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In this report three classes of noncommutative rings are investigated with
emphasis on their properties with respect to reduction relations. The
Grobner basis concepts in these rings, being developed in the literature by
several authors, are considered and it is shown that the reduction relations
corresponding to these Grobner bases obey the axioms of a general theory
of Grobner reduction.

1 Introduction

At the ISSAC 2015 conference, the authors have introduced the notion of Grébner reduc-
tion, a general concept that covers the reduction part of several Grobner basis techniques
appearing in the literature.

In [FL15] it is proved that reduction concepts which obey the axioms of Groébner reduction
allow the derivation of the dimension polynomial of finitely generated modules.

In this paper three classes of rings are studied with emphasis on those parts of their struc-
ture which are relevant for designing a reduction concept on finitely generated free modules
over them.

The rings of the first class contain differential operators of some polynomial ring k[x1, ..., z,]
where k is a field of characteristic 0 (Weyl-algebras). The rings of the second class contain
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linear combinations of formal expressions equipped with a product that reflects the prop-
erties of derivations and automorphisms (difference-differential rings), while the elements
of the rings of the third class are linear combinations of certain formal expressions, and
the multiplication is designed to simulate skew derivations and their endomorphisms (Ore-
polynomials).

The rings of all these classes are free objects in appropriate categories; the Weyl-algebras
due to the behavior of partial derivatives (in characteristic 0), the other ones by design of

their multiplication.

The following figure shows the relation between the three classes together with certain
special types of them.

A-Ring

K[X]

D-Ring

In this diagram we meet
e the ring of Ore-polynomials O;

¢ the ring of difference-differential operators D;



e the ring D of differential operators with set of derivations A;
 the ring of difference operators D;
o the ring of commutative polynomials K[X].

Arrows indicate specialization. For example, the arrow from the node ‘A — Y-Ring’ to the
node ‘K[X] exposes the polynomial ring K[X] as a AX-ring D by trivializing all functional
ingredients of D. Similarly, the arrow from ‘Ore-Ring O’ to ‘A — 3-Ring’ accents that a
AX-ring can be obtained as a quotient of some Ore-ring.

The order of appearence of the considered ring classes in the paper follows a path of increas-
ing generality. For each of these three types of rings the reduction concept, condensed from
Grobner basis techniques that are treated in the literature, is studied under the aspect of
Grobner reduction and the validity of axioms of Grébner reduction is analyzed one at a time.

In order to be able to subsume all those rings under this general theory, the concept of
Grobner reduction, as introduced in [FL15], must be slightly modified. Thus, the authors
introduce a new set of axioms for Grobner reduction, weaker than the one formulated in
[FL15], so that each of these reduction relations can be seen as a model of the new axioms.

Notation

N is the set of natural numbers > 0. The symbol <, denotes the product order in N i.e.,

The length of a tupel k& € N" is |k| = ki +-- - + Ky, 2 denotes the power product 4" - -- x,’fb”_.
If n =ny +---+n, is a partition of n (all n; > 0) and k = (ky,...,k,) then we write 2’
for the corresponding j-part of z*

:L,kj _ H ki

ni+t-tng o1 <i<ni+-+n;

, 1.e.,

The same notation is used in the context of other symbols (e.g., d, J, 9).

A ‘ring’ is an associative ring with unity 1. A homomorphism of rings preserves 1. A module
is understood as a left module.

Throughout this paper R denotes an arbitrary (possibly noncommutative) ring containing
a commutative ring K in such a way that R is a free K-module. All rings that will occur
are of this type. We use the letter R in section 2 where we thematize Grobner reduction
for arbitrary such rings. As, in the text, the rings get more concrete, the letter R changes
to another appropriate symbol: A will denote a Weyl-algebra, D a AX-ring, and O a ring
of Ore-polynomials.

For elements a,b € K, if bla then we write ¢ for an element € K with bz = a. Then
7 - b= a, no matter which such z we had chosen. Of course, when b~ exists in K then the
element § is unique. In any case, writing the symbol £, it is supposed that b|a.



2 Grobner Reduction

We fix a K-basis A C R whose elements are called monomzials. Then the monomials of the
free module F = R(E) on the set E are the members of the set

AE ={Xe: (\e) e Ax E}.
Since RE) = K(AE) this set is a K-basis of F. We write

T(f) =T(D fit) = {t € AE: fi #0}

for the support of f, i.e. the set of monomials ¢ that appear in f with a non-zero coefficient
fre K.

There are situations where the ring K contains a field k that is central in R (c.f. Section
3). Then there may be two different monomial concepts:

1. R=KW) (R is a free K-module with basis A1);
2. R =k(®2) (R is a vector space over k with basis Ap).

In certain instances we will need the assumption that K be a field. This will be emphasized
at occurence.

Definition 1. By a p-fold filtration on R we mean a family of additive subgroups R, C R,
indexed by r € NP, such that

1. Ry - Rs C Ryys;

2. r<;s= R, CRg;
3. R=U,enr Br;

4. Ry =K.

R together with such a filtration is called a (p-fold) filtered ring. The filtration is called
monomial, and R a monomially filtered ring, when a € R, = T(a) C R, for all a € R and
all r € NP,

Definition 2. Let R = {,ene Ry be a filtered ring and M an R-module. A filtration of M
is a family of additive subgroups M, C M (r € NP ) with the properties

1. R'f‘ : Ms - Mr—i-s;
2. r<ps= M, C M,
3. M == UTGNp MT'

M together with a filtration is called o filtered module over the filtered ring R.



A free module F = RE) inherits the filtration

F. =@ Re

ecE

from the filtered ring R, and this filtration is monomial (w.r.t. AFE) when the original
filtration on R is monomial (w.r.t. A). An arbitrary R-module M turns into a filtered
module via a free presentation

0—N-—>F -5 M-—0

setting M, = w(F,). Thus, when a set G of generators of the R-module M is determined,
M obtains the filtration

M, =>" R.g.
geG

Let X be a set and p C X x X a binary relation. We write f — h to indicate that
(f,h) € p, and f —* h when there is a chain of finite length

f=fo—fi— - —fu=h (keN)

We say that f is reducible if 3h with f — h and we write I, (or I when p is understood)
for the set of p-irreducible elements, that is

I={zxeX: Ay € X such that x — y}.

A subset Y C X is called p-stable if y € Y and y — z implies that z € Y.

In [FL15], we have formulated the following system of axioms:

Definition 3. Let N be a submodule of a free module F' over the filtered ring R. A relation
p C F X F is called a strong reduction for N provided that

1. p is noetherian, i.e. every sequence fi — fo — -+ terminates;

II. T is a monomial K-submodule of F, that is, I is a module and

Vfe F(fel=T(f) CI);

1l f — h= f=h mod N;

IV. NNnI=0.

A strong reduction p for N is called a strong Grobner reduction if it satisfies in addition
V. fe i, Nf — h=> h € F,, that is, each filter group F, is p-stable.

We can use the concept ‘strong Grobner reduction’ to determine the dimension of filter
spaces of finitely generated filtered modules. We recall the main theorem, proved in [FL15].



Theorem 1. Let K be a field, R = K™ g filtered ring, and M a finitely generated R-
module. Choose a free presentation

0—N-—F-5 M-—0

and equip M with the filtration M, = w(F,). Assume given a Grébner reduction for N, let
U, be the set of irreducible monomials in the filter space F,.. Then the sets w(U,) provide
K -vector space bases for the spaces M,. In particular

dimg M, = |x(U,)| = |U,| (r € NP).

