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Preface

Austria-Japan Workshops on Symbolic Computation and Software Verification
aim at strengthening cooperation between the research groups at the Research
Institute for Symbolic Computation (RISC) of the Johannes Kepler University
of Linz, University of Tsukuba, and Kyoto University working on theory and
practice of symbolic computation for reliable software development. Symbolic
computation methods include those of computational logic and computer alge-
bra. Reliable software development involves verification and synthesis of pro-
grams/algorithms, and verification and validation of XML documents that is
closely related to knowledge management.

This report collects the extended abstracts of the talks given at the first
workshop, organized by RISC on July 1, 2007 in Linz, Austria. The members of
the partner research groups present position statements, reports on their recent
work, or work-in-progress on applications of symbolic computation methods in
reliable software development. The workshop has been collocated with the RISC
Summer 2007.

July 2007 Temur Kutsia
Mircea Marin
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Ordinals and Sets: Two Sides of the Same Coin

Masahiko Sato

Graduate School of Informatics
Kyoto University, Japan

masahiko@kuis.kyoto-u.ac.jp

We introduce a new way of looking at ordinals and sets. Owing to the great
success of Zermelo-Fraenkel set theory ZF as a foundational system for describing
mathematics, it is now almost taken for granted that the notion of set is the most
basic notion in mathematics. Indeed, formally speaking, every mathematical
object is a set in ZF. In this paper, however, we show that another view of sets
is possible. This is done by introducing the notion of infon. Intuitively speaking,
an infon is a sequence of bits whose length is arbitrary but bounded by an
ordinal. Using the notion of infon, which we believe to be more fundamental
than that of set, we will show that it is possible to view an infon either as an
ordinal or as a set. Thus the totality of infons, so to speak, makes up a coin
whose one side consists of ordinals and the other side consists of sets.



Checking the Balancedness of a Context-Free

Language in Polynomial Time
(Extended Abstract)

Akihiko Tozawa1 and Yasuhiko Minamide2

1 IBM Research
Tokyo Research Laboratory, IBM Japan, Ltd.

2 Department of Computer Science
University of Tsukuba, Japan

minamide@score.cs.tsukuba.ac.jp

1 Introduction

We develop an algorithm which decides in polynomial time whether or not the
language of a context-free grammar is balanced. The problem is related to the
static analysis of programs generating XML strings [4]. The algorithm was de-
veloped by the authors in [7], and this extended abstract gives a slightly revised
account of the algorithm.

Let A be a base alphabet. Then, we introduce a paired alphabet consisting
of two sets Á and À:

Á = { á | a ∈ A } À = { à | a ∈ A }

where Á and À correspond to the set of start tags and the set of end tags,
respectively. We consider that á and à match. We write Σ for Á ∪ À. Then the
fundamental notion on a string over a paired alphabet is whether it is balanced.
For example, áb́b̀ćc̀à and áàb́b̀ are balanced, but áb̀ and áb́b̀ are not. This notion
of balanced strings corresponds to well-formed documents in XML. We develop
an algorithm that decides whether or not the language of a given context-free
grammar (CFG) G is balanced. To our knowledge, the best known algorithm
for this problem requires exponential time. However this is not optimal. We will
prove that this problem in actually in PTIME.

This PTIME algorithm consists of two steps. The first step is to check the
balancedness of the language as a grammar of a single kind of parentheses. We
here use a fixpoint algorithm based on the algorithms by Knuth [3], and Berstel
and Boasson [1]. However, we give a finer analysis of the number of iterations
needed to reach fixpoint, which at first glance seems to be exponential to the size
of the grammar, but in fact it is linear. The second step is to check each matched
letters are of the same kind. Consider a CFG G with a singleton language. Such
a CFG is sometimes called a straight line program (SLP). Assume that in this
G, we have a production rule I → XY whose X and Y derive strings φ ∈ Á∗

and ψ ∈ À∗, respectively, of the same length. Now clearly, the singleton language
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of G is balanced if φ is identical to the reverse of ψ by ignoring ´ and ` signs.
Plandowski has shown that the problem of deciding the equivalence of two SLPs,
and hence the balancedness of this L(G), is in PTIME [5]. We later show how
to apply Plandowski’s algorithm to the problem for general CFGs.

2 PTIME Balancedness Check

The algorithm has two steps. In the first step, we only check shapes of strings.
The language of a grammar is shape-balanced iff it is balanced by treating it as
if using a single pair of parentheses, e.g., áb̀ is not balanced, but shape-balanced.
In this step, we also pick up a maximal string in the set of strings produced
from each nonterminal. The second step is the check of color-balancedness, i.e.,
we never see corresponding á and b̀ such that a 6= b.

We assume a grammar G = (Σ, V,R, I) such that for each X ∈ V , exactly
one production rule is defined in R and has its form either X → αβ or X → α|β
where α, β ∈ Σ ⊎V . By a notation C[], we mean a string containing a hole,
which is filled by φ as C[φ].

2.1 Checking Balancedness of Shapes

We say a string φ is shape-balanced if repeatedly removing all matching áb̀ from
φ gives an empty string. Any string φ ∈ Σ∗ is reduced to the following form
with this reduction.

ài · · · à1b́1 · · · b́j

We identify the shape of φ by c(φ) and d(φ) defined as c(φ) = j− i and d(φ) = i.
A string φ is shape-balanced iff c(φ) = d(φ) = 0. The language L(G) of a
grammar G is shape-balanced if all strings in the language are shape-balanced.

If a grammar has a shape-balanced language, each language corresponding to
its nonterminal X has constant c(φ), i.e., c(φ) = c(ψ) if X

∗
⇒ φ, ψ. We can easily

check this condition in polynomial time by exploiting c(φ1φ2) = c(φ1) + c(φ2).
Hereafter in this paper, we assume that a CFG satisfies this condition and write
c(X) for that constant for X .

Example 1. Consider the following grammar generating { (àb̀b́á)nàá | n ≥ 0 }.

X → X1|X2 X1 → àá X2 → Y Z0

Z0 → Z1X Y → àb̀ Z1 → b́á

We have c(X) = c(X1) = c(X2) = 0, c(Z0) = c(Z1) = 2, and c(Y ) = −2.

The second observation is that for each nonterminal X there is a bound m

such that X
∗
⇒ φ implies d(φ) ≤ m. To see this, consider the derivation I

∗
⇒

C[X ]. This C[] must be in the form ψ0á1ψ1 · · · áiψi[]ζj b̀j · · · b̀1ζ0 with ψ0, . . . , ψi,

ζ0, . . . , ζj shape-balanced. Since c(C[φ]) = d(C[φ]) = 0 for any X
∗
⇒ φ, we have

c(φ) = j − i and d(φ) ≤ i. The bound of d(φ) implies the existence of, not
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necessarily unique, element φX such that X
∗
⇒ φX with maximum depth d(φX ).

To check the balancedness of a grammar, we compute max{ d(φ) | X
∗
⇒ φ }

and φX with the maximum depth for each X by applying a graph algorithm.
The graph is constructed based on the following property c(φ) and d(φ) given
by Knuth.

d(φ1φ2) = max (d(φ1), d(φ2) − c(φ1))

We construct a labeled directed graph (W,E). The set of vertexes W is
Σ ⊎ V ⊎ { • }. An edge is (α, l, β) where α, β ∈ W and the label l is a pair of a
natural number and a context over Σ ⊎V . We include (α, l, β) in E if one of the
following conditions holds.

– α→ β ∈ R and l = (0, [])

– α→ ββ′ ∈ R and l = (0, []β′)

– α→ β′β ∈ R and l = (−c(β′), β′[])

– α = á, β = •, and l = (0, []).

– α = à, β = •, and l = (1, []).

Example 2. For the grammar above, we obtain the following graph by the con-
struction where the context components of the labels are omitted.
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A −1
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1oo 0 // à

