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Abstract. We study nominal anti-unification, which is concerned with
computing least general generalizations for given terms-in-context. In
general, the problem does not have a least general solution, but if the set
of atoms permitted in generalizations is finite, then there exists a least
general generalization which is unique modulo variable renaming and a-
equivalence. We present an algorithm that computes it. The algorithm
relies on a subalgorithm that constructively decides equivariance between
two terms-in-context. We prove soundness and completeness properties of
both algorithms and analyze their complexity. Nominal anti-unification
can be applied to problems were generalization of first-order terms is
needed (inductive learning, clone detection, etc.), but bindings are in-
volved.

1 Introduction

Binders are very common in computer science, logic, mathematics, linguistics.
Functional abstraction A, universal quantifier V, limit lim, integral [ are some
well-known examples of binders. To formally represent and study systems with
binding, Pitts and Gabbay [12H14] introduced nominal techniques, based on the
idea to give explicit names to bound entities. It makes a syntactic distinction
between atoms, which can be bound, and wariables, which can be substituted.
This approach led to the development of the theory of nominal sets, nominal
logic, nominal algebra, nominal rewriting, nominal logic programming, etc.

Equation solving between nominal terms (maybe together with freshness con-
straints) has been investigated by several authors, who designed and analyzed
algorithms for nominal unification [4,/5,17-19,29], nominal matching [6], equiv-
ariant unification [8], and permissive nominal unification [9,|10]. However, in
contrast to unification, its dual problem, anti-unification, has not been studied
for nominal terms previously.

The anti-unification problem for two terms t; and t5 is concerned with finding
a term ¢ that is more general than the original ones, i.e., t; and ¢, should be sub-
stitutive instances of t. The interesting generalizations are the least general ones,



which retain the common structure of ¢; and ¢ as much as possible. Plotkin [22]
and Reynolds [24] initiated research on anti-unification in the 1970s, develop-
ing generalization algorithms for first-order terms. Since then, anti-unification
has been studied in various theories, including some of those with binding con-
structs: calculus of constructions [21], M A [11], second-order lambda calculus
with type variables [20], simply-typed lambda calculus where generalizations are
higher-order patterns [3], just to name a few.

The problem we address in this paper is to compute generalizations for nomi-
nal terms. More precisely, we consider this problem for nominal terms-in-contezt,
which are pairs of a freshness context and a nominal term, aiming at computing
their least general generalizations (lgg). However, it turned out that without a
restriction, there is no lgg for terms-in-context, in general. Even more, a mini-
mal complete set of generalizations does not exist. This is in sharp contrast with
the related problem of anti-unification for higher-order patterns, which always
have a single lgg [3]. The reason is one can make terms-in-context less and less
general by adding freshness constraints for the available (infinitely many) atoms,
see Example [2| Therefore, we restrict the set of atoms which are permitted in
generalizations to be fixed and finite. In this case, there exists a single lgg (mod-
ulo a-equivalence and variable renaming) for terms-in-context and we design an
algorithm to compute it in O(n®) time.

There is a close relation between nominal and higher-order pattern unifica-
tion: One can be translated into the other by the solution-preserving translation
defined in [7,[17,{19] or the translation defined for permisive terms in [9}/10]. We
show that for anti-unification, this method, in general, is not applicable. Even
if one finds conditions under which such a translation-based approach to anti-
unification works, due to complexity reasons it is still better to use the direct
nominal anti-unification algorithm developed in this paper.

Computation of nominal Igg’s requires to solve the equivariance problem:
Given two terms s; and so, find a permutation of atoms which, when applied to
s1, makes it a-equivalent to sy (under the given freshness context). This is neces-
sary to guarantee that the computed generalization is least general. For instance,
if the given terms are s; = f(a,b) and sy = f(b,a), where a,b are atoms, the
freshness context is empty, and the atoms permitted in the generalization are a, b,
and ¢, then the term-in-context ({c#X,c#Y}, f(X,Y)) generalizes (0, s1) and
(D, s2), but it is not their lgg. To compute the latter, we need to reflect the fact
that generalizations of the atoms are related to each other: One can be obtained
from the other by swapping a and b. This leads to an lgg ({c#X}, f(X, (ab)-X)).
To compute the permutation (ab), an equivariance problem should be solved.
Equivariance is already present in a-Prolog [27] and Isabelle [26]. We develop
a rule-based algorithm for equivariance problems, which computes in quadratic
time the justifying permutation if the input terms are equivariant, and fails
otherwise.

Both anti-unification and equivariance algorithms are implemented in the
anti-unification algorithm library |2] and can be accessed from http://www.
risc.jku.at/projects/stout/software/.
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Various variants of anti-unification, such as first-order, higher-order, or equa-
tional anti-unification have been used in inductive logic programming, logical and
relational learning [23], reasoning by analogy |15], program synthesis |25], pro-
gram verification [20], etc. Nominal anti-unification can, hopefully, contribute
in solving similar problems in nominal setting or in first-order settings where
bindings play an important role.

In this paper, we mainly follow the notation from [19].

2 Nominal Terms

In nominal signatures we have sorts of atoms (typically v) and sorts of data
(typically 0) as disjoint sets. Atoms (typically a,b,...) have one of the sorts of
atoms. Variables (typically X,Y,...) have a sort of atom or a sort of data, i.e. of
the form v | 4. In nominal terms, variables can be instantiated and atoms can be
bound. Nominal function symbols (typically f,g,...) have an arity of the form
Ty X -+ X T, — 0, where 0 is a sort of data and 7; are sorts given by the grammar
Tu=v|d| (V)T . Abstractions have sorts of the form (v)r.

A swapping (ab) is a pair of atoms of the same sort. A permutation is a
(possibly empty) sequence of swappings. We use upright Greek letters (e.g.,
7, p) to denote permutations. Nominal terms (typically ¢, s, u,7,q,...) are given
by the grammar:

tou=f(t1,...,tn) |a]at|n-X

where f is an n-ary function symbol, a is an atom, ® is a permutation, and X
is a variable. They are called respectively application, atom, abstraction, and
suspension. The sorts of application and atomic terms are defined as usual, the
sort of a.t is (v)7 where v is the sort of @ and 7 is the sort of ¢, and the sort of
7- X is the one of X.

The inverse of a permutation ® = (a1 b1)...(anby,) is the permutation
(anby) ... (a1 b1), denoted by n~!. The empty permutation is denoted by Id.
The effect of a swapping over an atom is defined by (ab) e a = b, (ab) e b =
a and (ab) e ¢ = ¢, when ¢ ¢ {a,b}. It is extended to the rest of terms:
(ab)of(tr,....tn) = f((ab)ety,...,(ab)ety), (ab)e(c.t) = ((ab)ec).((ab)et),
and (ab)em- X = (ab)n- X, where (a b)T is the permutation obtained by concate-
nating (a b) and w. The effect of a permutation is defined by (a1 b1) ... (a, b,)et =
(a1 b1)e((azbs)...(anby,) et). The effect of the empty permutation is Id et = t.
We extend it to suspensions and write X as the shortcut of Id-X.

The set of variables of a term ¢ is denoted by Vars(t). A term ¢ is called
ground if Vars(t) = (. The set of atoms of a term t or a permutation T is
the set of all atoms which appear in it and is denoted by Atoms(t), Atoms(7)
respectively. For instance, Atoms(f(a.g(a),(bc)-X,d) = {a,b,c,d}. We write
Atoms(ty,...,t,) for the set Atoms(t1) U - U Atoms(t,).

The length of a term t is the number of all appearances of atoms, variables,
and function symbols in it and we denote it by [|t]], e.g., || f(a.(ad)- X, X,Y)| =
7. The number of variable occurrences in a term t is denoted by ||¢|y..., €.,
If(a.(ad)-X,X,Y) =3.

||Vars



Positions in terms are defined with respect to f

their tree representation in the usual way, as strings s \6

of integers. However, suspensions are put in a sin- Ci 1 }IL 2
gle leaf node. For instance, the tree form of the b. 11 ¢ 2.1
term f(a.b.g((ab)-X,a), h(c)), and the correspond- [

ing positions are shown in Fig. The symbol g 111

f stands in the position € (the empty sequence).
The suspension is put in one node of the tree,
at the position 1.1.1.1. The abstraction operator
and the corresponding bound atom together oc- Fig.1. .The tree  form
cupy one node as well. For any term ¢, t|, de- and positions of the term
notes the subterm of t at position p. For instance, fa-bg((ab)-X; a), h(c)).
flab.g((ab)-X,a),h(c))]11 =0.9((ad)-X,a).

The path to a position in a term is defined as the sequence of expressions
from the root to the node at that position (not including) in the tree form of
the term, e.g., the path to the position 1.1.1.2 in f(a.b.g((ab)-X, a), h(c)) is
f,a.,b., g. Since suspensions are always in leaves, they never appear in a path.

Every permutation ® naturally defines a bijective function from the set of
atoms to the sets of atoms, that we will also represent as ®. Suspensions are uses
of variables with a permutation of atoms waiting to be applied once the variable
is instantiated. Occurrences of an atom a are said to be bound if they are in the
scope of an abstraction of a, otherwise are said to be free. We denote by FA(t)
the set of all atoms which occur freely in t: FA(f(t1,...,t,)) = Ui, FA(%;),
FA(a) = {a}, FA(a.t) = FA(t) \ {a}, and FA(n-X) = Atoms(m). FA=(t) is the
set of all atoms which occur freely in ¢ ignoring suspensions: FA™(f(t1,...,t,)) =
Ui, FAS(t;), FA®(a) = {a}, FA™(a.t) = FAS(¢) \ {a}, and FAS(n-X) = 0.