In order to treat the rings that will appear in this paper under these aspects we need to
weaken Axiom II. to

e [ is a monomial subset of F'.

To make things completely transparent we formulate the modified system of axioms in its
entirety.

Definition 4. Let N be a submodule of a free module F' over the filtered ring R. A relation
p C F x F is called a weak reduction for N provided that

1. p is noetherian;

2. I is a monomial subset of F, that is

Vfe F(fel="T(f)CI);

3. f—h=f=h mod N;
4. NNI=0.

A weak reduction p for N is called a weak Grobner reduction if it satisfies in addition
5 feF.Nf—h= heF,.

Plainly every strong Grobner reduction is also a weak one. Note that Axiom 4 (being present
in both systems) implies that every non-zero element in N is reducible.

In the following sections we will consider several rings R and investigate reduction relations
for submodules of free modules over them. While the rings are equipped with certain
filtrations there is always present a well-ordering < of the monomials AF that distinguishes
for all f € F'\ 0 a leading term LT(f) and a leading coefficient LC(f). In each of the
examples below we are now concerned with two reduction relations: Let f,g,h € F, g # 0.
Then we have

1. full reduction p

furog)
f—teh = E\eA(LT(Ag)eT(f)/\h:f—LIg(;‘;))\g/\P); (1)




2. leading term reduction o

LC(f)
LC(\g)

f—2=h = e A(LT(\g) = LT(f)Ah=f - MAP).  (2)

The symbol ‘P’ denotes a predicate P = P(f,g, A, h) depending on the actual situation.
For a set G C F one has then in both cases

f—>h < 3geG: f—>h. 3)

These reduction concepts are the core of Grobner bases.

Definition 5. Consider a submodule N of a free module F = KWE) | Assume given a
well-order < on AE and a predicate P = P(f,g,\, h), and let p be the full reduction defined
by these data. A subset G C N is a Grobner basis for N iff p is a weak reduction for N.

Given a filtered ring and the obvious necessary data, we need to check the defining axioms
in order to reveal the relation p as a (weak) Grobner reduction for N = RG. The set G is
then exposed as a Grobner basis for N and the filter groups are p-stable.

So we fix a set G C F and write p and o for the relations f—g>h and f—g>h

respectively, i.e., f —, h means f % h and similar for o. All our examples follow the

pattern along the following lines.

1. Termination. Fix a positive integer ¢ and design an injection ¢: AF — NY. The set
N is ordered lexicographically
a<b <= Amin{i:a;#b;} < bmin{i:aﬁébi}‘ (4)

The set of monomials AF inherits a well order < by means of this injection. We call
such an order induced by the injection ¢. The well order < extends to a well
order on the set of all finite subsets of AE (this is {T(f): f € F}):

T(f) < T(9) = max(T(f) AT(g)) € T(9g)

where A is the symmetric difference (consider e.g. [BWK93]). It remains to check
that f —, h has T(h) < T(f) as a consequence: For arbitrary g, from f %> h we

see that LT(A\g) € T(f) \ T(h) - where A is a term as mentioned in (1) - whereas for
all terms ¢ with ¢ = LT(\g) we have h; = f;. This demonstrates that T(f) > T(h).

Since o C p it is clear that I, C I, and o terminates if p terminates. Consequently
both relations terminate.

2. The set of irreducible monomials should be a monomial subset of F, i.e.,
fe€I="T(f)CI. The relation p has the property

fis p—reducible <= dh: f-—,h



Jurng) N )

= 3geGIeA(LT(\g) € T(f) A P(f,9. A f - LC(\g)

In case that P does not involve h, i.e., P = P(f,g,\), we obtain
[ is p—reducible <= 3Jg € G3\ € A (LT(Ag) € T(f) ALC(Ag)|frring) A P(f, 9, M)

For I, to be monomial it is then enough to verify the monomial irreducibility
condition

39 € G3x € A(LT(\g) € T(f) ALC(Ag) € KX A P(LT(Ag), 9,))) =
G € G3x € A(LT(Ag) € T(f) ALCOAG) | firrng) A P(£,9, M) (5)

The monomial irreducibility condition for ¢ under the assumption P = P(f, g, \) is

Jg € G € A(LT(Ag) € T(f) ALC(Ag) € K A P(LT(Ag), g, ) =
Jg € G € A(LT(Ag) = LT(f) ALC(AG)ILC(f) A P(f, 9, V) (6)

It is clear that this condition is hard to satisfy. Indeed, I, is not monomial in general.

. Compatibility of reduction with congruence modulo N = RG. This is always
obvious from the shape of (1) and (2).

. NN1I = 0. The validity of this condition must be guaranteed by an appropriate
choice of the generator set G which is achieved by the usual Buchberger completion
procedure.

. Each filter space should be p-stable. In our examples we will consider univari-
ate filtrations (F})ien that are constructed due to the following schema:

We start with an ‘order-function’ v: A — N, where () can be read off from A € A,
i.e., v(\) is the sum of certain exponents that are present in A. The function v extends
to AE by setting v(Xe) = v(A) (A € A, e € E), and further to entire F' (we always use
the same symbol)

o) {rf:{u@): teT()} - ;ig\o -
Then v(f + g) < max{v(f),v(9)} (f,g € F) and v(e- f) < v(f) (f € F, c € K).
The univariate filtration induced by v is then
FY = {f € F:v(f) <t} (t€N). (8)

Remark that this defines implicitely the sets RY (¢ € N) since R = R'.

From the properties of v it is plain that



o the sets I} are monomial K-modules;
e s<t=F] CFY;
e U FY = F.

It remains to check that Rs - F; C Fsiy (s,t € N), which is then the only property of
filtrations that depends on the actual ring structure of R.

The multivariate filtrations that we consider are constructed from univariate ones by
means of intersection:

Given order functions v1,...,v, and a € NP we set

Fooomr =Fon--NEr={feF:n(f) <ar A Avp(f) < ap}. (9)

The next theorem condenses the preceeding discussion.
Theorem 2. Let G be a subset of the free R-module F = KME) | Assume that
o < is a well order on AE;
e P=P(f,g,\ h) is a predicate F x G x A x F — {0,1};
e p is the full reduction defined by (<, P,G);
e (R))ien is defined by an order function vi: A — N (1<j<p);
e R, :Ral N---NRE (o€ NP);
e Fo=@ccp Ra-e.
Under these assumptions, if
1. RI-RICRL, (s,teN,j=1,...,p),

2. P=P(f,g,\) and the monomial irreducibility condition (5) holds,
3. f—t=h AfeF,=heF, (VgeG)

4. NNI,=0,

then (Fy)aene s a monomial filtration on F w.r.t. the monomial filtration (Ry)acne and p
1s a Grébner reduction for RG.



3 The Weyl Algebra A, (k)

The theory of the Weyl algebra A, (k) in n variables is the study of modules over rings of
differential operators with polynomial coefficients over the field k. In this section we develop
the properties of A, (k) that are relevant for Grobner reduction. In its second part we refer
to work appearing in [DL12] and prove that the theory developed there is an instance of
our concepts.

