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Abstract
In this work we study anti-unification for unranked terms and hedges, permitting context and hedge variables. Hedges are sequences of unranked terms. The
anti-unification problem of two hedges s̃ and q̃ is concerned with finding their
generalization, a hedge g̃ such that both s̃ and q̃ are substitution instances of g̃.
Second-order power is gained by using context variables to generalize vertical
differences at the input hedges. Hedge variables are used to generalize horizontal differences. An anti-unification algorithm is presented, which computes a
generalization of input hedges and records all the differences.
The algorithm is parametric by a skeleton computation function. For instance, we can compute a generalization of a skeleton which represents a constrained longest common subforest, or an agreement subhedge/subtree of the
input hedges. The computation of the generalization is done in quadratic time.
Keywords: Higher-Order Anti-Unification for Unranked Terms and Hedges,
Anti-Unification using Context and Hedge Variables, Generalization of Forests
2000 MSC: 68W05
1. Introduction
The anti-unification problem for two terms t1 and t2 requires finding their
generalization: A term such that both t1 and t2 are instances of it under some
substitutions. The interesting generalizations are least general ones (lggs). Antiunification algorithms are supposed to compute lggs.
In 1970, Plotkin [24] and Reynolds [25] independently came up with essentially the same anti-unification algorithm. It was designed for first-order ranked
terms (i.e., where function symbols have a fixed arity) in the syntactic case.
Since then, a number of algorithms and their modifications have been developed, addressing the problem in various theories (e.g., [1, 4, 5, 9, 13, 23]) and
from the point of view of different applications (e.g., [3, 8, 10, 16, 20, 19, 27]).
In this paper, we consider anti-unification for hedges, which are finite sequences of unranked terms. Such terms are constructed from function symbols
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that do not have a fixed arity. We permit two kinds of variables: first-order,
for hedges, and second-order, for contexts. Contexts that we consider here are
hedges with a single occurrence of the distinguished symbol “hole”. They are
functions which can apply to another context or to a hedge, which are then
“plugged” in the place of the hole.
Some applications of anti-unification indeed require higher-order features.
For instance, reuse of proofs in program verification needs anti-unification with
higher-order variables [20]. A restricted use of higher-order variables in generalizations turned out to be helpful for analogy making with Heuristic-Driven
Theory Projection [16]. Anti-unification with combinator terms plays a role in
replaying program derivations [12].
First-order anti-unification for ranked terms has been used to detect software
code clones [8, 19]. It helps to achieve high-precision for clones obtained, essentially, by renaming and reformatting, but ranked anti-unification is not strong
enough to detect clones obtained by omitting/inserting pieces of statements in
the code. Unranked anti-unification can detect similarities not only between
renamed parts of a hedge, but also between parts which differ from each other
by inserting or omitting subparts, as was indicated in [18]. These features can
be useful also for comparison of XML documents, which can be abstracted by
unranked trees.
However, one important restriction of existing hedge anti-unification algorithms, such as, e.g., [18, 7, 28], is that the languages used in these algorithms
do not permit higher-order variables. This imposes a natural restriction on solutions: The computed lggs do not reflect similarities between input hedges, if
those similar pieces are located under distinct heads or at different depths. For
instance, f pa, bq and gphpa, bqq are generalized by a single variable, although
both terms contain a and b and a more natural generalization could be, e.g.
Xpa, bq, where X is a higher-order variable. In applications, it is often desirable
to detect these similarities.
This is the problem we address here, permitting the use of context variables to abstract vertical differences between trees, and hedge variables used
to abstract horizontal differences. The algorithm described in this paper first
constructs a “skeleton” of a generalization of the input hedges, which corresponds to a hedge embedded into each of the input hedges. Next, it inserts
context and/or hedge variables into the skeleton, which are supposed to uniformly generalize (vertical and horizontal) differences between input hedges, to
obtain an lgg (with respect to the given skeleton). The skeleton computation
function is the parameter of the algorithm: One can compute an lgg which contains, for instance, a constrained longest common subforest [2], or an agreement
subhedge/subtree [14] of the input hedges.
In this paper we focus on the step of computing an lgg of two hedges, when
the skeleton is already constructed. We assume that the latter is given in the
form of an admissible alignment, which is a certain sequence of symbols occurring in both hedges, together with the positions these symbols occur in. We
need to restrict variable occurrences in the generalization to guarantee that for
each admissible alignment a unique lgg is computed. We use the idea of rigid
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generalization from [18] about forbidding consecutive hedge variables, e.g., a
sequence like px, yq is not allowed if x and y are hedge variables. Since in this
work second-order power is provided by using context variables, the above restriction is naturally extended to also forbid (vertical) chains of variables, e.g.,
terms like XpY paqq or Xpxq are not allowed, but Xpa, Y paqq is allowed as it can
be seen as a branching in the tree representation of the term and therefore we
do not consider it a chain (X, Y are context variables, x is a hedge variable, and
a is a constant).
We develop an algorithm which takes two hedges and an admissible alignment and computes a rigid lgg of the hedges with respect to that alignment.
The computed lgg is unique modulo variable renaming. Moreover, we can return
not only the generalization, but also the differences between the input hedges,
which tells us how one can obtain the original hedges from the generalization.
The algorithm runs in quadratic time and requires linear space with respect to
the size of the input. This result means that, for instance, if the skeleton is a
constrained longest common subhedge of the input hedges in the sense of [29],
then both skeleton and generalization computation can be done in quadratic
time, because the time complexity of computing a constrained lcs is quadratic.
In some cases, the skeleton can be constructed in multiple ways, giving rise
to several admissible alignments. It requires that the generalizations computed
for each alignment should be compared to each other, to make the obtained set
minimal. This problem requires matching with context and hedge variables in
the minimization step and goes beyond the scope of this paper.
Example 1. The hedge pXpaq, f pXpgpa, xq, cq, xqq is a generalization of two
hedges phpaq, f phpgpa, b, bq, cq, b, bqq and pa, f pgpa, dq, c, dqq. Dotted and dashed
nodes indicate differences, while the solid ones form the admissible alignment.
The first hedge can be obtained from the generalization by replacing the context
variable X with the context hp˝q and the hedge variable x with the hedge pb, bq.
To obtain the second hedge, we need to replace X with the hole (i.e., to eliminate
X) and to replace x by d.

Figure 1: The hedges from Example 1 and their generalization.

A prototype implementation of the algorithm is available at http://www.
risc.jku.at/projects/stout/software/urauc.php.
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2. Preliminaries
Definition 1 (Terms, hedges, contexts). Given pairwise disjoint countable
sets of unranked function symbols F (symbols without fixed arity), hedge variables VH , unranked context variables VC , and a special symbol ˝ (the hole), we
define terms, hedges, and contexts by the following grammar:
t :“ x | f ps̃q | Xps̃q
s̃ :“ t1 , . . . , tn
c̃ :“ s̃1 , ˝, s̃2 | s̃1 , f pc̃q, s̃2 | s̃1 , Xpc̃q, s̃2

(terms)
(hedges)
(contexts)

where x P VH , f P F, X P VC , and n ě 0.
Hedges are finite sequences of terms, constructed over F and VH Y VC . A
term can be seen as a singleton hedge. A context can be seen as a hedge over
F Y t˝u and VH Y VC , where the hole occurs exactly once. A singleton context
is then a term over F Y t˝u and VH Y VC with a single hole in it. To improve
readability, we put non-singleton hedges and contexts between parenthesis.
We use the letters x, y, z for hedge variables and X, Y, Z for context variables.
By f, g, h, a, b, c, d, e we denote function symbols, by s̃, q̃, r̃, g̃, h̃ hedges, by c̃, d˜
9 d9 singleton contexts. We use φ, ψ for a context
arbitrary contexts and by c,
variable or a function symbol. The empty hedge is denoted by . Terms of the
form apq are written as just a.
A context c̃ can apply to a hedge s̃, denoted by c̃rs̃s, obtaining a hedge by
replacing the hole in c̃ with s̃. Application of a context to a context is defined
similarly.
Example 2. Examples of a term, a hedge, and a context are, respectively,
f pf paq, bq, px, Xpa, xq, f pf paq, bqq, and px, Xpa, xq, f pf p˝q, bqq. The latter can
be applied to a hedge pa, Xpaqq, resulting in px, Xpa, xq, f pf p˝q, bqqra, Xpaqs “
px, Xpa, xq, f pf pa, Xpaqq, bqq.
The cardinality of a set A is denoted by |A| and similarly |s̃| denotes the
length, i.e. number of elements, of a hedge s̃. The size of a hedge s̃ is the number
of all symbols in it and it is written as }s̃}. We denote by s̃|i the ith element of s̃
and by s̃|ji the subhedge ps̃|i , . . . , s̃|j q. If i ą j then s̃|ji is the empty hedge. The
set of all function symbols which appear in a hedge s̃ (resp., in a context c̃) is
denoted by Fps̃q (resp., by Fpc̃q). We overload the notation FpAq for the set of
all function symbols which appear in a set of hedges and contexts A. Similarly
we use Vp. . . q, VH p. . . q, and VC p. . . q to obtain the set of all variables, all the
hedge variables, and all the context variables, respectively.
Definition 2 (Substitution). A substitution is a mapping from hedge variables to hedges and from context variables to contexts, which is identity almost
everywhere. When substituting a context variable X by a context, the context
will be applied to the argument hedge of X.
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The symbols σ, ϑ are used to denote a substitution. Substitutions can be
applied to hedges and contexts in the usual way. We use postfix notation for
application, writing, e.g., s̃σ for the application of σ to s̃. The notions domain
and range of a substitution σ are standard and denoted by Dompσq and Ranpσq,
respectively.
Example 3. Let σ “ tx ÞÑ , y ÞÑ pa, xq, X ÞÑ gp˝qu be a substitution, then
pXpxq, y, f pXpyq, cqqσ “ pg, a, x, f pgpa, xq, cqq.
Definition 3 (Instantiation). A hedge s̃ is the instance of a hedge q̃ if there
exists a substitution σ with q̃σ “ s̃. We say that q̃ is more general than s̃ if s̃
is an instance of q̃ and denote this by q̃ ĺ s̃. If q̃ ĺ s̃ and s̃ ĺ q̃, then we write
q̃ » s̃. If q̃ ĺ s̃ and q̃ fi s̃, then we say that q̃ is strictly more general than s̃ and
write q̃ ă s̃.
Definition 4 (Generalization). A hedge g̃ is a generalization of the hedges
s̃ and q̃ if s̃ and q̃ are instances of g̃.
The word representation of a hedge is defined by the concatenation of the
depth-first pre-order traversal of the constituent terms. For instance, af gagbbc
is the word representation of pa, f pgpa, gpb, bqq, cqq. Generalizations contain a
common subsequence of the word representation of the input hedges. We will
use this property in the formulation of our anti-unification algorithm. Observe,
e.g., the hedges from Example 1:
p hpaq, f p hpgpa,b, bq, cq,b, bqq
p a , f p gpa,d q, c ,d qq
pXpaq, f pXpgpa,x q, cq,x qq
Definition 5 (Position). The set of positions of a hedge s̃ “ pt1 , . . . tn q, denoted
Ťn posps̃q, is a set of strings of positive integers. It is defined as posps̃q :“
i“1 ti¨p | p P pos T pti qu, where ¨ stands for concatenation. pos T ptq is defined as
pos T pxq :“ tλu and pos T pφpq̃qq :“ tλu Y pospq̃q, where λ is the empty string.
Example 4. For instance, pospf pa, gpb, cqqq “ t1, 1¨1, 1¨2, 1¨2¨1, 1¨2¨2u and
pospa, f pb, gpcqq, dq “ t1, 2, 2¨1, 2¨2, 2¨2¨1, 3u. In the latter hedge, the symbol g
stands at the position 2¨2 and c occurs at the position 2¨2¨1.
We write s̃}I for the symbol which stands at position I in the hedge s̃. For
instance pa, f pb, gpcqq, dq}2¨2 “ g. Given a symbol s P F Y VH Y VC and a hedge s̃
we write pos s ps̃q for the set tI | s̃}I “ s, I P posps̃qu of all occurrences of s in s̃.
Definition 6 (Horizontal consecutive). Two occurrences of symbols s1 , s2 P
F Y VH Y VC of a hedge are horizontal consecutive if the corresponding positions
Is1 ¨is1 and Is2 ¨is2 are in the relation Is1 “ Is2 and is1 ` 1 “ is2 .
Definition 7 (Vertical chain). Two occurrences of symbols s1 , s2 P F Y VH Y
VC of a hedge s̃ are in a vertical chain if their positions Is1 and Is2 are in the
relation Is1 ¨1 “ Is2 and Is1 ¨2 R posps̃q.
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Example 5. For example, in s̃ “ pa, f pXpa, bqqq, the occurrence of a at position 1 and the occurrence of f at 2 are horizontal consecutive, as well as a
at 2¨1¨1 and b at 2¨1¨2. The occurrence of f at 2 and the occurrence of X
at 2¨1 are in vertical chain because 2¨2 R posps̃q “ t1, 2, 2¨1, 2¨1¨1, 2¨1¨2u, while
the occurrence of X at 2¨1 and the occurrence of a at 2¨1¨1 are not because
2¨1¨2 P posps̃q.
Intuitively, two occurrences of symbols s1 , s2 P F Y VH Y VC are in a vertical
chain, if s1 is applied to a term s2 pq̃q where q̃ is an arbitrary hedge. If the
symbol s1 is applied to a hedge like pq̃1 , s2 pq̃q, q̃2 q with |q̃1 , s2 pq̃q, q̃2 | ą 1, then it
is not considered a vertical chain, since it can be seen as a branching in the tree
representation of the term.
With ă we denote the (strict) lexicographic ordering and with Ă the (strict)
ancestor relation on positions, e.g., 1¨2¨1 ă 1¨2¨2, 1¨2¨1 ă 1¨2¨1¨2, and 1¨2¨1 Ă
1¨2¨1¨2. The relation Ď is defined as Ă Y “.
Definition 8 (Triangle relation). Given three positions I1 , I2 and I3 , the
ternary relation ’ is defined as
I1 ’I3 I2 :ðñ there is I4 ‰ λ such that I4 Ă I1 and I4 Ă I2 and I4 Ă I3 and
I1 , I2 , I3 are pairwise not in Ď .
This relation tests whether I1 and I2 have a common ancestor which is not
an ancestor of I3 . None of these positions should be an ancestor of another.
Example 6. For instance, 1¨1 ’2 1¨2, but neither 1 ’3 2, nor 1¨1 ’2 1¨1¨2, nor
1¨1 ’2 1¨1, nor 1¨1 ’1¨3 1¨2. A real world example of this relation would be two
sisters and one of their uncles.
3. The Skeletons: Admissible Alignments
In this section we introduce the concept of admissible alignments, which are
used later as skeletons to compute corresponding generalizations. For simplicity,
we formulate all the notions and the algorithm for two hedges. The extension
to more hedges is straightforward. Hedges to be generalized are assumed to be
variable disjoint.
Given two input strings of symbols, an alignment is defined in [18] as a common subsequence of the input strings which is coupled with the information of
the respective positions of the symbol occurrences. Afterwards, they define a
rigidity function as a function that returns a set of alignments for two given
strings of symbols. It is suggested to compute a generalization by recursively
applying the rigidity function to two strings of top function symbols for two
hedges, while decomposing and going deeper into the terms. This approach
does not work for higher-order generalization. Therefore we suggest to extend
the notion of an alignment such that it can contain common function symbols
at different levels of two given input hedges. Furthermore we suggest to decouple the skeleton computation from the computation of the generalization.
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In [18], the skeleton is computed during the computation of the generalization
by recursively applying a given rigidity function.
Definition 9 (Alignment). Given two hedges s̃ and q̃, an alignment is a sequence of the form a1 xI1 , J1 y . . . am xIm , Jm y such that:
• I1 ă ¨ ¨ ¨ ă Im and J1 ă ¨ ¨ ¨ ă Jm , and
• for all 1 ď k ď m holds ak “ s̃}Ik “ q̃}Jk .
An alignment represents common function symbols inside of
two hedges with the corresponding positions, respecting the ordering ă. It is a common subsequence of the word representation
of those hedges with some additional information about the positions. The length of an alignment a is the number of elements
in it and we write |a|. The empty
alignment is denoted by e.