The head of a term ¢, denoted Head(t), is defined as: Head(f(t1,...,t,)) = f,
Head(a) = a, Head(a.t) = ., and Head(n-X) = X.

Substitutions are defined in the standard way, as a mapping from variables to
terms of the same sort. We use Greek letters o,1, ¢ to denote substitutions. The
identity substitution is denoted by e. Furthermore, we use the postfix notation
for substitution applications, i.e. to denotes the application of a substitution o
to a term ¢, and similarly, the composition of two substitutions ¢ and ¥ is written
as gv). Composition of two substitutions is performed as usual. Their application
allows atom capture, for instance, a.X{X — a} = a.a, and forces the permu-
tation effect: - X{X — t} = mwet, for instance, (ab)-X{X — f(a,(ab)-Y)} =
f(b,(ab)(ab)-Y). The notions of substitution domain and range are also stan-
dard and are denoted, respectively, by Dom and Ran.

A freshness constraint is a pair of the form a# X stating that the instantiation
of X cannot contain free occurrences of a. A freshness context is a finite set of
freshness constraints. We will use V and I" to denote freshness contexts. Vars(V)
and Atoms(V) denote respectively the set of variables and atoms of V.

We say that a substitution o respects a freshness context V, if for all X,
FAS(Xo)Nn{a|a#tX € V} =0.



The predicate =, which stands for a-equivalence between terms, and the
freshness predicate # were defined in [28,]29] by the following theory:

ViEt=t
Vkar a(z—atom) VEkat=at (-abs-1)
a#ad ViEtx(ad)et' Vi a#t
VEat=d.t (~-abs-2)

a#X € V for all a such that Tea # 1 ea (~-susp.)
VinX~anw-X i

VEftr,...ty) = f(t,....t) (~-application)

where the freshness predicate # is defined by

a#d (T lea#X) eV
VF aga 7atom) VT agmx o)
VEaft, - VI a#t,

VEagf(ty,...tn) (#-application)

a#a VI a#t
VT agag rabstl) V F a#td t

Their intended meanings are:

(#-abst-2)

1. V I a#t holds, if for every substitution ¢ such that to is a ground term and
o respects the freshness context V, we have a is not free in to;

2. V F t =~ u holds, if for every substitution o such that to and uo are ground
terms and o respects the freshness context V, to and uo are a-equivalent.

Based on the definition of the freshness predicate, we can design an algorithm
which solves the following problem:

Given: A set of freshness formulas {a1#t1,. .., an#ttn}-

Compute: A minimal (with respect to C) freshness context V such that V I
al#tl, ey V F an#tn.

Such a V may or may not exist, and the algorithm should detect it.

We give a rule-based description of the algorithm, which we call FC for it is
supposed to compute a freshness context. The rules operate on pairs F'; V, where
F is a set of atomic freshness formulas of the form a#t, and V is a freshness
context. U stands for disjoint union. The rules are the following:

Del-FC: Delete in FC
{a#b}UF; V= F; V, if a # 0.



Abs-FC1: Abstraction in FC 1
{a#at}UF; V= F; V.

Abs-FC2: Abstraction in FC 2
{a#b.t} UF; V= {a#t} UF; V, if a # b.

Dec-FC: Decomposition in FC
{a#th ce ’a#tn} U }TI7 V.

Sus-FC: Suspension in FC
{a#n-X}UF; V= F; {n 'ea#X}UV.

To compute a minimal freshness context which justifies the atomic freshness
formulas a1 #t1, ..., ap#t,, we start with {ai1#t1,...,a,#tn}; 0 and apply the
rules of FC as long as possible. It is easy to see that the algorithm terminates.
The state to which no rule applies has either the form 0;V or {a#ta} U F; V,
where V is a freshness context. In the former case we say that the algorithm
succeeds and computes V, writing this fact as FC({a1#t1,...,an#t,}) = V. In
the latter case we say that FC fails and write FC({a1#t1,...,an#tn}) = L.

The following theorem is easy to verify:

Theorem 1. Let F be a set of freshness formulas and V be a freshness context.
Then FC(F) C V iff V F a#tt for all att € F.

Corollary 1. FC(F) = L iff there is no freshness context that would justify all
formulas in F.

Given a freshness context V and a substitution o, we define Vo = FC(
{a#Xo | a#X € V}). The following lemma is straightforward:

Lemma 1. o respects V iff Vo # L.

When Vo # 1, we call Vo the instance of V under o.
It is not hard to see that (a) if o respects V, then o respects any V' C V, and
(b) if o respects V and ¥ respects Vo, then o respects V and (Vo)d = V(o).

Definition 1. A term-in-context is a pair (V,t) of a freshness context and a
term. A term-in-context (V1,t1) is more general than a term-in-context (Va,
to), written (V1,t1) = (Va,ta), if there exists a substitution o, which respects
V1, such that Vio C Vg and Vo - tio0 ~ ts.

We write V F t1 <ty if there exists a substitution o such that V F t10 ~ to.

Two terms-in-context p1 and ps are equivalent (or equi-general), written
p1 = pa, iff p1 X p2 and p2 = p1. The strict part of = is denoted by <, i.e.,
p1 < p2 iff p1 =X p2 and not ps = p1. We also write V Ft1 ~ts iff VE 11 S ts
and V F tg j tl.



Ezample 1. We give some examples to demonstrate the relations we have just
defined:

— {a#X}, f(a)) ~ (0, f(a)). We can use {X > b} for the substitution applied
to the first pair.

- <@(, f)(>X)> = ({ast X}, f(X)) (with o = €), but not ({a#X}, f(X)) =< (0,
F(X)).

= 0, £(X)) < ([T}, (V) with 0 = {X — Y},

— {a#X}, f(X)) £ (0, f(Y)), because in order to satisfy {a#X}o C 0, the
substitution o should map X to a term ¢ which contains neither a (freely)
nor variables. But then () F f(¢) &~ f(Y) does not hold. Hence, together with
the previous example, we get (0, f(Y)) < ({a#X}, f(X)).

— {a#X} f(X)) A2 {a#X}, f(a)). Notice that o = {X — a} does not re-
spect {a#X}.

— ({b#X},(ab)-X) = ({c#X},(ac)-X) with the substitution o = {X —
(ab)(ac)-X}. Hence, we get ({b#X},(ab)-X) ~ ({c#X},(ac)-X), be-
cause the > part can be shown with the help of the substitution {X
(ac)(ab)-X}.

Definition 2. A term-in-context (I',r) is called a generalization of two terms-
in-context (V1,t) and (Va,s) if (I',r) X (Vy,t) and (I',r) <X (Va,s). It is the
least general generalization, (lgg in short) of (V1,t) and (Va,s) if there is no
generalization (I";r') of (V1,t) and (Va,s) which satisfies (I',r) < (I, 7).

Note that if we have infinite number of atoms in the language, the relation
< is not well-founded: (0, X) < ({a#X}, X) < {a#X, b#X}, X) <---. As a
consequence, two terms-in-context may not have an lgg and not even a minimal
complete set of generalizationsﬁ

Ezample 2. Let p1 = (0,a1) and pa = (0, a2) be two terms-in-context. Then
in any complete set of generalizations of p; and py there is an infinite chain
0,X) < {as#X},X) < {as#X,a4#X},X) < -+, where {a1,a2,0as,...} is
the set of all atoms of the language. Hence, p; and ps do not have a minimal
complete set of generalizations.

This example is a proof of the theorem, which characterizes the generalization
type of nominal anti—uniﬁcationﬂ

Theorem 2. The problem of anti-unification for terms-in-context is of nullary
type.

However, if we restrict the set of atoms which can be used in the generaliza-
tions to be fixed and finite, then the anti-unification problem becomes unitary.
(We do not prove this property here, it will follow from the Theorems 4| and
in Sect. [6])

4 Minimal complete sets of generalizations are defined in the standard way. For a
precise definition, see, e.g., |11[{16].

5 Generalization types are defined analogously to unification types: unary, finitary,
infinitary, and nullary, see [16].



Definition 3. We say that a term t (resp., a freshness context V) is based on
a set of atoms A iff Atoms(t) C A (resp., Atoms(V) C A). A term-in-context
(V,t) is based on A if both t and V are based on it. We extend the notion of
A-basedness to permutations, calling T A-based if it contains only atoms from A.
Such a permutation defines a bijection, in particular, from A to A. If p1 and ps
are A-based terms-in-context, then their A-based generalizations are terms-in-
context which are generalizations of p1 and pa and are based on A. An A-based
lgg of A-based terms-in-context p1 and ps is a term-in-context p, which is an
A-based generalization of p1 and py and there is no A-based generalization p' of
p1 and py which satisfies p < p'.

The problem we would like to solve is the following:

Given: Two nominal terms ¢t and s of the same sort, a freshness context V, and
a finite set of atoms A such that ¢, s, and V are based on A.

Find: A term r and a freshness context I, such that the term-in-context (I, r)
is an A-based least general generalization of the terms-in-context (V,t) and

(V,s).

