 3, €), 5, €)1

- |De1AOSTf[7, ((e, 3, €Y, 5, (e, 7, (e, 10, €>})]

Out[256]= | (e, 3, €), 5, (<&, 10, &))
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o |De1A05Tf—[1e, (e, 3, €Y, 5, (e, 7, (&, 10, €)))]
Out[257]= | ({g, 3, ), 5, (g, T, €))
- |De1AOSTf[5, (e, 3, €Y, 5, (e, 7, (e, 10, €>})]

Out[258]= | (e, 3, (g, T, (g, 10, €)))

DelAOT: Delete all occurrences of an element from an unsorted tree

Pattern matching algorithm

ALGORITHM (DELAOT) x
In[66]:= ‘;’ DelAOT[a, €] == € (DelAOT — @) >
In[67):= AR DelAOT[a, (L, b, R)] == (DelAOT[a, L], b, DelAOT[a, R]) T
a#b
Inf68]:= AN DelAOT[a, (L, b, R)] == (DelAOT[a, L] = DelAOT[a, R]) T
a=b
|
Computation
In[260]:= | DelAOT[3, €]

Out[260]= | €

In[261]:= |De1AOT[3, (¢, 5, €)]

Out[261]= | (g, 5, €)

In[262]:= |De1AOT[5, (¢, 5, €)]

Out[262]= | €

In[263]:= |De1AOT[10, (e, 3, €y, 1, (&g, 2, (g, 1, e)))]

Out[263]= | ({e, 3, €),1,<e,2,(e, 1, €)))

In[264]:= |De1AOT[5, (e, 5, &), 3, &)]

Out[264]= | (g, 3, €)



. |De1AOT[3, (e, 3, €Y, 3, (g5 7, (€5 1, €)))]

Out[265]= | (e, T, (g, 1, €))

- |De1AOT[7, (e, 5, €%, 3, (&5 7, (€5 1, €)))]

Out[266]= | (LEy By €Yy 3, L&y 1, ED)

- |De1AOT[10, (e, 7, €%, 5, (€, 3, (&, 10, €)))]

Out[267]= | <<El 7! €>I 5! <El 3! €>>

- |De1AOT[5, ((es 7, €Y, 5, (€5 3, (€5 1, €))>]

Out[268]= | <€I 71 <€r 31 <€r 1[ €>>>

. |De1AOT[5, ((es 5, €), 5, (€, 5, (€5 5, €))>]

Out[269]= | IS

Functional algorithm
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ALGORITHM (DELAOTYF)

€ < 1isEmpty[T]

(DelAOTf[a, Left[T]], <« a # root[T]

root[T],

In[69]:= E)\7’1_ DelAOTf[a, T] == DelAOTf[a, Right[T]]} (DelAOTF) >
£ 3
DelAOTf[a, Left[T]] = <«
DelAOTf[a, Right[T]]
Computation

In[270]:= | DelAOTf[3, &]

out[270]= | €

In[271]:= |DelAOT'F[3, (e, 5, €)]

out[271]= | (€, 5, €)

In[272]:= | DelAOTf[5, (&, 5, €)]

out[272]= | €
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In[273]:=

Out[273]=

In[274]:=

Out[274]=

In[275]:=

Out[275]=

In[276]:=

Out[276]=

In[277]:=

Out[277]=

In[278]:=

Out[278]=

In[279]:=

Out[279]=