Figure 2: s̃ “ pa, apb, bqq and q̃ “ papapbpbqqq, b, bq.

Example 7. The two hedges s̃ and q̃ from Figure 2 have many different alignments. ax1, 1y ax2, 1¨1y bx2¨1, 1¨1¨1y bx2¨2, 3y and ax1, 1¨1y bx2¨1, 2y bx2¨2, 3y and
ax2, 1y are three of them, while bx2¨2, 1¨1¨1y ax1, 1y is not an alignment.
Definition 10 (Collision). Collisions in an alignment a of two hedges are
defined as follows:
• A collision appears at two elements ak xIk , Jk y, al xIl , Jl y of a if either
pIk Ă Il and Jk Ă Jl q or pIk Ă Il and Jk Ă Jl q.
• A collision appears at three elements ak xIk , Jk y, al xIl , Jl y, an xIn , Jn y of a
if Ik ’In Il and Jl ’Jk Jn .
Example 8. For instance, the alignment f x2, 1ybx2¨1, 1¨2ycx2¨2, 2y of the hedges
from Figure 3 contains a collision at the two
elements f x2, 1y and cx2¨2, 2y. The alignment
ax1, 1¨1ybx2¨1, 1¨2ycx2¨2, 2y of the same hedges
has a collision at its three elements.
Definition 11 (Admissible alignment).
An alignment of two hedges is called admissible if there are no collisions in it.

Figure 3: pa, f pb, cqq and pf pa, bq, cq.

Note that for any two elements ak xIk , Jk y and al xIl , Jl y of an admissible
alignment, Ik ă Il iff Jk ă Jl and Ik Ă Il iff Jk Ă Jl .
Example 9. For instance ax1, 1y ax2, 1¨1y bx2¨1, 1¨1¨1y bx2¨2, 3y is a non-admissible alignment of the hedges from Figure 2, while the alignments ax1, 1¨1y bx2¨1,
2y bx2¨2, 3y and ax2, 1y bx2¨2, 1¨1¨1¨1y are admissible.
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Definition 12 (Distinct alignment renaming). Given an alignment a “
a1 xI1 , J1 y . . . am xIm , Jm y of two hedges s̃ and q̃, and a sequence of pairwise
distinct (fresh) symbols á1 , . . . , ám which occur neither in s̃ nor in q̃. A distinct
alignment renaming is a renaming of all the symbols in a by the fresh ones
á1 xI1 , J1 y . . . ám xIm , Jm y. Furthermore, the occurrences s̃}Ik and q̃}Jk of the
symbol ak are replaced by ák , for all 1 ď k ď m.
Notice that a distinct alignment renaming does not impose a loss of generality. One can simply maintain the mapping tá1 ÞÑ a1 , . . . , ám ÞÑ am u and restore
the original function symbols at any time. For a given hedge s̃, we denote this
symbol renaming by s̃tá1 ÞÑ a1 , . . . , ám ÞÑ am u.
Admissible alignments are related to generalization by the following theorem:
Theorem 1. Consider an alignment a of two hedges s̃1 and q̃1 . Let á1 xI1 ,
J1 y . . . ám xIm , Jm y, s̃2 , and q̃2 be a distinct alignment renaming of a, s̃1 , and q̃1 ,
by the fresh symbols á1 , . . . , ám . The given alignment a is admissible iff there
exists a generalization g̃ of s̃2 and q̃2 with Fpg̃q “ tá1 , . . . , ám u.
Notice that in Theorem 1 the alignment a is admissible iff á1 xI1 , J1 y . . .
ám xIm , Jm y is admissible, because collisions only depend on the positions and
not on the function symbols.
Proof. Let a “ a1 xI1 , J1 y . . . am xIm , Jm y be an alignment of s̃ and q̃ such that
for all 1 ď k ď m the function symbol ak is unique in s̃ and unique in q̃.
(ð) Assume g̃ is a generalization of s̃ and q̃ with Fpg̃q “ ta1 , . . . , am u. We
will prove by contradiction that there are no collisions in a (see definition of
admissible alignment). Furthermore, we assume that there are at least two
elements in a because the other cases are trivial by definition.
Case 1: Assume there is a collision at two elements of a. Then there exist
ai , aj P ta1 , . . . , am u such that ai is an ancestor of aj in s̃, while it is not an
ancestor of aj in q̃. We know that g̃ contains both symbols ai and aj .
Case 1.1: ai is an ancestor of aj in g̃. Then we have ai pr̃1 , t, r̃2 q being a
subterm of g̃, where t is the term which contains aj , and r̃1 , r̃2 are arbitrary
hedges. By assumption, there exists a substitution σ with ai , aj R FpRanpσqq
such that ai is not an ancestor of aj in g̃σ. However, by the rule of substitution
application ai pr̃1 , t, r̃2 qσ “ ai pr̃1 σ, tσ, r̃2 σq the ancestor-descendant relation is
preserved, which is a contradiction.
Case 1.2: ai is not an ancestor of aj in g̃. Then we have pr̃1 , t1 , r̃2 , t2 , r̃3 q
being a subhedge of g̃, where t1 is the term which contains ai , t2 is the term which
contains aj , and r̃1 , r̃2 , r̃3 are arbitrary hedges. By assumption, there exists a
substitution σ with ai , aj R FpRanpσqq such that ai is an ancestor of aj in
g̃σ, but this contradicts the rule of substitution application pr̃1 , t1 , r̃2 , t2 , r̃3 qσ “
pr̃1 σ, t1 σ, r̃2 σ, t2 σ, r̃3 σq again.
Case 2: A collision appears at three elements. Let ai , aj , ak be those elements. Without loss of generality, assume that ai , aj have a common ancestor φ that is not an ancestor of ak in s̃ and let aj , ak have a common ancestor ψ that is not an ancestor of ai in q̃. By assumption, g̃ contains all
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three symbols exactly once. It follows that there are substitutions σ1 , σ2 with
ai , aj , ak R FpRanpσ1 q Y Ranpσ2 qq, where g̃σ1 “ s̃ and g̃σ2 “ q̃. By assumption, we know that g̃σ1 contains a subhedge ptij , s̃k q, with tij being the term
that contains the symbols φ, ai , aj , and s̃k being a hedge that contains the symbol ak . This implies that g̃ contains either φ or a context variable that can be
instantiated to introduce φ. It follows that g̃ also contains a subhedge pt1ij , s̃1k q,
with t1ij being the term that contains the symbols ai , aj , and s̃1k being a hedge
that contains the symbol ak . Similarly, g̃σ2 contains a subhedge pq̃i , tjk q, with q̃i
being a hedge that contains the symbol ai , and tjk being the term that contains
the symbols ψ, aj , ak . Further on, g̃ either contains ψ or a context variable, say
X, which can be instantiated to introduce ψ. Let us call this metavariable χ.
As ψ is an ancestor of both, aj and ak in q̃, χ has to be above t1ij . This is a
contradiction to the assumption that ψ is not an ancestor of ai in q̃.
(ñ) Proof by construction of an algorithm which computes such a generalization for a given admissible alignment of two hedges. In section 4 we describe
this algorithm and prove its properties.
l
Notice that in Theorem 1, by restoring the original symbol names in g̃, one
obtains a generalization h̃ of the given input hedges.
Definition 13 (Supporting generalization). Consider an alignment a “
a1 xI1 , J1 y . . . am xIm , Jm y of two hedges s̃1 and q̃1 . Let á1 xI1 , J1 y . . . ám xIm , Jm y,
s̃2 , and q̃2 be a distinct alignment renaming of a, s̃1 , and q̃1 , by the fresh
symbols á1 , . . . , ám . Then, for any generalization g̃ of s̃2 and q̃2 with Fpg̃q “
tá1 , . . . , ám u, the generalization g̃tá1 ÞÑ a1 , . . . , ám ÞÑ am u of s̃1 and q̃1 is called
a supporting generalization of s̃1 and q̃1 with respect to a.
Example 10. Let s̃ and q̃ be the hedges from Figure 2. Then px, apy, Y pbqq, zq
is a supporting generalization of s̃ and q̃, with respect to ax2, 1y bx2¨2, 1¨1¨1¨1y,
while it is not a supporting generalization of s̃ and q̃ with respect to ax1, 1y
bx2¨2, 1¨1¨1¨1y. The hedge pXpapxqq, Y pb, bqq is a supporting generalization of
s̃ and q̃ with respect to ax1, 1¨1y bx2¨1, 2y bx2¨2, 3y.
Corollary 2. For any admissible alignment of two hedges there exists a supporting generalization of those hedges with respect to the given alignment.
Corollary 3. For any generalization of two hedges there exists an admissible
alignment of those hedges containing all the function symbols which appear in
the generalization.
4. Computing Least General Rigid Generalizations
We aim at solving the following problem:
Given: Two hedges s̃ and q̃ and their admissible alignment a.
Find: A least general supporting generalization g̃ of s̃ and q̃ with respect to a.
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However, least general supporting generalizations might not be unique.
Therefore, we are interested in a special class of supporting generalizations,
which we call rigid generalizations.
Example 11. For instance, for pa, b, aq and pb, cq with the admissible alignment
bx2, 1y, we have two supporting lggs px, b, x, yq and px, b, y, xq. For apbpaqq and
bpcq with the admissible alignment bx1¨1, 1y, we also have two supporting lggs
XpbpXpyqqq and XpbpY pXpqqqq.
A solution for the first case of Example 11 has been suggested in [18] where
the notion of rigid generalization was introduced for the first-order case. The
idea is to capture the common structure of both input hedges but forbid consecutive hedge variables. By this restriction for the mentioned example we get
one rigid lgg px, b, yq which is a unique supporting generalization. Since we
introduce context variables in addition to the first-order variables from [18],
the restriction has to be extended for the “vertical direction”. The following
definition introduces this restrictions.
Definition 14 (Rigid generalization). Given two hedges s̃, q̃ and their admissible alignment a, a hedge g̃ is called a rigid generalization of s̃ and q̃ with
respect to a, if g̃ is a supporting generalization of s̃ and q̃ with respect to a such
that the following conditions hold:
• There exist substitutions σ, ϑ with g̃σ “ s̃ and g̃ϑ “ q̃ such that all the
contexts in σ and ϑ are singleton contexts.
• No context variable in g̃ applies to the empty hedge.
• g̃ doesn’t contain horizontal consecutive hedge variables.
• g̃ doesn’t contain vertical chains of variables.
• g̃ doesn’t contain context variables with a hedge variable as the first or
the last argument (i.e., no subterms of the form Xpx, . . . q and Xp. . . , xqq.
Intuitively, the first two restrictions forbid that context variables capture
horizontal disagreements of the input hedges. We want to use hedge variables
for generalizing horizontal disagreements. For instance, consider the hedges
pf pbq, aq and pb, cq with the admissible alignment bx1¨1, 1y. The three supporting generalizations Xpbq, pXpbq, Y pqq and pXpbq, yq are pairwise distinct in the
relation ». Nevertheless, the latter one tells us more about the common structure. Those two restrictions are solely for the purpose of picking one (the most
natural) case out of some equi-general solutions, and we provide the user some
additional information about the solution we compute.
The other restrictions are needed to compute a unique supporting generalization, as discussed above.
Example 12. For instance, Xpa, bq is a rigid generalization of f pgpa, b, cqq and
pa, bq with respect to ax1¨1¨1, 1ybx1¨1¨2, 2y, while Xpa, b, xq and XpY pa, bqq are
not rigid generalizations.
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Definition 15 (Rigid lgg). A rigid generalization g̃ of s̃ and q̃ with respect
to a is called a least general rigid generalization (rigid lgg) of s̃ and q̃ with
respect to a, if there is no rigid generalization h̃ of s̃ and q̃ with respect to a
which satisfies g̃ ă h̃.
Note that two hedges might have a supporting generalization which is less
general than their rigid lgg with respect to the same admissible alignment.
Example 13. For instance, Xpaq ă XpXpaqq and both of them are supporting
generalizations of f pf paqq and gpgpgpgpaqqqq with respect to ax1¨1¨1, 1¨1¨1¨1¨1y,
but only Xpaq is a rigid generalization.
From now on, we concentrate on computing least general rigid generalizations of two variable-disjoint hedges with respect to an admissible alignment.
Definition 16 (AUP). An anti-unification problem (AUP) is a triple of the
˜ a, where
form x: s̃ fi q̃; X: c̃ fi d;
• x is a hedge variable and s̃, q̃ are hedges,
• X is a context variable and c̃, d˜ are contexts,
• a is an admissible alignment of s̃ and q̃.
We present our anti-unification algorithm as a rule-based algorithm that
works on triples P ; S; σ, where
•
•
•
•

the problem set P is a set of AUPs,
the store S is a set of AUPs with empty alignments,
σ is a substitution which holds the generalization computed so far,
for all pairs of AUPs tx: s̃1 fi q̃1 ; X: c̃1 fi d˜1 ; a1 , y: s̃2 fi q̃2 ; Y : c̃2 fi d˜2 ;
a2 u Ď P Y S holds x ‰ y and X ‰ Y .

As all the AUPs in S have the empty alignment, we write x : s̃ fi q̃; X : c̃ fi d˜
˜ e for an AUP of S. In the rules below, we use the
instead of x : s̃ fi q̃; X : c̃ fi d;
symbols Y, Z for fresh context variables and y, z for fresh hedge variables. The
brackets r s, as before, are used for context application. The symbol Ÿ stands
for disjoint union. Furthermore, i - - denotes i ´ 1 and i`` denotes i ` 1.
Spl-H: Split Hedge
˜ a1 xi1 ¨I1 , j1 ¨J1 y . . . ak xik ¨Ik , jk ¨Jk y
tx : s̃ fi q̃; X : c̃ fi d;
ak`1 xik`1 ¨Ik`1 , jk`1 ¨Jk`1 y . . . am xim ¨Im , jm ¨Jm yu Ÿ P ; S; σ ùñ
ty : s̃|iik1 fi q̃|jjk1 ; Y : ˝ fi ˝; a1 xpi1 ´ i1- - q¨I1 , pj1 ´ j1- - q¨J1 y . . .
ak xpik ´ i1- - q¨Ik , pjk ´ j1- - q¨Jk yu Y
jm
tz : s̃|iim
`` fi q̃| `` ; Z : ˝ fi ˝; ak`1 xpik`1 ´ ik q¨Ik`1 , pjk`1 ´ jk q¨Jk`1 y . . .
j
k

k

am xpim ´ ik q¨Im , pjm ´ jk q¨Jm yu Y P ;
-i-|s̃|
˜ j1 , ˝, q̃||q̃|`` suYS; σtx ÞÑ pY pyq, Zpzqqu,
tx :  fi ; X : c̃rs̃|11 , ˝, s̃|i`` s fi drq̃|
1
j
m