Our anti-unification problem is parametric on the set of atoms we consider
as the base, and finiteness of this set is essential to ensure the existence of an

lgg.

3 Motivation of Using a Direct Nominal Anti-Unification
Algorithm

In [19], relation between nominal unification (NU) and higher-order pattern uni-
fication (HOPU) has been studied. In particular, it was shown how to translate
NU problems into HOPU problems and how to obtain nominal unifiers back
from higher-order pattern unifiers. It is tempting to use the same translation for
nominal anti-unification (NAU), using the algorithm from [3] to solve higher-
order anti-unification problems over patterns (HOPAU), but it turns out that
the generalization computed in this way is not always based on the same set of
the atoms as the input:

Ezxample 3. We consider the following problem: Let the set of atoms be A; =
{a,b}. The terms to be generalized are a.b and b.a, and the freshness context
is V = 0. According to [19], translation to higher-order patterns gives the anti-
unification problem Aa, b, a.b = Aa, b, b. a, whose lgg is \a, b, c. X (a, b). However,
we can not translate this lgg back to an A;-based term-in-context, because it
contains more bound variables than there are atoms in Aj.

On the other hand, the translation would work for the set of atoms Ay =
{a,b, c}: Back-translating Aa, b, c.X (a,b) gives the As-based lgg ({c#X},c.X).

The reason why the translation-based approach does not work for A-based
NAU is that A is finite, while in higher-order anti-unification there is an infinite



supply of fresh (bound) variables. If we assumed A to be infinite, there would
still be a mismatch between NAU and the corresponding HOPAU: NAU, as we
saw, is nullary in this case, while HOPAU is unitary. The reason of this contrast
is that from infinitely many nominal generalizations, there is only one which is
a well-typed higher-order generalization.

One might think that the translation-based approach would still work, if one
considers only nominal anti-unification problems where the set of atoms is large
enough for the input terms-in-context. However, there is a reason that speaks
against NAU-to-HOPAU translation: complexity. The translation approach leads
to a quadratic increase of the input size (Lemma 5.6 in [19]). The HOPAU
algorithm in [3] runs in cubic time with respect to the size of its input. Hence,
the translation-based approach leads to an algorithm with runtime complexity
O(n%). In contrast, the algorithm developed in this paper has runtime complexity
O(n®), and requires no back and forth translations.

4 The Lattice of More General Terms-In-Context

The notion of more general term defines an order relation between classes of
terms (modulo some notion of variable renaming). In most cases, we have ac-
tually a meet-semilattice, since, given two terms, there always exists a greatest
lower bound (meet) that corresponds to their anti-unifier. On the contrary, the
least upper bound (join) of two terms only exists if they are unifiable. For in-
stance, the two first-order terms f(a, X1) and f(Xs,b) have a meet f(Y7,Y52),
and, since they are unifiable, also a join f(a,b). Notice that unifiability and ex-
istence of a join are equivalent if both terms do not share variables (for instance
f(a,X) and f(X,b) are both smaller than f(a,b), hence joinable, but they are
not unifiable). With this restriction one do not loose generality: The unification
problem ¢, ~” t5 (sharing variables), can be reduced to f(t1,t2) ~ f(X, X) (not
sharing variables), where f is some binary symbol and X a fresh variable. There-
fore, in the first-order case, the problem of searching a most general unifier is
equivalent to the search of the join of two terms, and the search of a least general
generalization to the search of the meet. Notice that meet and join are unique
up to some notion of variable renaming. For instance, the join of f(a, X, X’) and
fY,b,Y") is f(a,b, Z) for any renaming of Z by any variable.

In the nominal case, we consider the set of terms-in-context (modulo variable
renaming) with the more general relation. The following lemma establishes a
correspondence between joinability and unifiability.

Lemma 2. Given two terms-in-context (V1,t1) and (Va,ta) with disjoint sets
of variables, (V1,t1) and (Va,ts) are joinable if, and only if, {t; ~7 t2}UV1UV,
has a solution (is unifiable).

Proof. If they are joinable, there exist (I',s) such that (V;,t;) < (I',s). Hence,
there exist o1 and o2 such that o; respects V; and V0, C I" and I' - t;0; = s.
Now, since Vars(t;) N Vars(te) = 0, define o(X) = 1(X), if X € Vars(¢1), and
o(X) = 09(X), if X € Vars(ta). We have I' - t10 = s & to0 and (V1 U Vs)o C



I'. Hence, according to the properties of FC as stated in Theorem [I} we have
I' b a#Xo, for any a#X € Vy U V. Therefore, the pair (I',o) is a nominal
unifier of {¢; ~7 ta} UV UVa.

Conversely, we can prove easily that if (I, o) solves {t; ~" to} UV U Vs,
then (V,;,t;) < (I s), where s = t;0. Let’s prove now that when (I',o) is the
most general nominal unifier, then (I, s) is the join of (Vy,t1) and (Va,t2), i.e.
whenever (V;,t;) < (I, s"), we have (I',s) X (I",s'):

From (V;,t;) < (I",s’) we have that there exists ¢’ such that (I',0’) is a
nominal unifier of {t; & t,} UV UVq and I'" F 0’ = s’ ~ ty0’. Since (I, o) is
most general, there exists a substitution , which respects I", such that I'p C I
and IV F t,o’ = tjop, for all ¢,j € {1,2}. The existence of this substitution ¢
proves (I s) < (I",s"). O

Like in first-order unification, the previous lemma allows us to reduce
any nominal unification problem P = {ai#ui, ..., am#FUum, t1 = s1, ...,
tn /2 sp} into the joinability of the two terms-in-context (@, f(X, X)) and (FC(
{ar#ur, ..., am#um}), f(g(ts, ..., tn),9(s1,...,8n))) where f and g are any ap-
propriate function symbols, and X is a fresh variable.

The nominal anti-unification problem is already stated in terms of finding the
meet of two terms-in-context, with the only proviso that all terms and contexts
must be based on some finite set of atoms.

5 Nominal Anti-Unification Algorithm

The triple X : t £ s, where X,t,s have the same sort, is called the anti-
unification triple, shortly AUT, and the variable X is called a generalization
variable. We say that a set of AUTs P is based on a finite set of atoms A, if for
all X :t£ s € P, the terms t and s are based on A.

Definition 4. The nominal anti-unification algorithm is formulated in a rule-
based way working on tuples P; S; I'; o and two global parameters A and V,
where

— P and S are sets of AUTs such that if X :t £ s € PU S, then this is the
sole occurrence of X in PUS;

P is the set of AUTs to be solved;

— A is a finite set of atoms;

The freshness context V does not constrain generalization variables;

S is a set of already solved AUTs (the store);

— I is a freshness context (computed so far) which constrains generalization
variables;

o is a substitution (computed so far) mapping generalization variables to
nominal terms;

— P, S,V, and I' are A-based.

We call such a tuple a state. The rules below operate on states.
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Dec: Decomposition
{X :h(ty,. . tm) 2 h(s1,...,5m)YUP; S; s o
= {V1:t1 251,..., Yy it 28, UP; S; I'; a{X = h(Y1,.... Y},
where h is a function symbol or an atom, Y7,...,Y,, are fresh variables of the
corresponding sorts, m > 0.

Abs: Abstraction
{X:at2bs}UP; S; I'; 0 = {Y : (ca)et = (cb)es}UP; S; I'; 0{X s
cY},
where Y is fresh, c € A, V F c#a.t and V I c#b.s.

Sol: Solving

(X:t&2s}uP; S; I 0= P; SU{X:t2s};, TUT"; o,
if none of the previous rules is applicable, i.e. one of the following conditions
hold:

(a) both terms have distinct heads: Head(t) # Head(s), or

(b) both terms are suspensions: ¢ = m;-Y; and s = Ty-Ys, where @y, T2 and
Y1,Y5 are not necessarily distinct, or

(¢) both are abstractions and rule Abs is not applicable: t = a.t’, s = b.s’ and
there is no atom ¢ € A satisfying V - c#a.t’ and V | c#b.s'.

The set I is defined as IV := {a#X |a € A AN VEa#t A VI atts}.

Mer: Merging
Py {X :t; 25, ity 25}US; ['; 0 =
Pi{X:t1 £5}US; I{Y »nX}; o{Y =X},
where Tt is an Atoms(ty, 1, t2, s2)-based permutation such that V - mwet; & to,
and VFTes; ~ so.

The rules transform states to states. One can easily observe this by inspecting
the rules.

Given a finite set of atoms A, two nominal A-based terms t and s, and an
A-based freshness context V, to compute A-based generalizations for (V,t) and
(V,s), we start with {X : ¢ = s};();();e, where X is a fresh variable, and apply
the rules as long as possible. We denote this procedure by 91. A Derivation is a
sequence of state transformations by the rules. The state to which no rule applies
has the form 0; S; I'; ¢, where Mer does not apply to S. We call it the final state.
When 0N transforms {X : ¢ 2 s};0; ;¢ into a final state §); S; I';p, we say that
the result computed by N is (I, X ).