1

~~||
||

||
||

|
Y

0
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1

~~~~
~~

~~
~~

b́
0

// • b̀
1

oo

Proposition 1. Let G be a CFG with c(I) = 0. Then, G is shape-balanced iff a
longest path from I to • exists in its graph and has length 0.

Because we assume a CFG is reduced, there is a path from I to any node
and a path from any node to •. Thus, the length of paths from I to • is bounded
iff the graph has no positive cycle. Moreover, a longest path to • exists for any
node in the graph if it has no positive cycle.

We can compute the longest paths from all nodes to • and construct a tree of
longest paths in O(|E||W |) by Bellman-Ford algorithm. Bellman-Ford algorithm
computes shortest paths from a single source to all nodes for a graph where edges
may have negative weights. It can also check weather the graph has negative
cycle. By converting the sign of weights, we can apply this algorithm to our
problem. The following is a tree of longest paths which is constructed by the
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algorithm for the CFG above.
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2.2 Straight Line Programs for φX

If we concern only about the shape-balancedness, it is enough to compute only
shapes of φX . This can be done by Bellman-Ford algorithm as we explained in
the previous section. However for the color-balancedness, we need to compute
φX with maximum d(φX). Unfortunately, in the worst case, they are not of
polynomial length, so that we cannot directly represent them as true strings.
However, there is a more compact representation called a straight line program.

Definition 1. A straight line program (SLP) is an acyclic CFG without alter-
natives in production rules.

We shall give an algorithm to find each φX as an SLP.
First, we construct a set of production rules U of size linear to the size of the

grammar with the following properties.

– U satisfies the conditions of SLPs.
– For each Y ∈ V , Y

∗
⇒ φ in U for some φ.

Second, we construct a set of rules P based on the tree of longest paths
obtained by Bellman-Ford algorithm. We introduce a fresh nonterminal X for
each nonterminal X and, for each edge from α to β(6= •) in the tree, add an
production rule as follows.

– add α→ β for an edge with label (n, []).
– add α→ β′β for an edge with label (n, β′[]).
– add α→ ββ′ for an edge with label (n, []β′).

where we let σ = σ. This process does not construct a cycle in P .
By construction, the following SLP only has the size linear to the original

grammar G.

Algorithm 2.1 We obtain the SLP for φX as (Σ, V ⊎ V , U ⊎ P,X).

Example 3. We obtain the following grammar for the CFG in the previous sec-
tion.

X → X2 X1 → àá X2 → Y Z0

Z0 → Z1X Y → àb̀ Z1 → b́á

X → X1 X1 → àá X2 → Y Z0

Z0 → Z1X Y → àb̀ Z1 → b́á



6

By eliminating useless productions for φX , we obtain the following grammar
generating àb̀b́áàá.

X → X2 X2 → Y Z0 Y → àb̀

X → X1 X1 → àá Z0 → Z1X Z1 → b́á

2.3 Checking Color-Balancedness

The remaining step of the balancedness check is to confirm that each pair of
coupled parentheses in strings is of the same color, i.e., of the same base letter in
A. A color-balanced string φ is factorized as φ−nànφn−1 · · · à1φ0b́1φ1 · · · b́mφm

such that φ−n, . . . , φm are balanced. Even an arbitrary string can be similarly
factorized by allowing φ−n, . . . , φm to be shape-balanced. According to this fac-
torization, we define

ρ(φ) = àn · · · à1b́1 · · · b́m

Next we define an ordering ⊑ as the minimal one satisfying

φψ ⊑ φàáψ

for φ ∈ À∗ and ψ ∈ Á∗. We extend this to a quasi-ordering φ ⊑ ψ ⇔ ρ(φ) ⊑ ρ(ψ).
Note that φ ⊑ ψ implies φ ≤ ψ. Now, the remaining part of the algorithm is
fairly simple.

Algorithm 2.2 (Balancedness Check) Assume that we already computed a
maximal φX for each nonterminal of the given grammar G = (Σ, V,R, I). For
each X ∈ V , we check the following:

– φX is color-balanced.
– φαφβ is color-balanced and φX ⊒ φαφβ , if X → αβ ∈ R.
– φX ⊒ φα and φX ⊒ φβ , if X → α|β ∈ R.

where we let φσ = σ.

Finally, we need to confirm that for strings given as SLPs, both the color-
balancedness and the check of φ ⊑ ψ are decidable in PTIME. Fortunately,
as noted in the introduction, we can use Plandowski’s algorithm deciding the
equivalence of two SLPs in PTIME.

Let φo be strings created from φ just by taking letters in Á and removing
´ sign. Let φc be strings created from φ similarly for À but in addition, by
reversing the obtained string. For example, (àb̀ć)o = c and (àb̀ć)c = ba. We use
φ[j, k] to denote a substring of φ starting from its j-th letter and ending before
the k-th letter. We also use an extension of SLP called a composition system
(CS). A CS is an SLP that allows occurrences of nonterminals in the form X [j, k]
in the rhs of productions. It is known that the equivalence problem of two CSs
also has a PTIME algorithm, since a CS can always be converted back into a
polynomial-size SLP [2, 6].

We developed in [7] an algorithm that computes CSs for an SLP generating

φ such that Ic ∗⇒ ρ(φ)c and Io ∗⇒ ρ(φ)o. Then, we can check color-balancedness
and φ ⊑ ψ by applying the algorithm checking CS equivalence to these CSs.
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Example 4. For the grammar of φX , we obtain the following production rules
for X

o
.

X → X2 X2 → Y [0, 0 − 1]Z0 Y → àb̀

X → X1 X1 → a Z0 → Z1[0, 2 − 1]X Z1 → ba

This is simplified as follows.

X → X2 X2 → Z0 X → X1 X1 → a Z0 → Z1[0, 1]X Z1 → ba
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Control operators for delimited continuations (aka “partial continuations”)
enable one to manipulate the control of programs in a concise manner without
transforming them into continuation-passing style (CPS). In particular, shift and
reset, introduced by Danvy and Filinski, have strong connection to CPS, and
thus most of the control effects compatible with CPS can be expressed using
shift and reset. They have been used, for example, to program back-tracking,
A-normalization in direct style, let-insertion in partial evaluation, and type-safe
“printf” in direct style.

Despite the increasing interest in the use of delimited continuations opera-
tors, there has been little work that formulates these control operators without
sacrificing their expressive power, and investigates the basic properties such as
type soundness; the first type system for shift and reset by Danvy and Filinski
is restricted to monomorphic types, and Gunter et al’s type system for cupto

operator is restricted to a fixed answer type for each prompt. As such, none
of the above type systems can type check, for instance, the “printf” program
written with shift and reset.

We present a type system with predicative polymorphism (let-polymorphism
in ML), as an extension of the monomorphic type system by Danvy and Filin-
ski. We show, among others, strong type soundness, existence of principal types
together with a type inference algorithm, and strong normalization for the sub-
calculus without the fixpoint operator. The polymorphism does not break the
semantic foundation of the monomorphic type system: CPS translation is natu-
rally defined for our polymorphic calculus and preserves types and equivalence.

Unrestricted polymorphism in the presence of control operators leads to an
unsound type system. We employ a simple criterion: “only pure expressions can
be made polymorphic”, where an expression is pure if it has no control effects.
The notion of “purity” has a rather concise representation in our type system
compared with “weak type variables” or effect-and-type system approaches, and
we can construct a sound and complete type inference algorithm as a straight-
forward extension of Hindley-Milner type inference.

It is easy to extend our type system to accommodate impredicative polymor-
phism (Girard-Reynolds’ second order lambda calculus). Two different evalua-
tion strategies are in consideration: the “standard” strategy does not evaluate
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an expression under type abstraction (which is regarded as a value), and the
“ML-like” one evaluates an expression under type abstraction. For each case, we
obtain strong type soundness as well as we can define type-and-equality preserv-
ing CPS translations.

References
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Organizational problems in Mathematical Knowledge Management (Mkm)
become apparent when large mathematical knowledge bases are being built up.
At the moment, the largest such collection is Mizar [17]. Among other existing
ones we mention MBase [11], the FDL project [1], the NIST library [12], Helm
[2], the libraries of the theorem provers Isabelle [14], PVS [13], IMPS [9], Coq
[3]. In principle, the tools we describe below are applicable to all the enumerated
Mkm systems.

In this extended abstract we illustrate the functionality and usage of tools
for organizing formal knowledge in the case of the Theorema system. These
tools refer to syntactic annotation of formal knowledge, knowledge reuse, find-
ing knowledge, and proving with library support. Most of these tools fall into
the area of label management. (The exceptions will be marked so later in this
document.) The original idea behind the organizational tools in Theorema is due
to Bruno Buchberger.

What is Label Management? In the overall view of Mkm expressed by Bruno
Buchberger in the preface of the first conference on Mkm and the subsequent
special issue of the journal AMAI, see [5, 7], label management belongs to the
area of organizational tools for Mkm.

In traditional mathematical texts formula labels are ubiquitous but a system-
atic management of labels is, normally, not considered to be important nor is it
feasible for documents on paper. In the computer assisted build-up of formalized
mathematical knowledge bases, the systematic design and processing of struc-
tured labels (i.e., individual labels like “(1)” or “(associativity)”, hierarchical
section headings, key words like “definition” and “theorem”, names of files etc.)
becomes vital for the automated structuring and re-structuring of collections of
formulae as input to formal reasoning tools. Consequently, we need algorithmic
tools that handle (i.e., manage) all types of labels and allow us to partition and