m

If i1 ‰ ik`1 and j1 ‰ jk`1 , and, moreover, i1 “ ik or j1 “ jk , for 1 ď k ă m.
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Abs-L: Abstract Left Context
˜ a1 xi¨I1 , J1 y . . . am xi¨Im , Jm yu Ÿ P ; S; σ ùñ
tx : ps̃l , φps̃q, s̃r q fi q̃; X : c̃ fi d;
˜ a1 xI1 , J1 y . . . am xIm , Jm yu Y P ; S; σ,
tx : s̃ fi q̃; X : c̃rs̃l , φp˝q, s̃r s fi d;
where I1 ‰ λ, φps̃q “ ps̃l , φps̃q, s̃r q|i , and s̃l , s̃r are hedges.
Abs-R: Abstract Right Context
˜ a1 xI1 , j¨J1 y . . . am xIm , j¨Jm yu Ÿ P ; S; σ ùñ
tx : s̃ fi pq̃l , φpq̃q, q̃r q; X : c̃ fi d;
˜
tx : s̃ fi q̃; X : c̃ fi drq̃l , φp˝q, q̃r s; a1 xI1 , J1 y . . . am xIm , Jm yu Y P ; S; σ,
where J1 ‰ λ, φpq̃q “ pq̃l , φpq̃q, q̃r q|j , and q̃l , q̃r are hedges.
App-A: Apply Alignment
˜
tx : ps̃l , a1 ps̃q, s̃r q fi pq̃l , a1 pq̃q, q̃r q; X : c̃ fi d;
a1 xi, jya2 xi¨I2 , j¨J2 y . . . am xi¨Im , j¨Jm yu Ÿ P ; S; σ ùñ
ty : s̃ fi q̃; Y : ˝ fi ˝; a2 xI2 , J2 y . . . am xIm , Jm yu Y P ;
˜ l , ˝, q̃r su Y S; σtx ÞÑ a1 pY pyqqu,
tx :  fi ; X : c̃rs̃l , ˝, s̃r s fi drq̃
where a1 ps̃q, a1 pq̃q are the terms at the positions i, j and s̃l , s̃r , q̃l , q̃r are hedges.
Sol-H: Solve Hedge
tx: s̃ fi q̃; X: ˝ fi ˝; eu Ÿ P ; S; σ ùñ P ; tx: s̃ fi q̃; X: ˝ fi ˝u Y S; σtX ÞÑ ˝u.
Res-C: Restore Context
9 q̃r qu Ÿ S; σ ùñ
P ; tx :  fi ; X : ps̃l , c,
9 s̃r q fi pq̃l , d,
9
P ; tx :  fi ; X : c9 fi d, y : s̃l fi q̃l ; Y : ˝ fi ˝, z : s̃r fi q̃r ; Z : ˝ fi ˝u Y S;
σtX ÞÑ py, Xp˝q, zqu,
if not  “ s̃l “ s̃r “ q̃l “ q̃r . c,
9 d9 are singleton contexts.
Mer-S: Merge Store
˜ x2 : s̃ fi q̃; X2 : c̃ fi du
˜ Ÿ S; σ ùñ
P ; tx1 : s̃ fi q̃; X1 : c̃ fi d,
˜
P ; tx1 : s̃ fi q̃; X1 : c̃ fi du Y S; σtx2 ÞÑ x1 , X2 ÞÑ X1 u.
Clr-S: Clear Store
P ; tx :  fi ; X : ˝ fi ˝u Ÿ S; σ ùñ P ; S; σtx ÞÑ , X ÞÑ ˝u.
The idea of the store is to keep track of already solved AUPs in order to
generalize the same AUPs in the same way, as it is illustrated in the Mer-S rule.
To compute generalizations of s̃ and q̃ with respect to an admissible alignment a, the procedure starts with tx : s̃ fi q̃; X : ˝ fi ˝; au; H; ε, where x and X
are fresh variables, and applies the rules exhaustively. We denote this procedure
by G. The intuition is that at i’s step of such a derivation, Xpxqσi is supposed
to be a generalization of s̃ and q̃, with the idea that when the process stops
with σ in the last step, then Xpxqσ is a rigid lgg of s̃ and q̃ with respect to a.
4.1. Explanation of the Rules
Before discussing the properties of G, we briefly explain informally what the
˜ a in P represents the
rules do. At each step, each AUP x : s̃ fi q̃; X : c̃ fi d;
12

˜ which are to be generalized, such that the final generalhedges c̃rs̃s and drq̃s
ization contains the function symbols from a. They are split according to the
occurrences of alignment elements: All symbols from a are in s̃ and q̃. None of
˜
them appear in c̃ and d.
Such an AUP can be transformed by one of the first four rules: Spl-H,
Abs-L, Abs-R, or App-A. The eventual goal of these transformations is to reach
the occurrences of the first alignment element in s̃ and q̃. In the course of
the transformation, c̃ and d˜ are getting extended with contexts above those
occurrences.
Spl-H. When the symbols in a are distributed in more than one term both in s̃
and in q̃, then we use the Spl-H rule to select subhedges of s̃ and q̃ which contain
all the alignment elements. (The other parts of s̃ and q̃ are moved to the store,
since they will not contribute a symbol to the generalization.) Furthermore, by
this rule, each of these subhedges are split into two smaller subhedges: From
jm
jk
the s̃ side these are s̃|iik1 and s̃|iim
`` , and from the q̃ side they are q̃|j1 and q̃| `` .
j
k

k

The split point k is decided by the following criteria:
• s̃|iik1 and q̃|jjk1 contain the first k ą 0 elements of a.
jm
• s̃|iim
`` and q̃| `` contain the elements of a starting from k ` 1. There exists
j
k

k

at least one such element.
• s̃|iik1 or q̃|jjk1 is a term (a singleton hedge), and the k ` 1’st element of a
does not belong to it.
The process will continue by generalizing s̃|iik1 and q̃|jjk1 with respect to the
jm
first k-element prefix of a, and generalizing s̃|iim
`` and q̃| `` with respect to the
j
k

k

elements of a starting from k ` 1. Note that in the next step Spl-H is not
applicable to the AUP with s̃|iik1 and q̃|jjk1 . This is because at least one of them
is a single term which completely contains the alignment elements. Therefore
either Abs-L, Abs-R, or App-A applies.
Example 14. Consider the hedges pgpaq, f pa, gpbqq, c, gpbq, eq and pe, e, hpa, eq,
f pbq, a, c, d, bq and the admissible alignment ax2¨1, 3¨1ybx2¨2¨1, 4¨1ycx3, 6ybx4¨1,
8y of them.

g

a

f

a

c

g

g

e

e

e

b

h

a

f

e

b

b

Figure 4: The hedges from Example 14.
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a

c

d

b

The dashed nodes in Figure 4 denote the parts which are moved into the
store. The dashed rectangle denotes s̃|iik1 and q̃|jjk1 and the dotted one s̃|iim
``
k

and q̃|jjm
`` .
k

Abs-L, Abs-R. When all symbols in a belong to one term in s̃ or in q̃ (or
maybe both), but the root of that term is not the symbol a1 from the first
element of a, then an attempt is made to get deeper to that term, to reach the
subterm whose top symbol is the a1 from a. This descent is carried out by Abs-L
or Abs-R, depending whether we are searching for the subterm with a1 in the
top in s̃ or in q̃.
To illustrate the rule Abs-L which serves
as a representative of both, we use the
h
f
f
above example and apply Abs-L to the AUP
x : f pa, gpbqq fi phpa, eq, f pbqq; X : ˝ fi ˝;
a
g
a
e
b
ax1¨1, 1¨1ybx1¨2¨1, 2¨1y following an Spl-H application. The Abs-L transformation decomposes the left term f pa, gpbqq into a context
b
f p˝q and a hedge pa, gpbqq, resulting in the
AUP x : pa, gpbqq fi phpa, eq, f pbqq; X : f p˝q fi
˝; ax1, 1¨1ybx2¨1, 2¨1y. Figure 5 demonstrates Figure 5: f pa, gpbqq and phpa, eq, f pbqq.
this decomposition step.
App-A. When all symbols in a belong to one term in s̃ and one term in q̃, and
these terms have the same root symbol which is exactly the a1 from the first
element of a, then a1 is moved to the generalization. This is what the App-A
rule does. The process will continue with generalizing the hedges under the
occurrences of a1 in s̃ and q̃.
˜ e in P , then the
Sol-H. When the alignment is empty in x : s̃ fi q̃; X : c̃ fi d;
hedge there will not contribute a symbol in the generalization. Moreover, both
c̃ and d˜ are holes, because only App-A can make the alignment empty, and it
makes the contexts in the obtained AUP the hole. Such AUPs are considered
solved, as their generalization is just x they contain. They should be put in the
store, which keeps information about the differences between the hedges to be
generalized. At the same time, the context variable X can be deleted, as it just
stand for the hole. This is what the Sol-H rule does.
Transformation of the store. The other three rules work on the store. Clr-S
removes the empty AUP from the store and eliminates the corresponding variables form the generalization. Mer-S guarantees that the same AUPs are generalized with the same variables, making sure that the same differences in the
input hedges are generalized uniformly. Finally, the Res-C rule guarantees that
each context variable in the generalization generalizes singleton contexts in the
input hedges: A property required for rigid generalizations.
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Definition 17. We define two substitutions obtained by a set S of AUPs:
˜ a P Su
σL pSq ::“ tx ÞÑ s̃, X ÞÑ c̃ | x : s̃ fi q̃; X : c̃ fi d;
˜ a P Su
σ pSq ::“ tx ÞÑ q̃, X ÞÑ d˜ | x : s̃ fi q̃; X : c̃ fi d;
R

Example 15. Let s̃ “ f pa, f pb, bqq and q̃ “ pb, f pa, bq, bq be the input hedges
with the admissible alignment a “ f x1, 2yax1¨1, 2¨1ybx1¨2¨1, 2¨2y. We illustrate
how the algorithm G exhaustively transforms the initial system to compute the
rigid lgg for s̃, q̃, and a. In the substitution, we only keep the mappings for the
two generalization variables x and X of the initial AUP.
tx: f pa, f pb, bqq fi pb, f pa, bq, bq; X: ˝ fi ˝; f x1, 2yax1¨1, 2¨1ybx1¨2¨1, 2¨2yu; H; ε
ñApp-A ty1 : pa, f pb, bqq fi pa, bq; Y1 : ˝ fi ˝; ax1, 1ybx2¨1, 2yu;
tx:  fi ; X: ˝ fi pb, ˝, bqu; tx ÞÑ f pY1 py1 qqu
ñRes-C
Clr-S

ty1 : pa, f pb, bqq fi pa, bq; Y1 : ˝ fi ˝; ax1, 1ybx2¨1, 2yu;
tz1 :  fi b; Z1 : ˝ fi ˝, z2 :  fi b; Z2 : ˝ fi ˝u; tx ÞÑ f pY1 py1 qq, X ÞÑ pz1 , ˝, z2 qu

ñMer-S ty1 : pa, f pb, bqq fi pa, bq; Y1 : ˝ fi ˝; ax1, 1ybx2¨1, 2yu;
tz1 :  fi b; Z1 : ˝ fi ˝u; tx ÞÑ f pY1 py1 qq, X ÞÑ pz1 , ˝, z1 qu
ñSpl-H
Clr-S ty2 : a fi a; Y2 : ˝ fi ˝; ax1, 1y, y3 : pf pb, bqq fi b; Y3 : ˝ fi ˝; bx1¨1, 1yu;
tz1 :  fi b; Z1 : ˝ fi ˝u; tx ÞÑ f pY2 py2 q, Y3 py3 qq, X ÞÑ pz1 , ˝, z1 qu
ñApp-A
Clr-S

ty4 :  fi ; Y4 : ˝ fi ˝; e, y3 : pf pb, bqq fi pbq; Y3 : ˝ fi ˝; bx1¨1, 1yu;
tz1 :  fi b; Z1 : ˝ fi ˝u; tx ÞÑ f papY4 py4 qq, Y3 py3 qq, X ÞÑ pz1 , ˝, z1 qu

ñSol-H
Clr-S

ty3 : f pb, bq fi b; Y3 : ˝ fi ˝; bx1¨1, 1yu;
tz1 :  fi b; Z1 : ˝ fi ˝u; tx ÞÑ f pa, Y3 py3 qq, X ÞÑ pz1 , ˝, z1 qu

ñAbs-L ty3 : pb, bq fi b; Y3 : f p˝q fi ˝; bx1, 1yu;
tz1 :  fi b; Z1 : ˝ fi ˝u; tx ÞÑ f pa, Y3 py3 qq, X ÞÑ pz1 , ˝, z1 qu
ñApp-A ty5 :  fi ; Y5 : ˝ fi ˝; eu; ty3 :  fi ; Y3 : f p˝, bq fi ˝, z1 :  fi b; Z1 : ˝ fi ˝u;
tx ÞÑ f pa, Y3 pbpY5 py5 qqqq, X ÞÑ pz1 , ˝, z1 qu
ñSol-H
Clr-S

H; ty3 :  fi ; Y3 : f p˝, bq fi ˝, z1 :  fi b; Z1 : ˝ fi ˝u;
tx ÞÑ f pa, Y3 pbqq, X ÞÑ pz1 , ˝, z1 qu.

Xpxqσ “ pz1 , f pa, Y3 pbqq, z1 q generalizes s̃ and q̃ with respect to a. From the
store S we can read σL pSq “ tz1 ÞÑ , Y3 ÞÑ f p˝, bq, . . .u and σR pSq “ tz1 Ñ
Þ
b, Y3 ÞÑ ˝, . . .u. Then we have XpxqσσL pSq “ s̃ and XpxqσσR pSq “ q̃.
Example 16. We illustrate the computation of a rigid lgg with respect to
the given laa ax1¨1, 1yf x2, 2ygx2¨1¨1, 2¨1yax2¨1¨1¨1, 2¨1¨1ycx2¨1¨2, 2¨2y of the two
hedges pU paq, f pU pgpa, b, bq, cq, b, bqq and pa, f pgpa, dq, c, dqq. The symbol U denotes a context variable. All the other symbols are function symbols.
tx: pU paq, f pU pgpa, b, bq, cq, b, bqq fi pa, f pgpa, dq, c, dqq;
X: ˝ fi ˝; ax1¨1, 1yf x2, 2ygx2¨1¨1, 2¨1yax2¨1¨1¨1, 2¨1¨1ycx2¨1¨2, 2¨2yu; H; ε
ñSpl-H
Clr-S

ty1 : U paq fi a; Y1 : ˝ fi ˝; ax1¨1, 1y, z1 : f pU pgpa, b, bq, cq, b, bq fi f pgpa, dq, c, dq;
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Z1 : ˝ fi ˝; f x1, 1ygx1¨1¨1, 1¨1yax1¨1¨1¨1, 1¨1¨1ycx1¨1¨2, 1¨2yu;
H; tx ÞÑ pY1 py1 q, Z1 pz1 qq, X ÞÑ ˝u
ñAbs-L ty1 : a fi a; Y1 : U p˝q fi ˝; ax1, 1y; z1 : f pU pgpa, b, bq, cq, b, bq fi f pgpa, dq, c, dq;
Z1 : ˝ fi ˝; f x1, 1ygx1¨1¨1, 1¨1yax1¨1¨1¨1, 1¨1¨1ycx1¨1¨2, 1¨2yu;
H; tx ÞÑ pY1 py1 q, Z1 pz1 qq, X ÞÑ ˝u
ñApp-A
Sol-H

tz1 : f pU pgpa, b, bq, cq, b, bq fi f pgpa, dq, c, dq;
Z1 : ˝ fi ˝; f x1, 1ygx1¨1¨1, 1¨1yax1¨1¨1¨1, 1¨1¨1ycx1¨1¨2, 1¨2yu;
ty1 :  fi ; Y1 : U p˝q fi ˝u; tx ÞÑ pY1 paq, Z1 pz1 qq, X ÞÑ ˝u

ñApp-A
Clr-S

tz2 : pU pgpa, b, bq, cq, b, bq fi pgpa, dq, c, dq;
Z2 : ˝ fi ˝; gx1¨1, 1yax1¨1¨1, 1¨1ycx1¨2, 2yu;
ty1 :  fi ; Y1 : U p˝q fi ˝u; tx ÞÑ pY1 paq, f pZ2 pz2 qqq, X ÞÑ ˝u