Note that the Dec rule works also for the AUTS of the form X : a £ a. In the
Abs rule, it is important to have the corresponding ¢ in A. If we take A = A,
in Example [3] then Abs can transform the AUT between ¢ and s there, but if
A = Ay in the same example, then Abs is not applicable. In this case the Sol
rule takes over, because the condition (c) of this rule is satisfied.
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The condition (b) of Sol helps to compute, e,g, (@, X) for identical terms-in-
context (@, (ab)-Y) and (@, (ab)-Y). Although one might expect that computing
(0, (ab)-Y) would be more natural, from the generalization point of view it does
not matter, because (f), X) is as general as (0, (ad)-Y).

Example 4. We illustrate 91 with the help of some examples:

— Let t = f(a,b), s = f(b,c), V=0, and A = {a,b,c,d}. Then N performs
the following transformations:

{X 1 f(a,b) 2 f(b,0)}; 0056 =pec
{Y:a20,Z:02ch0;0,{X = [(Y,2)} =3,

D:{Y 1a2b,Z b2y {cttY, d#Y, a# Z, d#- 2}, {X — (Y, Z)} =>per
0 (Y a2 b} (Y, AV (X = J(Y (ab)(be) V)

Hence, p = ({c#Y,d#Y}, f(Y,(ab)(bc)-Y)) is the computed result. It gen-
eralizes the input pairs: p{Y — a} < (V,t) and p{Y — b} < (V,s). The
substitutions {Y — a} and {Y +— b} can be read from the final store. Note
that ({c#Y}, (Y, (ab)(bc)-Y)) would be also an A-based generalization of
(V,t) and (V, s), but it is strictly more general than p.

— Let t = f(b,a), s = f(Y,(ab)-Y), V = {b#Y}, and A = {a,b}. Then
N computes the term-in-context (@, f(Z, (ab)-Z)). It generalizes the input
pairs.

— Let t = f(g(X),X), s = f(g(Y),Y), V=0, and A = 0. It is a first-order
anti-unification problem. 91 computes (@, f(g(Z), Z)). It generalizes the input
pairs.

—Let t = f(a.b,X), s = f(b.a,Y), V = {c#X}, A = {a,b,¢,d}. Then N
computes the term-in-context p = ({c#Z1,d# 21}, f(c.Z1,Z3)). It gener-
alizes the input pairs: p{Z; — b,Z3 — X} = (0, f(c.b, X)) < (V,t) and
p{Z1—a,Zy— Y} = (0, f(caY)) <(V,s).

6 Properties of the Nominal Anti-Unification Algorithm

The Soundness Theorem states that the result computed by 91 is indeed an
A-based generalization of the input terms-in-context:

Theorem 3 (Soundness of M). Given termst and s and a freshness context
V, all based on a finite set of atoms A, if {X 1t = s};0;0; ¢ =T 0; S;
T'; o is a derivation obtained by an execution of M, then (I', Xo) is an A-based
generalization of (V,t) and (V,s).

Proof. Since all atoms introduced by the rules of 91 in I" and o are from A, (I,
Xo) is A-based. To prove that (I', Xo) generalizes both (V,t) and (V,s), we
use well-founded induction on the length of derivations. In fact, we will prove a
more general statement:
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Assume Py; So; Io;99 =T 0;S,; [n; 9001 -+ -9y, is a derivation in 9T (with
V and A) with the following property: If Zg : to £ s € Sp, then a#Zy € Iy
for an a € A iff V F a#ty and V F a#tsg. Notice that requiring this property
does not imply a lose of generality: our algorithm starts with no equation in
the store, and each time an equation is moved to the store the Sol rule adds
the required freshness constraints (by inspection of Sol). Moreover, freshness
constraints are only removed from the freshness context when Mer removes the
corresponding equation from the store (by inspection of Mer). Then for any
ZO : to = So € PO USO we have <Fn\F0,Zo191’l9n> = <V,t0> and <Fn\F0,
20191 s 79”> j (V, So).

Assume the statement is true for any derivation of the length [ < n and prove
it for a derivation Py; Sg; I'p; 99 =T 0; Sp; I 9901 - - - 9, of the length n.

Below the composition 9;9;41 - - - Jy is abbreviated as 191»C with k& > 1.

Let Zy : to £ so be an AUT selected for transformation from Py U Sy. We
consider each rule:

Dec: ZO = X, to = h(tl,...,tm), S = h(Sl,...,Sm), F1 = Fo, and ’191 =
{X ~ h(Y1,...,Y,)}. By the induction hypothesis (IH), (I}, \ I1,Y;9%) < (V,
t;) and (I, \ I, Y;9%) < (V,s;) for all 1 < i < m. Hence by definition of < for
terms-in-context, there exist substitutions ¢ and ¢ such that:

— U950 and 9% respect I, \ I,
— (Iy\In)o CVand (I \I1)p CV, and
— VEY95o ~t;and VFY95p ~s; forall 1 <i<m.

Finally, since ¥; = {X — h(Y1,...,Y,,)} and I}, \ Iy = I, \ I, we obtain
<Fn \ Fo,Zo’lS‘?> j <V,to> and <Fn \Fo,Zo’l%L> j <v,80>.

Abs: Zy = X, tg = at, so = b.s, I1 = Iy, and ¥, = {X — .Y}, where
V F cf#tat and V F c#b.s. P; contains the AUT Y : (ca) et £ (cb) e s.
By the TH, (I, \ I1,Y;9%) 2 (V,(ca) oty and (I, \ I1,Y;9%) =< (V,(cb) e s)
hence V F Yo =~ (ca)et and V F YI5¢ ~ (cb) e s for some o and ¢ that
in addition satisfy the other properties (as above) for <. Then, since we also
have that V F c#a.t and V F c#b.s we can prove, with the ~-abs rules, that
Vi eYVo ~ at and V I .YV ~ b.s. Finally, since ¥; = {X — ¢.Y} and
Fn\ro = Fn\Fl, we obtain <Fn\F0,Z019?> j <V,t0> and <Fn\F0,Z019?> j <V,
80>.

Sol: Zy = X, tg = t, so = s, FI\FO = {a#X | a € A,V F a#t, and
V F a#s} and 91 = €. By the IH we have that (I, \ I[1)oc C V, (I, \I1)p C V,
VE X950 ~t, and VI X959 ~ s for some o and ¢ respecting I, \ I7.

Since 1 = €, from the IH we get V F X970 = t. To show that (I},\Ip)oc C V
take a#Y € I, \ I for some a.

— If a#Y € I, \ Iy, then {a#Y }o C V by the IH,

— otherwise, if a##Y ¢ I\ I, then a#Y € IN\ Iy with X =Y and X095 = X.
By the TH, V F Xo =~ t, besides, we know V F a#t. Therefore, we know
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V F a#Xo, which by Theorem [l| implies {a#X }o = {a#Y }o C V. Thus,
(ILn\Ip)o C V.

Hence, we proved (I3, \ Iy, X97) = (V,t), which is the same as (I}, \ I,
Zo97) 2V, to). (I, \ To, ZoUt) = (V,s0) can be proved analogously.

Mer: First, we show that the following holds : For all k > 0, If Z;, : t, £ s, €
Sy and c#Zy, € Iy, for a c € A, then V I c#ty and V F c#sy.

Proceed by induction on k. If £ = 0, then it follows from the assumption on
Py; So, Iy;9g. Assume it is true for k and show it for k + 1. Take Zp i1 : thp1 =
Sk41 € Sky1. We have two alternatives: Either Zy, 1 : tx11 = sp41 has been a
subject of the Mer rule at this step, or not. If not, then either it was already in
Sy, or was introduced at this step. In either case, by IH or because it has been
introduced with Sol rule, if c# 7). € I}, for ac € A, then V F c#ty and V F c#tsy.
If Ziy1 :tis £ Sk+1 was a subject of the Mer rule, then there exists some Uy :
Tk = qr € Sk, such that V - Ty ety 1 ~ 74, V - Tp 5541 ~ qx. Moreover, for all
d#U;, € S; we now have n;lod#Zk.H € Sk41, and all c# 2511 € Sy are retained
in Sky1. For these ¢’s, since Zp 41 : tg11 e Sk+1 € Sk, by the induction hypothesis
we have V - c¢#ti11 and V = c#sg41. As for TEIZIOd#ZkH € Sk41, here we need
to show V n,;l o d#ty41 and V = n,;l ® d#sj41. By the induction hypothesis
we know V F d#ry. Then V - n;l od#n,;l o7, and since V - my oty 1 = 1, we
get V -1, 'ed#tty 1. V -, ' ed# sk 1 can be shown similarly, using V - d#qx.

Now we turn to proving the Mer case itself. In this case, there exist X : ¢; £
$1 € 80, Y 1ty 2 59 €Sy, and T such that V- ety ~ty and VI T e sy & so.
Moreover, by the construction of the derivation, X : ¢; £ s, is either retained in
S, or is removed from there because there exist an AUT Z : t,, = s,, € S,, and
a permutation p such that V- pet, ~t;, VFpet, ~ s, and XV} =p-Z.
We can turn these two cases into one, permitting Z = X, ¢, = t1, s, = s1, and
p = Id to cover also the first case.

Therefore, we can say that there exists a AUT Z : t, £ s, € S, such
that for some permutation p, X9} = X095 = p-Z, Y7 = ne XV} = wp-Z,
Lo\ Ty = {(np) ta#Z | a#Y € Iy}, VI apet, ~ty, VI apes, ~ s,
VEpet,~t;,and V- pes, ~s.