Let k be a field of characteristic 0 and let d; denote the ¢-th partial derivative of the
polynomial ring k[zy,...,z,]. The Weyl algebra A, (k) is the k-algebra generated by
k[z1,...,2,) U{di,...,d,} as a subalgebra of Endy(k[z1,...,zy]). The multiplication in
this ring obeys the rules

TiLj = TjLyg, didj = djdi, dixj = l‘jdi + (Si,j (1 < i,j < n)
(05 ; is the Kronecker symbol).

Let A denote the ring A, (k). We may consider A as a free k[z1, ..., z,]-module with basis
Ay = {d': 1 € N"}. Then A; is a monoid isomorphic to N and, according to our notational
conventions, K and R specialize to K = k[xy,...,2,] and R = K1),

We will here stress the 2°¢ approach: A as a k-vector space with distinguished set of mono-
mials Ay = {2*d' : (k,1) € N x N*}. In the following we write A for Ay. Note that A is not

closed under multiplication.

Explicitly, the product of two monomials in A, (k) is

l
kgl .pjq _ kav(,.p\gl4+q—v
xd - xPd E <U>x 0" (xP)d (10)

veN”?

where (') (). To visualize the scope of the sum we may write

Un

(o)

I p!

k 4l _ k+p—v jl+q—v

zd" - 2Pd? = E P
i ol (I =) (p—o)!

[ M p denoting the infimum of {I, p} in N".

Let A denote the Weyl algebra A, (k) and F = A®) the free A-module with basis E =
{e1,...,eq}

Proposition 1. \,u € A and t1,ts € AE. Then
Z.)\-tlz)\-t2=>t1:t2;
2.)\~t1:u't1:>)\zu.

Proof. A= zkd = zPdley, tog = x"d%es.

10



1. If Nty = X\ - to then zFd' - 2Pd%ey = zFd! - 2" d%eq, therefore e = e5. We get

Z bk tPugita—u = Z cpxktr—vglts—v (by,cy € N).

u<IMp v<,IMr
Ju : ZFP@TT = e PTG A Ty s 2P = bRt

It follows that
P=T—0v,¢q=8—V,T=p—1U, S=q¢—1U

from which we derive that u = v = 0. Consequently t; = ts.

2. This is proved similarly.

We consider three natural order functions A — N. For A\ = zFd! € A
viAN) =kl =ki+-+kn, voN)=|l[=l+ -+, =v1+12
The extensions of the vj to F' (j = 0,1,2) obey the rules

J
vi(f +9) < max{w;(f),v;(9)} (f,.g€F)
vilef) = wi(f) (cek\0) (11)

Note that the extension of vy to F' is not the sum of the extensions to F' from v and vs.
We define three well orders <., <4, <o on AE:

<, comes from the injection
AE —s NP3 ¢ — 2hdle; (1 (t),va(t) k1, - oy kg lyy ooy Iy 0);
<4 comes from
AE —s N3 ¢ — ghdle; (vo(t), 1 (t), b1y oy lny K1y i,y 1);
< comes from
AE — N?H2 ¢ — akdle; — (no(t), k1, ..o kny L1y Ly 1),

The corresponding leading term and leading coefficient functions are written LT,, LC,,
LT,, LCy4 and LTy, LCy respectively.

Lemma 1. Let A =2%d' € A, t = 2"d’e € AE, f € F\ 0. Then
L.viA-t)y=k+r,va(A-t)=1l+s, vo(A-t)=k+r+1l+s=v1(\-t) +v2(\ t);
2. LT (A -t) = LT4(\ - t) = LTo(\ - t) = 2¥*7dlHse;
3. n(f) =n(LT:(f)), va(f) = v2(LTa(f)), vo(f) = ro(LTo(f)):
4. vi(A-t) =v;(N) +y(t) (0<j<2).

11



Proof.
1. This is obvious from (10).
2. Also evident from (10).

3. Take s € T(f) Then s <, LT(f), s <q LT4(f) and s <o LTo(f). Therefore
v1(s) < v (LT(f)), va(s) < ve(LT4(f)) and vo(s) < vo(LTo(f)). Therefore

n(f) = maxiri(s): s € T(f)} = (LT(f));
va(f) = max{va(s): s € T(f)} = va(LTa(f));
w(f) = max{ro(s): s € T(f)} = vo(LTo(f))-

4. This is obvious from point 1.

Lemma 2. Let \,p € A, s,t € AE and j € {z,d,0}.

1. X< p=LT;(\t) <; LT;(ut);

2. s <; t=LTj(As) <; LT;(A\t).
Proof. 1.) A= aFd', p=a"d*, t = ve = 2*dPe, A\ <, p. Then

LT, (M) = zF+ted™*Pe and LT, (ut) = 2" d*Pe.
If v1(A\) < vi(p) then
vi(LT (A1) = [k +af = |k +[af <|r|+|af = |r + af = 11 (LT (pt)),

and thus LT, (\t) <, LT, (ut).
If 1 (\) = v1(p) and vo(N\) < vo(u) then

vi(LTo (M) = [k]+ |of = [r] + [a] = v1 (LT (ut))
va(LTo (A1) = [l[ +[B] <[s[ + 6] = va(LT(ut))

which also means that LT, (At) <z LT, (ut).
If v1(N) = vi(p) and vo(N\) = vo(p) and k # r then let j = min{i : k; # r;}. We obtain
Ik +al, [l + 6, (k+a), ([ + 5), ) <tex (Ir + s [s + 8], (r + @), (s + §), ).

Once again this means that LT, (At) <, LT, (ut).

If vi(A) = vi(p) and va(A\) = ve(p) and k = r then [ must be different from s. Let
Jj =min{i:l; # s;}. Then [; < s; which results again in LT, (\t) <, LT (ut).

2) A= z%dP, s = xFdle;, t = xPd9ey, s <, t. The proof works similarly as before. The
only difference is that there is one more case: When zFd! = 27d? then e; must be smaller

12



than ey and the statement follows.

The proofs of the remainig statements are repetitions of the previous considerations by

changing the subscripts of <, LT, LC and the order functions accordingly.

O]

Proposition 2. char(k) =0, A = A, (k), F = A®) the free A-module on the set E. Let

acA\O, fe F\O0 and j € {z,d,0}. Then
LTj(a-f) = LT;(LTy(a)-LT,(f));
LCj(a- f) = LCj(a)-LC;(f).

Proof. Let \g = LT,(a), agp = LC,(a), to = LTx(f), fo = LCL(f). Thus

a = agAg + Z axA and f = fotg + Z fit.

>\<$)\0 t'<wt0

a-f:aofo)\oto-i- Z aoft)\ot-f- Z a)\f0>\t0+ Z Z a)\ft>\t~

t<zto A=<z o A=<z Ao t<zto

1 (2) ®3)

(0)

(12)

Pick out a term Aot of sum (1). Then from Lemma 2 we derive LT, (Aot) <, LT, (Aoto)-

Similar things happen when choosing a term from sum (2) or (3):

LT, (Atg) <z LTz (Moto) (term chosen from (2)),
LT, (At) <5 LTz (Aot) <z LTz (Aoto) (term chosen from (3)),

Let s € T(a- f). Then 3\t with A € T(a) and t € T(f) and s € T(At). It follows that

s =<u LT, (M).

A=XAt=ty = 5=z LT.(\oto);
A= X At#£ty = s, LTx()\ot) <z LTm()\oto);
AEXMNNANLt=t) = 5=, LTx(/\to) <z LTx()\oto);
AFEXMNALEL = 5=, LTx()\oto).