ñAbs-L tz2 : pgpa, b, bq, cq fi pgpa, dq, c, dq; Z2 : pU p˝q, b, bq fi ˝; gx1, 1yax1¨1, 1¨1ycx2, 2yu;
ty1 :  fi ; Y1 : U p˝q fi ˝u; tx ÞÑ pY1 paq, f pZ2 pz2 qqq, X ÞÑ ˝u
ñSpl-H
Clr-S

tz3 : gpa, b, bq fi gpa, dq; Z3 : ˝ fi ˝; gx1, 1yax1¨1, 1¨1y, z4 : c fi c; Z4 : ˝ fi ˝; cx1, 1yu;
ty1 :  fi ; Y1 : U p˝q fi ˝, z2 :  fi ; Z2 : pU p˝q, b, bq fi p˝, dqu;
tx ÞÑ pY1 paq, f pZ2 pZ3 pz3 q, Z4 pz4 qqqq, X ÞÑ ˝u

ñApp-A
Clr-S

tz5 : pa, b, bq fi pa, dq; Z5 : ˝ fi ˝; ax1, 1y, z4 : c fi c; Z4 : ˝ fi ˝; cx1, 1yu;
ty1 :  fi ; Y1 : U p˝q fi ˝, z2 :  fi ; Z2 : pU p˝q, b, bq fi p˝, dqu;
tx ÞÑ pY1 paq, f pZ2 pgpZ5 pz5 qq, Z4 pz4 qqqq, X ÞÑ ˝u

ñRes-C
Clr-S

tz5 : pa, b, bq fi pa, dq; Z5 : ˝ fi ˝; ax1, 1y, z4 : c fi c; Z4 : ˝ fi ˝; cx1, 1yu;
ty1 :  fi ; Y1 : U p˝q fi ˝, z2 :  fi ; Z2 : U p˝q fi ˝, y2 : pb, bq fi d; Y2 : ˝ fi ˝u;
tx ÞÑ pY1 paq, f pZ2 pgpZ5 pz5 qq, Z4 pz4 qq, y2 qq, X ÞÑ ˝u

ñMer-S tz5 : pa, b, bq fi pa, dq; Z5 : ˝ fi ˝; ax1, 1y, z4 : c fi c; Z4 : ˝ fi ˝; cx1, 1yu;
ty1 :  fi ; Y1 : U p˝q fi ˝, y2 : pb, bq fi d; Y2 : ˝ fi ˝u;
tx ÞÑ pY1 paq, f pY1 pgpZ5 pz5 qq, Z4 pz4 qq, y2 qq, X ÞÑ ˝u
ñApp-A
Sol-H

tz5 : pa, b, bq fi pa, dq; Z5 : ˝ fi ˝; ax1, 1yu; ty1 :  fi ; Y1 : U p˝q fi ˝,
y2 : pb, bq fi d; Y2 : ˝ fi ˝u; tx ÞÑ pY1 paq, f pY1 pgpZ5 pz5 qq, cq, y2 qq, X ÞÑ ˝u

ñApp-A
Sol-H H; ty1 :  fi ; Y1 : U p˝q fi ˝, y2 : pb, bq fi d; Y2 : ˝ fi ˝,
z5 :  fi ; Z5 : p˝, b, bq fi p˝, dqu; tx ÞÑ pY1 paq, f pY1 pgpZ5 paqq, cq, y2 qq, X ÞÑ ˝u
ñRes-C
Clr-S

H; ty1 :  fi ; Y1 : U p˝q fi ˝, y2 : pb, bq fi d; Y2 : ˝ fi ˝, y3 : pb, bq fi d; Y3 : ˝ fi ˝u;
tx ÞÑ pY1 paq, f pY1 pgpa, y3 q, cq, y2 qq, X ÞÑ ˝u

ñMer-S H; ty1 :  fi ; Y1 : U p˝q fi ˝, y2 : pb, bq fi d; Y2 : ˝ fi ˝u;
tx ÞÑ pY1 paq, f pY1 pgpa, y2 q, cq, y2 qq, X ÞÑ ˝u

Xpxqσ “ pY1 paq, f pY1 pgpa, y2 q, cq, y2 qq generalizes the two input hedges with
respect to the given alignment and the store contains all the information about
the differences of the input hedges.
Example 17. As already mentioned in the introduction, the algorithm G can
be a useful tool for detecting software clones. For that, we translate the input
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source-codes into hedges. It is straightforward to encode abstract syntax trees,
like it was proposed in [6, 11, 15], with hedges. For illustration we use an
example composed from the taxonomy of editing scenarios for different clone
types, described in [26]. Listing 1 shows the original code and Listing 2 shows
two of its clones.
1
2
3
4
5
6
7

void sumProd ( int n ) {
f l o a t sum = 0 ;
f l o a t prod = 1 ;
f o r ( int i =1; i<=n ; i ++)
{sum = sum + i ;
prod = prod ∗ i ;
f o o ( sum , prod ) ; }}
Listing 1: Example code for using G as clone detection tool on it.

The algorithm G will reveal the first clone from Listing 2 similarly to the
algorithm from [18] because no higher-order variables are needed to capture the
deletion of some code statements. In the second clone, the for loop has been
replaced by a while loop. Since we represent loops as function applications in
the syntax tree, the generalization method suggested in this work leads to better
results by introducing context variables for different function applications.
1
2
3
4
5
6
7

void sumProd ( int n ) {
f l o a t sum = 0 ;
f l o a t prod = 1 ;
f o r ( int i =1; i<=n ; i ++) {
sum = sum + i ;
// l i n e d e l e t e d
f o o ( sum , prod ) ; }}

|
|
|
|
|
|
|

void sumProd ( int n ) {
f l o a t sum = 0 ;
f l o a t prod = 1 ;
int i =1; while ( i<=n ) {
sum = sum + i ;
prod = prod ∗ i ;
f o o ( sum , prod ) ; i ++; }}

Listing 2: Two clones of the code from Listing 1.

Figure 6 shows the term encoding of the abstract syntax tree from the original code and Figure 7 shows the respective term encodings of the two clones.
sumP rodpinputptypepintq, nq,
returnT ypepvoidq,
“ptypepf loatq, sum, 0q,
“ptypepf loatq, prod, 1q,
f orp“ptypepintq, i, 1q, ďpi, nq, ``piq,
“psum, `psum, iqq,
“pprod, ˚pprod, iqq,
f oopsum, prodqqq
Figure 6: Representation of the original code from Listing 1 as unranked term.
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sumP rodpinputptypepintq, nq,

sumP rodpinputptypepintq, nq,

returnT ypepvoidq,

returnT ypepvoidq,

“ptypepf loatq, sum, 0q,

“ptypepf loatq, sum, 0q,

“ptypepf loatq, prod, 1q,

“ptypepf loatq, prod, 1q,

f orp“ptypepintq, i, 1q, ďpi, nq, ``piq,

“ptypepintq, i, 1q, whilepďpi, nq,

“psum, `psum, iqq,

“psum, `psum, iqq,
“pprod, ˚pprod, iqq,

f oopsum, prodqqq

f oopsum, prodq, ``piqqq

Figure 7: Representation of the two clones from Listing 2 as unranked terms.

For generalizing the (term representation of the) original code and one of the
clones, we compute the admissible alignment of longest length (laa). We will
discuss the computation of alignments in section 6. In both of our two examples,
the laa is unique. (In general this is not the case.) The length of the laa for
the original code and the first clone is 36. For the original code and the second
clone it contains 38 symbols. Figure 8 shows the results after applying G to the
term representation of the original code and either of the clones with respect to
the corresponding laa.
sumP rodpinputptypepintq, nq,

sumP rodpinputptypepintq, nq,

returnT ypepvoidq,

returnT ypepvoidq,

“ptypepf loatq, sum, 0q,

“ptypepf loatq, sum, 0q,

“ptypepf loatq, prod, 1q,

“ptypepf loatq, prod, 1q,

f orp“ptypepintq, i, 1q, ďpi, nq, ``piq,

Xp“ptypepintq, i, 1q, Ypďpi, nq, x,

“psum, `psum, iqq,

“psum, `psum, iqq,

x

“pprod, ˚pprod, iqq,

f oopsum, prodqqq

f oopsum, prodqqqq

Figure 8: Clone detection by applying G to the code from Figure 6 and its clones (Figure 7).

The first result is pretty clear. The input terms can be obtained from the
generalization by instantiating the variable x either with “pprod, ˚pprod, iqq or
the empty hedge. From the second generalization, the term representation of
the original code can be obtained by applying the substitution tX ÞÑ f orp˝q,
Y ÞÑ ˝, x ÞÑ ``piqu, and the term representation of the second clone can be
obtained by applying the substitution tX ÞÑ ˝, Y ÞÑ whilep˝, ``piqq, x ÞÑ u.
The information about the differences is available from the store, as usual.
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4.2. Properties of the Algorithm
The algorithm G maintains the following four invariants. We will use them
to prove soundness of the algorithm.
Lemma 4 (Invariant 1). If tx0 : s̃0 fi q̃0 ; X0 : ˝ fi ˝; a0 u; S0 ; σ0 ùñ˚ Pn ;
Sn ; σn is a derivation in G, then for all xn : s̃n fi q̃n ; Xn : c̃n fi d˜n ; an P Pn
either an ‰ e or c̃n “ d˜n “ ˝.
Proof. The only rules that reduce the length of an alignment are Spl-H and
App-A. The rule Spl-H splits an AUP such that the alignments of the two new
AUPs are not empty. Therefore App-A is the only rule which transforms an
AUP with a nonempty alignment into one with an empty alignment. Every
AUP derived by App-A has the form xn : s̃n fi q̃n ; Xn : ˝ fi ˝; an .
l
Lemma 5 (Invariant 2). Let P0 ; S0 ; σ0 ùñ˚ Pn ; Sn ; σn be a derivation in G.
If for all tx1 : s̃1 fi q̃1 ; X1 : c̃1 fi d˜1 ; a1 , x2 : s̃2 fi q̃2 ; X2 : c̃2 fi d˜2 ; a2 u Ď P0 Y S0
holds x1 ‰ x2 and X1 ‰ X2 , then this implies x3 ‰ x4 and X3 ‰ X4 for all
tx3 : s̃3 fi q̃3 ; X3 : c̃3 fi d˜3 ; a3 , x4 : s̃4 fi q̃4 ; X4 : c̃4 fi d˜4 ; a4 u Ď Pn Y Sn .
Proof. Looking at the rules, it is easy to see that no rule application duplicates
a variable of an AUP, and every fresh variable is only used in one AUP.
l
Lemma 6 (Invariant 3). Let P0 ; S0 ; σ0 ùñ˚ Pn ; Sn ; σn be a derivation in G.
If for all x0 : s̃0 fi q̃0 ; X0 : c̃0 fi d˜0 ; a0 P P0 the variables x0 , X0 only appear
together as term X0 px0 q in σ0 then this implies that for all xn : s̃n fi q̃n ; Xn :
c̃n fi d˜n ; an P Pn the variables xn , Xn only appear together as term Xn pxn q
in σn . (This implies that they do not appear in Dompσn q.)
Proof. The rules Abs-L/Abs-R are trivial. From Lemma 5 we know that the
variables of all the AUPs in Pi Y Si , 0 ď i ď n are pairwise disjoint. Furthermore, once a generalization variable appears in Si , it will never appear in Pj
again, for all i ď j ď n, because there is no rule which moves an AUP from the
store Sj back to the problem set Pj . Therefore, for any generalization variable
occurring in Pj , the rules Res-C, Mer-S, Clr-S (which only operate on generalization variables within Si ) have no effect on their appearance in σj . The
rule Sol-H trivially maintains this property, as it moves an AUP to the store
and therefore the condition is lifted for the corresponding variables. The rule
App-A moves the selected AUP to the store, such that the condition is lifted
for those generalization variables, e.g. x and X. Furthermore it introduces a
new AUP with two fresh variables, say y and Y , and it composes the mapping
σi tx ÞÑ a1 pY pyqqu, which again maintains the property that y, Y only appear
together as term Y pyq in σi`1 . The reasoning for the rule Spl-H is very similar.
It introduces two new AUPs and also maintains this property.
l
Lemma 7 (Invariant 4). Let P0 ; S0 ; σ0 such that for all x0 : s̃0 fi q̃0 ; X0 :
c̃0 fi d˜0 ; a0 P P0 the variables x0 , X0 only appear together as term X0 px0 q in σ0 .
If P0 ; S0 ; σ0 ùñ˚ Pn ; Sn ; σn is a derivation in G then for all x0 : s̃0 fi q̃0 ; X0 :
c̃0 fi d˜0 ; a0 P P0 Y S0 holds
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• X0 px0 qσ0 σL pP0 Y S0 q “ X0 px0 qσn σL pPn Y Sn q,
• X0 px0 qσ0 σR pP0 Y S0 q “ X0 px0 qσn σR pPn Y Sn q.
Proof. By induction on the length of derivations. The trivial base case is
the derivation of length zero. Let P0 ; S0 ; σ0 such that for all x0 : s̃0 fi q̃0 ;
X0 : c̃0 fi d˜0 ; a0 P P0 the variables x0 , X0 only appear together as term X0 px0 q
in σ0 . Note that by Lemma 6 this property is an invariant of G. Let P0 ; S0 ;
σ0 ùñ˚ Pn´1 ; Sn´1 ; σn´1 ùñ Pn ; Sn ; σn be a derivation in G. As induction
hypothesis (IH) we assume that for all x0 : s̃0 fi q̃0 ; X0 : c̃0 fi d˜0 ; a0 P P0 Y S0
holds
• X0 px0 qσ0 σL pP0 Y S0 q “ X0 px0 qσn´1 σL pPn´1 Y Sn´1 q,
• X0 px0 qσ0 σR pP0 Y S0 q “ X0 px0 qσn´1 σR pPn´1 Y Sn´1 q.
By case analysis on the applied rule, we will show that
• X0 px0 qσn´1 σL pPn´1 Y Sn´1 q “ X0 px0 qσn σL pPn Y Sn q,
• X0 px0 qσn´1 σR pPn´1 Y Sn´1 q “ X0 px0 qσn σR pPn Y Sn q.
We will only illustrate the proof for the left hand side X0 px0 qσn´1 σL pPn´1 Y
Sn´1 q “ X0 px0 qσn σL pPn Y Sn q, serving as representative of both sides and skip
the rule Abs-R which is a mirror image of Abs-L. For the sake of readability we
will omit writing the alignments as we do not care about them in this proof.
Spl-H.

˜
Pn´1 “ P Y tx : s̃ fi q̃; X : c̃ fi du,
jk
jm
ik
Pn “ P Y ty : s̃|i1 fi q̃|j1 ; Y : ˝ fi ˝u Y tz : s̃|iim
`` fi q̃| `` ; Z : ˝ fi ˝u,
j
--

k

--

k

i
|s̃|
˜ j1 , ˝, q̃||q̃|`` su,
Sn “ Sn´1 Y tx :  fi ; X : c̃rs̃|11 , ˝, s̃|i`` s fi drq̃|
1
jm
m
σn “ σn´1 tx ÞÑ pY pyq, Zpzqqu,
j1- i-|q̃|
|s̃|
jm
jk
s̃ “ ps̃|11 , s̃|iik1 , s̃|iim
`` , s̃| `` q, q̃ “ pq̃|1 , q̃|j1 , q̃| `` , q̃| `` q.
j
i
j
m

k

k

m

Using Definition 17 we have the equality
σn´1 σL pPn´1 Y Sn´1 q
˜ Y P Y Sn´1 q
“ σn´1 σL ptx : s̃ fi q̃; X : c̃ fi du
“ σn´1 tx ÞÑ s̃, X ÞÑ c̃uσL pP Y Sn´1 q
i--

|s̃|

“ σn´1 tx ÞÑ ps̃|11 , s̃|iik1 , s̃|iim
`` , s̃| `` q, X ÞÑ c̃uσL pP Y Sn´1 q.
i
m

k

The variables y, Y, z, Z are fresh and therefore it holds for all x0 : s̃0 fi q̃0 ;
X0 : c̃0 fi d˜0 P P0 Y S0 that
i--

|s̃|

X0 px0 qσn´1 tx ÞÑ ps̃|11 , s̃|iik1 , s̃|iim
`` , s̃| `` q, X ÞÑ c̃uσL pP Y Sn´1 q
i
m

k

“ X0 px0 qσn´1 tx ÞÑ

i-ps̃|11 , Y

|s̃|

pyq, Zpzq, s̃|i`` q, X ÞÑ c̃u
m

ty ÞÑ s̃|iik1 , Y ÞÑ ˝utz ÞÑ s̃|iim
`` , Z ÞÑ ˝uσL pP Y Sn´1 q
k

i--

|s̃|

“ X0 px0 qσn´1 tx ÞÑ ps̃|11 , Y pyq, Zpzq, s̃|i`` q, X ÞÑ c̃u
m
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jm
σL pty : s̃|iik1 fi q̃|jjk1 ; Y : ˝ fi ˝u Y tz : s̃|iim
`` fi q̃| `` ; Z : ˝ fi ˝u Y P Y Sn´1 q
j
k

“ X0 px0 qσn´1 tx ÞÑ

i-ps̃|11 , Y

k

|s̃|
pyq, Zpzq, s̃|i`` q, X
m

ÞÑ c̃uσL pPn Y Sn´1 q.