We want to prove (I3, \ Iy, Zodt) = (V,to). First, we take o such that
Zo =t and show (I, \ Ip)o C V. For this, we try to prove {d#U }o C V for all
b#U € I';\Iy. By the IH, we have {b#U}o C V for all b#U € I, \I'1. Note that
Zo = t, does not restrict generality, because if U = Z, then by the proposition
we proved at the beginning of the Mer case we have that b#U € I, \ I'1 implies
V F b#t,.

Therefore, {b#U}o = FC({b#Zo}) = FC({b#t,}) and by Theorem [1| we
indeed have {b#U}o C V. Now assume b#U € (I, \ Ip) \ (I3 \ I1). Then
b#U € I, N (I \ Ip). That means, b#U = 1! o a#X, where a#Y € Iy.
Moreover, the AUT X : ¢; £ s; has been retained in S,. From the latter we
have, in fact, Z = X, t, = t1, and s, = s1. Then {b#U}o = FC({n~ ! e a# X0 |
a#Y € Io}) = FC{a#m oty | a#Y € Iy}). On the other hand, from the
assumption on Py; So; Io; Y9 we know that for all a#£Y € Iy we have V - a#to,
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from which by V - wet; ~ t; we get V F a#mn e t;. Hence, we can apply
Theorem [I] to FC({a#m e t1 | a#Y € I}), obtaining {b#U}c C V also in this
case. Hence, (I, \ Ip)o C V.

It remains to prove V F Zgdo = ty. First, assume Zy = X, to = t1, So = s1.
Then we have V = Zy¥50 =~ ty, because Zpv50 =p e Zo = p e 1, and we know
that V - p et, ~ t1. Since ZpV5§ = Zpv7, we get V = ZygvTo =~ ty. Hence, we
proved (I, \ To, ZoUt) < (V,to) for this case. (I, \ I'n, Zo97) = (V,sg) can be
proved similarly.

Now let Zy =Y, tg = ta2, so = s2 and prove again V = Zyd70 = to. Then
Zplo = wp @ Zo = mp e t,. But we have already seen that V F ntp e ¢,, = ts.
Hence, V  Zy970 = tg is proved. It implies (I}, \ ITo, Zo9}) = (V,to) for this
case. (I, \ To, ZoV¥T) < (V, sp) can be proved similarly. O

The Completeness Theorem states that for any given A-based generalization
of two input terms-in-context, 91 can compute one which is at most as general
than the given one.

Theorem 4 (Completeness of 91). Given termst and s and freshness con-
texts V and I, all based on a finite set of atoms A. If (I',r) is an A-based gen-
eralization of (V,t) and (V,s), then there evists a derivation {X : t = s}; 0; ();
e =71 0; S; I'"; o obtained by an exzecution of N, such that (I,ry X (I, Xo).

Proof. By structural induction on r. We can assume without loss of generality
that (I',7) is an lgg of (V,t) and (V, s).

Let r be an atom a. Then ¢ = s = a. Therefore, the Dec rule gives (),
a) as the computed answer. To show that (I',a) =< (@, a), it is enough to take a
substitution o such that Xo # b for each b#X € I'. Note that it is not necessary
be A

Let r be an abstraction c.r’. Then ¢ = a.t’, s = b.s’, ¢ € A, V b c#t,
V b c#s, and (I, r') is an A-based generalization of (V,#') and (V,s’). In this
case, the Abs rule can be applied, which gives {Y : (ca) et = (cb) e s'};0;0; 01,
where 01 = {X — ¢.Y}. By the induction hypothesis, we can compute I and
o9 such that (I',7") < (I"",Yo2). Let 0 = o102. We get (I',r) = (I, cr’y < (I,
cYoo) = (I, Xo).

Let r be a suspension n-Z. Since (I',7) is an lgg of (V,¢) and (V,s), the
context I" contains all constraints m~! e a#Z such that V F a4t and V F a#s,
and the following alternatives are possible:

(a) t and s have distinct heads: Head(t) # Head(s), or

(b) t and s are both suspensions: ¢ = m;-Y; and s = ®y-Ys, where Ty, Ty and
Y1,Y5 are not necessarily distinct, or

(c) t and s are abstractions, but A does not contain an appropriate fresh atom
to uniformly rename the bound atoms in ¢ and s.

These alternatives give exactly the conditions of the Sol rule. Hence, we
can apply it, getting 0;{X : t £ s};I";0, where I'" = {a#X |a € ANV I
a#t AV F a#s} and 0 = e. Then (I',r) = (I'"", Xo), which can be confirmed by
the substitution {Z — 7~ X}
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Let r be a term f(r1,...,7r,). Then t = f(t1,...,tn), s = f(S1,---,8n),
and (I'r;) is a generalization of (V,t;) and (V,s;). We proceed by the Dec
rule, obtaining {Y; : t; £ s; | 1 < i < n};0;0;{X — f(Y1,...,Y,)}. By the
induction hypothesis, we can construct derivations Dy, ..., D, computing the
substitutions o1, ..., oy, respectively, such that (I',r;) < (I'/,Y;0;) for 1 < i <
n. We combine these derivations, together with the initial Dec step, into one
derivation of the form D = {X : ¢t £ s};S0; 1000 = {Vi : t; 2 s, | 1 <
i <n};S1; I ;0000 =* 0;S,;I),;0001 - 0p, where Iy =17 =0, 09 = ¢, and
o1 ={X — f(Y1,...,Y,)}. If r does not contain the same variable more than
once, (I,r;) =< (I'],Y;0;) for all 1 < ¢ < nimply (I, r) = (I, f(r1,...,m)) < (I,
f(Y1,...,Y,))y = (I",Xo). If r contains the same variable at positions p; and
p2 (in subterms of the form m;-Z and my-Z), it indicates that

(a) the path to p; is the same (modulo bound atom renaming) in ¢t and s. It
equals (modulo bound atom renaming) the path to p; in 7, and

(b) the path to pg is the same (modulo bound atom renaming) in ¢ and s. It
equals (modulo bound atom renaming) the path to py in 7.

(c) there exists a substitution 1, which respects I', such that I - m,-Z9; =~
Ty 0t]y, and I' - 1o @ Z19; = Ty @t|,,, where 11 and Ty are permutations which
rename atoms bound in ¢ by fresh ones,

(d) there exists a substitution o, which respects I', such that I' - 1ty @ Zd5 ~
p1®slp, and I' - mty @ ZY¥y &~ py @ s|,,, where p; and pg are permutations
which rename atoms bound in s by fresh ones,

Then, because of @ and (]ED, we should have two AUTSs in .S,,: One, between
(renamed variants of) ¢|,, and s|p, , and the other one between (renamed variants
of) t|p, and s|,,. The possible renaming of bound atoms is caused by the fact
that Abs might have been applied to obtain the AUTs. From and @ we
know that 11,72, p1, P2 are the names of those renaming permutations. Let those
AUTs be Z; : 1y o t|,, = p1 @5y, and Zy : To @ t|y, = pa @ 5|y,

From () we get I' = Z9; ~ nt; 'ty o t|,, and I' - Z9; ~ m, 12 @ t|,,, which
imply I' - 7ty 'ty e t|p, = 7, '1o 0 t|,, and, finally, I' - Tomt; ' @ Ty @ t[,, & To @ t|p,.
Similarly, from @ we get ' Tomy 'py @ s|p, ~ P2 @ sy,

That means, we can make the step with the Mer rule for Z; : 1y ot|,, = pes|p,
and Zy : Tz ® t|p, = P2 ® s|p, with the substitution o} = {Zy +— T ' Z1}.
We can repeat this process for all duplicated variables in 7, extending D to
the derivation {X : ¢t = s};Sp;Ip;00 = {Y; : t; = 5, | 1 < i < n}
Si;IMy00 =" 0;80; 15000100 =T 05 Snim; Iy i 0001 -+ 000y -+ - 07
where o],...,0,, are substitutions introduced by the applications of the Mer
rule. Let 0 = 090y ---0p01 -0, and I = I . By this construction, we
have (I'7) < (I"", X o), which finishes the proof.

O

Depending on the selection of AUTSs to perform a step, there can be different
derivations in O starting from the same AUT, leading to different generalizations.
The next theorem states that all those generalizations are the same modulo
variable renaming and a-equivalence.
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Theorem 5 (Uniqueness Modulo ~). Let t and s be terms and V be a
freshness context that are based on the same finite set of atoms. Let {X : t £
sh0;0; e =T 0; S1; I1; 01 and {X =t 2 s}, 0; 0; e =T 0; So; Iy; 0o be two
mazimal derivations in M. Then (I, Xo1) ~ (I, Xoa).

Proof. Tt is not hard to notice that if it is possible to change the order of appli-
cations of rules (but sticking to the same selected AUTSs for each rule) then the
result remains the same (modulo fresh variable and atom names): Let D; and
D3 be two two-step derivations Dy = Py; S1;11; 01 =R, P2;S2;[9; 0101 =g,
Ps; S35 133010192 and Dy = Py; 8151101 =R, Py; 85 1y;0102 =R, P3;S3;
I'§; 019201, where Ry and Ry are (not necessarily different) rules and each of them
transforms exactly the same AUT(s) in both Dy and Ds. Then these AUT(s) are
already present in P; U S7: They are introduced neither by Ry nor by Rs. There-
fore, Dom(¥2) N Ran(?¥1) = Dom(d1) N Ran(d2) = 0. Moreover, if we assume
that the fresh variables and atoms introduced by the rules are the same in both
derivations, then P; = P}, S5 =S4, I's = I'y, and o1t ¥ = 019294.