Consequently

LT,(a- f) = LTo(Aoto) = LTy (LT, (a) - LTo(f)) and
LCy(a- f) = aofo = LCyx(a) - LCL(f).

Again the proof of the remaining statements is a repetition by changing ‘x’ to ‘d’ or ‘0’

respectively.
Corollary 1. j € {x,d,0}. Then

AEANOAfeF\0= LT;(Af) = LT;(A- LT;(f)).
Corollary 2. Letac€ A, f € F. Then

vila- f) =vila) +vi(f) (5 =0,1,2).

13
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Proof. If a =0 or f = 0 the statements are obvious. So assume a # 0 A f # 0. Set

A = 2Fd = LT, (a) t1 = 2%d’e; = LT,(f)
)\2 = 2Pd? = LTd(a) to = $7d562 = LTd(f)
/\3 =g"d® = LT()(CL) t3 = xEdCeg = LT[)(f).

From Lemma 1 we get
LTm()\l . tQ) = xk+adl+ﬁ€1, LTd()\Q . tg) = .pr+’ydq+6€2, LT()()\g . tg) = $T+EdS+C€3
From (1) and (12):

vifa-f) = n(lTs(a- f)) = vi(LTe (LT (a) - LTo(f))) = vi(LTz (A1 - 1))
(@t d*er) = |k + af = k| + |a| = 1 (LTz(a) + 21 (LT4(f))

= wvi(a) +vi(f).

va(a-f) = w(lTi(a- f)) =va(LT4(LTa(a) - LTa(f))) = va(LT4(A2 - t2))
va(aPF7d0es) = |q + 6] = |q| + |6] = v2(LTa(a)) + va(LTa(f))
= n(a) +a(f).

vola-f) = wo(LTo(a- f)) = vo(LTo(LTo(a) - LTo(f))) = vo(LTo(A3 - £3))
= wy(z"ted*tCes) = [r+e+ s+ = |r + s+ |e + ¢| = w(LTo(a)) + vo(LTo(f))
= wo(a) +vo(f).

O]

For a different proof of the statement involving vy see [Cou95], chapter 2. Proposition 1
generalizes to the statement that A, (k) is a domain.

Corollary 3. a€ A, fe F. Thena-f=0=a=0V f=0.

Proof. Assume a # 0 A f # 0. Let v denote one of v1,v9,19. Then v(a) > 0Av(f) > 0. It
follows v(a - f) = v(a) + v(f) > 0. Consequently a - f # 0. O

Definition 6. Forr,s € N we set

F) = {feF:wn(f)<r)
F! = {feF:un(f)<r}
F? = {feF:un(f)<rk
F., = F'nF2 (14)

We will show that these sets define filtrations on F. Remark that we have defined implicitely
AS}) and A, s since we may consider A as the free module Al

Proposition 3.

1. (Fﬁ) N defines a univariate filtration on F (0 < i < 2).
re

< (FT’S) (r,s)EN?

defines a bivariate filtration on F.

14



Proof. From (11) it is clear that all the sets F} - hence also the F, 5 are monomial k-vector
spaces, that is, vector spaces with the property

feF «— T(f)CF (i=0,1,2)

Immediately from Corollary 2 we obtain that A% - F! C F', (i = 0,1,2). Therefore also
Ar,s : Ft,u - Fr—l—t,s-‘,—u- O

Corollary 4. Vr e N: F? C F,, C FJ..

Proof. By monoimiality, if f € F? then T(f) € FY. Thus, for arbitrary ¢t € T(f),
vi(t) + v2(t) = vo(t) < r. Therefore also v1(t) < r and va(t) <7, ie,t € F*NE? =F,,.
Thus T(f) C F,., and so f € F; ;.

Now assume that f € F,,. Then T(f) C F,.,. Therefore, if t € T(f) then vy(t) =
v1(t) + vo(t) < r +r. Consequently t € Fy.. This shows that f € Y. O
(x,0)-Grobner Bases

Donch and Levin [DL12] introduced the notion of an (x, d)-Grobner basis for free modules
over A,(k). We present their concepts here and prove then that the reduction relation
resulting from a (x, 0)-basis is a Grobner reduction in our sense.

First they defined a divisibility notion in a non-standard way mimicking commutative mono-

mials
ardl|amd® = (k1) <, (r,5).

This notion extends to divisibility of monomials t; = xkdlel, to = x"d%eq of the free A-
module F' = A®) by setting

t1’t2 < {L‘kdl‘xrds N el = es.

In this case the quotient % is the element 2" *d*~! € A.

Lemma 3. Let t1,t5 € AE. Then

t
t1|t2 = 2?2 -1 :t2+2njsj
1 -
J

with all n; € N* and s; € AE such that
VI(SJ') < Vl(tg) A VQ(Sj) < I/Q(tg).

Proof. t; = xFd'e, ty = x"d%¢, k < r, < 5. Using formula (10) gives

t -1
2 = 2R ok dle = Z <3 . >$r—k8v($k)ds—l+l—ve

v<rs—1

_ {(8 g l) mrfkaﬂ(xk)dsfo + Z <S ; l) 2 Egv (xk)dsfv} e

0#£v<rs—1

15



—1
= 2'd’e+ Y (S >:crk8”(xk)d5”e =1+ Y n;s;.
v

0£v<r5—1 J
Since the index v in the previous sum is in N \ 0 the conditions on the s; are obvious. [J

Lemma 4. Let t1,to,w € AE. Then

w
t1 <z 2 A t2|w = (*tl) =0.
to /w

Proof. Set t; = z%dPeq, ty = :ﬂd(sez, w = x"d%e, v <pr, d <; s From t; <, ts we get
v1(t1) < vi(t1) whence |a| < |y|. From (10) we obtain

-0
— -ty = 2"7Vd0 . 2%dPe = > <S )mr_vau(xa)ds—ﬂﬁ—u “eq
t2 u<ps—0 u

_ Z s—0 o xr77+a7udsf5+67u eq.
u )

e (a0 —u)!
To derive a contradiction assume that (— tl) # 0. Then

Ju (0 <pu<,s—FA VO R p— L L e2) that is,

etr=eNa=v+uANfB=0+u<s,ie,u=06-0>,0,0<;0.

If u >, 0 then |a| = |y|+|u| > |v|, a contradiction. Therefore u =0, « = yAS = dAep = eq,

i.e., t; = to. This contradicts the assumption t; <, to. Consequently (%h) =0. O
w

Let f,g,h € F, g #0. (x,0)-reduction defined in [DL12] amounts to the following

(2,0)

f—>h = EIwET(f)(LTx(gﬂw/\h f— Ju v

LC.(9) LT.(g)”
). (15)

/\1/2( LTd(g)) < 19 LTd

v

LT.(9)
z,0

Lemma 5. Assume that f (—g)> h and let w be a term mentioned in (15). Then w ¢ T(h).

Proof. Isolating the z-leader of g gives

Jw w
o= f— ——(LC,(g)LT,
f LC4(g) LT4(g) ( (9) S tEAE\%;Ta: (9)} gtt)

B fw w fw w
U TeRP) LTx(g)LCx(g)LTx( 9 1e 2(9) LTu(g )t;ﬂ%(g) o

Ry o
fhimg 0 2 e me™

Aplication of Lemma 3 gives

fw w
h = f—fu w-i-g nis;| — E ———qgit
( J ! ]) ch(g) LT:E(Q) !

t<LT4(g)

16



fwgt w
= fuw = Y s - : o
. ZJ: e t<szT:z (9) LC:(g) LTa(g)

where all nj; > 0 and v1(s;) < v1(w), va(s;j) < va(w).