combine, structure and re-structure mathematical knowledge bases.

We emphasize that, in our view, labels do not intend to have any logical
meaning or functionality. Their functionality is purely organizational. This is
in contrast to “annotations” as, for example, in [16, 8] or [10], which convey
at least part of the semantics. Labels, in our view, only help in addressing,
referencing, selecting individual formulae in knowledge bases and in partitioning
and re-combining (small and big) collections of formulae.
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The implementation of our tools is done in the frame of Mathematica [18] and
Theorema [4, 6] which is built on top of Mathematica. The tools take as input
Mathematica notebooks which contain comments in text cells and predicate
logic formulae in input cells. Also, in these notebooks, labels of various kinds
(section heading, key words like “definition”, “theorem”, etc., and individual
labels) can be attached to formulae and groups of formulae with the help of a
particularly designed Mathematica stylesheet. (We note here that key words like
“definition, “theorem”, again, are nothing else than a kind of labels: They do
not add any logical meaning to the formulae they wrap. A given formula may be
a definition in one exploration situation and a theorem or an algorithm in some
other exploration.) Such a stylesheet is a special kind of notebook that defines
the styles to be used in other notebooks ([18] Section 2.10). With the help of
this stylesheet, the label management tools can identify, select, and re-combine
formal parts of documents and use them, for example, as input to automated
reasoners. We call the notebooks that use this stylesheet ‘Theorema notebooks’,
and a ‘library’ is a collection of such notebooks.

The organizational tools guarantee that the notebook labels are unique.

For the convenience of the user these tools can be accessed also by a new
Theorema toolbar, called ‘Library Utilities’.

Systematic Generation of Labels. A typical Theorema notebook has a note-
book title and a notebook label. Formulae, in input cells, are grouped under
section and subsection headings. (Hierarchically grouping cells in sections, sub-
sections, etc., is a feature of Mathematica notebooks.) The headings of the cell
groups, the notebook title, the notebook label, and labels of individual formulae
are the components used for generating and attaching unique composite labels to
all formulae and groups of formulae in the Theorema notebook. If the notebook
label is not present in the document, one is generated from the notebook title
in such a way that every notebook in the notebook library has a unique identi-
fier. For this reason, the notebook title is a mandatory element in the Theorema
notebooks. User given notebook labels are checked against the list of existing
notebook labels. The user is notified when the notebook label is already used by
another Theorema notebook.

From the notebook title, notebook label, section headings, etc. provided by
the user our tool automatically generates composite labels for each section, sub-
section, etc., and individual formula in the notebook. (We remark here that
any other information present in the notebook, for example comments posted in
Mathematica “text cells“, is skipped by the algorithmic process.)

In Mathematica, notebooks are represented as Mathematica expressions.
The label generating routine takes as input the Mathematica expression of a
Theorema notebook. The notebook expression has a recursive structure, reflect-
ing the grouping and sub-grouping of cells in the notebook.

Correspondingly the label generating routine proceeds recursively. The la-
bels are created by concatenation operations, where the operands are the text
of the heading and notebook counters. Eventual user-given labels are taken
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into account, too. An example of a label that was generated by this routine
is: “BN : Tuples.Axioms of Equality and Equality on Tuples”.

Further, each of the labels is prepended the notebook label so that any la-
bel we look at, in the Theorema notebook, contains the notebook label as a
substring. Because the notebook label is unique among notebook labels in the
library and because within one Theorema notebook any two generated labels are
different, we are sure that any given (group of) formulae in the whole library is
uniquely identified by the label generated and attached to it.

Knowledge Reuse. When we compose a new Theorema notebook we often
want to use existing formalized knowledge, stored in other Theorema notebooks.
For this we implemented an ‘Include’ command with the following structure
Include[Label1, Label2, ... , Labeln, Options] where Label1, ... , Labeln are
composite labels of (groups of) formulae in the notebook library. The command
understands two options: “IncludeStyle” (which can take the values “Dynamic”
or “Static”) and “KeepStructure” (with the values True or False). Based on the
labels given as parameters, the command either creates links to the knowledge
the labels refer to (‘ IncludeStyle → “Dynamic” ’), or copies the knowledge into
the current notebook (‘ IncludeStyle → “Static” ’) in which case new unique
labels will be generated for them. In the latter case, by the option “KeepStruc-
ture”, we can chose to keep or not the grouping structure the knowledge had
in the originating Theorema notebook. (When dynamic inclusion is used, any
value of “KeepStructure” is ignored.) In both cases, in the Theorema notebook
being composed, corresponding cells are inserted after the ones that contain the
‘Include’ command.

The dynamic inclusion is useful for minimizing duplication of formalized
mathematical content, while static inclusion gives us the possibility to concen-
trate knowledge dispersed in various notebooks in the library in one Theorema
notebook and use this notebook independent of the library.

Knowledge Search. With the help of the generated composite labels, groups of
formulae and individual formulae in Theorema notebooks can be referenced, can
be used for composing new Theorema notebooks and knowledge bases, can be
given as input to formal reasoners. Each of these operations presumes the avail-
ability of some kind of search mechanism to extract the requested knowledge
from the library. The set of organizational tools available in Theorema provide
mechanisms for textual search on the labels of the formulae, search on constant
symbols occurring in the formulae, and search by the structure of formulae. Only
the first search tool belongs to the area of label management. We give below ex-
amples of procedure calls for each of the three search kinds:

GetFormulaeByLabel[“∗?ommutativity∗”, {“MinMax”}]
GetFormulaeBySymbols[{�[=,+], {“MinMax”}, FilterType→ “All”]
GetFormulaeByStructure[�[ ≤ ], {“MinMax”}, SearchInSubformulae→ True]

The first command will search for formulae that have the string “commutativity”
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within their textual label, the second command will search for formulae contain-
ing both symbols ‘= and ‘+, and the third command will search for formulae
which have the outermost symbol ‘ ≤ . All will search within the Theorema
notebook with the label “MinMax”. (An empty list at this position in the com-
mand will cause the tool to perform the search within the whole existing library.)
The function calls above return a (possible empty) list of formulae satisfying the
given search criteria.

The textual search by labels mechanism can be used for reasoning with library
support. The various reasoners (provers, simplifiers, and solvers) of Theorema
can be called by instructions of the following structure

Reason[Goal, using → KnowledgeBase, by → ReasoningMethod],

where ‘Reason’ is ‘Prove’, ‘Compute’, or ‘Solve’; ‘KnowledgeBase’ is given by
〈Label1, ... , Labeln〉 and Label1, ... , Labeln are composite labels of formulae
or collections of formulae in the notebook library. Each of the reasoning com-
mands has been enhanced with a simplified version of the LabelLookup tool to
extract from the notebook library the (groups of) formulae referred by the given
labels and use them in the reasoning process.

Instead of Conclusions. The tools described above were designed with the
additional intention to reduce the burden of annotating formal knowledge to a
necessary minimum. The only requirement users should take into account is to
separate the informal from the formal content of their theories. In Mathematica

this separation is done by the different styles of the cells in a notebook: Formu-
lae are to be typed into input cells, comments into text cells, etc. Using these
distinctions, the label generation routine can correctly identify and extract the
ingredients needed to generate the labels for each (group of) formulae.

The intended users of the described tools are working mathematicians who
want to build up and explore mathematical theories within the Theorema system.
For this reason we have focused on creating tools that are easy and intuitive to
use, releasing the users of the burden of annotating and labeling.

The idea that originated this work is due to Bruno Buchberger, a first im-
plementation of it ([15]), and further implementations were done by the author.
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Abstract. We show that continuation passing style translations (CPS-
translations) can be used to prove strong cut-elimination of sequent cal-
culi.

One of the simplest methods to prove strong normalizability (SN) of calculi is
to give a reduction preserving translation from the system to another for which
SN is already proved. For a very easy example, SN of the Church-style simply
typed λ-calculus is easily proved by reducing to SN of the Curry-style via the
forgetful function λx : A.m = λ.|M |, which preserves one-step reduction relation
and typability.

For calculi with control operators (or type systems corresponding classical
natural deduction), such as Parigot’s λµ-calculus, CPS-translations have been
used to prove SN, since it translates programs with control operators to pro-
grams without them [2, 12, 6, 3] (these proofs, in fact, contain errors due to the
same problem, and we give a correction for them in [10, 8]). Furthermore, in [4],