Decomposition, Abstraction, and Solving rules transform the selected AUT in
a unique way. We show that it is irrelevant in which order we decide equivariance
in the Merging rule.

Let P; {Z 1t 2 51,Y 1ty 2 55}US; I'; 0 = P; {Z:t 2 5,}US;
I'{Y —» n-Z}; o{Y — wn-Z} be the merging step with V - net; ~ ty and
VI ntes; =~ so. If we do it in the other way around, we would get the step
P, {Z:t) 2 8,Y ity 255308, I'; 0 = P; {Y 1ty 2 55}US; T{Z
Y)Y o{Z = lY).

Let 91 = o1 with o1 = {Y = 7-Z} and ¥ = o0y with o = {Z — 1~ 1.V},
Our goal is to prove that (I'gy, X11) ~ (I'p2, XJ3). For this, we need to prove
both <F(,01,X’191> =< <F(,02,X’192> and <F<p2,X’L92> = <F<p1,X’L91>

First, prove (I'p1, X11) < (I'pa, X1J2). We should find such a ¢ that 'pip C
T'pg and I'pg F X910 = X 0.

Take ¢ = 5. Note that for any term t, we have I'ps F tp1ps & tpo,
because p1p2 = {Z + nn~ 1Y} and we have I'py - an~ 1Y ~ Y. Therefore,
T'ps - X9~ Xoprps =~ Xops = X195 holds.

As for I'p1p C I'py, note that oo respects 'pq, because it replaces a variable
with a suspension and the FC algorithm will have to apply only Sus-E rule. We
introduce notations Ity and I'yy for any freshness context I' and a variable U,
denoting Iy := {a#U | a#U € I'} and 'y := '\ Iy. Then I'py = I'y U Ty @y
and g =1y U I'zps.

Under this notation, I'p;py = Tygpg UTy p1¢p2. Take fygpg. We have Ty(pg =
(Fy \ (Zlf)z) @] ((Fy)z)g@g :7(Fy \Fz) @] FngQ. Since FZ N FZQOQ = (Z), the we
obtain (I'y \ I'z) UI'zoa = (I'y U'zp2) \ I'z. As for I'y o102, it is easy to see
that Fygplth = Fy.

Hence, we get I'o102 = ((Fy U Tzp9) \ I'z) U I'y. Since I'y N Iy = ), we
get ((FyUFz(pg)\Fz)UFy = ((FYUFng)UFy)\FZ = (FUFzgog)\Fz.
Since I'zpa NIz = 0, we get (I'U I'zp2) \ I'z = (I'\ I'z) U I'zp2. Hence,
o109 =17z UI'z09 = I'ps.
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We proved (I'gy, X1) < (I'p2, XJ3). With a similar reasoning we can show
(L2, Xid2) =X (I'p1, Xv1). O

Theorems 3] [] and [ imply that nominal anti-unification is unitary: For any
A-based V, t, and s, there exists an A-based lgg of (V,t) and (V,s), which is
unique modulo ~ and can be computed by the algorithm 1.

Now we study how lgg’s of terms-in-context depend on the set of atoms the
terms-in-context are based on. The following lemma states the precise depen-
dence.

Lemma 3. Let A1 and Ay be two finite sets of atoms with Ay C A such that
the A1-based terms-in-context (V,t) and (V,s) have an A;-based lgg (I'1,r1) and
an As-based lgg (I'z,r2). Then Iy Fry < ro.

Proof. (I't,r1) and (I3, 79) are unique modulo ~. Let D; be the derivation in
M that computes (I, 7;), i = 1,2. The number of atoms in A; and Ay makes a
difference in the rule Abs: If there are not enough atoms in A;, an Abs step in
Ds is replaced by a Sol step in D;. It means that for all positions p of 71, 2],
is also defined. Moreover, there might exist a subterm rq|,, which has a form of
suspension, while 73|, is an abstraction. For such positions, r1|, < r2|,. For the
other positions p’ of r1, 1|, and 72|, may differ only by names of generalization
variables or by names of bound atoms.

Another difference might be in the application of Sol in both derivations: It
can happen that this rule produces a larger I in Dy than in D;, when trans-
forming the same AUT.

Hence, if there are positions p1,...,py, in r1 such that r|,, = m;-X, then
there exists a substitution ¢x such that Ih F ;- X¢ = rofp,, 1 < @ < n.
Taking the union of all px’s where X € Vars(r1), we get ¢ with the property
I Erip~re. O

Note that, in general, we can not replace I's - ry < ro with Is F ry >~ 75 in
Lemma [3] The following example illustrates this:

Ezample 5. Let t = a.b, s = b.a, V =0, A; = {a,b}, and As = {a,b,c}. Then
for (V,t) and (V, s), (0, X) is an Aj-based lgg and ({c#X}, c.X) is an As-based
lgg. Obviously, {¢#X} F X < ¢.X but not {¢#X} Fe X < X.

This example naturally leads to a question: Under which additional condi-
tions can we have Iy 1y ~ 75 instead of I F r; < ry in Lemma[3f? To formalize
a possible answer to it, we need some notation.

Let the terms ¢, s and the freshness context V be based on the same set of
atoms A. The maximal subset of A, fresh for t, s, and V, denoted fresh(A,t, s, V),
is defined as A\ (Atoms(t, s) U Atoms(V)).

If A; C A, are two sets of atoms such that ¢, s, V are at the same time based
on both A; and As, then fresh(A,t,s,V) C fresh(Aa,t,s, V).

Let [|t||,.. stand for the number of abstraction occurrences in t. | A| stands for
the cardinality of the set of atoms A. We say that a set of atoms A is saturated
for A-based t,s and V, if |fresh(A,t,s, V)| = min{||t|| . ||| a

The following lemma answers the question posed above:
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Lemma 4. Under the conditions of Lemmal3, if Ay is saturated fort,s,V, then
FQ = TT X To.

Proof. Let D; be the derivation in 9 that computes (I3,7;), i = 1,2. Note
that in each of these derivations, the number of Abs steps does not exceed
mind||¢|| . 8]l }- Since A; is saturated for ¢,s,V and A; C Ag, As is also
saturated for ¢, s, V. Hence, whenever an AUT between two abstractions is en-
countered in the derivation D;, there is always ¢ € A; available which satisfies
the condition of the Abs rule. Therefore, such AU-E’s are never transformed by
Sol. We can assume without loss of generality that the sequence of steps in Dy
and Do are the same. we may also assume that we take the same fresh variables,
and the same atoms from fresh(Ay,t,s, V) in the corresponding steps in Dy and
Dy. Then the only difference between these derivations is in the I’s, caused by
the Sol rule which might eventually make I larger than I'j. The o’s computed
by the derivations are the same and, therefore, r; and ry are the same (modulo
the assumptions on the variable and fresh atom names). Hence, Is F 1 ~ ro.

O

In other words, this lemma answers the following pragmatic question: Given
t, s and V, how to choose a set of atoms A so that (a) ¢, s, V are A-based and
(b) in the A-based lgg (I',7) of (V,t) and (V, s), the term r generalizes s and ¢
in the “best way”, maximally preserving similarities and uniformly abstracting
differences between s and ¢. The answer is: Besides all the atoms occurring in ¢,
s, or V, A should contain at least m more atoms, where m = min{||¢||,.., 5|l }-

Besides that, the lemma also gives the condition when the NAU-to-HOPAU
translation can be used for solving NAU problems: The set of permitted atoms
should be saturated.

7 Deciding Equivariance

Computation of © in the condition of the rule Mer above requires an algorithm
that solves the following problem: Given nominal terms t,s and a freshness
context V, find an Atoms(¢, s)-based permutation ® such that V F net =~ s.
This is the problem of deciding whether ¢ and s are equivariant with respect to
V. In this Section we describe a rule-based algorithm for this problem, called €&.

Note that our problem differs from the problem of equivariant unification
considered in [8]: We do not solve unification problems, since we do not allow
variable substitution. We only look for permutations to decide equivariance con-
structively and provide a dedicated algorithm for that.

The algorithm & works on tuples of the form E; V; A; nt (also called states).
FE is a set of equivariance equations of the form ¢ ~ s where t,s are nominal
terms, V is a freshness context, and A is a finite set of atoms which are available
for computing ®. The latter holds the permutation to be returned in case of
success.

The algorithm is split into two phases. The first one is a simplification phase
where function applications, abstractions and suspensions are decomposed as
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long as possible. The second phase is the permutation computation, where given
a set of equivariance equations between atoms of the form a ~ b we compute
the permutation which will be returned in case of success. The rules of the first
phase are the following:

Dec-E: Decomposition
{f(t1, ..y tm) = f(s1,--,$m)}UE; V; A; Id = {t; = s1,...,tm = S }U
E;V;A; Id.
Alp-E: Alpha Equivalence
{at=bs}UE; V; A; Id = {(¢a)et~ (¢b)estUE; V; A; Id,

where ¢ is a fresh atom of the same sort as a and b.