Considering (16), the coefficient of w in h is

fwgt w
hw = fu— fu—0— t) .
g g t<szT:z(g) LCa(9) (LTm(g) )w

Lemma 4 now immediately provides h,, = 0. 0
It is now possible to relate (z,0)-reduction to Grébner reduction.

Theorem 3. Let P denote the predicate
P(f,g9,\) < va(A-g) <wa(f). Then

(2,0)

FER = EI)\EA(LTI(Ag)eT(f)/\h:f_M

LC.(Ag)

Consequently, using notation (1) from section 3, we have

Mg AP(f,9,0).  (17)

(:L',a) P

Proof. Observe that
P(f,g,)\) — 1/2(>\ : LTd(g)) < I/Q(LTd(f)) c.f. [DLlQ].

0 . . .
Let f % h and set A\ = #(g), where w is a term mentioned in (15). Write LT;(g) =

zFdle, w = ¢t d*se. Thus \ = 2"d®.
LT,(A\g) = LT, (\ - LT,(g)) = LT, (2"d® - 2%d'e) = 2" *d*He = w and LC,(\g) = LC,(g).
It follows that

fuw w Jur.(0g)

L0, I @) = 7 10, (ag) Y 2 LT=(A0) = w € T(F).

h=f—

7a . .
Since f % h holds, the predicate P(f,g,\) is true. Consequently f 4;)) h .

Conversely, assume that f —§> h . Let A € A be such that LT, (\g) € T(f) and

JLT, (M)

h=7- LC,(Ag)

Ag A P(f,g,)).

Set w = LT;(\g). Then w € T(f). Write A as A = 2%d” and LT,(g) = z¥d'e. Then

w=LT,(\-LT,(g)) = LT (2%d" - zFd'e) = 2k qvHle.

17



Thus LTy (g)|w and 2= = z"d” = A. Since LC,(Ag) = 1-LC,(g) we obtain

LTx(g)
fw w w
== p— v < ‘
SR TeRF) LT:E(g>g/\V2(LTZ(g) LTu(g)) < va(LTa(S))
Consequently f (Lfl h )

Proposition 4. I, is monomial.

Proof. Let LT;(A-g) € T(f) AN P(LTz(\-g),g,A). This means that
va(A-g) < va(LTe(A-g)).

Since LT, (X - g) € T(f) it follows LT, (X - g) <q LT4(f) and therefore vo(LT,(X - g)) <
vo(LT4(f)) = va(f). Thus ve(X-g) < va(f). Consequently LT, (A - g) € T(f) A P(f,g,\).
This demonstrates that the monomial irreducibility condition (5) is satisfied. O

In [DL12] the authors define Grébner bases differently. Formulated in our notation:

Definition 7. Let N be a submodule of F = k*F) and G C N\ 0. G is a (x,0)-Grobner
basis for N iff

vf € N\ 03g € G(LT,(9)|[LT.(f) Avalg) — va(LTu(g)) < va(f) = va(LTu(f))-
We position this notion into the frame of our concepts.

Theorem 4. Given G C N, let o denote the leading term reduction corresponding to the

7a .
relation f (LGL h,ie.,

LCx(f)

e HAGA(LTx(Ag):LTI(f)/\h:f—LC o)

AgAva(X-g) < yg(f)). (18)

Then G is an (z,0)-Grébner basis for N iff I, " N = 0.
Proof. Let f,g be elements of F'\ 0.

f=foto+ D fit=foto+ > fut

t=zto t%dtf)
g=giti+ Y gt =giti+ Y gt with
t=at1 t=<at)
LT.(f) = to = z*d"eg LTy(f) =t = ka,édlf’ef)
LT.(9) =t1 = 2"d" e LT4(g) =ty = a"d"e].

Assume that G is an (z, 9)-Grobner basis for N and f € N\ 0. 3g € G such that

LT (9)|LTx(f) Ava(g) — va(LTa(g)) < va(f) — va(LTx(f).

18



Using the notation from above we get
a" d e |zRodbeg A 5| — 51 < 1) — I
hence 1 <x ko A s1 <z lp Aep = ep. Set A = zFo—m1glo=s1 Then
LT, (\-g) = LT, (zF0 1 glomst . g1 gs1e)) = ghodloey = LT, (f).

va(A - g) = va(LTg(z0 " d0 ™ a1 d% e))) = lg — 51 + ) < lj = wa(f).
This shows that

o LC(f
f g f- ch(g.;))\'g

that means, f is o-reducible. Consequently, each f € N\O0 is o-reducible whence NNI, = 0.

Conversely, assume that NN I, = 0 and let f € N\ 0. Then f is o-reducible, 39 € G
JA € A such that

LCx(f)

LTx()\-g):LTx(f>/\h:f_m

A gAra(A-g) < va(f). (19)

Write A = 2%d”. From (19) we get
z*odloey = LT, (f) = LTo(\ - g) = LT, (2%" - 2"1d* e;) hence

ko=a+riNlg=b+5s1Neg=e1 and so r1 <; kg A s1 < [y i.e.

LT,(g)|LT.(f). Moreover
va(A - g) = 1a(LT4(\ - ) = va(LTq(a"d’ - 2"1d*Ve})) = b+ 5.

From (19) we obtain b + s§ <[, and so

b+ s1 —1—3’1 < l6 + s1. Therefore

~——

lo

= wy(a"1d%e)) — (2" d%er) = 8 — 1
< I —lo =12(f) — v2(LTa(f)).

Therefore G is an (z, d0)-Grobner basis for N. O

va(g) — 2(LT2(g))

Corollary 5. Let p denote (x,0)-reduction (15) for N. If G is an (x,0)-Grobner basis for
N then p is a weak reduction for N. Thus, an (z,0)-Grobner basis for N is a Grébner basis
for N w.r.t. p.

Proof. Consider an (z,0)-Groébner basis for N. Since I, C I, we obtain that I, " N = 0.
Together with Proposition 4 this says that p is a weak reduction for N. O

Even when G is a Grobner basis, the corresponding reduction relation p is in general not a
strong reduction.
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Example 1. Consider A = A;(k), g = xd + d? € A. Let p be the (x,d)-reduction defined
by G ={g}, and N = Ag.

We show that NNI,=0. Let a € A

a = apz™d" + Z aupe (ao # 0). Then

=g xkodho

a-g = apx™d"(zd+ d*) + Z aup(zd + d*)
,u-<mq;k'0dlo
= aoz™d" - xd + agz™d" - d* + Z (apprd + a,pd?).
u<zxk0dl0

Set A = z*0dl. Then LT, (X - g) = LT, (2Fod" - 2d) = xkot1glo+1,
LT,(a-g) = LT, (LT,(a) - LT4(g)) = LT, (2%0d" - xd) = a*o Tl
and thus LT;(A-g) =LT,(a-g) € T(a- g).
va(A-g) = va(LT4(A - 9)) = va(LTa(A - LTa(g))) = va(LTa(z*d" - d*)) = lo + 2

va(a- g) = va(LTq(a- g)) = v2(LTa(LTa(a) - LTa(g))) = v2(LTa(a) - &°).
Now zFod <, LT4(a). Applying Lemma 2 gives
LTg(zModb - d*) <4 LT4(LT4(a) - d*). Therefore
—_———
xkodlo+2
lop+ 2 = v (2" d"+?) < 1y (LT¢(LTy(a) - d*)) = 1o(LT4(a) - d?) and so
va(A-g) <we(a-g). All in all

X e A(LTE()\ cg)=LTz(a-g) ANa(X-g) <wa(a- g))

and choosing h appropriately we see that a-g g—a> h whence a-g is o-reducible. Therefore

NNI, =NnNI,=0. Consequently p is a weak reduction for N = Ag and {g} a Grobner
basis.