Further on, by Lemma 6 the variables x, X only appear together as term Xpxq
in σn´1 which leads to
i--

|s̃|

X0 px0 qσn´1 tx ÞÑ ps̃|11 , Y pyq, Zpzq, s̃|i`` q, X ÞÑ c̃uσL pPn Y Sn´1 q
m

i--

|s̃|

“ X0 px0 qσn´1 tx ÞÑ pY pyq, Zpzqq, X ÞÑ c̃rs̃|11 , ˝, s̃|i`` suσL pPn Y Sn´1 q
m

“ X0 px0 qσn´1 tx ÞÑ pY pyq, Zpzqqutx ÞÑ , X ÞÑ
i1- -

i-|s̃|
c̃rs̃|11 , ˝, s̃|i`` suσL pPn
m

Y Sn´1 q

j1- -

|s̃|
|q̃|
˜
“ X0 px0 qσn σL ptx :  fi ; X : c̃rs̃|1 , ˝, s̃|i`` s fi drq̃|
1 , ˝, q̃|j `` su Y Pn Y Sn´1 q
m

m

“ X0 px0 qσn σL pPn Y Sn q.
˜ Y P,
Pn´1 “ tx : ps̃l , a1 ps̃q, s̃r q fi pq̃l , a1 pq̃q, q̃r q; X : c̃ fi du
Pn “ ty : s̃ fi q̃; Y : ˝ fi ˝u Y P ,
˜ l , ˝, q̃r su,
Sn “ Sn´1 Y tx :  fi ; X : c̃rs̃l , ˝, s̃r s fi drq̃
σn “ σn´1 tx ÞÑ a1 pY pyqqu.
By Definition 17 we get

App-A.

σn´1 σL pPn´1 Y Sn´1 q
˜ Y P Y Sn´1 q
“ σn´1 σL ptx : ps̃l , a1 ps̃q, s̃r q fi pq̃l , a1 pq̃q, q̃r q; X : c̃ fi du
“ σn´1 tx ÞÑ ps̃l , a1 ps̃q, s̃r q, X ÞÑ c̃uσL pP Y Sn´1 q.
The variables y, Y are fresh and therefore it holds for all x0 : s̃0 fi q̃0 ; X0 : c̃0 fi
d˜0 P P0 Y S0 that
X0 px0 qσn´1 tx ÞÑ ps̃l , a1 ps̃q, s̃r q, X ÞÑ c̃uσL pP Y Sn´1 q
“ X0 px0 qσn´1 tx ÞÑ ps̃l , a1 pY pyqq, s̃r q, X ÞÑ c̃uty ÞÑ s̃, Y ÞÑ ˝uσL pP Y Sn´1 q
“ X0 px0 qσn´1 tx ÞÑ ps̃l , a1 pY pyqq, s̃r q, X ÞÑ c̃uσL pty : s̃ fi q̃; Y : ˝ fi ˝u Y P Y Sn´1 q
“ X0 px0 qσn´1 tx ÞÑ ps̃l , a1 pY pyqq, s̃r q, X ÞÑ c̃uσL pPn Y Sn´1 q.
Further on, by Lemma 6 the variables x, X only appear together as term Xpxq
in σn´1 which leads to
X0 px0 qσn´1 tx ÞÑ ps̃l , a1 pY pyqq, s̃r q, X ÞÑ c̃uσL pPn Y Sn´1 q
“ X0 px0 qσn´1 tx ÞÑ a1 pY pyqq, X ÞÑ c̃rs̃l , ˝, s̃r suσL pPn Y Sn´1 q
“ X0 px0 qσn´1 tx ÞÑ a1 pY pyqqutx ÞÑ , X ÞÑ c̃rs̃l , ˝, s̃r suσL pPn Y Sn´1 q
˜ l , ˝, q̃r su Y Pn Y Sn´1 q
“ X0 px0 qσn σ ptx :  fi ; X : c̃rs̃l , ˝, s̃r s fi drq̃
L

“ X0 px0 qσn σL pPn Y Sn q.
Abs-L.

˜ Y P,
Pn´1 “ tx : ps̃l , φps̃q, s̃r q fi q̃; X : c̃ fi du
˜
Pn “ tx : s̃ fi q̃; X : c̃rs̃l , φp˝q, s̃r s fi du Y P ,
Sn “ Sn´1 , σn “ σn´1 .
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Starting with Definition 17 we get
σn´1 σL pPn´1 Y Sn´1 q
˜ Y P Y Sn q
“ σn σL ptx : ps̃l , φps̃q, s̃r q fi q̃; X : c̃ fi du
“ σn tx ÞÑ ps̃l , φps̃q, s̃r q, X ÞÑ c̃uσL pP Y Sn q.
By Lemma 6 the variables x, X only appear together as term Xpxq in σn´1 “ σn .
Therefore it follows that for all x0 : s̃0 fi q̃0 ; X0 : c̃0 fi d˜0 P P0 Y S0 holds
X0 px0 qσn tx ÞÑ ps̃l , φps̃q, s̃r q, X ÞÑ c̃uσL pP Y Sn q
“ X0 px0 qσn tx ÞÑ s̃, X ÞÑ c̃rs̃l , φp˝q, s̃r suσL pP Y Sn q
˜ Y P Y Sn q
“ X0 px0 qσn σL ptx : s̃ fi q̃; X : c̃rs̃l , φp˝q, s̃r s fi du
“ X0 px0 qσn σL pPn Y Sn q.
Sol-H.

Pn “ Pn´1 ztx : s̃ fi q̃; X : ˝ fi ˝u,
Sn “ Sn´1 Y tx : s̃ fi q̃; X : ˝ fi ˝u,
σn “ σn´1 tX ÞÑ ˝u.
Obviously the sets Pn´1 Y Sn´1 and Pn Y Sn are equal such that σL pPn´1 Y
Sn´1 q “ σL pPn Y Sn q and furthermore tx : s̃ fi q̃; X : ˝ fi ˝; eu P Pn Y Sn leads
to XσL pPn Y Sn q “ ˝, by Definition 17. Finally we get
σn´1 σL pPn Y Sn q
“ σn´1 tX ÞÑ ˝uσL pPn Y Sn q
“ σn σL pPn Y Sn q.
Res-C.

Pn “ Pn´1 ,
9 y : s̃l fi q̃l ; Y : ˝ fi ˝, z : s̃r fi q̃r ; Z : ˝ fi ˝u
Sn ztx :  fi ; X : c9 fi d,
9 q̃r qu,
9 s̃r q fi pq̃l , d,
“ Sn´1 ztx :  fi ; X : ps̃l , c,
σn “ σn´1 tX ÞÑ py, Xp˝q, zqu.
Therefore by Definition 17 holds
σn´1 σL pPn´1 Y Sn´1 q
“ σn´1 tX ÞÑ ps̃l , c,
9 s̃r q, x ÞÑ uσL pPn´1 Y
9 q̃r quq
Sn´1 ztx :  fi ; X : ps̃l , c,
9 s̃r q fi pq̃l , d,
“ σn´1 tX ÞÑ ps̃l , c,
9 s̃r q, x ÞÑ uσL pPn´1 Y
9 y : s̃l fi q̃l ; Y : ˝ fi ˝, z : s̃r fi q̃r ; Z : ˝ fi ˝uq
Sn ztx :  fi ; X : c9 fi d,
9 L pPn´1 Y
“ σn´1 tX ÞÑ ps̃l , Xp˝q, s̃r qutx ÞÑ , X ÞÑ cuσ
9
Sn ztx :  fi ; X : c9 fi d, y : s̃l fi q̃l ; Y : ˝ fi ˝, z : s̃r fi q̃r ; Z : ˝ fi ˝uq
“ σn´1 tX ÞÑ ps̃l , Xp˝q, s̃r quσL pPn´1 Y
Sn zty : s̃l fi q̃l ; Y : ˝ fi ˝, z : s̃r fi q̃r ; Z : ˝ fi ˝uq.

The variables y, z, Y, Z are fresh and therefore it holds for all x0 : s̃0 fi q̃0 ;
X0 : c̃0 fi d˜0 P P0 Y S0 that
X0 px0 qσn´1 tX ÞÑ ps̃l , Xp˝q, s̃r quσL pPn´1 Y
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Sn zty : s̃l fi q̃l ; Y : ˝ fi ˝, z : s̃r fi q̃r ; Z : ˝ fi ˝uq
“ X0 px0 qσn´1 tX ÞÑ py, Xp˝q, zquty ÞÑ s̃l , z ÞÑ s̃r , Y ÞÑ ˝, Z ÞÑ ˝uσL pPn´1 Y
Sn zty : s̃l fi q̃l ; Y : ˝ fi ˝, z : s̃r fi q̃r ; Z : ˝ fi ˝uq
“ X0 px0 qσn´1 tX ÞÑ py, Xp˝q, zquσL pPn´1 Y Sn q
“ X0 px0 qσn σL pPn´1 Y Sn q
“ X0 px0 qσn σL pPn Y Sn q.
Mer-S.

Pn “ Pn´1 ,
˜
Sn “ Sn´1 ztx2 : s̃ fi q̃; X2 : c̃ fi du,
x1 : s̃ fi q̃; X1 : c̃ fi d˜ P Sn ,
σn “ σn´1 tx2 ÞÑ x1 , X2 ÞÑ X1 u.
Therefore by Definition 17 holds
σL pPn´1 Y Sn´1 q
˜
“ tx2 ÞÑ s̃, X2 ÞÑ c̃uσL pPn´1 Y Sn´1 ztx2 : s̃ fi q̃; X2 : c̃ fi duq
“ tx2 ÞÑ s̃, X2 ÞÑ c̃uσL pPn´1 Y Sn q.

From the fact x1 : s̃ fi q̃; X1 : c̃ fi d˜ P Sn follows that x1 σL pPn´1 Y Sn q “ s̃ and
X1 σL pPn´1 Y Sn q “ c̃, which finally leads to
σn´1 tx2 ÞÑ s̃, X2 ÞÑ c̃uσL pPn´1 Y Sn q
“ σn´1 tx2 ÞÑ x1 , X2 ÞÑ X1 uσL pPn´1 Y Sn q
“ σn σL pPn´1 Y Sn q
“ σn σL pPn Y Sn q.
Clr-S.

Pn “ Pn´1 ,
Sn “ Sn´1 ztx :  fi ; X : ˝ fi ˝u,
σn “ σn´1 tx ÞÑ , X ÞÑ ˝u.
By definition 17 it holds that
σn´1 σL pPn´1 Y Sn´1 q
“ σn´1 tx ÞÑ , X ÞÑ ˝uσL pPn´1 Y Sn´1 ztx :  fi ; X : ˝ fi ˝uq
“ σn´1 tx ÞÑ , X ÞÑ ˝uσL pPn´1 Y Sn q
“ σn σL pPn´1 Y Sn q
“ σn σL pPn Y Sn q.
l

This lemma has a corollary which states that for the invariant, the initial
substitution is irrelevant:
Corollary 8. If P0 ; S0 ; ϑ0 ùñ˚ Pn ; Sn ; ϑ0 ϑ1 . . . ϑn is a derivation in G then
for all x0 : s̃0 fi q̃0 ; X0 : c̃0 fi d˜0 ; a0 P P0 Y S0 holds
• X0 px0 qσL pP0 Y S0 q “ X0 px0 qϑ1 . . . ϑn σL pPn Y Sn q,
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• X0 px0 qσR pP0 Y S0 q “ X0 px0 qϑ1 . . . ϑn σR pPn Y Sn q.
Theorem 9 (Termination). The system G terminates on any input.
Proof. We define the complexity measure of the triple P ; S; σ as a tuple of
multisets pMP , MS q, where
˜ a P P u,
MP “ t}s̃} ` }q̃} | x : s̃ fi q̃; X : c̃ fi d;
˜ | x : s̃ fi q̃; X : c̃ fi d;
˜ a P Su.
MS “ t}c̃} ` }d}
The measures are compared by the well-founded lexicographic ordering. Each
rule strictly reduces the complexity of the triple P ; S; σ.
l
The soundness theorem shows that G indeed computes rigid generalizations.
Besides, the store keeps the information which indicates how to obtain the initial
hedges from the generalization:
Theorem 10 (Soundness). Let P be a set of AUPs of the form tx : s̃ fi
q̃; X : ˝ fi ˝; au. Every exhaustive rule application in G yields a derivation
P ; H; ε ùñ` H; S; σ where g̃ “ Xpxqσ is a rigid generalization of s̃ and q̃
with respect to a and the store S records all the differences such that g̃σL pSq “ s̃
and g̃σR pSq “ q̃.
Proof. We will proceed in the following way:
1. For any arbitrary fixed AUP in P , there is a rule in G which is applicable.
2. g̃ is a supporting generalization of s̃ and q̃ with respect to a.
G maintains the invariant that P Y S is a set of AUPs.
S records all the differences such that g̃σL pSq “ s̃ and g̃σR pSq “ q̃.
3. g̃ is a rigid generalization of s̃ and q̃ with respect to a.
First we introduce some auxiliary notations used in the proof. The notation ϑki is used for a substitution composition ϑi ϑi`1 . . . ϑk . Given an AUP
˜ a P P we denote by å the admissible alignment of c̃rs̃s and
x : s̃ fi q̃; X : c̃ fi d;
˜
drq̃s. It is obtained by extending a “ a1 xi1 ¨I1 , j1 ¨J1 y . . . am xim ¨Im , jm ¨Jm y with
the positions of the holes in c̃, d˜ donated I˝ ¨i˝ , J˝ ¨j˝ , respectively, in the way
å “ a1 xI˝ ¨pi˝ ` i1 q¨I1 , J˝ ¨pj˝ ` j1 q¨J1 y . . . am xI˝ ¨pi˝ ` im q¨Im , J˝ ¨pj˝ ` jm q¨Jm y.
˜ a P P with a being an admissible
Ad 1. Show that for any x : s̃ fi q̃; X : c̃ fi d;
alignment of s̃ and q̃ there is a rule which can be applied. If a “ e then the
rule Sol-H is applicable by Lemma 4. Let a “ a1 xi1 ¨I1 , j1 ¨J1 y . . . am xim ¨Im ,
jm ¨Jm y ‰ e. From the condition of Spl-H it follows that the rule Spl-H is
applicable iff i1 ‰ im and j1 ‰ jm . Otherwise either i1 “ ¨ ¨ ¨ “ im or j1 “
¨ ¨ ¨ “ jm . W.l.o.g. we assume i1 “ ¨ ¨ ¨ “ im . If I1 ‰ λ then Abs-L is applicable,
therefore we furthermore assume I1 “ λ, which gives us an alignment of the
form a1 xi, j1 ¨J1 y . . . am xi¨Im , jm ¨Jm y. If we also have j1 “ ¨ ¨ ¨ “ jm , then either
we can apply Abs-R or App-A. (Note that, if a1 xi, jya2 xI2 , J2 y . . . am xIm , Jm y
is an admissible alignment of s̃ and q̃, then a1 is the symbol at position i in s̃
and at position j in q̃.) This leaves us with the case where j1 ‰ jm , leading
to j1 ¨J1 Ă jm ¨Jm but i Ă i¨Im which is a collision and cannot appear in an
admissible alignment.
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Ad 2. We use well-founded induction on the length of derivations. Our base
case is the derivation of length zero. We know that the initial problem set P
is a set of AUPs and for any AUP in P a rule is applicable. It follows that for
the base case holds P “ H. Furthermore all the AUPs in S have an empty
alignment. Every generalization of two hedges is supporting with respect to an
empty alignment. Therefore Corollary 8 covers the base case. Let P0 ; S0 ; ϑ0
ùñ P1 ; S1 ; ϑ0 ϑ1 ùñ˚ H; Sn ; ϑn0 be a derivation in G. As induction hypothesis
(IH) we assume that
• X1 px1 qϑn2 is a supporting generalization of c̃1 rs̃1 s and d˜1 rq̃1 s with respect
to å1 for all x1 : s̃1 fi q̃1 ; X1 : c̃1 fi d˜1 ; a1 P P1 Y S1 ,
By case analysis on the applied rule, we will show that this implies
• X0 px0 qϑn1 is a supporting generalization of c̃0 rs̃0 s and d˜0 rq̃0 s with respect
to å0 for any arbitrary but fixed x0 : s̃0 fi q̃0 ; X0 : c̃0 fi d˜0 ; a0 P P0 Y S0 ,
Spl-H.