Sus-E: Suspension
{m - X =~y X}UE; V; A Id = {mea~myea|ac ANa#X ¢ V}
UFE; V; A; Id.

The rules of the second phase are the following:

Rem-E: Remove
{a=b}UE; V; A; n= FE; V; A\ {b}; =, iftea=>0.

Sol-E: Solve
{a=b}UE; V; A, n= E; V; A\ {b}; (mea b)m,
iftea,be Aand tea #b.

Note that in Alp-E, ¢é is fresh means that ¢ ¢ A and, therefore, é will not
appear in . These atoms are an auxiliary means which play a role during the
computation but do not appear in the final result.

Given nominal terms t, s, freshness context V, we construct a state {t ~
s}t; V; Atoms(t, s); Id. We will prove that when the rules transform this state
into §; V; A; m, then m is an Atoms(t, s)-based permutation such that V
met~ s. When no rule is applicable, and the set of equations is not empty, we
will also prove that there is no solution, hence we fail and return L.

FEzxample 6. We illustrate the algorithm & on examples:

— Consider the equivariance problem F = {a = a, a.(ab)(cd)-X ~ b.X} and
V ={a#X}:

{a=a,a.(ab)(cd)-X =~ b.X};{a#X}; {a,b,c,d}; Id = alp-E
{a=a,(éa)(ab)(cd)-X = (éb)-X};{a#X}; {a,b,¢,d}; Id = sus.E
{ama,é=écrd,dm~c}{a#tX}; {a,b,¢,d}; Id = Rem-E

{é=~é cr~d,d~c}{a#X}; {b,c,d}; Id = Rem.E
{e~d,d=c};{a#X}; {b,c,d}; Id = so1E
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{d=c}; {a#X}; {b.c}; (cd) = RemE
0; {a#X}; {b}; (cd).

For E = {a.f(b,X) ~ b.f(a,X)} and V = {a#X }, € returns L.
For E = {a.f(b,(ab)-X) = b.f(a,X)} and V = {a#X}, € returns (ba).
— For E = {a.b.(ab)(ac)- X =b.a.(ac)- X} and V =0, € returns Id.

For E = {a.b.(ab)(ac)-X = a.b.(bc)- X} and V = (), € returns L.

The Soundness Theorem for & states that, indeed, the permutation the al-
gorithm computes shows that the input terms are equivariant:

Theorem 6 (Soundness of €). Let {t =~ s}; V; A; Id =* 0; V; B; ©t be a
derivation in €, then  is an A-based permutation such that VF met ~ s.

Proof. We assume the success state with © being the computed permutation.
Since Sol-E is the only rule which adds a new swapping to © and the swapped
atoms are required to be from A, 1 is A-based.

The proof is by induction on the length of the derivation, and then, by case
analysis on the applied rule. Let I" be the freshness environment containing all
statements ¢# X form by a fresh atom ¢ introduced along all the derivation and
a variable X of the initial equation.

For any transformation step E; V; A; 1 = E’; V; A’; ©’ we will prove that
if VUTI' - et ~ s}, for any t; = s, € E', then VUI' I net; = s; for
any t; ~ s; € E, for any possible applied rule. By induction, we will have
VUIF net ~ s for the initial equivariance equation ¢ ~ s. Since I" is not
relevant to prove t = s, we have also Vi met ~ s.

Soundness of Dec-E: From V- met; =~ s1,...,VF met, =~ s,, follows di-
rectly, by the theory of alpha-equivalence V & f(mety, -+ ,wet,) ~ f(s1, -+, sy)
and by the rule of swapping application 7 e f(t1, -+ ,t,) = f(mrety, - ,motl,),
that VE e f(t1, - ,tn) = f(S1,- -+, Sn). In this case the permutation, the set
of atoms and the freshness context are not transformed by the rule.

Soundness of Alp-E: Let V be a freshness context containing I', in particular
(#X for any variable X € Vars(t,s). Assume V F 7w(aé) ot = (bé) @ s by
induction hypothesis. From this, using ~-abs-1 and the fact that m does not
affect to ¢, we can deduce V- mec.(aé) et~ c.(b¢é)es. We can also construct
a proof for V - é#t and V F ¢é#s. Therefore, using ~-abs-2, we can deduce
VEé(aé)et~atand VFE E(bE)esab.s. Now using the lemmas about the
transitivity of ~ and additivity of permutation application:

IfVktxesand VEs~uthen VEtxu
IfVEtxsthenVEnetxmes

we can deduce V 7 e (a.t) = b.s. This proof proves the soundness of Alp-E.
Notice that 7 does not change in this rule.

Soundness of Sus-E: By induction hypothesis, assume V - 77, @ a &~ 75 @ a,
for any atom a such that a € A and a#X ¢ V. Assume also I' C V, hence, for
all fresh atoms, we have ¢#X € V. The rest of atoms b are not fresh and satisfy

21



b¢ Aand b#X ¢ V. Since m; and 7 only affect to atoms from A or freshlﬂ7 and
m is A-based, we have mm e b = w5 ¢ b = b. Therefore, VF w7 @ a = 7y @ a, for
any atom a#X ¢ V, and by ~-susp we deduce VF - X ~ mp- X.

In the second phase we have to take into account that, in all derivations of
the form F; V; A; 1 =* (; V; B; 7'n, permutation T’ only affects to atoms
from A. This can be proved by inspection of the rules.

Soundness of Rem-E: Let be the complete derivation as follows

{a~b}UE; V; A; 1=
E; Vi A\{b}; n="
0; V; B; 'n

By induction hypothesis, T'w solves E. Since the rule has been applied we also
have T e a = b. Now, the property above proves ' @ b = b, since b & A\ {b}.
Therefore T'T e a = b.

Soundness of Sol-E: let the derivation be:

{a=b}UE; V; A; 1 =
E; V; A\ {b}; (neab)m ="
0; V; B; #'(meab)n

By induction hypothesis, n'(mea )T solves E. Since b ¢ A\{b}, we have n'eb = b.
Hence n'(nea b)tea = ' @b = b, and the computed permutation also solves
the equivariance equation a = b. a

We now prove an invariant lemma that is used in the proof of completeness
Theorem [

Lemma 5 (Invariant Lemma). Let A be a finite set of atoms, E1 be a set of
equivariance equations for terms based on A, 1 be an A-based permutation and
Ay C A. Let E1;V; A1;my = FEo; V; Ag; o be any step performed by a rule in
€. Let I' = {¢#X | X € Vars(E1), ¢ is a fresh variable}. Let u be an A-based
permutation such that VUL F et~ s, forallt ~s &€ Ei. Then

1. VUTlFpet' s, forallt = s € Es.
2. Ifu'eb=rm,"eb, forallbc A\ Ay, thenu 'eb=m," eb, for allb € A\ As.

Proof. By case distinction on the applied rule.

Dec-E: The proposition is obvious.

Alp-E: In this case it follows from the definitions of ~ and permutation ap-
plication.

Sus-E: In this case t = 11-X, s = 12-X, and by the assumption we have
V I ut1- X = 15-X. By the definition of =, it means that we have a#X € V,
for all atoms a such that Uty e a # 13 @ a. Hence, for all @ € A with a#X ¢ V we
have V F U1, @ a =~ 75 e a. This implies that W also solves the equations in Fjs,
hence item [0 of the lemma.

5 Notice that 71 and 7> can only contain swappings of the original equation (i.e.
A-based) and swappings introduced by Alp-E.
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Ttem |2| of the lemma is trivial for these three rules, since A; = As and
T =T = Id.

Rem-E: The item [1] is trivial. To prove the item [2] note that t = a, s = b,
T, = My and we only need to show = ! eb = ngl e b. By the assumption we have
V EFupea=b. Since a and b are atoms, the latter simply means that p e a = b.
From the rule condition we also know that 7; e a = b. From these two equalities
we get u !l eb=a=m,"b.

Sol-E: The item [1] is trivial also in this case. To prove the item [2} note that
t=a,s=>b, Ty =(n; ®ab)n; and we only need to show p~' b =n," eb. By
the assumption we have V - 1 e a = b, which means that |L e a = b and, hence,
a=u"teb Asform,'eb, we have n; ' ob =, (n0a b)eb =7, "o (1, 0a) = a.
Hence, we get pw~ ' eb=a=m,"' eb. 0

Theorem 7 (Completeness of &). Let A be a finite set of atoms, t,s be A-
based terms, and V be a freshness context. If V - net =~ s holds for some A-based
permutation W, then there exists a derivation {t =~ s}; V; A; Id =* (); I'; B; m,
obtained by an execution of €, such that Tea = ea for any atom a € FA(t).

Proof. First show that under the conditions of the theorem, if {t =~ s}; V; A4;
Id =* (); I'; B; mis a derivation obtained by an execution of &, then Tea = LLea,
for any atom a € FA(t). Afterwards we prove that (under the conditions of the
theorem) there is no failing derivation with the rules of & starting from {t ~ s};
V; A; Id. Since all derivations are finite, it will imply the existence of {t ~ s};
V; A; Id =* (; I'; B; &

Let {t ~ s}; V; A; Id =* E'; I"’; B'; 1’ =* (); I'; B; ® be a derivation, where
E’; I'"; B’; ' is the first state in the second phase of the algorithm. It means that
E’ contains equations between atoms only, and the atoms of ¢ (except, maybe,
some bound ones which disappear after the application of the Alp-E rule) appear
in the left hand sides of equations in F. By Lemma 5, I F L e a; ~ ay, for all
a1 = az € E’. By Theorem |§| and Lemma [5| the same is true for m. Therefore,
I"'+pea; ~Tmeay, for all a; ~ ay € E'. For atoms, V - a = b iff a = b. Hence,
we get Lo a; = Teay, for all a; € S, where FA(t) C .S C Atoms(t). It proves
mea=ea, for all @ € FA(t), when the desired successful derivation exists.