Now consider f1, fo,g € A
fl = xda f2 = d2-

Then it is obvious that fi, fo € I,. But fi + f2 is not:
LT,(1-g9)=2d € T(f) Ava(1l-g) =2 < wa(f1 + f2) this means f1 + fo —5>0

and so f1 + fa € I,. This shows that I, is not closed under addition and therefore p is not
a strong reduction for N.
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78 .
Theorem 5. Let f,g,h € F', g #0. Assume that f % h . Then, for arbitrary r,s, € N

1. feF'=heF,
2. fEF?=hecF?
3. feF.s=hecF.,;
4. fEFY=heF).

Consequently the full reduction corresponding to an (x,0)-Grébner basis for a submodule
N C F is a weak Gréibner reduction for N w.r.t. these filtrations.

Proof. By Proposition 3 we may assume that f 4/9)) h,ie.,

JuT(0g)
LC(Ag)

e A(LT(\g) € T(f) Ah=f - g A P(f,9,0).

1. Assume that f € F!. Then vi(f) < r whence Vt € T(f) : v1(t) <.
Take t € T(h). If t € T(f) then vq(t) <r. If t € T(f) then

 fur.og
0# hy = —m()\g)t'

Thus (Ag): # 0, t € T(Ag), t =4 LT5(N\g) € T(f). Therefore v1(t) < v1(LTz(Ng)) < 7.
This means that T(h) C F'. Consequently h € F}.

2. f € F2. Then T(f) C F?. Writing out the predicate P we obtain

va(A-LTa(g)) < va(LTa(f))-

Taket € T(h). Ift € T(f) thent € F2. Ift ¢ T(f) then, with the same argument as in
the previous case, we obtain t € T(A-g). Therefore t <43 LT3(A-g) = LT4(A-LT4(g)).
Then we derive

va(t) < vo(LTg(A - LT4(g)) = va(X - LTa(g)) < v2(LTa(f))

whence 5(t) < 7, that is, t € F2. This shows T(h) C F2. Since the filtersets are
vector spaces we arrive at h € F2.

3. If f € F, 5 then f € F} N F2. Therefore also h € F! N F? = F, .

4. This follows from Corollary 4 and the previous point.
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4 The Ring of Difference-Differential Operators

Let § = (61,...,0m) be a tuple of derivations and o = (01, ..., 0,) a tuple of automorphisms
of the commutative ring K. All these maps are assumed to commute with each other. The
ring D is then constructed as the free K-module on the set of formal expressions

5]60_[:5]{31__.5]97710-%1...01", (klEN,ZZGZ)

m n

and a product that reflects the properties of derivations and automorphisms. We consider
the elements of the set A = {6¥¢! | (k,1) € N™ x Z"} as the distinguished monomials.
Consequently elements of D are finite K-linear combinations

> ap0%c!,  (ar, € K)
(k,1)EN™ xZn

and the product is driven by the rules
di-c=c-6;+0i(c) oj-c=0j(c)oj, (ceK).
We call D a difference-differential ring, or AX-ring over K.

A left module over D is also called a difference-differential module, or A¥-module over K.!
The concept covers difference modules (A = ()) as well as differential modules (X = 0) as
special instances.

Proposition 5. Consider a field k with char(k) = 0. Let K = Kk[z1,...,zp], A =
{%1, e ﬁ} and ¥ = (). Then the resulting AX-ring is the Weyl-algebra Ay, (k).

Proof. This is due to the fact that partial derivatives have no relations among each other.
Precisely: Let A* be the monoid generated (in Endy (X)) by A. Then A* = N and A,, (k)
is a free K-module with basis A*. O]

We use the notation
y* =0%(y) and ys = o°(y) (keN™, s€Z").

For the free D-module F = D), the product D x F —» F can then be written explicitly

okl ysTote = Z (5) yl’““é““a”se (k,re N l,seZ" ;ye K; e € E). (20)
u<rk
For A = 6Fc! € A we set
Vl()\) = ‘]C’, 1/2()\) = ’l’, Vg = V1 + Vo. (21)

The extensions of these functions induce the univariate filtrations

D] ={aeD:vj(a) <t} (j=0,1,2).

Tn the literature the tuples § and o are denoted informally as the sets A and X, whence the name. Note
though, that the mappings d; need not be distinct. The same is the case with the o;.
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Proposition 6. The family (Dg)teN is a monomial filtration on D (j =0,1,2). Therefore
(F})ten is a monomial filtration on F.

Fix an enumeration of the set £ and set
t=3d"le; = (v (t),is ks, [y Tl sgn(l) +1,. . sgn(l,) +1) (4 € {0,1,2}).
The corresponding well-orders for monomials s = 6¥cle;, t = 0"o%e; in AE are now

§=<t <=

(vj(s), 1, k1, ... km, U], .o [, sgn(l) + 1, ..., sgn(ly) + 1)
<LEX
(vj(t), 7,71,y Tms|S1l, -, [Snl,sgn(s1) + 1,...,sgn(sy) + 1)

Then s =<; t = v;(s) <v;(t) (=0,1,2).
These orders single out LTj(f) and LCj(f) for each f € F'\ 0. According to (1) we get

) Jurs o)
e = HAeA(LTj(Ag)ET(f)Ah:f_mAg)

and for G C F p; is

f%h <= dg € G such that f%h.
Note that the predicate ‘P’ mentioned in (1) is empty here, that is, we may set P = TRUE.
Proposition 7. f%h and f € Ft] = he Ft]

Proof. There exists g € G and A € A such that LT;(A\g) € T(f). Therefore, from mono-
miality of the filtration, we get LT;(\g) € th . Let b € T(\g) be an arbitrary monomial.
Then from b <; LT;(Ag) we obtain v;(b) < v;(LT;(Ag) < t, that is, b € F}. Consequently
Ag € Fy,andsois h=f —c- \g. O

Together with the previous remarks, the last proposition exhibits the relations p, as Grob-
ner reductions.

Relative reduction in Zhou/Winkler

In [ZWO07] the filtration FY is treated by using a variant of the term order <q and its
corresponding reduction. In [ZWO08a] the bivariate filtration D, s = D! N D? occurs. For
the purpose of reduction the following two term orders have been used. For monomials
u = 0*cle; and v = 0"o%e; in AE, set

U<V =

(vo(u),v1(w), i, k1y ooy kmy |l -5 | lnl, sgn(ly) + 1, ... sgn(ly) + 1)
<LEX
(12(v),v1(V), Jy 71y o s Ty ISy - - - S0l sgn(s1) + 1,.. ., sgn(sy,) + 1)
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respectively

U<V =

(1 (w),vo(w), i, k1, .oy km, [l -y |ln], sgn(lh) + 1, ..., sgn(ly) + 1)
<LEX
(1 (v),v2(v), J, 715 - o s Ty |S1], - - oy S0l sgn(st) + 1, ... sgn(sy) + 1).