a0 “ a1 xi1 ¨I1 , j1 ¨J1 y . . . ak xik ¨Ik , jk ¨Jk y
ak`1 xik`1 ¨Ik`1 , jk`1 ¨Jk`1 y . . . am xim ¨Im , jm ¨Jm y,
ϑ1 “ tx0 ÞÑ pY pyq, Zpzqqu.
By the IH we know that Y pyqϑn2 is a supporting generalization of s̃0 |iik1
and q̃0 |jjk1 with respect to a1 xpi1 ´ i1- - q¨I1 , pj1 ´ j1- - q¨J1 y . . . ak xpik ´ i1- - q¨Ik , pjk ´
jm
j1- - q¨Jk y, and Zpzqϑn2 is a supporting generalization of s̃0 |iim
`` and q̃0 | `` with
j
k

k

respect to ak`1 xpik`1 ´ ik q¨Ik`1 , pjk`1 ´ jk q¨Jk`1 y . . . am xpim ´ ik q¨Im , pjm ´
jk q¨Jm y. It follows that pY pyq, Zpzqqϑn2 “ x0 ϑn1 is a supporting generalization of
with respect to a1 xpi1 ´i1- - q¨I1 , pj1 ´j1- - q¨J1 y . . . am xpim ´i1- - q¨Im ,
s̃0 |iim
and q̃0 |jjm
1
1
-pjm ´ j1 q¨Jm y. Notice that our contexts are hedges. Hence X0 px0 qϑn1 is a
supporting generalization of pr̃1 , s̃0 |iim
, r̃2 q and pr̃3 , q̃0 |jjm
, r̃4 q with respect to
1
1
--a1 xpi1 ´ i1 ` |r̃1 |q¨I1 , pj1 ´ j1 ` |r̃3 |q¨J1 y . . . am xpim ´ i1- - ` |r̃1 |q¨Im , pjm ´
j1- - ` |r̃3 |q¨Jm y, where r̃1 , r̃2 , r̃3 , r̃4 are arbitrary hedges. Finally we set r̃1 “
i-j -|s̃0 |
|q̃0 |
s̃0 |11 , r̃2 “ s̃0 |i``
, r̃3 “ q̃0 |11 , r̃4 “ q̃0 |j ``
to get X0 px0 qϑn1 is a supporting generm
m
alization of s̃0 and q̃0 with respect to a1 xi1 ¨I1 , j1 ¨J1 y . . . am xim ¨Im , jm ¨Jm y “ a0
and it also is a supporting generalization of c̃0 rs̃0 s and d˜0 rq̃0 s with respect to å0 .
App-A.

s̃0 “ ps̃l , a1 ps̃1 q, s̃r q, q̃0 “ pq̃l , a1 pq̃1 q, q̃r q,
a0 “ a1 xi, jy a2 xi¨I2 , j¨J2 y . . . am xi¨Im , j¨Jm y,
ϑ1 “ tx0 ÞÑ a1 pY pyqqu.
By IH Y pyqϑn2 is a supporting generalization of s̃1 and q̃1 with respect to
a2 xI2 , J2 y . . . am xIm , Jm y. It follows that a1 pY pyqϑn2 q “ x0 ϑn1 is a supporting
generalization of the terms a1 ps̃1 q and a1 pq̃1 q with respect to a1 x1, 1ya2 x1¨I2 ,
1¨J2 y . . . am x1¨Im , 1¨Jm y. Similarly as for Spl-H we conclude that X0 px0 qϑn1 is
a supporting generalization of ps̃l , a1 ps̃1 q, s̃r q and pq̃l , a1 pq̃1 q, q̃r q with respect to
a0 where i “ |s̃l | ` 1 and j “ |q̃l | ` 1. It also is a supporting generalization of
c̃0 rs̃0 s and d˜0 rq̃0 s with respect to å0 .
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Abs-L.

x0 “ x1 , X0 “ X1 ,
s̃0 “ ps̃l , φps̃1 q, s̃r q, q̃0 “ q̃1 ,
c̃1 “ c̃0 rs̃l , φp˝q, s̃r s, d˜0 “ d˜1 ,
a0 “ a1 xi¨I1 , J1 y . . . am xi¨Im , Jm y,
ϑ1 “ ε.
It directly follows c̃1 rs̃1 s “ c̃0 rs̃l , φp˝q, s̃r srs̃1 s “ c̃0 rs̃l , φps̃1 q, s̃r s “ c̃0 rs̃0 s. By
IH X1 px1 qϑn2 “ X0 px0 qϑn1 is a supporting generalization of c̃1 rs̃1 s and d˜1 rq̃0 s with
respect to a1 xI1 , J1 y . .˚
. am xIm , Jm y. From Corollary 8 we know that X0 px0 qϑn1
is a generalization of c̃0 rs̃0 s and d˜0 rq̃0 s. It follows that X0 px0 qϑn1 is a supporting
generalization of c̃0 rs̃l , φps̃1 q, s̃r s and d˜0 rq̃0 s with respect to å0 , were i “ |s̃l | ` 1.
Abs-R. The reasoning is the same as for Abs-L.
Sol-H, Res-C, Mer-S, Clr-S. Those remaining rules operate only on AUPs
with empty alignments. Every generalization of two hedges is supporting with
respect to an empty alignment. Therefore Corollary 8 covers those cases.
Summary. It follows that G maintains the invariant that P Y S is a set of
AUPs. Let P be a set of AUPs of the form tx : s̃ fi q̃; X : ˝ fi ˝; au and P ; H;
ε ùñ` H; S; σ be a derivation in G. By Definition 17 we have XpxqσL ptx :
s̃ fi q̃; X : ˝ fi ˝; auq “ s̃ and XpxqσR ptx : s̃ fi q̃; X : ˝ fi ˝; auq “ q̃. From
Lemma 7 follows that XpxqσσL pSq “ s̃ and XpxqσσR pSq “ q̃.
Ad 3. Let P ; H; ε ùñ` H; S; σ be a derivation in G and tx : s̃ fi q̃; X : ˝ fi ˝;
au P P arbitrary. From above we know that g̃ “ Xpxqσ is a supporting generalization of s̃ and q̃ with respect to a. First we discuss the following property:
• There are substitutions σ, ϑ with g̃σ “ s̃ and g̃ϑ “ q̃ where all the contexts
in σ, ϑ are terms (not arbitrary hedges).
The rule Res-C eliminates all those contexts which are hedges from the store S
and we already showed that g̃σL pSq “ s̃ and g̃σR pSq “ q̃. Therefore we just set
σ “ σL pSq and ϑ “ σR pSq.
Let r̃ be an arbitrary hedge. We define the predicate Ppr̃q to be true iff the
following properties hold:
•
•
•
•

No context variable in r̃ applies to the empty hedge.
r̃ doesn’t contain horizontal consecutive hedge variables.
r̃ doesn’t contain vertical chains of variables.
r̃ doesn’t contain context variables with a hedge variable as the first or
the last argument.

Let P0 ; S0 ; ϑ0 ùñ P1 ; S1 ; ϑ0 ϑ1 ùñ˚ H; Sn ; ϑn0 be an exhaustive derivation
in G. As IH we assume that for all x1 : s̃1 fi q̃1 ; X1 : c̃1 fi d˜1 ; a1 P P1 holds
PpX1 px1 qϑn2 q, and furthermore for all y1 : s̃1 fi q̃1 ; Y1 : c̃1 fi d˜1 P S1 holds
Ppy1 ϑn2 q and PpY1 p˝qϑn2 q. (Note that from PpX1 px1 qϑn2 q follows Ppx1 ϑn2 q and
PpX1 p˝qϑn2 q.) The trivial base case is the derivation of length zero where P “ H
and ϑ1 “ ε.
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By case analysis on the applied rule, we will show that this implies for any
arbitrary but fixed x0 : s̃0 fi q̃0 ; X0 : c̃0 fi d˜0 ; a0 P P0 holds PpX0 px0 qϑn1 q, and
for any y0 : s̃0 fi q̃0 ; Y0 : c̃0 fi d˜0 P S0 holds Ppy0 ϑn1 q and PpY0 p˝qϑn1 q.
P0 “ P Y tx : s̃0 fi q̃0 ; X : c̃0 fi d˜0 ; a0 u,
P1 “ P Y tx : s̃1 fi q̃1 ; X : c̃1 fi d˜1 ; a1 u,
S0 “ S1 , ϑ1 “ ε.
Trivial because Xpxqϑn1 “ Xpxqϑn2 and S0 “ S1 .

Abs-L, Abs-R.

P0 “ P Y tx : s̃0 fi q̃0 ; X : c̃0 fi d˜0 ; a0 u,
P1 “ P Y ty : s̃1 fi q̃1 ; Y : ˝ fi ˝; a1 u,
S0 “ S1 ztx :  fi ; X : c̃1 fi d˜1 u,
ϑ1 “ tx ÞÑ a1 pY pyqqu.
We have Xpxqϑn1 “ Xpa1 pY pyqqqϑn2 . By IH it holds PpY pyqϑn2 q and
PpXp˝qϑn2 q. It follows that all the properties also hold for Xpa1 pY pyqqqϑn2 .

App-A.

Sol-H.

P0 “ P1 Y tx : s̃ fi q̃; X : ˝ fi ˝; eu,
S0 “ S1 ztx : s̃ fi q̃; X : ˝ fi ˝u,
ϑ1 “ tX ÞÑ ˝u.
Substitution composition gives Xpxqϑn1 “ xϑn2 and by IH we have Ppxϑn2 q.

Mer-S.

P 0 “ P1 ,
˜ Y tx2 : s̃ fi q̃; X2 : c̃ fi du,
˜
S0 “ S Y tx1 : s̃ fi q̃; X1 : c̃ fi du
˜
S1 “ S Y tx1 : s̃ fi q̃; X1 : c̃ fi du,
ϑ1 “ tx2 ÞÑ x1 , X2 ÞÑ X1 u.
Hence x2 ϑn1 “ x1 ϑn2 and X2 p˝qϑn1 “ X1 p˝qϑn2 . By IH holds that Ppx1 ϑn2 q
and PpX1 p˝qϑn2 q.

Clr-S.

P0
S0
ϑ1
We have

“ P1 ,
“ S1 Y tx :  fi ; X : ˝ fi ˝u,
“ tx ÞÑ , X ÞÑ ˝u.
xϑn1 “ ε and Xp˝qϑn1 “ ˝, which is trivial.

Res-C.

P0 “ P1 ,
9 q̃r qu
S0 “ S Y tx :  fi ; X : ps̃l , c,
9 s̃r q fi pq̃l , d,
9
S1 “ S Y tx :  fi ; X : c9 fi d,
y : s̃l fi q̃l ; Y : ˝ fi ˝, z : s̃r fi q̃r ; Z : ˝ fi ˝u,
s̃l ‰  or s̃r ‰  or q̃l ‰  or q̃r ‰ ,
ϑ1 “ tX ÞÑ py, Xp˝q, zqu.
Therefore xϑn1 “ xϑn2 but Xp˝qϑn1 “ py, Xp˝q, zqϑn2 . By IH we know that
Ppyϑn2 q, PpXp˝qϑn2 q and Ppzϑn2 q holds. Res-C is the only rule which maps
a context variable to a hedge. The rule itself produces AUPs where all the
contexts are terms (not hedges). Together with the condition s̃l ‰  or s̃r ‰ 
or q̃l ‰  or q̃r ‰  it follows that Res-C never applies twice for the same context
variable X. This considerations guarantee that Xp˝qϑn2 is a term (not a hedge)
which implies that Pppy, Xp˝q, zqϑn2 q holds.
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Spl-H.