Now we show that no derivation with the rules of € starting from {t =~ s}; V;
A; Id fails. Assume by contradiction that there exists such a failing derivation.
Let E';V'; A'; @' be the final state in it, to which no rule applies. Analyzing the
rules in &, one can easily conclude that it can be caused by one of the following
two cases:

1. E’ contains an equivariance equation of the form f(¢1,...,t,) =~ g(s1,...,

Sm), where f # g.
2. E’ contains an equivariance equation of the form a =~ b, where T’ @ a # b,

such that ' ea ¢ A" or b ¢ A’.

In the first case, by Lemma ViEpe f(tr,...,tn) =~ g(s1,...,Sm) should hold,
but f # g forbids it. Hence, this case is impossible.

Now we analyze the second case. Consider each condition.

Condition 1: 7’ ea ¢ A’. Then either ©’ e a is a fresh atom, or 7' ea € A\ A'.
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— 1 ea is a fresh atom: Since @' does not affect fresh atoms, we get a # b. On
the other hand, we have I'' I L e a ~ b and, hence, |L® a = b, because Lo a
and b are atoms. Since W is A-based, b ¢ A implies a = b. A contradiction.

—n'eac A\ A': By Lemma [5| we get u=!n’ @ a = '~'n’ @ a = a. Therefore,
' ea = ea and we get Lea # b, which contradicts ' - Le a = b, because
Wwea and b are atoms.

Condition 2: b ¢ A’. Then either b is a fresh atom, or b € A\ A’

— b is a fresh atom: We obtain a contradiction by a reasoning similar to the
case when 1’ e ¢ is a fresh atom.

— b e A\ A’: The atom b has been removed from the set of atoms in the
derivation earlier either at Sus-E, Rem-E, or Sol-E step, which indicates that
there is ¢ € A\ A’ such that ¢ = n'~! e b. Moreover, ¢ # a. From Lemma
we get ¢ = W' e b which, together with ¢ # a, implies L @ a # b. But it
contradicts I - L ea = b.

The obtained contradiction proves that no derivation with the rules of &
starting from {t ~ s}; V; A; Id fails. O

8 Complexity Analysis

We represent a permutations m as two hash tables. One for the permutation
itself, we call it Ty, and one for the inverse of the permutation, called T;-1. The
key of a hash tables is an atom and we associate another atom, the mapping,
with it. For instance the permutation T = (a b)(ac) is represented as Ty = {a —
¢,b = a,c— b} and Ty-1 = {a — b,b — ¢,c = a}. We write Ty(a) to obtain
from the hash table Ty the atom which is associated with the key a. If no atom
is associated with the key a then Ty(a) returns a. We write Tx(a — b), to set
the mapping such that Tr(a) = b. As the set of atoms is small, we can assume
a perfect hash function. It follows, that both defined operations are done in
constant time, leading to constant time application of a permutation. Swapping
application to a permutation (a b)T is also done in constant time in the following
way: Obtain ¢ = Tp-1(a) and d = Ty—1(b) and perform the following updates:

(a) Tr(c b) and Tr(d — a),
(b) Trh-1(b— ¢) and Ty-1(a — d).

We also represent set membership of atoms to a set of atoms A with a hash
table €4 from atoms to Booleans such that €4 (a) = true iff a € A. We
also have a list L4 of the atoms representing the entries of the table such that
€4 (a) = true to easily know all atoms in A.

Finally we also represent set membership of freshness constraints to a fresh-
ness environment V with a hash table €v.

Theorem 8. Given a set of equivariance equations F, and a freshness context
V. Let m be the size of V, and let n be the size of E. The algorithm € has
O(n% +m) time complexity.
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Proof. Collecting the atoms from F in a separate set A does not affect the space
complexity and can be done in time O(n). The freshness environment V will not
be modified by rule applications and membership test in the rule Sus-E can be
done in constant time. We only have to construct the corresponding hash tables
in time O(m). We analyze complexity of both phases.

For the first phase, notice that all rules can be applied only O(n) many times,
since Dec-E removes two function symbols and Alp-E two abstraction, and Sus-E
two suspensions. The resulting equations after this phase only contain atoms.
However, notice that the size of these equations is not necessarily linear. Every
time we apply Alp-E a new swapping is applied to both subterms. This swappings
may increase the size of suspensions occurring bellow the abstraction. Since
there are O(n) many suspensions and O(n) many abstractions, the final size of
suspensions is O(n?). This is the size of the atom equations at the beginning of
the second phase. We can see that the application of Dec-E rule has O(1) time
complexity (with the appropriate representation of equations).

The application of Alp-E rule requires to find a fresh atom not in A, this
can be done in constant time. Later, a swapping has to be applied twice. Swap-
ping application requires traversing the term hence has O(n) time complexity.
The application of Sus-E requires to traverse L4 (O(n)) and check for freshness
membership in €y (O(1)). Finally it has to add equations like (7 ® a & m2),
this requires to build Ty, and T, that can be done in O(n) time complexity
and allow us to build each equation in O(1) time. Summing up, this phase has
O(n?) time complexity.

For the second phase, notice that both rules Rem-E and Sol-E remove an
equation and do not introduce any other one. Hence, potentially having O(n?)
many equations in this phase, these equations can be applied O(n?) may times.
We construct a hash table Ty for m that will be maintained and used by both
rules. Each application has time complexity O(1). Rem-E uses Ty to check for
applicability and if it is applied, it only removes b from A, hence updating € 4
(notice that we do not care about L4 in this second phase of the algorithm). Sol-
E uses € 4 and T} to check for applicability and if it is applied, it only removes b
from A (hence updating € 4), and updates Ty. Summing up, this phase maintains
the overall O(n?) time complexity. O

Theorem 9. The nominal anti-unification algorithm M has O(n®) time com-
plexity and O(n*) space complexity, where n is the input size.

Proof. By design of the rules and theorem [b| we can arrange a maximal deriva-
tion like {Xo : to £ s0};0;056 =Pecavssol 55611500 =per 03 Sms D O
postponing the application of Mer until the end. Rules Dec, Abs and Sol can be
applied O(n) many times. However, notice that every application of Abs may
increase the size of every suspension below. Hence, the size of the store S is
O(n?), although it only contain O(n) equations, after an exhaustive derivation
{Xo:t0 £ 50};0;0;€ =P abssor 0551 15 01

Now we turn to analyzing the transformation phase 0; Sj; I7; 01 =y 05 S
Diom. Let Sp = {Xy : t1 = s1,...,Xg : t, = s} and n; be the size of
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X;:t; =5, 1 <i<k, then Zle n; = O(n?) and k = O(n). From theorem
we know that solving the equivariance problem for two AUPs X; : t; £ s; and
X; : t; £ s; and an arbitrary freshness context V requires O((n; + n;)% + m)
time and space, where m is the size of V with m = O(n).

Merging requires to solve this problem for each pair of AUPs. This leads to the
time complexity Y23y 3271 O((ns +ny)? +m) < O, X, (ns +ny)?) +
O(Ef:1 Z?Zl m). The second sum is Ele Z?Zl m = k*m = O(n3). Now we
estimate an upper bound for the sum Zle Z;?:l(ni +n;)? = Zle 25:1 n? +

k k k k k k k
>ict Zj:l 2nimj 4+ 3o Zj:l nf < Y kni + 2 (Zi:l nz) (Zj:l nj) +
k k k k
izt (X nj)? < k(X ni)? +20(n*)0(n?%) + 32, O(n?) = kO(n?)? +
20(n?)? + kO(n?)? = O(n®), resulting into the stated bounds.

The space is bounded by the space required by a single call to the equivariance

algorithm with an imput of size O(n?), hence O(n?). O

9 Conclusion

The problem of anti-unification for nominal terms-in-context is sensitive to the
set of atoms permitted in generalizations: If this set is infinite, there is no least
general generalization. Otherwise there exists a unique lgg. If this set is finite
and satisfies the notion of being saturated, defined in the paper, then the lgg
retains the common structure of the input nominal terms maximally.

We illustrated that, similar to some other theories where unification, general-
ization, and the subsumption relation are defined, the nominal terms-in-contexts
form a join-meet lattice with respect to the subsumption relation, where the
existence of join is unifiability, and the meet corresponds to least general gener-
alization.

We designed an anti-unification algorithm for nominal terms-in-context. It
contains a subalgorithm that constructively decides whether two terms are equiv-
ariant with respect to the given freshness context. We proved termination, sound-
ness, and completeness of these algorithms, investigated their complexities, and
implemented them. Given a fixed set of atoms A, the nominal anti-unification
algorithm computes a least general A-based term-in-context generalization of
the given A-based terms-in-context, and requires O(n®°) time and O(n*) space
for that, where n is the size of the input. The computed lgg is unique modulo
a-equivalence and variable renaming.
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