de Groote introduced a CPS-translation which maps a λ-calculus λ→∧∨ with
conjunction and disjunction to λ→, and he proved SN of λ→∧∨ by reducing
it to the well-known result, SN of λ→. In his proof, since the CPS-translation
collapses the permutative conversion for disjunction, we must separately show
SN of permutative conversion. In [8], a modified CPS-translation, continuation
and garbage passing translation(CGPS-translation), for λ→∧∨ is given, and SN
of the system is proved. Since the CGPS-translation preserves one or more steps
reduction including permutative conversion, the proof is simpler than [3].

In this talk, we prove SN of a local-step cut-elimination procedure of an
intuitionistic sequent calculus by a CGPS-translation, which is the result of [11].
The proof of SN consists of two parts: (1) proving SN of a subsystem LJp of the
sequent calculus by a CGPS-translation, (2) reducing SN of the sequent calculus
to SN of the LJp. For (2), we adopt the method of [1], which was introduced
for systems with explicit substitutions. We can see that the sequent calculus
is isomorphic to a natural deduction with general elimination rules [13] and
explicit substitutions. In this correspondence, the subsystem LJp corresponds
to the natural deduction with general elimination rules, for which SN has been
already proved by Joachimski and Matthes [9] by inductive characterization of
SN terms.
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Another example of strong cut-elimination proof of sequent calculi by CGPS-
translations is given by Espirito Santo et al. in [5]. They proved SN of several
extensions of the Herbelin style sequent calculus λ [7] by CGPS-translation.
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Abstract. We describe a sound and complete matching algorithm for
sequences of terms built over flexible arity function symbols. The pat-
terns for such sequences of terms may contain first-order variables for
terms and sequences, and second order variables of two kinds: for func-
tion symbols, and for second-order expressions that denote sequences
with an arbitrary number of hole occurrences that can be filled with
sequences. The admissible bindings of first- and second-order sequence
variables can be specified by membership constraints with regular ex-
pressions.

1 Preliminaries

In general, if A is a set, then we denote by A⋆ the monoid of strings of elements
of A with neutral element ε, and by A+ the set A⋆ \ {ε}. We write a1 . . . an

for the string of A⋆ made of the elements a1, . . . , an of A in this order. Also, we
write A ⊎B for the union of two disjoint sets A and B, and |A| for the number
of elements of a finite set A.

We consider an alphabet made of six mutually disjoint sets of symbols: a
finite set F of function symbols, denoted by f, g, possibly subscripted; a count-
ably infinite set Vi of individual variables, denoted by x, y; a countably infinite
set Vu

h of unconstrained hedge variables, denoted by x, y, possibly subscripted;
a countably infinite set Vf of function variables, denoted by X,Y , possibly sub-
scripted; a countably infinite set Vk

h of constrained hedge variables, denoted by
H, possibly subscripted; and a countably infinite set Vc of contextual variables,
denoted by C, possibly subscripted. In addition, we consider the special constant
symbol • 6∈ F ⊎ Vi ⊎ Vf ⊎ Vu

h ⊎ Vk
h ⊎ Vc, called the hole.

A hedge variable is an element of the set Vh := Vu
h ∪Vk

h , sequence variable is
an element of the set Vs := Vh ⊎ Vc, and a constrained variable is an element of
the set Vk := Vk

h ∪ Vc. A variable is an element of the set V := Vi ⊎ Vf ⊎ Vs .

The set T (F ,V) of terms and the set SE(F ,V) of sequence elements are
defined by

t ::= • | x | f(s) | X(s) terms
se ::= t | x | C(s) | H sequence elements
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with s ∈ S(F ,V), s ∈ Sp(F ,V), where

S(F ,V) := SE(F ,V)⋆.

Sp(F ,V) := {se1 · · · sen ∈ SE(F ,V) | sei ∈ T (F ,V) for some 1 ≤ i ≤ n}.

We call the elements of S(F ,V) sequences, and the elements of Sp(F ,V) proper
sequences. A hole-free term is a term without occurrences of •. A hedge is a
sequence without occurrences of •, and a contextual hedge is a sequence with
at least one occurrence of •. Thus, a sequence is either a hedge or a con-
textual hedge. We write H(F ,V) for the set of hedges, and C(F ,V) for the
set of contextual sequences. A hedge language is an element of the powerset
Lh := P(H(F ,V)), and a language of contextual hedges is an element of the
powerset Lc := P(C(F ,V)). We denote hedges by h possible primed or sub-
scripted, and contextual hedges by c possibly primed or subscripted.

Given two sequences s and s′, we denote by s[s′] the result of replacing all
occurrences of • in s with s′. s[s′] is obviously a sequence, and if s′ ∈ H(F ,V)
then s[s′] ∈ H(F ,V) too.

A substitution is a mapping θ from V such that

– θ(x) is a hole-free term if x ∈ Vi,
– θ(v) is a hedge if v ∈ Vh,
– θ(X) is a λ-term of the form λ•.q(•) with q ∈ F ∪ Vf if X ∈ Vf , and
– θ(C) is a λ-term of the form λ•.c with c ∈ C(F ,V) if C ∈ Vc.

and the set Dom(θ) := {v ∈ Vi ∪Vh | θ(v) 6= v}∪{v ∈ Vf ∪Vc | θ(v) 6= λ•.v(•)},
called the domain of θ, is finite. Thus, we regard the elements of Vi ∪ Vh as
first-order variables, and the elements of Vf ∪Vc as second-order variables. If V
is a set of variables and θ1, θ2 are substitutions, then we write θ1 = θ2 [V ] iff
θ1(v) = θ2(v) for all v ∈ V.

The instantiation of s ∈ S(F ,V) by θ is the sequence sθ defined by

xθ = θ(x) f(s)θ = f(sθ), X(s)θ = θ(X) · (sθ),
εθ = ε, (se1 . . . sen)θ = se1θ . . . senθ •θ = •,
C(s)θ = θ(C) · (sθ), Hθ = θ(H) xθ = θ(x).

where “·” denotes β-reduction: (λ•.s) · s′ = s[s′] for all s, s′ ∈ S(F ,V). If M is
a set of sequences then we define Mθ := {sθ | s ∈ M}. Similarly, we define the
following operations for s ∈ S(F ,V) and L,M ∈ P(S,V):

– s.L := the result of replacing every occurrence of • in s with an element of
L. Different occurrences of • in s may be replaced with different sequences
from L.

– L.M :=
⋃

s∈L s.M . We call his operation language concatenation.

– L∗ =
⋃∞

k=0 L
k where L0 = {•} and Ln+1 = Ln∪L.Ln. We call this operation

the compositional closure of L.
– L∗ =

⋃∞
k=0 Lk and L+ =

⋃∞
k=1 Lk where L0 = {ε} and Ln+1 = Ln ∪ {s s′ |

s ∈ L, s′ ∈ Ln}. We call this operation the sequential closure of L.
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Notice that, if θ is a substitution, t ∈ T (F ,V), s ∈ Sp(F ,V), h ∈ H(F ,V)
and c ∈ C(F ,V) then tθ ∈ T (F ,V), sθ ∈ Sp(F ,V), hθ ∈ H(F ,V), and cθ ∈
C(F ,V). An immediate consequence of these properties is that the composition
of substitutions is a substitution too.

We write vars(s) for the set of variables that occur in the sequence s, and
say that s is ground if vars(s) = ∅. θ is ground if θ(v) is ground for all v ∈
Dom(θ). The substitution with empty domain is denoted by ǫ, and called empty
substitution. We adopt the convention to represent a substitution θ by the set

{v 7→ θ(v) | v ∈ Dom(θ) ∩ (Vi ∪ Vh)}∪

{X 7→ q | X ∈ Dom(θ) ∩ Vf ∧ θ(X) = λ•.q(•)}∪

{C 7→ c | C ∈ Dom(θ) ∩ Vs ∧ θ(C) = λ•.c}.

Regular Expressions. We propose a special kind of expressions to be used in
specifications of constraints for the admissible bindings of constrained variables.
We call these expressions regular. We distinguish two kinds of regular expres-
sions: for hedges, and for contextual hedges. They are defined by the following
grammars:

Re ::= He | Ce regular expressions.

He ::= εεε | x | H | He + He | He∗ | pHe regular hedge expressions.

Ce ::= regular contextual expressions:
•

| Ce + Ce union
| f(Ce) | X(Ce) | C(Ce) applications
| Ce.Ce composition
| Ce Ce | Ce He | He Ce concatenations
| Ce∗ compositional iteration
| Ce+ non-empty sequential iteration

pHe ::= proper regular hedge expressions:
x

| pHe+ pHe union
| f(He) | X(He) | C(pHe) applications
| Ce.pHe composition
| pHeHe | He pHe concatenations

We will abbreviate (. . . (Re1 + Re2) + . . .) + Ren by Re1 + . . .+ Ren or
∑n

i=1 Rei.

Every He has an associated language [[He]] ∈ Lh, and every Ce has an associ-
ated language [[Ce]] ∈ Lc. These languages are defined by mutual recursion:
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[[εεε]] = {ε},
[[h]] = {h} if h ∈ {•} ∪ Vi ∪ Vh,

[[Ce1 + Ce2]] = [[Ce1]] ∪ [[Ce2]],
[[He1 + He2]] = [[He1]] ∪ [[He2]],
[[q(Re)]] = {q(s) | s ∈ [[Re]]} if q ∈ F ∪ Vf ∪ Vc,

[[Ce.Re]] = [[Ce]].[[Re]],
[[Re1 Re2]] = {s1 s2 | s1 ∈ [[Re1]], s2 ∈ [[Re2]]},
[[Ce∗]] = [[Ce]]∗, [[Ce+]] = [[Ce]]+, and [[He∗]] = [[He]]∗.

Notice that the following relations hold for any regular expression Re:

[[Re εεε]] = [[Re]], [[εεε Re]] = [[Re]], [[•.Re]] = [[Re]],

[[C(•).Re]] = [[C(Re)]], [[Ce.•]] = [[•]].

These equalities show that, when Re is used as language specifier, then it is harm-
less to identify it with its normal form with respect to the transformation system
{Reεεε → Re, εεε Re → Re, •.Re → Re, C(•).Re → C(Re), Ce.• → Ce}. Therefore,
from now on we assume that regular expressions are always represented in this
normal form, and that this normalization operation is performed implicitly.

We define the compositional complexity ω(Re) of Re as the number of occur-
rences of the composition operator “.” in Re:

ω(h) := 0, ω(Ce.Re) := 1 + ω(Ce) + ω(Re)
ω(Re1 Re2) := ω(Re1) + ω(Re2), ω(Re1 + Re2) := ω(Re1) + ω(Re2),
ω(q(Re)) := ω(Re), ω(He∗) := ω(He),
ω(Ce∗) = ω(Ce+) := ω(Ce).

where h ∈ {εεε, •} ∪ Vi ∪ Vh and q ∈ F ∪ Vf ∪ Vc.
For our further considerations, it is useful to define a notion of substitution

instantiation for regular expressions that is compatible with language instanti-
ation, i.e., [[Reθ]] = [[Re]]θ for any regular expression Re and substitution θ. To
achieve this, we define first an interpretation of sequences as regular expressions:
Given a sequence s, we define the regular expression psq as follows:

pεq = εεε

pse1 . . . sen−1 senq = pse1q (pse2q . . . (psen−1q psenq) · · · ) if n ≥ 2
pf(s)q = f(psq) pvq = v if v ∈ {•} ∪ Vi ∪ Vh

pX(s)q = X(psq) pC(s)q = C(psq).

Next, we extend the notion of substitution instantiation to regular expressions
in the following way:

– εεεθ = εεε, hθ = pθ(h)q if h ∈ {•} ∪ Vi ∪ Vh, (Ce1 + Ce2)θ = Ce1θ + Ce2θ,
– (He1 + He2)θ = He1θ + He2θ, f(Re)θ = f(Reθ),