The appropriate reduction concept - called relative reduction in [ZWO08a] - takes into
account both of these orders. Let f,g,h € F'. Then f r—el>g h iff

I\ € A(LTy(Ag) = LT3 (f) A LTo(Ag) o LTa(f) A h = f mw.

Here we meet leading term reduction (2) involving the predicate

Again, for G C F relative reduction is

rel rel

f—ah <= dge G with f —, h.

Theorem 6. Let F,. ; = @ c Dy se denote the bivariate filtration on F induced by (DT78)(T75)6N2.

rel rel

Then f —4 h A\ f € F.y = h € F,. ;. Consequently, the full reduction associated to —q
is a Grobner reduction.

A proof can be found in [FL15].

In order to solve problems arising from negative exponents, the authors of [ZW08a| intro-
duced in [ZWO06] the concept of an orthant decomposition. Their approach treats negative
exponents by covering the set of monomials AF with finitely many isomorphic copies of
N™ x N" x E.

A detailed discussion can be found in [ZW06, ZWO07, ZW08a, ZW08b, Lev12].

5 The ring of Ore polynomials

Given a K-endomorphism o: K — K, a o-skew derivation is an additive map §: K — K
satisfying
d(ab) = o(a)o(b) +d(a)b, (a,be K).

An Ore-variable over K is a pair 0 = (0,0) where o is an endomorphism and § is a o-skew
derivation.

Let 0; = (04,9;) be Ore-variables (1 < i < n) such that all mappings o;,; commute with
each other. Then the Ore algebra O defined by X = (01,...,0,) is the free K-module on
the set of formal expressions OF = 8{“ -9k with multiplication determined by the rules

67,6] :aj'ai and 611‘20'1(1‘)614—5@(1') (l’GK) (22)
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We set A = {0F: k € N"} = N", as usual its elements are called monomials.

With the convenient notation
ah = (0'od®)(x) (k,1eN", z€K) (23)

the product in © may be written explicitly

x@l . yaq — <l>$yév8q+v
v

where x,y € K and [,q € N". In particular
2% - 4o = zyd?
demonstrating that K is naturally a subring of O.

Example 2. Let ¢; be ordinary derivations (1 < ¢ < m) and ¢; automorphisms (1 < j < n).
Then O defined by the Ore-variables 0; = (d;,id) (1 <4 <m) and 9; = (0,05) (1 <j <n)
is a difference-differential ring where the o; allow positive exponents only. The A¥-ring D
defined by A = {d1,...,0n} and ¥ = {o1,...,0,} as defined in the previous section can be
obtained as follows:

Starting from A, > define Ore-variables

61' = (5i,id) (1 S 7 S ’ITL)
n; = (0,05) (1<j<n)
¢; = (0,0;") (1<i<n)

and let O be the Ore-algebra defined by them. Let I be the 2-sided ideal generated by the
set {n; - ¢; —1|1<j<n}. Then O/I = D.

Levin ([Lev07]) splits the set X of variables into disjoint subsets X = X; U---U X,,. This
gives order functions

viiA— N, F— Y ki (1<j<p)
8¢€Xj

and the total degree function vy = v1 + --- + 1, that extend to the free module ' = O
where F = {e1,...,eq}. As usual

vj(0Fe) = v;(0%), v;(f) = {maXtET(f) it S fF V0
o L f=0

forall j =0,1,...,p.

For the remainig part of this section we assume that K be a field.
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Lemma 6. Let z,y € K\ 0, k,l € N". Then, for0=1,...,p
vi(z0" - yo'e) = v;(0F) + v,(8"). (25)

Proof. Take a term t € T(z0* - y0'). From (24) we see that Jv <, k with t = 8"t?e. Thus,
if 1 <j <pthen

vit)= > Lit+v) < Y. Li+k)= > L+ Y k=v0)+v;(0") = vj(zypd**).

8—L'6Xj 8i€Xj aiEXj 8i€Xj

Since xyr # 0 the assertion follows. The statement for j = 0 is seen by summing up all
j=1...,p. O

The p orders on AE considered in [Lev07] are defined by the p injections 7;: A —» N PF1
A =08 (0 (N), o\, LN, (V) (N) KL KL, LKD)

with notation k = (k1,...,k,) = (k',...,kP) where k; € N, kJ € NCard(X;) and the
extensions of 7; to AE

@;: AE — N'TPF2 4 = gFe; o (1(0F), ).
Thus, for terms tq1,t2 € AFE,
t <j b2 = pj(t1) <uex @;(t2).
Note that v;(0%) = |k’ (1 < j < p).
Lemma 7. 7;(0*) = 7;(0F) + 7;(0') 1<j<p).
Proof. Using the notation from above it is plain that (k + 1) = k/ + I7. Therefore
v (0" = |(k + 1Y = K + V] = k| + ] = (%) +v;(D).
From this observation the statement is obvious. O

Leading term and leading coefficient functions are written LT, LC; (1 < j < p). As before
it is plain that

vi(f) = v (LT;(f)) Vj.
Proposition 8. Let z,y € K\ 0, k,l e N", ec E. ThenVj=1,...,j

LT; (20" - yd'e) = O e.

Proof. Take a term t € T(20" - yd'e) with t # 0**le. Then Jv <, k with t = 9'TVe. Let
iop = min{i: v; # k;}. Then v, < ki, and Vi < ig: v; = k;, hence also (I +v);, < (k+1);,
and Vi < ig: ({ +v); = (k+1);. Thus
10 = min{i: (l + U)Z' 75 (k’ + l)l} AN (l + U)io < (ki + l)io AVi: (l + U)i < (k‘ + l)l
Therefore
vo(t) = 14| = |I| + o] < || + |k] = |k + 1] = vo(8"e).

If ig € X; then v;(t) < vj(0**e) whence t <; % e.
If ig & X; then v;(t) < v;(0F*e) Awg(t) < vo(9%Fe), and again t <; OFHle. O
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We may blow up the content of Lemma 7 to the following statement.
Corollary 6. Let a,b,x,y € K\O, k,l,r e N", ej,ea € E. ThenVj=1,...,p

" <; 8" = LT;(20"-ad"e1) <, LT;(yd" - b9 e2)
VAN LTJ'(CL@T . x@kel) =j LTj(b(’)T . y@leg).

Proof. We have to show that 9Ft7e; < j O"*7ey. From the hypothesis we have T; (0%) <rEX
7j(9"). Thus, using Lemma 7

i (OF7) = 75(0) + 73(0") <iex () + 7;(9") = T3(0").
Therfore also (;(9¥+7),1) <pex (1;(0"17), 2). O
Proposition 9. Let 1 < j < p. Let a € O\ 0 with LT;(a) = 9* and f € F\ 0. Then

LTj(a- f) = LTj(a) LT;(f);
LCj(a-f) = LCj(a)- o™ (LC;(f)).

Proof. Set ag = LC;(a), 8%ey = LT;(f), fo = LC;(f). Thus

a = agd® + Z a0" and f= foﬁloeo + Z fl7€3le.