˜ a0 u
P0 “ P Y tx : s̃ fi q̃; X : c̃ fi d;
P1 “ P Y ty : s̃|iik1 fi q̃|jjk1 ; Y : ˝ fi ˝; a1 ,
jm
z : s̃|iim
`` fi q̃| `` ; Z : ˝ fi ˝; a2 u,
j
k

k

a0 “ a1 xi1 ¨I1 , j1 ¨J1 y . . . ak`1 xik`1 ¨Ik`1 , jk`1 ¨Jk`1 y
. . . am xim ¨Im , jm ¨Jm y,
a1 “ a1 xpi1 ´ i1- - q¨I1 , pj1 ´ j1- - q¨J1 y
. . . ak xpik ´ i1- - q¨Ik , pjk ´ j1- - q¨Jk y,
a2 “ ak`1 xpik`1 ´ik q¨Ik`1 , pjk`1 ´jk q¨Jk`1 y
. . . am xpim ´ik q¨Im , pjm ´jk q¨Jm y,
i1 “ ik or j1 “ jk ,
i1 ‰ ik`1 and j1 ‰ jk`1 ,
-i-|s̃|
˜ j1 , ˝, q̃||q̃|`` su,
S0 “ S1 ztx :  fi ; X : c̃rs̃|11 , ˝, s̃|i`` s fi drq̃|
1
jm
m
ϑ1 “ tx ÞÑ pY pyq, Zpzqqu.
We have Xpxqϑn1 “ XpY pyq, Zpzqqϑn2 . By IH it holds PpY pyqϑn2 q, PpZpzqϑn2 q
and PpXp˝qϑn2 q. The condition i1 ‰ ik`1 implicitly demands that there are at
least two elements a1 xi1 ¨I1 , j1 ¨J1 y and ak`1 xik`1 ¨Ik`1 , jk`1 ¨Jk`1 y in a0 and it
follows that both alignments a1 and a2 are nonempty. We already know from
above that Y pyqϑn2 and Zpzqϑn2 are supporting generalizations which contain a1
and ak`1 respectively. Now we will show that
• Y pyqϑn2 is a term t1 (not an arbitrary hedge),
• Zpzqϑn2 is a hedge of the form r̃, t2 where t2 is not a hedge variable.
Then it follows that Ppt1 , r̃, t2 q holds. Furthermore we have XpY pyq, Zpzqqϑn2 “
Xp˝qϑn2 rt1 , r̃, t2 s such that also PpXp˝qϑn2 rt1 , r̃, t2 sq holds because t1 and t2 are
nonempty terms different from a hedge variable.
Let s̃|iik1 “ pti1 , . . . , tik q and q̃|jjk1 “ ptj1 , . . . , tjk q where ti1 “ s̃|i1 , tik “ s̃|ik ,
tj1 “ s̃|j1 , tjk “ s̃|jk , then all the t’s are terms (allowing ti1 “ tik , tj1 “ tjk ).
Furthermore ti1 and tj1 contain the function symbol corresponding to a1 xi1 ¨I1 ,
j1 ¨J1 y, and similarly for tik , tjk and ak xik ¨Ik , jk ¨Jk y. We know that Y pyqϑn2
is a supporting generalization of pti1 , . . . , tik q and ptj1 , . . . , tjk q with respect to
a1 “ a1 x. . .y . . . ak x. . .y and therefore Y pyqϑn2 is of the form pr̃1 , ta1 , . . . , tak , r̃2 q
where ta1 , tak denote those terms which contain a1 and ak respectively (allowing
ta1 “ tak ) and r̃1 , r̃2 are arbitrary hedges. To finish this part we have to show
that r̃1 “ r̃2 “ . From above we also know that Y pyqϑn2 σL pSn q “ pti1 , . . . ,
tik q and therefore r̃1 , r̃2 can only contain variables which are mapped to  by
σL pSn q. Because of PpY pyqϑn2 q the hedges r̃1 , r̃2 do not contain vertical chains
of variables and therefore no context variable can appear there also there are no
horizontal consecutive hedge variables. The only remaining possibility is that
r̃1 , r̃2 are either empty or a hedge variable. If both are empty then we are done
thus we assume w.l.o.g. that r̃1 “ x1 to get a contradiction. Then there is an
AUP tx1 :  fi ; X1 : c̃1 fi d˜1 u P Sn . As X1 does not appear below x1 it must
have been terminated by some mapping ϑk “ tX1 ÞÑ ˝u, 2 ď k ď n. This
implies that also c̃1 “ d˜1 “ ˝. By assumption the derivation is exhaustive but
for tx1 :  fi ; X1 : ˝ fi ˝u the rule Clr-S is applicable which is a contradiction.
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jm
Let s̃|iim
`` “ p. . . , tim q and q̃| `` “ p. . . , tjm q where tim “ s̃|im , tjm “ s̃|jm ,
j
k

k

then tim and tjm are terms. Furthermore tim and tjm contain the function symbol corresponding to am xim ¨Im , jm ¨Jm y. The further reasoning is the same
as above. It follows that all the properties are preserved when composing
XpY pyq, Zpzqqϑn2 .
l
The next theorem is the Completeness Theorem. It, essentially, says that for
a given alignment of two input hedges, a rigid generalization which is computed
by G is least general among all rigid generalizations of the same input.
Theorem 11 (Completeness). Let g̃ be a rigid generalization of s̃ and q̃ with
respect to a. Then there exists a derivation tx : s̃ fi q̃; X : ˝ fi ˝; au; H; ε ùñ`
H; S; σ obtained by G such that g̃ ĺ Xpxqσ.
Proof. Let ϑ1 , ϑ2 , σ be substitutions, x P VH , X P VC fresh variables and S a
set of AUPs such that:
•
•
•
•
•

Dompϑ1 q “ Dompϑ2 q,
g̃ϑ1 “ s̃,
g̃ϑ2 “ q̃,
σ “ tx ÞÑ g̃, X ÞÑ ˝u,
S “ ty : yϑ1 fi yϑ2 ; Y : ˝ fi ˝ | y P Dompϑ1 q, Y is freshu Y
ty :  fi ; Y : Y ϑ1 fi Y ϑ2 | Y P Dompϑ1 q, y is freshu.

We construct the final state P ; S; σ where P “ H, Xpxqσ “ g̃ and furthermore
we have s̃ “ Xpxqσϑ1 “ XpxqσσL pSq and q̃ “ Xpxqσϑ2 “ XpxqσσR pSq. We
start from this final state and we show that a rule R is applicable in reverse
direction P0 ; S0 ; σ0 R ðù P1 ; S1 ; σ1 until we reach the state tx0 : s̃0 fi q̃0 ;
X0 : ˝ fi ˝; a0 u P P0 and g̃0 “ X0 px0 qσ0 “ X0 px0 q, such that, by the invariant
Lemma 7, we will get the desired result.
First, all the variables in g̃1 are made distinct by reversely applying the rule
Mer-S. We also keep the store sound like described in the Mer-S rule. Now we
introduce some additional fresh variables, denoted by Y and y, to ensure that
above every function symbol there is a context variable and that every leaf is
a hedge variable, such that g̃0 is still a rigid generalization of s̃1 and q̃1 with
respect to a1 . This can be done by applying the rule Clr-S in reverse and we use
the following transformation rules to build g̃0 “ φpg̃1 q:
φps̃q “ Y pψps̃qq, if Headps̃q P F,
ψpxq “ x,
ψpaq “ apyq,
ψpXps̃qq “ Xpψps̃qq,

φps̃q “ ψps̃q, if Headps̃q R F.
ψpf pt1 , . . . , tn qqną0 “ f pφpt1 q, . . . , φptn qq,
ψpt1 , . . . , tn qną1 “ φpt1 q, . . . , φptn q.

The next step is to apply the rule Res-C in reverse direction as long as
possible, leaving only those hedge variables which occur as singleton terms under
a function symbol, e.g., those which occur in subterms of the form f pxq. We
still have g̃0 being a rigid generalization of s̃1 and q̃1 with respect to a1 .
Now we move all the AUPs x1 : s̃1 fi q̃1 ; X1 : ˝ fi ˝ with x1 P VH pg̃q from
S1 to P0 by reversely applying the rule Sol-H. After this step, all the leafs are
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hedge variables and together with their two predecessors they are subterms of
the form f pX1 px1 qq. There is one AUP in P0 for every subterm (leaf) of this
form.
We will show that one of the rules App-A, Abs-L/Abs-R, Spl-H is applicable in
reverse direction until we get P0 “ tx0 : s̃0 fi q̃0 ; X0 : ˝ fi ˝; a0 u and X0 px0 qσ0 “
X0 px0 q.
First, the rule App-A is applicable in reverse to every tx1 : s̃1 fi q̃1 ; X1 : ˝ fi
˝; eu P P . It adds one function symbol to the alignment a0 and removes it
from g̃1 . Furthermore, the hole ˝ in c̃0 , d˜0 has no siblings for all the new AUPs
tx0 : s̃0 fi q̃0 ; X0 : c̃0 fi d˜0 ; a0 u P P0 . Every reverse application of App-A strictly
decreases the size of g̃0 . Afterwards all the leafs are of the form X0 px0 q and
there is an AUP tx0 : s̃0 fi q̃0 ; X0 : c̃0 fi d˜0 ; a0 u P P0 , where the hole ˝ in c̃0 , d˜0
has no siblings.
• Case c̃1 ‰ ˝ or d˜1 ‰ ˝: By looking at the rules App-A, Abs-L/Abs-R, Spl-H
it is trivial to see that, if c̃1 ‰ ˝ or d˜1 ‰ ˝ then the only possible reverse
application is Abs-L/Abs-R. Furthermore the rule is always applicable in
this situation because the property that the hole ˝ in c̃1 , d˜1 has no siblings
is maintained by every reverse rule application and from that it follows
that a function is applied to either c̃1 or d˜1 . Abs-L/Abs-R maintains the
property that the hole ˝ in c̃0 , d˜0 has no siblings, such that we have the
same situation with the possible rule applications App-A, Abs-L/Abs-R,
Spl-H as above. Obviously Abs-L/Abs-R can only be applied finitely many
times because it strictly decreases the size of c̃0 or d˜0 .
• Case c̃1 “ d˜1 “ ˝ and X1 has no siblings: Then there are two possibilities:
Either g̃1 “ X1 px1 q and we are done or a function is applied to X1 px1 q
like f pX1 px1 qq, such that the rule App-A is applicable again (see above).
• Case c̃1 “ d˜1 “ ˝ and X1 has siblings: Let X1 , . . . , Xn , n ą 1 be the
siblings. If n “ 2 and g̃ is of the form X0 pX1 px1 q, X2 px2 qq, then Spl-H
can directly be applied in reverse order. Otherwise we use Clr-S to introduce a fresh context variable Y above Xn´1 and Xn leading to the
form X1 , . . . , Xn´2 , Y pXn´1 pxn´1 q, Xn pxn qq such that Spl-H is applicable
in reverse order to Y pXn´1 pxn´1 q, Xn pxn qq. This strictly decreases the
size of g̃0 .
Eventually we get g̃0 being of the form X0 px0 q when applying this strategy
exhaustively. And we know that tx0 : s̃0 fi q̃0 ; X0 : ˝ fi ˝; a0 u P P0 . By the
invariant Lemma 7 we also know that s̃ “ Xpxqσ0 σL pP0 Y S0 q “ X0 px0 qσL pP0 Y
S0 q and q̃ “ Xpxqσ0 σR pP0 Y S0 q “ X0 px0 qσR pP0 Y S0 q. This gives us the result
s̃0 “ s̃ and q̃0 “ q̃ which proves the existence of a derivation in G.
l
The algorithm is non-deterministic. The Uniqueness Theorem says that
different transformations compute generalizations which are equivalent modulo
», i.e., differ from each other only by variable renaming:
Theorem 12 (Uniqueness modulo »). Let a be an admissible alignment of
s̃ and q̃. If tx1 : s̃ fi q̃; X1 : ˝ fi ˝; au; H; ε ùñ` H; S1 ; σ1 and tx2 : s̃ fi q̃;
30

X2 : ˝ fi ˝; au; H; ε ùñ` H; S2 ; σ2 are two exhaustive derivations in G, then
X1 px1 qσ1 » X2 px2 qσ2 .
Proof. By Newman’s lemma [21] and Theorem 9, it suffices to show local
confluence. Let P0 ; S0 ; σ0 be an arbitrary state in G. We show that for any two
rule applications P0 ; S0 ; σ0 ùñR P1 ; S1 ; σ0 ϑ1 and P0 ; S0 ; σ0 ùñR1 P11 ; S11 ; σ0 ϑ11
there are derivations such that P1 ; S1 ; σ0 ϑ1 ùñ˚ Pi ; Si ; σi ˚ ðù P11 ; S11 ; σ0 ϑ11 .
It is easy to see that if the rules R and R1 operate on different AUPs then it
holds, for P1 ; S1 ; σ0 ϑ1 ùñR1 P2 ; S2 ; σ0 ϑ1 ϑ2 and P11 ; S11 ; σ0 ϑ11 ùñR P21 ; S21 ; σ0 ϑ11 ϑ12 ,
that P2 “ P21 , S2 “ S21 and ϑ1 ϑ2 “ ϑ11 ϑ12 (using the corresponding names for
fresh variables), because the variables of the AUPs are disjoint (by Lemma 5).
Therefore we assume that both, R and R1 , operate on an arbitrary but fixed
AUP tx0 : s̃0 fi q̃0 ; X0 : c̃0 fi d˜0 ; a0 u P P0 Y S0 .
If R is one of Spl-H, App-A, Sol-H, then no other rule is applicable to the
selected AUP and it follows that R1 “ R. If R “ Abs-L then either R1 “ R
or R1 “ Abs-R. The first case is the trivial one. In the latter case, the rules
Abs-L and Abs-R operate on different sides of the equations such that it does
not matter which one is applied first, if both are applicable at the same time.
Therefore we obtain for P1 ; S1 ; σ0 ùñR1 P2 ; S2 ; σ0 and P11 ; S11 ; σ0 ùñR P21 ; S21 ; σ0 ,
that P2 “ P21 and S2 “ S21 . Obviously the same reasoning holds for R “ Abs-R.
It remains to show local confluence for the cases R “ Res-C, R “ Clr-S and
R “ Mer-S.
9 q̃r qu,
9 s̃r q fi pq̃l , d,
S0 “ S Y tx1 :  fi ; X1 : ps̃l , c,
9 Y
S1 “ S Y tx1 :  fi ; X1 : c9 fi du
ty1 : s̃l fi q̃l ; Y1 : ˝ fi ˝, z1 : s̃r fi q̃r ; Z1 : ˝ fi ˝u,
s̃l ‰  or s̃r ‰  or q̃l ‰  or q̃r ‰ ,
ϑ1 “ tX1 ÞÑ py1 , X1 p˝q, z1 qu.
The rule Clr-S is not applicable for the selected AUP because of the condition s̃l ‰  or s̃r ‰  or q̃l ‰  or q̃r ‰ . Therefore the only nontrivial case is R1 “ Mer-S, and from the condition of Mer-S we know that there
9 q̃r qu P S which is the second
9 s̃r q fi pq̃l , d,
is an AUP tx2 :  fi ; X2 : ps̃l , c,
one selected by Mer-S. To show local confluence we select this AUP and apply Res-C again P1 ; S1 ; σ0 ϑ1 ùñRes-C P2 ; S2 ; σ0 ϑ1 ϑ2 , with ϑ2 “ tX2 ÞÑ py2 ,
9
X2 p˝q, z2 qu and P2 “ P1 “ P0 . Furthermore we get tx2 :  fi ; X2 : c9 fi d,
y2 : s̃l fi q̃l ; Y2 : ˝ fi ˝, z2 : s̃r fi q̃r ; Z2 : ˝ fi ˝u Ă S2 . W.l.o.g. let P0 ; S0 ;
σ0 ùñR1 P11 ; S11 ; σ0 ϑ11 such that P11 “ P0 , S11 “ S and ϑ11 “ tx1 ÞÑ x2 , X1 ÞÑ X2 u.
Now we continue with P2 ; S2 ; σ0 ϑ1 ϑ2 and apply the rule Mer-S three times
to obtain P2 ; S2 ; σ0 ϑ1 ϑ2 ùñ3Mer-S Pi ; Si ; σ0 ϑ1 ϑ2 tx1 ÞÑ x2 , X1 ÞÑ X2 uty1 ÞÑ
y2 , Y1 ÞÑ Y2 utz1 ÞÑ z2 , Z1 ÞÑ Z2 u. Finally we apply to P11 ; S11 ; σ0 ϑ11 the rule
Res-C such that we get P11 ; S11 ; σ0 ϑ11 ùñRes-C Pi ; Si ; σ0 ϑ11 tX2 ÞÑ py2 , X2 p˝q,
z2 qu. It remains to compare the two obtained substitutions σi “ tX1 ÞÑ
py1 , X1 p˝q, z1 qutX2 ÞÑ py2 , X2 p˝q, z2 qutx1 ÞÑ x2 , X1 ÞÑ X2 uty1 ÞÑ y2 , Y1 ÞÑ Y2 u
tz1 ÞÑ z2 , Z1 ÞÑ Z2 u and σi1 “ tx1 ÞÑ x2 , X1 ÞÑ X2 utX2 ÞÑ py2 , X2 p˝q, z2 qu.
Therefore we compose both substitutions exhaustively: σi “ tx1 ÞÑ x2 , X1 ÞÑ
py2 , X2 p˝q, z2 q, X2 ÞÑ py2 , X2 p˝q, z2 q, y1 ÞÑ y2 , Y1 ÞÑ Y2 , z1 ÞÑ z2 , Z1 ÞÑ Z2 u and
R = Res-C.
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σi1 “ tx1 ÞÑ x2 , X1 ÞÑ py2 , X2 p˝q, z2 q, X2 ÞÑ py2 , X2 p˝q, z2 qu. As the fresh variables y1 , Y1 , z1 , Z1 have been introduced during this reasoning process and all
the AUPs containing one of those variables have been eliminated by applications
of the rule Mer-S, the extra mappings in σi do not have any effect and may also
be omitted.
R = Clr-S.