– X(Re)θ = q(Reθ) where q ∈ F ∪ Vf such that θ(X) = λ•.q(•),
– C(Re)θ = pθ(C) · •q.Reθ, (Ce.Re)θ = (Ceθ).(Reθ), (Re1 Re2)θ = (Re1θ) (Re2θ),
– Ce∗θ = (Ceθ)∗, He∗θ = Heθ∗, and Ce+θ = Ceθ+.
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It is easy to see that for any regular hedge expression He, proper regular hedge
expression pHe, regular contextual expression Ce, and substitution θ, we have

– Heθ is a regular hedge expression, and [[Heθ]] = [[He]]θ.
– pHeθ is a proper regular hedge expression, and ε 6∈ [[Heθ]].
– Ceθ is a regular contextual expression, and [[Ceθ]] = [[Ce]]θ.

1.1 Regular matching problems

A matching equation is a pair of hedges h≪ h′ where h′ is ground. θ is a solution
of h≪ h′ if hθ = h′.

A membership constraint for C ∈ Vc (respectivelyH ∈ Vk
h) is an expression of

the form C in (Ce, u) (respectively H in (He, u)) where u ∈ {0, 1}. A substitution
θ is a solution of C in (Ce, u) if θ(C) = λ•.c for some c ∈ [[Ceθ]], and c 6= •
if u = 1. θ is a solution of H in (He, u) if θ(H) ∈ [[Heθ]] and θ(H) 6= ε if u =
1. Thus, u in a membership constraint acts like a flag to control whether C
(respectively H) is allowed to be bound to • (to ε) or not. θ is a solution of a
set K of membership constraints, notation θ ∈ Sol(K), if it is a solution of every
membership constraint of K.

A set K of membership constraints induces a binary relation ⋗ on vars(K)∩
Vk, which is defined by: X2 ⋗ X1 iff there exists X1 in (Re, u) ∈ K with X2 ∈
vars(Re). We define dvarsK(X) := {Y | Y ⋗+ X} where ⋗+ is the transitive
closure of ⋗, and say that K is acyclic iffX 6∈ dvarsK(X) for allX ∈ vars(K)∩Vs .

In this paper we are interested in solving systems of matching equations and
membership constraints of the form 〈E | K〉 where E is a sequence of matching
equations and K is an acyclic set of membership constraints such that:

k1. vars(E) ∩ Vk ⊆ vars(K) ∩ Vk.
k2. vars(K) ∩ Vk = {X | ∃X in (Re, u) ∈ K}.
k3. K contains exactly one membership constraint for every X ∈ vars(K) ∩ Vk.

We call such a system a regular matching problem (Rmp). Solving 〈E | K〉 means
to compute all substitutions θ that are solutions of all equations of E and of all
membership constraints of K. We write Sol(P ) for the set of solutions of an
Rmp P . If E is empty, then we write 2K instead of 〈 | K〉.

We conclude this section with two remarks.

1. Acyclicity of K implies that 2K is always a satisfiable Rmp, and K is a
generic representation of Sol(2K). This means that 2K can be regarded as
a solved form of K.

2. Since F is finite, the concepts of individual variable, unconstrained hedge
variable, and function variable are redundant because:
– Every individual variable x can be replaced by H ∈ Vk

h with the mem-
bership constraint H in ((

∑

f∈F f(•))∗.(
∑

f∈F f()), 0),

– Every function variable X can be replaced by C ∈ Vc with the member-
ship constraint C in (

∑

f∈F f(•), 0),

– Every unconstrained hedge variable x can be replaced by H ∈ Vk
h with

the membership constraintH in ε+(• •)∗.((
∑

f∈F f(•))∗.(
∑

f∈F f()), 0).
However, we prefer to keep them as convenient abbreviations.
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2 The Matching Procedure

Our matching procedure is described by a transformation system U consisting
of schematic representations of transformation rules of the form P ⇒σ P

′ where
P and P ′ are Rmps and σ is a substitution. U has two important properties:

Soundness: If P ⇒σ P
′ ∈ U and θ′ ∈ Sol(P ′) then σθ′ ∈ Sol(P ).

Local completeness: If P 6= 2K and θ ∈ Sol(P ) then there exists P ⇒σ P
′ ∈

U and θ′ ∈ Sol(P ′) such that θ = σθ′ [vars(P )].

To solve an Rmp P , we search for all derivations P ⇒σ1 P1 ⇒σ2 . . . ⇒σn
Pn =

2. We abbreviate such derivations by P ⇒n
θ Pn, or simply P ⇒∗σ Pn, where

σ = σ1 · · ·σn. The transformation system U consists of 27 transformation rules
which can be split into two groups:

1. Ui = {t, iv, fv, uhv, rd}. The transformation rules of this group are indepen-
dent of the membership constraints of the unification problem.

2. Ud = {hv1, hv2, hv3, hv4, cv1, cv2, ciq, hiq, ac1, ac2, cf1, cf2, hf1, hf2, thf,
icc, ich, ihh, c*, c∗, c+1, c+2}.These rules are driven by the structure of the
membership constraint associated with the constrained variable of the head
of the leftmost outermost sequence element of a matching equation.

The transformation rules of U are given in Sections 2.1–2.2. Some transformation
rules of U will rely on the solvability of a slightly more general class of Rmps,
denoted by Rmpa. Rmpa is obtained from Rmp by extending the language of
hedges with the anonymous variable constructs and for hedges. Formally,
this means that we extend the grammar for sequence elements with the clauses

se ::= |

and extend the notion of substitution instantiation with θ = and θ = .
An Rmpa is a system P = 〈h1 ≪ h′1, . . . , hn ≪ h′n | K〉 which satisfies conditions
1-2 of Rmp and also the condition that and do not occur in h′1, . . . , h

′
n.

Intuitively, every P ∈ Rmpa is a generic representation of the set of Rmps
producible from P by replacing the occurrences of with non-empty ground
hedges and the occurrences of with possibly empty ground hedges. To capture
this intuition, we proceed as follows:

1. We associate to every Q ∈ Rmpa the set Q of Rmps producible from Q

by replacing the occurrences of with non-empty ground hedges and the
occurrences of with possibly empty ground hedges.. Different occurrences
of or may be replaced by different hedges.

2. We define Sol(Q) :=
⋃

P∈Q Sol(P ).

Rmpa-s can be solved by a straightforward adjustment of the U-based matching
procedure for Rmp problems: we add two transformation rules that simply dis-
card the equations ≪ h and ≪ h with h 6= ε. In Sect. 2.3 we define a system
of transformation rules U ′ that, in addition to solving Rmpa-s, it accumulates
the ground hedges denoted by occurrences of anonymous variables. The trans-
formation rules of U ′ are of the form 〈P | S〉 ⇒σ 〈P ′ | S′〉 where P, P ′ ∈ Rmpa,
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σ is the substitution computed by the transformation step, and S, S′ are lists of
ground hedges. To solve an Rmpa P , we compute all derivations

〈P0 | S0〉 = 〈P | [ ]〉 ⇒σ1 〈P1 | S1〉 ⇒σ1 . . .⇒σn
〈Pn = 2Kn

| Sn〉,

abbreviated 〈P0 | S0〉 ⇒n
σ 〈2Kn

| Sn〉, or simply 〈P0 | S0〉 ⇒∗σ 〈2Kn
| Sn〉, where

[ ] denotes the empty list and σ = σ1 . . . σn.

Like U , system U ′ is also designed to be sound and locally complete. For
U ′, soundness means “If 〈Q | S〉 ⇒σ 〈Q′ | S′〉 ∈ U ′ and θ′ ∈ Sol(Q′) then
σθ′ ∈ Sol(Q),”and local completeness means “If Q 6= 2K, S is a list of ground
hedges, and θ ∈ Sol(Q), then there exists 〈Q | S〉 ⇒σ 〈Q′ | S′〉 and a solution
θ′ of Q′ such that θ = σθ′ [vars(Q)].” Moreover, if 〈E | K〉 is an Rmpa, then
Sol(〈E | K〉) = {〈σσ′ | 〈E | K〉 | [ ]〉 ⇒∗σ 〈2Kn

| S〉, σ′ ∈ Sol(Kn)}, where S is
the list of hedges denoted by the occurrences of in Eσ, enumerated by a
leftmost innermost traversal of Eσ.

2.1 U: Constraint-independent transformation rules

(t) Trivial equation.
〈ε≪ ε, E | K〉 ⇒ǫ 〈E | K〉.

(iv) Individual variable elimination
〈xh1 ≪ t h2, E | K〉 ⇒σ={x 7→t} 〈h1σ ≪ h2, Eσ | Kσ〉.

(fv) Function variable elimination.
〈X(h1)h2 ≪ f(h3)h4,E | K〉 ⇒σ={X 7→f} 〈h1σ ≪ h3, h2σ ≪ h4, Eσ | Kσ〉.

(uhv) Unconstrained hedge variable elimination.
〈x h≪ h1 h2, E | K〉 ⇒σ={x 7→h1} 〈hσ ≪ h2, Eσ | Kσ〉.

(rd) Rigid decomposition.
〈f(h1)h2 ≪ f(h3)h4, E | K〉 ⇒ǫ 〈h1 ≪ h3, h2 ≪ h4, E | K〉.

2.2 U: Constraint-dependent transformation rules

In the specifications of some of these transformation rules we will use the notation
h|•←h1 ... hn

where h is a ground hedge with n hole occurrences. This expression
denotes the hedge produced by replacing the occurrences of • in h with h1, . . . , hn

in the order of their leftmost innermost occurrence in h, respectively.

(hv1) Hedge variable elimination 1.
〈H h≪ ε, E | {H in (εεε, 0)} ⊎ K〉 ⇒σ={H 7→ε} 〈hσ ≪ ε, Eσ | Kσ〉.

(hv2) Hedge variable elimination 2.
〈H h≪ t, E | {H in (x, u)} ⊎ K〉 ⇒σ={H 7→t,x 7→t} 〈hσ ≪ ε, Eσ | Kσ〉.

(hv3) Hedge variable elimination 3.
〈H h≪ h1 h2, E | {H in (x, u)} ⊎ K〉 ⇒σ={H 7→h1,x 7→h1}

〈hσ ≪ h2, Eσ | Kσ〉
where h1 6= ε if u = 1.

(hv4) Hedge variable elimination 4.
〈H h≪ ε, E | {H in (He*, 0)} ⊎ K〉 ⇒σ={H 7→ε} 〈hσ ≪ ε, Eσ | Kσ〉.

(cv1) Contextual variable elimination 1.
〈C(h1)h2 ≪ h, E | {C in (•, 0)} ⊎ K〉 ⇒σ={C 7→•} 〈h1σ h2σ ≪ h, Eσ | Kσ〉.
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(cv2) Contextual variable elimination 2.

〈C(h1)h2 ≪ h, E | {C in (Ce∗, 0)} ⊎ K〉 ⇒σ={C 7→•} 〈h1σ h2σ ≪ h, Eσ | Kσ〉.

(ciq) Contextual imitation for term-like constraint.
〈C(h1)h2 ≪ f(h), E | {C in (q(Ce), u)} ⊎ K〉

⇒σ 〈C1(h1σ)h2σ ≪ h,Eσ | {C1 in (Ce, 0)} ∪ Kσ〉

if q ∈ {f}∪Vf , C1 is fresh, and σ =

{
{C 7→ f(C1(•))} if q = f ∈ F ,
{C 7→ f(C1(•)), X 7→ f} if q = X ∈ Vf .

(hiq) Hedge imitation for term-like constraint.
〈H h1 ≪ f(h), E | {H in (q(He), u)} ⊎ K〉

⇒σ 〈H1 ≪ h, h1σ ≪ ε, Eσ | {H1 in (He, 0)} ∪ Kσ〉

if q ∈ {f}∪Vf ,H1 is fresh, and σ =

{
{H 7→ f(H1)} if q = f ∈ F ,
{H 7→ f(H1), X 7→ f} if q = X ∈ Vf .

(ac1) Abstraction of compositional constraint 1.
〈C(h1)h2 ≪ h, E | {C in (Ce1.Ce2, u)} ⊎ K〉 ⇒ǫ

〈C(h1)h2 ≪ h | {C in (C1(Ce2), u), C in (Ce1, 0)} ∪ K〉

where C1 is fresh.
(ac2) Abstraction of compositional constraint 2.

〈H h1 ≪ h,E | {H in (Ce.He, u)} ⊎ K〉 ⇒ǫ

〈H h1 ≪ h | {H in (C(He), u), C in (Ce, 0)} ∪ K〉

where C is fresh.
(cf1) Contextual flex constraint 1.

〈C(h)h′ ≪ h′′, E | {C in (C0(Ce), u)} ⊎ K〉 ⇒
θ=σ∪{C 7→σ(C0)|•←C1(•) ... Cn(•)}

〈C1(hθ) ≪ h1, . . . , Cn(hθ) ≪ hn, h
′θ ≪ hn+1, Eθ | K

′θ ∪
n⋃

i=1

{Ci in(Ceσ, 0)}〉

if h′′ 6= ε, 〈〈C0( ) ≪ h′′ | K〉 | [ ]〉 ⇒∗σ 〈2K′ | [h1, . . . , hn, hn+1]〉, C1, . . . , Cn

are fresh, and σ(C0) 6= •.
(cf2) Contextual flex constraint 2.

〈C(h)h′ ≪ h′′, E | {C in (C0(Ce), u)} ⊎ K〉 ⇒θ=σ∪{C 7→C1(•)}

〈C1(hθ)h
′θ ≪ h′′, Eθ | K′θ ∪ {C1 in (Ceσ, u)}〉

if h′′ 6= ε, 〈〈C0( ) ≪ h′′ | K〉 | [ ]〉 ⇒∗σ 〈2K′ |S〉, C1 is fresh and σ(C0) = •.
(hf1) Hedge flex constraint 1.

〈H h≪ h′, E | {H in (C(pHe), u)} ⊎ K〉 ⇒
θ=σ∪{H 7→σ(C)|

•←H1 ... Hn
}

〈H1 ≪ h1, . . . , Hn ≪ hn, hθ ≪ hn+1, Eθ | K′θ ∪
⋃n

i=1{Hi in (pHeσ, 0)}〉

if h′ 6= ε, 〈〈C( ) ≪ h′ | K〉 | [ ]〉 ⇒∗σ 〈2K′ | [h1, . . . , hn, hn+1]〉,H1, . . . , Hn

are fresh, and σ(C) 6= •.
(hf2) Hedge flex constraint 2.

〈H h≪ h′, E | {H in (C(pHe), u)} ⊎ K〉 ⇒
θ=σ∪{H 7→H1}

〈H1 hθ ≪ h′, Eθ | K′θ ∪ {H1 in (pHeσ, 0)}〉