8k<j8’“0 8le<j8’0 €o
k l k l k l k l
af = agd™ - fp0ey + E ag0™ - fl,ea e+ E ap0” - fo0"eq + E E ap0” - fl768 e.
—_—
(0) 8l6-<j8l060 ak-<j8k0 8k-<j8ko 816-<j81060
(1) (2) (3)

Pick out a summand of sum (1). If 8" <; 8% then LT;(a,0™ - f; .0'e) <; LT;(agd* - fodey).
If ' = 9% then e < ¢y and

LT;(a,d™ - f;.0'e) = 9" Tle <; 0Fotloey = LT (a0 - fo0"ey).
For a summand of sum (2) we obtain LT;(ax0% - fo0'eg) <; LT;(agd - fod%ey).

As to sum (3), from the scope of the 1st sigma sign we derive LT;(axd* - f,.0%) <;
LTj (aoako . foaleo).

If o < 9% then LTj(aoakO . f()aleo) =< LTj(agakO . foaloeo).
If 9' = 0% then LT;(agd™ - fod'eg) = 9%t = gkotlo = LT;(agd - fod'oey).

So, in any case, LTj(akak . fl763le) < LTj(aoakO - fo0%ey).
Let t € T(a- f). Then ¢t must be a term (surviving after cancellation) of one of the sum
expressions (0),(1),(2),(3). Consequently ¢ <; LT;(agd" - fy0"eq) = dkotloey = §*0.gloey =

LT;(a) - LT;(f). Moreover we see that the expression 9% - 9%¢y does not cancel out. It
follows that LT(a - f) = LT;(a) - LT;(f).
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From the expansion of expression (0)
agd® - fod'eo =" (Ij)()) ag(fo)ko—valotue,
v<n
we derive LCj(a : f) = ao(f())ko = LC]‘(CL) : LCj(f)kO = LCj(a) : Uko (LC](f)) O
Corollary 7. A=0"c A, f € F\O. ThenVj=1,...,p
LTj(A- f) = A-LTj(f) and LC;(A - f) = o"(LC;(f)).

Corollary 8. a € O, fe F. ThenVj=0,...,p

vi(a- f) =wvjla) +v;(f)

Proof. If a =0V f =0, the statement is true. So assume a ZO0A f #0. Let 1 < j < p and
set LT;(a) = 0%, LT;(f) = 0"e. Then

vila-f) = vj(LTj(a- f)) = v;(LT;(a) - LT;(f)) = v;(0" - 0"eq) = 1;(9%) + v;(9")
= vj(LTj(a)) + v (LT5(f)) = vila) +v;(f).

The statement for j = 0 follows by summation. O

Corollary 9. a € O, f € F. Thena-f=0=a=0V f=0.
Consequently, O is a domain.

Proof. Let a # 0 A f # 0 and v one of vy, v1,...,vp. Then v(a) > 0Av(f) > 0. Therefore
via- f)=v(a)+v(f) 20
hence a - f # 0. O

The order functions v; propose a natural filtration concept.

Fl={feF:vj(f)<t} (teN, 0<j<p). (26)
For o« € NP we set
p
= Fl,={feF:n(f) <ar A Aup(f) <} (27)

Again the sets (Di and O, are implicitely defined (F = O1).

Proposition 10. For all 1 < j < p, the sets Ft] define a univariate filtration on F w.r.t.
the univariate filtration O] in O. Consequently F,, is a p-fold filtration w.r.t. O,.

Proof.

« If f,g € F/ then vi(f +¢9) < max{v;(f),vj(g)} < t, thus the sets F! are abelian
groups.

e 5<tin N implies FJ C F/ and 2, F; = F.
« IfacOIAfe O] then vi(a- ) =vj(a) +v;(f) < s+t, hence Ol - F} QFSj_H.
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Levins reduction with respect to several term orders

In [Lev07] the following theory is developed.

Definition 8. f,g € F, g # 0. Let k,i1,...,i, be distinct elements in {1,...,p}, I =
{i1,...,ip} and L = (k,I). Then f is L-reduced w.r.t. g iff

—3) € A()\ LTx(9) € T(f) AVi € I: vy(\-LTy(g)) < ui(LTZ-(f))) (28)

f is L-reduced w.r.t. G C F iff f is L-reduced w.r.t. g Vg € G.
The corresponding reduction concept in [Lev07] is

Definition 9. f,g,h € F, g#0. I and L = (k,I) as before. Then

foymh = BweTO(Uhnh =7 - o e
A VWiel: ui(%@ \LTi(g)) < wi(LT:(f))). (29)

Here for A € A the symbol 7, denotes the exponent of A - as a power of 0 - considered as
the corresponding endomorphism of K, precisely, if A = 0% and x € K then 7\(z) = o%(x).

Theorem 7. Let f,g,h € F, g # 0 and L = (k,I) as before. Let P denote the predicate
P(f,9,)) < Viel:v(X-g) <vi(f). (30)
Let p denote the reduction relation

furg)

P
f—teh e HAEA(LTk(/\'g)ET(f)/\h:f_LCk()\-g)

A-gAP(f,9.2). (31)

Then
f—’g)>h = f—§>h.

Proof. Assume that f —§> h and let w € T(f) as mentioned in (29). Let LT(g) = d'e.

Since LT} (g)|w we may write w = 9"*Pe. Set A = LTZ”(g) = QP. Then, by Corollary 7

LTp(A-g) = A-LTi(g) = 07 - d'e = 8'Pe = w.
In terms of the 7-notation we obtain

T LCk(g)) = m(LCk(g)) = o”(LCk(g)) = LCk(A - 9).

%(

Consequently LTx(A-g) € T(f) and h = f — {Lg:&gg;)\ - g. Since

w

vi(A-g) = vi(LTi(A - ¢)) = (X - LTy(g)) = Vi(m - LTi(g))
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the formula P(f, g, \) is exactly the additional condition in (29), which means that f %> h .

Conversely, assume that f *Z> h. Let A = 0P as mentioned in the formula, LTy (g) = d'e

and set w = LTi(A-g) = X - LTx(g) = 9 - d'e = dP*le. Then LT} (g)|w, #.(g) =0 =)
and LCi(\ - g) = 0P(LCg(g)). In 7-notation:

LCk(g)) = 7or (LCk(g)) = o”(LCk(g)) = LCk(A - g).

Tory

Therefore w € T(f) A LT;(g)|w and

fw w
7_u_(LCk(g)) LTk (g)

LTy (9)

and this means that f *s> h. O

Proposition 11. P satisfies the monomial irreducibility condition (5). Therefore
fel,=T(f)C1,
Proof. Assume dg € G, 3\ € A such that
LTk(A-g) € T(f) ANLCk(A-g) € K* AVi € I:v3(A-g) < vi(LTk(A - g)).

Then v;(A- g) = v3(LTk(A - g)). As LTx(X-g) € T(f) it follows v; (LT, (- g)) < vi(f), hence
vi(A-g) <vi(f). Consequently

Jge GINe A: LTi(A-g) € T(f) ALCr(\- g)’fLTk()\.g) AYieT v (X g) <vi(f).

6 Conclusion

We have designed the notion of a (weak) Grobner reduction with the aim of describing several
Grobner basis concepts for finitely generated free modules over a wide class of noncommu-
tative rings. To examine our system of axioms against known Grobner basis techniques, we
picked up three classes of such rings from the recent literature on Grébner bases and dimen-
sion polynomials, and we have shown that the Grébner basis notions introduced there fit
into our general framework. The algorithmic generation of Grébner bases in environments
of great generality is subject to further research.
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