S1 “ S0 ztx1 :  fi ; X1 : ˝ fi ˝u,
ϑ1 “ tx1 ÞÑ , X1 ÞÑ ˝u.
For the same reason as above, the rule Res-C is not applicable for the selected
AUP, such that the only nontrivial case is R1 “ Mer-S. The reasoning can be
done similarly to the case R “ Res-C. We leave this easy exercise to the reader.
˜ Y tx2 : s̃ fi q̃; X2 : c̃ fi du,
˜
S0 “ S Y tx1 : s̃ fi q̃; X1 : c̃ fi du
˜
S1 “ S Y tx2 : s̃ fi q̃; X2 : c̃ fi du,
ϑ1 “ tx1 ÞÑ x2 , X1 ÞÑ X2 u.
If R “ Mer-S then there are the three cases R1 “ R, R1 “ Res-C and R1 “
Clr-S. The first case is the trivial one and we already showed local confluence
for the other two cases.
l

R = Mer-S.

Theorem 13 (Complexity). The anti-unification algorithm G has Opn2 q
time complexity and Opnq space complexity, where n is the number of symbols
in the input.
Proof. Let P0 ; S0 ; σ0 “ tx : s̃ fi q̃; X : ˝ fi ˝; au; H; ε be the initial state
of G and Pi´1 ; Si´1 ; σi´1 ùñ Pi ; Si ; σi an arbitrary rule application. By
Theorem 12 we can arrange the rule applications as we like to obtain a maximal
derivation. First the rules Spl-H, Abs-L/Abs-R, App-A and Sol-H are applied
exhaustively. This are the only rules that operate on Pi´1 and furthermore they
do not have conditions on Si´1 or σi´1 such that P0 ; S0 ; σ0 ùñ` H; Sj ; σj ,
for some j. Afterwards they are not applicable again and Res-C is applied
exhaustively H; Sj ; σj ùñ˚Res-C H; Sk ; σk . It transforms all the contexts in
the store to terms. The rules Clr-S and Mer-S operate on Sk but they only
remove AUPs from there, such that Res-C will not be applicable again. Finally
we postpone the application of Mer-S to the very end, leading to a partial
derivation H; Sk ; σk ùñ˚Clr-S H; Sl ; σl ùñ˚Mer-S H; Sn ; σn where no more rule
is applicable because Mer-S does not introduce any AUPs, to which another rule
could apply.
Now we analyze the first phase P0 ; S0 ; σ0 ùñ` H; Sj ; σj . The rule Spl-H
splits an AUP into two AUPs and moves some parts into the store. The space
overhead for one application is constant because the two new AUPs in Pi and
the one in Si together exactly cover the original one from Pi´1 , and four new
variables are introduced. It can be applied Opnq many times because both of the
new AUPs are nonempty. It needs linear time (by the length of the alignment)
to check for applicability and find the position for splitting the AUP. Also the
context application needs linear time. The rules Abs-L/Abs-R are also applicable
Opnq many times. They strictly reduce the size of a hedge in Pi . The space
overhead is zero. The test for applicability, the context application as well as
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the operations on the alignment need linear time. App-A is applicable Opnq
many times as well and one application needs linear time and constant space. It
strictly reduces the size of a hedge in Pi and one application needs linear time,
for the same reasons as the above rules. As Spl-H is applicable at most Opnq
many times and doubles the elements of Pi at each application and all the other
rules do not increase the length of Pi , Sol-H is applicable Opnq many times too.
It follows that the number of introduced variables is Opnq and the size of Sj is
also bound by Opnq.
We compose the substitution σi immediately, but we only keep the mappings
for x and X in σi , such that σi “ tx ÞÑ r̃i , X ÞÑ c̃i u, for some r̃i , c̃i . As all the
introduced variables in Spl-H and App-A are fresh, they only appear once in r̃i
or c̃i . This invariant of the first phase leads to Opnq size of σi as well as Opnq
time for the substitution composition in Spl-H, App-A and Sol-H. All together
we get Opn2 q time complexity and Opnq space complexity for the first phase.
The second phase is H; Sj ; σj ùñ˚Res-C H; Sk ; σk . The rule Res-C is applicable only once per AUP leading to Opnq many applications. The space overhead
is constant at each application, introducing four fresh variables. It needs linear
time at each application. We again compose σi immediately and for similar
reasons as above, the substitution composition in Res-C only needs Opnq time,
leading to an overall time complexity of Opn2 q and space complexity Opnq.
From the Opnq size of the store, it follows that also the store cleaning rule
is applicable Opnq many times and the overall time complexity of this phase is
Opn2 q, as we compose substitutions immediately like before. The space overhead
for Clr-S is zero.
It remains to show that H; Sl ; σl ùñ˚Mer-S H; Sn ; σn only needs Opn2 q time.
Therefore we postpone substitution composition. Comparing Opnq˚Opnq AUPs
in the store needs Opn2 q time and removing an AUP from the store needs
constant time using a linked list. As the size of the store is bound by Opnq
and Mer-S removes one AUP at each application, there are Opnq postponed
substitution compositions. Each of them of constant size as they all are just
variable renamings. This leads to linear space overhead and we have to compose
Opnq substitutions where each composition needs Opnq time.
This concludes our complexity analysis where we showed that the algorithm
runs in Opn2 q time using Opnq space.
l
5. Implementation
The rule based system G has been implemented in Java. It is freely available
for download and there also exists a convenient web interface to try out the
algorithm online. The web address is
http://www.risc.jku.at/projects/stout/software/urauc.php.
From this website, the user may also download a shell version, the source
code, or a Java library to embed the algorithm in her/his own project. A sample
code of the latter option is also available from the Web.
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The library implementation uses existing Java classes for common data structures, like ArrayList, Deque, or HashMap, but the creation of new structures
is done by a factory class named DataStructureFactory. Therefore, the user
is free to choose an arbitrary implementation of all these common data structures, which might have some advantages on the performance of the provided
algorithm.
Implemented Strategy. Before we demonstrate the usage of the library on
some Java code fragments, we give an overview of the strategy which is used in
the implementation.
1 INPUT :
2
E Ð Given s e t o f hedge e q u a t i o n s ts̃1 fi q̃1 , . . . , s̃n fi q̃n u
3
Fa Ð Given a l i g n m e n t computation f u n c t i o n
4
Fc Ð Given c a l l b a c k f u n c t i o n
5 COMPUTE:
6
For each e q u a t i o n s̃ fi q̃ in E
7
For each a d m i s s i b l e a l i g n m e n t a in Fa ps̃, q̃q
8
System “ pP, S, σq Ð ptx: s̃ fi q̃; X: ˝ fi ˝; au, H, tx ÞÑ Xpxquq
9
While System . P ‰ H
10
Fix AUP pi Ð xi : s̃i fi q̃i ; Xi : c̃i fi d˜i ; ai from System . P
11
I f ai “ e
i
12
Transform System ùñpSol-H
System
13
Else I f ai “ a1 xj1 , j2 y . . . am xj1 ¨Im , j2 ¨Jm y with j1 , j2 P N
i
14
Transform System ùñpApp-A
System
15
Else I f ai “ a1 xj¨I1 , J1 y . . . am xj¨Im , Jm y with I1 ‰ λ
i
16
Transform System ùñpAbs-L
System
17
Else I f ai “ a1 xI1 , j¨J1 y . . . am xIm , j¨Jm y with J1 ‰ λ
i
18
Transform System ùñpAbs-R
System
19
Else
i
20
Transform System ùñpSpl-H
System
21
For each si “ txi : s̃i fi q̃i ; Xi : c̃i fi d˜i u in System . S
22
I f | c̃i | ą 1 or | d˜i | ą 1
i
23
Transform System ùñsRes-C
System
24
For each si “ txi : s̃i fi q̃i ; X: c̃i fi d˜i u in System . S
25
I f s̃i “ q̃i “ i & c̃i “ d˜i “ ˝
i
26
Transform System ùñsClr-S
System
27
For each si “ txi : s̃i fi q̃i ; Xi : c̃i fi d˜i u in System . S
28
For each sj “ txj : s̃j fi q̃j ; Xj : c̃j fi d˜j u in System . S
29
I f si ‰ sj & s̃i “ s̃j & q̃i “ q̃j & c̃i “ c̃j & d˜i “ d˜j
si ,sj
30
Transform System ùñMer-S
System
31
Fc ( System , x ) i n v o k e c a l l back f u n c t i o n
Listing 3: The implemented strategy for G.
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The lines 1-4 in Listing 3 define the input assumptions. The alignment
computation is a parameter of the algorithm and has to be provided by the
user. Two prototype implementations are available from the library. For each
AUP in the input set E, the alignment computation function will be invoked
(line 6). Its return type is an Iterator, from which admissible alignments are
pulled one by one (line 7). Line 8 shows how the initial system is constructed
from one hedge equation and one alignment. The library uses a customizable
factory pattern, the so called class NodeFactory, to generate fresh variables,
e.g. x, X.
Afterwards the rules Sol-H, App-A, Abs-L, Abs-R, and Spl-H are applied
exhaustively, as shown at the lines 9-20. For each iteration, an arbitrary AUP
from P is fixed and a rule which is applicable for this AUP is determined.
For the following transformation of the store (lines 21-30), the rules Res-C,
Clr-S, and Mer-S, are applied exhaustively, one after another. (Note that Res-C
might introduce empty AUPs. Therefore Clr-S applications have to follow.)
Line 31 shows how the callback function, which is provided by the user, is
invoked, following an exhaustive system transformation. The user is free to
process this result further as he/she needs. Obviously, System.σ applied to x
gives the computed generalization, but also the store is available via System.S.
Embedding the Library. To embed G into another Java program, the first
thing to do is to create an EquationSystem of type AntiUnifyProblem. Listing 4 shows how to create a new equation system.
1
2
3
4
5

eqSys = new EquationSystem<AntiUnifyProblem >() {
public AntiUnifyProblem newEquation ( ) {
return new AntiUnifyProblem ( ) ;
}
};
Listing 4: Creation of an equation system of type AntiUnifyProblem.

After instantiating the equation system, some equations should be added to
the empty system. A convenient way to do this is by using the class InputParser, as shown in Listing 5. It takes two arbitrary Reader instances, e.g. in1
and in2, each representing one input hedge, creates a new Equation, and adds
the equation to a given set of equations, e.g. eqSys. Depending on the context
of the library integration, those hedges may also be composed manually.
1 new I n p u t P a r s e r <>(eqSys ) . parseHedgeEquation ( in1 , i n 2 ) ;
Listing 5: Parsing two given hedges in1 and in2, and putting them into eqSys.

For invoking the main algorithm G, we assume that the variable aFnc is an
alignment computation function. All alignment computation functions are of the
abstract type AlignFnc. The library offers two such functions: The first one,
called AlignFncLAA, computes longest admissible alignments (see section 6).
The other one is AlignFncInput and can be used to specify a certain admissible alignment for one given anti-unification equation. AlignFncInput only
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works for a singleton equation system. Listing 6 shows how the anti-unification
algorithm can be invoked using the built equation system.
1 new A n t i U n i f y ( aFnc , eqSys , DebugLevel . SILENT) {
2
public void c a l l b a c k ( AntiUnifySystem sy , V a r i a b l e x ) {
3
System . out . p r i n t l n ( sy . getSigma ( ) . g e t ( x ) ) ;
4
};
5 } . a n t i U n i f y ( true , f a l s e , null ) ;
Listing 6: Sample code for calling the algorithm G.

The third argument of AntiUnify (line 1) defines the verbosity of the computation. For production use, normally one wants to silently compute the
generalization. Whoever, if the debug level differs from SILENT, then also a
PrintStream has to be provided in line 5 as third argument instead of null.
By the first argument of the method antiUnify, the alignment iteration can
be turned off, such that only one generalization is computed for each equation.
The second argument in line 5 specifies, whether or not to justify the computed
generalization. The justification works in the following way:
Let g̃ be a generalization of an input equation s̃ fi q̃ obtained by our antiunification algorithm, and let S be the corresponding store. (In the demonstration code the store can be obtained by sy.getStore().) The recorded
differences in S are used to obtain two substitutions σL pSq and σR pSq. The
justification fails if either g̃σL pSq ‰ s̃ or g̃σR pSq ‰ q̃.
Last but not least, the lines 2-4 show a very simple implementation of a
callback function, which prints the generalization xσ to the standard output
stream, for each generalization variable x which corresponds to one of the input
equations.
6. Computing Admissible Alignments
The algorithm G is independent from the alignment computation function.
However, from the application point of view it is interesting to experiment with
various such functions and identify practically well-behaving ones. It is not
our goal to give here a survey of possible alignment computation functions.
We just mention that to have Opn2 q runtime complexity for computing higherorder generalizations (the best we can hope for due to Theorem 13), we could
use some known techniques to compute an admissible alignment in quadratic
time, e.g., as a constrained longest common subforest [2, 29] or an agreement
subhedge/subtree [14, 22].
In this section we just want to give an idea of alignment computation by
discussing a certain example, which is not very efficient, but it is simple and is
implemented in our Java library. The function computes admissible alignments
of longest length for two given input hedges.
Since an alignment can be seen as a common subsequence of the word representation of two input hedges (see Definition 9), computing the complete set of
all admissible alignments can be done by a generate and test method: generate
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all the common subsequences of the word representation of the input hedges
and test them for admissibility (see Definition 11). However, this approach is
not tractable because the number of subsequences of one sequence is already
exponential in its length. Therefore it makes sense to reduce the number of
generated common subsequences. One approach might be to compute some admissible alignments of longest length for two input hedges. (Notice, that this
approach will not lead to a complete set of rigid lggs because there might be
incomparable rigid lggs which contain less common function symbols.)
Definition 18 (Longest admissible alignment).
A longest admissible
alignment (laa) of two hedges is their admissible alignment with a longest length.
I.e., an admissible alignment a of two hedges s̃ and q̃ is an laa iff |a| ě |a1 | for
all admissible alignments a1 of the hedges s̃ and q̃.
A complete set of longest admissible alignments can be computed with the
aid of a function that for two hedges, s̃ and q̃, returns a set of alignments of
length k P N. We denote this function by Csps̃, q̃, kq because it computes common subsequences of length k for the word representations of the input hedges
s̃ and q̃. Given a set of alignments A, the subset of all admissible alignments is
denoted by admissiblepAq. We formulate a simple generate and test algorithm
by setting k initially to the length of the longest alignment (see, e.g., [17]) of
two input hedges s̃ and q̃, and successively reducing k until we get a nonempty
subset of admissible alignments from Csps̃, q̃, k ´ iq, for some 0 ď i ď k. The
algorithm can be described by four simple steps:
1. k :“ Length of longest alignment of s̃ and q̃.
2. A :“ Csps̃, q̃, kq.
3. If admissiblepAq “ H then
k :“ k ´ 1 and goto step 2.
4. return admissiblepAq.
This approach can still lead to iterating exponentially many alignments for
two given input hedges. Consider a longest alignment of length k which
` k is˘
not admissible. By successively reducing the length to k ´ i, there are k´i
possible alignments which have to be tested for admissibility. However, our
implementation (see section 5) offers this approach as an example of computing
a set of admissible alignments for two input hedges.
7. Final Remarks
The algorithm G presented in this paper computes a rigid lgg, which corresponds to a given admissible alignment for two given hedges. The vertical
differences are abstracted by context variables, and the horizontal ones by hedge
variables. The algorithm runs in quadratic time and requires linear space with
respect to the size of the input.
The algorithm works for one admissible alignment, but an alignment computation function may return a finite set A of admissible alignments for the given
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input hedges. It may even happen that one alignment in A is a subsequence
of another one. To compute a minimal set of lggs for two input hedges and a
given set of alignments, we need to solve a higher order matching problem for
hedges, instantiating context and hedge variables. Design of such an algorithm
is left for a future work.
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