if h′ 6= ε, 〈〈C( ) ≪ h′ | K〉 | [ ]〉 ⇒∗σ 〈2K′ | S〉, H1 is fresh and σ(C) = •.
(thf) Trivial hedge flex constraint.

〈H h≪ h′, E | {H in (H1, u1), H1 in (He, u2)} ⊎ K〉 ⇒
σ={H 7→H1}

〈H1 hσ ≪ h′, Eσ | {H1 in (Heσ,max{u1, u2})} ∪ Kσ〉.
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(icc) Imitation of concatenation of contextual sequences.

〈C(h1)h2 ≪ h,E | {C in (Ce1 Ce2, u)} ⊎ K〉 ⇒
σ={C 7→C1(•) C2(•)}

〈C1(h1σ)C2(h1σ)h2 ≪ h,Eσ | {C1 in (Ce1, 0), C2 in (Ce2, 0)} ∪ Kσ〉

where h 6= ε and C1, C2 are fresh.

(ich) Imitation of contextual sequence-hedge concatenation.

〈C(h1)h2≪ h,E | {C in (Ce He, u)} ⊎ K〉 ⇒
σ={C 7→C1(•) H}

〈C1(h1σ)H h2σ ≪ h,Eσ | {C1 in (Ce, u1), H in (He, u2)} ∪ Kσ〉
〈C(h1)h2≪ h,E | {C in (He Ce, u)} ⊎ K〉 ⇒

σ={C 7→H C1(•)}
〈H C1(hσ)h2σ ≪ h,Eσ | {C1 in (Ce, u1), H in (He, u2)} ∪ Kσ〉

where h 6= ε, C1, H are fresh, and u1, u2 ∈ {0, 1} such that u1 + u2 = u.

(ihh) Imitation of hedge-hedge concatenation.

〈H h≪ h′, E | {H in (He1 He2, u)} ⊎ K〉 ⇒
σ={H 7→H1 H2}

〈H1H2 hσ ≪ h′, Eσ | {H1 in (He1, u1), H2 in (He2, u2)} ∪ Kσ〉

where H1, H2 are fresh, and u1, u2 ∈ {0, 1} such that u1 + u2 = u.

(c∗) Constraint for compositional iteration.

〈C(h1)h2 ≪ h′, E | {C in(Ce∗, u)} ⊎ K〉 ⇒ǫ

〈C(h1)h2 ≪ h′, E | {C in (C1(Ce
∗), u), C1 in (Ce, 1)} ∪ K〉

where h′ 6= ε and C1 is fresh.

(c*) Constraint for sequential iteration.

〈H h1≪ h,E | {C in (He∗, u)} ⊎ K〉 ⇒
σ={H 7→H1 H2}

〈H1H2 h1σ ≪ h,Eσ | {H1 in (He, 1), H2 in (He∗, 0)} ∪ Kσ〉

where h1 6= ε and H1, H2 are fresh.

(c+1) Constraint for non-empty sequential iteration 1.

〈C(h1)h2 ≪ h, E | {C in (Ce+, u)} ⊎ K〉 ⇒ǫ

〈C(h1)h2 ≪ h,E | {C in (Ce, u)} ∪ K〉.

(c+2) Constraint for non-empty sequential iteration 2.

〈C(h1)h2 ≪ h,E | {C in (Ce+, u)} ⊎ K〉 ⇒σ={C 7→C1(•) C2(•)}

〈C1(h1σ)C2(h1σ)h2σ ≪ h,Eσ | {C1 in (Ce, 0), C2 in (Ce+, 0)} ∪ Kσ〉

where C1, C2 are fresh.

2.3 The transformation system U
′

U ′ = {α′ | α ∈ U} ∪ {any0, any1} where transformation rule α′ is defined by

〈Q | S〉 ⇒σ 〈Q′ | S〉

for all α ∈ U when Q⇒σ Q
′ is an α-rule of U .

Rule any0 is defined by 〈〈 ≪ h,E | K〉 | S〉 ⇒ǫ 〈〈E | K〉 | S:h〉.

Rule any1 is defined by 〈〈 ≪ h,E | K〉 | S〉 ⇒ǫ 〈〈E | K〉 | S:h′〉 where h′ 6= ε.

(S:h denotes the list produced by appending hedge h at the end of list S.)
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2.4 Main Properties of systems U and U
′

To simplify the analysis of our transformation systems, we will introduce a few
more auxiliary notions. We denote by ℓ(π) the label of a transformation step
π = P ⇒σ P ′ ∈ U . If π′ is 〈P | S〉 ⇒σ 〈P ′ | S′〉, then ℓ(π′) = any if π′ is
an instance of transformation rule any, and ℓ(π′) = ℓ(π) if π′ corresponds to a
transformation step π = P ⇒σ P

′ ∈ U .
We define the complexity κ(π) of a transformation step π ∈ U ∪U ′ as follows:

– κ(π) = 1 if π = P ⇒σ P
′ or π = 〈P | S〉 ⇒σ 〈P ′ | S′〉 with ℓ(π) 6∈ {cf1, cf2,

hf},
– κ(π) = 1 +

∑m

i=1 c(πi) if ℓ(π) ∈ {cf1, cf2, hf} and πi are the transformation
steps of the derivation 〈C0( ) ≪ h′ | [ ]〉 ⇒m 〈2K′ | S′〉 mentioned in the
side condition of those transformation steps.

If Π is a derivation consisting of the (possibly empty) sequence of transformation
steps π1; . . . ;πm, then we define κ(Π) =

∑m

i=1 κ(πi).
Suppose K is an acyclic set of membership constraints that satisfies conditions

(k2)–(k3) mentioned on page 21. We define the size of a regular expression Re

with respect to an acyclic set K of membership constraints, as follows:

– szK(εεε) = szK(•) = 0, and szK(v) = 1 if v ∈ Vu
h ∪ Vi,

– szK(q(Re)) := szK(Re) + 1 if q ∈ F ∪ Vf ,
– szK(C(Re)) := szK(Ce) + szK(Re) + 1 where Re1 is the unique regular ex-

pression such that C in (Ce, u) ∈ K,
– szK(H) := szK(He) where He is the unique regular expression such that
H in (He, u) ∈ K,

– szK(Ce.Re) = szK(Ce Re) = szK(Re Ce) := sz (Ce) + sz (Re) + 1,
– szK(He1 He2) = szK(He1 + He2) := szK(He1) + szK(He2) + 1,
– szK(Ce1 + Ce2) := szK(Ce1) + szK(Ce2) + 1,
– szK(Ce∗) = szK(Ce+) := szK(Ce) + 1, and szK(He∗) := szK(He) + 1.

If X ∈ vars(K) ∩ Vk, then the size of X in K is szK(X) := szK(Re) where Re is
the unique regular expression such that X in(Re, u) ∈ K.

Example 1. If

K = {C1 in ((f(g(εεε) •)∗, 0), H in (x g(x))∗, 1), C2 in (• + C1(•H)+, 1)}

then

szK(C1) = szK((f(g(εεε) •)∗) = 1 + szK(f(g(εεε) •)) = 2 + szK(g(εεε) •) = 4,

szK(H) = szK((x g(x))∗) = 1 + szK(x g(x)) = 2 + szK(x) + szK(g(x)) = 5,

szK(C2)=szK(• + C1(•H)+) = 1 + szK(•) + (1 + szK(C1(•H)))

= 2 + (1 + szK(C1) + szK(•H)) = 13.

⊓⊔



27

Let now h be a hedge. We say that a symbol position p of h is persistent with
respect to K if the symbol of h at position p, denoted by h|p, satisfies the con-
ditions (a) h|p 6∈ Vu

h , and (b) if h|p = X ∈ Vk then there exists X in (Re, 1) ∈ K.
Intuitively, the position p of h is persistent with respect to K if h|pθ persists
in any instantiation hθ of h with θ ∈ Sol(K). We write persK(h) for the set of
persistent positions of h with respect to K, and define the minimal persistent
position of h w.r.t. K as follows:

minpers

K (h) :=

{
min≺ persK(h) if persK(h) 6= ∅,
∞ if persK(h) = ∅.

where min≺A denotes the minimal position of A with respect to the prefix order
≺ on positions. The regular size of h w.r.t. K is the multiset

regszK(h) := {szK(X) | h|p = X ∈ Vk ∧ p � minpers

K (h)}.

Example 2. Let K be as in Example 1, and

h1 = xC1(C1(y C2(f(x1))))x2 h2 = y y C1(H() f()) h3 = y f(x) h4 = y x.

Then minpers

K (h1) = 2·1·2·0, h1|2·1·2·0 = C2, minpers

K (h2) = 3·1·0, h1|3·1·0 =
H , minpers

K (h3) = 2·0, h3|2·0 = f , and minpers

K (h4) = ∞. The regular sizes
of these hedges are regszK(h1) = {szK(C1), szK(C1), szK(C2)} = {5, 5, 14},
regszK(h2) = {szK(C1), szK(H)} = {5, 4}, regszK(h3) = regszK(h4) = {}. ⊓⊔

With there preparations, we are ready to prove some important properties of
our transformation systems. First, we show that U and U ′ are sound by proving
a slightly stronger result:

If Π is P ⇒∗σ P
′ or 〈P | S〉 ⇒∗σ 〈P ′ | S′〉 and θ′ ∈ Sol(P ′) then σθ′ ∈ Sol(P ).

Proof. The proof proceeds by induction on the complexity of Π . The claim is
obvious when κ(Π) = 0. If κ(Π) ≥ 1, then we can write

Π = P ⇒θ P
′′ ⇒∗σ′ P

′

︸ ︷︷ ︸

Π′

or Π = 〈P | S〉 ⇒θ 〈P ′′ | S′′〉 ⇒∗σ′ 〈P
′ | S′〉

︸ ︷︷ ︸

Π′

.

If θ′ ∈ Sol(P ′) then, by induction hypothesis for Π ′ we conclude σ′θ′ ∈ Sol(P ′′).
It remains to show that θσ′θ′ ∈ Sol(P ). We proceed by case distinction on ℓ(π),
where π is the first transformation step of Π.

– The cases when ℓ(π) 6∈ {cf1, cf2, hf, any1, any2} are straightforward to verify.

– If ℓ(π) ∈ {any1, any2}, then π is 〈〈a≪ h,E | K〉
︸ ︷︷ ︸

P

| S〉 ⇒θ=ǫ 〈〈E | K〉
︸ ︷︷ ︸

P ′′

| S:h〉

where a ∈ { , } and h 6= ε if a = . In this case, θσ′θ′ = ǫσ′θ′ = σ′θ′ ∈
Sol(P ′′) = Sol(P ).
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– If ℓ(π) = cf1 then π is either P ⇒θ P
′′ or 〈P | S〉 ⇒θ 〈P ′′ | S〉 with

P = 〈C(h) ≪ h′, E | {C in (C0(Ce), u)} ⊎ K〉,

P ′′ = 〈C1(hθ) ≪ h1, . . . , Cn(hθ) ≪ hn, h
′θ ≪ hn+1, Eθ | K′θ∪

⋃n

i=1{Ci in (Ceσ, 0)}〉,

θ = σ ∪ {C 7→ σ
(
C0

)
|•←C1(•) ... Cn(•)} where σ(C0) 6= •

and Π ′′ = 〈C0( ) ≪ h′ | K〉
︸ ︷︷ ︸

P1

⇒∗σ 〈2K′ | [h1, . . . , hn+1]〉. σ′θ′ ∈ Sol(P ′′)

implies θσ′θ′ ∈ Sol(〈C1(h) ≪ h1, . . . , Cn(h) ≪ hn, h
′ ≪ hn+1, E | K′〉). It

remains to show that θσ′θ′ ∈ Sol(〈C(h) ≪ h′ | {C in (C0(Ce), u)} ⊎ K〉). The
induction hypothesis for Π ′′ yields that σθ′′ ∈ Sol(P1) for all θ′′ ∈ Sol(K′).
Since θσ′θ′ ∈ Sol(K′), we get σθσ′θ′ ∈ Sol(P1), and thus σθσ′θ′ ∈ Sol(K).
Since σ is a restriction of θ, we conclude that θ = σθ, and thus θσ′θ′ =
σθσ′θ′ ∈ Sol(K). Moreover,
• Cθσ′θ′ = σ(C0)|•←C1σ′θ′ ... •←Cnσ′θ′ ∈ [[C0(Ce)θσ

′θ′]], and so θσ′θ′ ∈

Sol(C in (C0(Ce, 0))). Also, if σ(C0) 6= • then Cθσ′θ′ 6= • and thus
θσ′θ′ ∈ Sol(C in (C0(Ce, u))) regardless of the value of u.

• C(h)θσ′θ′ = σ(C0)|•←C1(hθ)σ′θ′ ... •←Cn(hθ)σ′θ′ = σ(C0)|•←h1 ... •←hn
=

h′, and thus θσ′θ′ ∈ Sol(C(h) ≪ h′) too.
We conclude that θσ′θ′ ∈ Sol(P ).

– The cases when ℓ(π) ∈ {cf1, hf1, hf2} can be proved in a similar was as the
previous case. ⊓⊔

Next, we will prove the following important property of U :

(T) There exists a terminating order ⊲ on Rmps and Rmpa-s such that
P ⊲ P ′ whenever P ⇒σ P

′.

The specification of ⊲ relies on the following complexity measures of Rmps and
Rmpa-s:

– m1(〈h1 ≪ h′1, . . . , hn ≪ h′n | K〉) := the multiset {sz (h′1), . . . , sz (h′n)} where
sz (h′) is the size of h′, i.e., the total number of symbols that make up h′.

– m2(P ) := |vars(P ) ∩ Vu
h |.

– m3(h1 ≪ h′1, . . . , hn ≪ h′n | K) := regszK(h1 . . . hn).
– m4(〈E | {X1 in (Re1, u1), . . . , Xn in (Ren, un)}〉) := the multiset {ω(Re1), . . . ,
ω(Ren)}.

– m5(〈E | K〉) := |K|,
– mi(〈P | S〉) = mi(P ) for all 1 ≤ i ≤ 5.

It is not hard to verify that if P ⇒α,σ P ′ then the complexity measures of P
relate to the complexity measures of P ′ as indicated in Fig. 1.

Let ≥ be the natural order on N, ≥m be the extension of ≥N to multisets of
non-negative numbers, and >lex(≥m,≥,≥m,≥m,≥) the lexicographic combination
of ≥m,≥,≥m,≥m,≥ in this order. Figure 1 shows that, if we define m(P ) :=
(m1(P ),m2(P ),m3(P ),m4(P ),m5(P )) and
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P ⇒α,σ P ′ or 〈P | S〉 ⇒α,σ P ′ | S′ m1 m2 m3 m4 m5

α ∈ {t,iv,fv,rd,hv2,hv4,ciq,hiq,cf1,hf1,any0,any1} >

α ∈ {uhv,hv3} ≥ >

α ∈ {hv1,hv4,cv1,cv2,cf2,hf2,icc,ich,ihh,c∗ ,c*,c+1,c+2} ≥ ≥ >

α ∈ {ac} ≥ ≥ ≥ >

α ∈ {thf} ≥ ≥ ≥ ≥ >

Fig. 1. Variation of complexity measures of Rmps and Rmpa-s during U- and U ′-
transformation steps.

P ⊲ P ′ iff m(P ) >lex(≥m,≥,≥m,≥m,≥) m(P ′),

then P ⊲ P ′ whenever P ⇒α,σ P ′. Since ⊲ is a terminating order, we conclude
that our U-based matching procedure is also terminating.

3 Conclusion

The transformation rules of U simulate a leftmost outermost pattern matching
process. As long as the matching instance of the pattern can be computed di-
rectly by an analysis of the leftmost outermost pattern symbol, and possibly its
associated membership constraint, the process proceeds as expected, in accor-
dance with the small step operational semantics defined by the transformation
rules of U\{cf1, cf2, hf1, hf2}. The pattern matching strategy is slightly different
when we encounter a second order (hedge or contextual) variable X at leftmost
outermost position, whose associated constraint is of the form X in (C(Re), u).
In this case, we compute first the matching substitution for C and delay the
matching of the corresponding instance of X below the hole occurrences of the
instance of C. These situations are handled by the big step operational semantics
defined by the transformation rules of {cf1, cf2, hf1, hf2}.
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Abstract. We describe a design for a system for mathematical theory
exploration that can be extended by implementing new reasoners using
the logical input language of the system. Such new reasoners can be
applied like the built-in reasoners, and it is possible to reason about them,
e.g., proving their soundness, within the system. This is achieved in a
practical and attractive way by adding reflection, i.e., a representation
mechanism for terms and formulae, to the system’s logical language, and
some knowledge about these entities to the system’s basic reasoners. The
approach has been evaluated using a prototypical implementation called
Mini-Tma. It will be incorporated into the Theorema system.

Introduction

Mathematical theory exploration consists not only of inventing axioms and prov-
ing theorems. Amongst other activities, it also includes the discovery of algorith-
mic ways of computing solutions to certain problems, and reasoning about such
algorithms, e.g., to verify their correctness. What is rarely recognized is that
it also includes the discovery and validation of useful techniques for proving
theorems within a particular mathematical domain. In some cases, these reason-
ing techniques might even be algorithmic, making it possible to implement and
verify a specialized theorem prover for that domain.

While various systems for automated theorem proving have been constructed
over the past years, some of them specially for mathematics, and some of them
quite powerful, they essentially treat theorem proving methods as a built-in part
of the services supplied by a system, in general allowing users only to state axioms
and theorems, and then to construct proofs for the theorems, interactively or
automatically. An extension and adaptation of the theorem proving capabilities
themselves, to incorporate knowledge about appropriate reasoning techniques
in a given domain, is only possible by stepping back from the theorem proving
activity, and modifying the theorem proving software itself, programming in
whatever language that system happens to be written.

We consider this to be limiting in two respects:

– To perform this task, which should be an integral part of the exploration
process, the user needs to switch to a different language and a radically
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different way of interacting with the system. Usually it will also require an
inordinate amount of insight into the architecture of the system.

– The theorem proving procedures programmed in this way cannot be made
the object of the mathematical studies inside the system: e.g., there is no
simple way to prove the soundness of a newly written reasoner within the
system. It’s part of the system’s code, but it’s not available as part of the
system’s knowledge.

Following a proposal of Buchberger [3, 4], and as part of an ongoing effort to
redesign and reimplement the Theorema system [5], we will extend that system’s
capabilities in such a way that the definition of and the reasoning about new
theorem proving methods is possible seamlessly through the same user interface
as the more conventional tasks of mathematical theory exploration.

In this paper, we briefly outline our approach as it has been implemented
by the first author in a prototype called Mini-Tma, a Mathematica [9] program
which does not share any of the code of the current Theorema implementation.
Essentially the same approach will be followed in the upcoming new implemen-
tation of Theorema.

A more complete account of our work, including a discussion of some foun-
dational issues, and various related work, is given in [6].

The Framework

We start from the logic previously employed in the Theorema system, namely
higher-order predicate logic with sequence variables. Sequence variables [8] rep-
resent sequences of values, and are written like xs. Amongst many other uses,
sequence variables happen to be convenient in statements about terms and for-
mulae, since term construction in our logic is a variable arity operation.

In order to make reasoning about syntactic structures as attractive as pos-
sible, we build a quotation mechanism into the logic. For the representation of
symbols, we require the signature to contain a quoted version of every symbol.
Designating quotation by underlining, we write the quoted version of a as a,
the quoted version of f as f, etc. For compound terms, we reuse the function
application brackets [· · · ] for term construction. This allows us to write f[a] as
quoted form of f [a]. To further simplify reading and writing of quoted expres-
sions, Mini-Tma allows underlining a whole sub-expression as a shorthand for
recursively underlining all occurring symbols.

For variable binding operators, like quantifiers, we prefer an explicit rep-
resentation to, e.g., higher-order abstract syntax. The only derivation from a
straight-forward representation is that we restrict ourselves to λ-abstraction as
the only binding operator. Thus ∀

x
p[x] is represented as

ForAll[λ[x, p[x]]]

where λ is an ordinary (quoted) symbol, that does not have any binding prop-
erties.
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The logical input language can be used to write programs. The standard
computation mechanism interprets conditional equations as conditional rewrit-
ing rules. While this is the basic computation mechanism, we shall see later on
that it is possible to define new computation mechanisms in Mini-Tma.

Mini-Tma does not include a predefined concept of proving mechanism. The-
orem provers are simply realized as computation mechanisms that simplify a
formula to True if they can prove it, and return it unchanged (or maybe par-
tially simplified) otherwise.

Defining Reasoners

Since reasoners are just special computation mechanisms in Mini-Tma, we are
interested in how to add a new computation mechanism to the system. This is
done in two steps: first, using some existing computation mechanism, we define
a function that takes a (quoted) term and a set of (quoted) axioms, and returns
another (quoted) term. Then we tell the system that the defined function should
be usable as computation mechanism with a certain name.

For instance, to define a reasoner that shifts parentheses in sums to the right,
e.g., transforming the term Plus[Plus[a, b],Plus[c, d]] to Plus[a,Plus[b,Plus[c, d]]],
we start by defining a function that will transform representations of terms,
i.e., Plus[Plus[a, b],Plus[c, d]] to Plus[a,Plus[b,Plus[c, d]]]. We can do this with the
following definition:

Axioms ["shift parens", any[s, t, t1, t2, acc, l, ax , comp],
simp[t, ax , comp] = add-terms[collect[t, {}]]

collect [Plus[t1, t2], acc] = collect[t1, collect[t2, acc]]
is-symbol[t] ⇒ collect[t, acc] = cons[t, acc]
head[t] 6= Plus ⇒ collect[t, acc] = cons[t, acc]

add-terms[{}] = 0

add-terms[cons[t, {}]] = t

add-terms[cons[s, cons[t, l]]] = Plus[s, add-terms[cons[t, l]]]
]

The main function is simp, its arguments are the term t, the set of axioms ax ,
and another computation mechanism comp, which may be used to recursively
evaluate subterms. Given these axioms, we can ask the system to simplify a
term:

Compute[simp[Plus[Plus[a, b],Plus[c, d]]], {}, {}], by → ConditionalRewriting,
using → {Axioms["shift parens"], . . .}]

We are passing in dummy arguments for ax and comp, since they will be dis-
carded anyway. Mini-Tma will answer with the term Plus[a,Plus[b,Plus[c, d]]].

We can now make simp known to the system as a computation mechanism.
After typing

DeclareComputer[ShiftParens, simp, by → ConditionalRewriting,
using → {Axioms["shift parens",. . . }]
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the system recognizes a new computation mechanism named ShiftParens. When
we ask it to

Compute[Plus[Plus[a, b],Plus[c, d]], by → ShiftParens]

we will receive the answer Plus[a,Plus[b,Plus[c, d]]].

Reasoning About Logic

To prove statements about the terms and formulae of the logic, we need a prover
that supports structural induction on terms, or term induction for short. An
interesting aspect is that terms in Mini-Tma, like in Theorema, can have variable
arity, and arbitrary terms can appear as the heads of complex terms. Sequence
variables are very convenient in dealing with the variable length argument lists.
Still, an induction schema needs to be employed that simultaneously performs
induction over the depth of terms, and over the lengths of argument lists. Using
the mechanism outlined in the previous section, were have implemented a simple
term induction prover within Mini-Tma’s logical input language.

Reasoning About Reasoners

At this point, it should come as no surprise that it is possible to use Mini-Tma to
reason about reasoners written in Mini-Tma. The first application that comes to
mind is proving the soundness of new reasoners: they should not be able to prove
incorrect statements. Other applications include completeness for a certain class
of problems, proving that a simplifier produces output of a certain form, etc.

Our current approach to proving soundness is to prove that anything a new
reasoner can prove is true with respect to a model semantics. Or, for a simplifier
that simplifies t to t′, that t and t′ have the same value with respect to the
semantics. This approach has also been taken in the ACL2 system [7] and its
predecessors.

Similarly to ACL2, we supply a function eval[t, β] that recursively evaluates
a term t under some assignment β that provides the meaning of symbols. To
prove the soundness of ShiftParens, we have to show

eval[simp[t, ax , comp], β] = eval[t, β]

for any term t, any ax and comp and any β with β[0] = 0 and β[Plus] = Plus.
With a strengthening of the induction hypothesis, and some adaptation of the
induction prover, Mini-Tma can prove this statement automatically.

Ultimately, we intend to improve and extend the presented approach, so that
it will be possible to successively perform the following tasks within a single
framework, using a common logical language and a single interface to the system:

1. define and prove theorems about the concept of Gröbner bases [1],
2. implement an algorithm to compute Gröbner bases,
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3. prove that the implementation is correct,
4. implement a new theorem prover for statements in geometry based on co-

ordinatization, and which uses our implementation of the Gröbner bases
algorithm,

5. prove soundness of the new theorem prover, using the shown properties of
the Gröbner bases algorithm,

6. prove theorems in geometry using the new theorem prover, in the same way
as other theorem provers are used in the system.

Though the case studies performed so far are comparatively modest, we are
convinced that the outlined approach can be extended to more complex appli-
cations.
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Extended Abstract

One of the most rigorous way to imperative program verification is by use of
simple formal calculations based on versions of Hoare logic, namely involving
either weakest precondition or strongest postcondition calculations [10, 8, 19].
Such calculations allow us to capture the semantics of small program components
and in the process derive specifications that can be used to assess whether a given
program fragment has the required functionality.

The interesting parts of the code are characterized by (nested) loops or re-
cursions. For these parts, formal program verification is an appropriate tool.
Verification of correctness of loops needs additional information, so-called an-
notations, expressing conditions at certain intermediate points of the program.
These describe relationships between variables which are meant to “hold” dur-
ing execution. That means, whenever control passes through that point (i. e. the
program point is reached), the assertion should evaluate to True.

Assertions could be inserted at any point of the program, but in fact they
are only necessary in loops as socalled loop invariants (inductive assertions).
During execution, loop invariants have to evaluate to True before and after each
iteration. A loop has many invariants. An appropriate invariant is an assertion
that captures all relevant invariant properties of a loop.

Annotating a program is often non–trivial and needs a good understanding
of how the algorithm works. The idea of the invariants is mostly identical to
the basic design idea, and therefore most of the properties established during
imperative program verification are either loop invariants or depend crucially on
invariants. The effectiveness of automated formal verification is thus sensitive to
the situation when invariants, even trivial one, can be deduced automatically. It
is agreed [11] that finding automatically such annotations is in general imprac-
tical - thus most systems will just ask the user for the appropriate expression.

⋆ The program verification project is supported by BMBWK (Austrian Ministry of
Education, Science, and Culture), BMWA (Austrian Ministry of Economy and Work)
and by MEC (Romanian Ministry of Education and Research) in the frame of the
e-Austria Timişoara project. The Theorema system is supported by FWF (Austrian
National Science Foundation) - SFB project F1302.
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However, in most of the practical situations, finding the expression, or at least
giving some useful hints, is quite feasible. For practical applications this may
be very helpful to the user, since explicitly stated program invariants can help
programmers by identifying program properties that must be preserved when
modifying code.

Research into methods for automatically generating loop invariants goes a
long way, starting with the works [12, 13]. However, success was somewhat lim-
ited for cases where only few arithmetic operations (mainly additions) among
program variables were involved. Recently, due to the increased computing power
of hardware, as well as advances in methods for symbolic manipulation and au-
tomated theorem proving, the problem of automated invariant generation is
once again getting considerable attention [2, 3], based essentially on two main
approaches, namely using either static either dynamic techniques for invariant
discovery.

The dynamic method [9, 1, 6] executes a program on a collection of inputs and
infers invariants from captured variable traces. In other words, dynamic invari-
ant detection runs a program, observes the values that the program computes,
and then reports properties that were true over the observed executions. Thus,
the accuracy of the inferred invariant depends in part on the quality and com-
pleteness of the test cases; additional test cases might provide new data from
which more accurate invariants can be inferred.

Contrarily to the dynamic approach, the static method of invariant generation
operates on the program text, not on the test runs, therefore has the advantage
that the reported properties are true for any program run [18, 16, 17, 14]. Our
work is integrated in this particular branch of invariant generation. Theoretically,
by the static approach one can detect sound invariants, particularly by applying
methods from abstract interpretation [7] and polynomial algebra [4].

Using the ideas from static techniques for invariant generation, in our work
algebraic and combinatorial based approaches are combined to reason about
imperative loops with assignments, sequencing and conditionals. More precisely,
by combining advanced techniques from algorithmic combinatorics, symbolic
summation, computer algebra and computational logic, a framework is realized
for generating polynomial loop invariants for imperative programs operating on
numbers.

Polynomial identities found by an automatic analysis are useful for program
verification, as they provide non-trivial valid assertions about the program, and
thus significantly simplify the verification task. Finding valid polynomial identi-
ties (i.e., invariants) has applications in many classical data flow analysis prob-
lem [15], e.g., constant propagation, discovery of symbolic constants, discovery
of loop induction variables, etc.

Analyzing the code of loops, we express the values of the loop variables
at the current loop iteration in terms of their previously computed values. In
other words, the assignment statements from a loop body form a system of
recurrence equations describing the behavior of loop variables. A solution to these
recurrences, that is a closed form solution of the loop variables, would allow us
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to express their values as functions of the loop iteration. Hence, finding closed
form solutions for recurrence equations can be considered a major challenge in
reasoning about imperative loops, for automatically inferring invariant relations
among the loop variables.

Following this idea, the key steps of the our method for invariant genera-
tion, providing thus also a possibility of proving automatically correctness of
deterministic imperative programs, are:

(i) Assignment statements from a loop body are extracted which are used to
generate a system of recurrence equations describing the behavior of the
loop’s variables that are changed at each iteration;

(ii) Methods from algorithmic combinatorics are used to exactly solve the re-
currence equations, yielding the closed form for each loop variable;

(iii) Algebraic dependencies among possible exponentials of algebraic numbers
occurring in the closed forms of the loop variables are derived using alge-
braic and combinatorial methods.
The result of these steps is that every program variable can be expressed
as a polynomial in terms of the initial values of variables (when the loop
is entered), loop counter, and some new variables that are polynomially
related;

(iv) Loop counters are then eliminated by polynomial methods to derive a finite
set of polynomial identities among the program variables as invariants.
From this finite set, any polynomial identity serving a loop invariant can
be derived.

In our invariant generation approach, A certain family of loops, called “P-
solvable”, is defined (to stand for polynomial-solvable), for which the value of
each program variable can be expressed as a polynomial in terms of the initial
values of variables, the loop counter, and some new variables that are polyno-
mially related among them. For such loops, we developed a systematic method
for generating polynomial equations as loop invariants. Further, if the body of
these loops include only assignments and conditionals, the method is complete.
Namely it generates a set of polynomial equations as invariants from which any
polynomial equation serving as an invariant can be derived. Many nontrivial
algorithms working on numbers can be shown to be in fact implemented using
P-solvable loops.

Exploiting the symbolic manipulation capabilities of the computer algebra
system Mathematica [20], our method is implemented in a new software package
called Aligator. By using several combinatorial packages developed at RISC,
Aligator includes solving special classes of recurrence relations (that are Gosper-
summable or C-finite) and generating polynomial dependencies among algebraic
exponential sequences, as well as manipulating polynomial relations based on the
theory of Gröbner basis. Using Aligator, a complete set of polynomial invariants
is successfully generated for numerous imperative programs working on numbers.

The automatically obtained invariant assertions are subsequently used for
the partial correctness verification of programs, by generating the appropriate
verification conditions as first-order logical formulae. Based on Hoare logic and
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the weakest precondition strategy, this verification process is supported in an
imperative verification environment implemented in the Theorema system [5].
Theorema seems to be convenient for such an integration given that it is built
on top of the computer algebra system Mathematica and it includes automated
methods for theorem proving in predicate logic, domain specific reasoning as
well as induction proving.

Acknowledgments. The author wishes to thank prof. Deepak Kapur (University
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