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Abstract

A survey of symbolic methods for factoring linear differential operators is given. Starting from basic
notions — ring of operators, differential Galois theory — methods for finding rational and exponential
solutions that can provide first order right-hand factors are considered. Subsequently several known
algorithms for factorization are presented. These include Singer’s eigenring factorization algorithm,
factorization via Newton polygons, van Hoeij’s methods for local factorization, and an adapted version
of Padé approximation.

In addition a procedure based on pure algebraic methods for factoring second order linear partial
differential operators is developed. Splitting an operator of this kind reduces to solving a system of
linear algebraic equations. Those solutions which satisfy a certain differential condition, immediately
produce linear factors of the operator. The method applies also to operators of third order, thereby
resulting in a more complicated system of equations. In contrast to the second order case, differential
equations must also be solved, which, in particular cases, are simplified with the aid of characteristic
sets.

Finally, complete decomposition into linear factors of ordinary differential operators of arbitrary
order is discussed. A splitting formula is developed, provided that a linear basis of solutions is available.
This theoretical representation is valuable in understanding the nature of the classical Beke algorithm
and its variants like the algorithm LODEF by Schwarz and the Beke-Bronstein algorithm.



Zusammenfassung

Es wird ein Uberblick iiber symbolische Methoden zur Faktorisierung linearer Differentialoperatoren
gegeben. Beginnend mit grundlegenden Begriffen wie Operatorring oder differentielle Galoistheorie,
diskutiert der Autor Methoden zum Auffinden rationaler wie auch exponentieller Lésungen, mit deren
Hilfe rechte Faktoren von Operatoren gefunden werden kénnen. Im Folgenden werden verschiedene
Faktorisierungsalgorithmen vorgestellt, darunter Singers Eigenring-Faktorisierungsalgorithmus, Fak-
torisierung mit Hilfe von Newton Polygonen, van Hoeijs Methode zur lokale Faktorisierung und eine
adaptierte Version der Padé Approximation.

Dariiberhinaus entwickelt der Autor eine rein algebraische Methode zur Faktorisierung von linearen
partiellen Differentialoperatoren. Das Zerlegen so eines Operators reduziert sich auf das Auffinden
der Losungen eines linearen algebraischen Gleichungssystems. Diejenigen Losungen dieses Systems,
welche eine bestimmte differentielle Bedingung erfiillen, erzeugen direkt lineare Faktoren des Opera-
tors. Dieselbe Methode ist auch auf Operatoren dritter Ordnung anwendbar, wobei ein komplexeres
Gleichungssystem auftritt. Im Gegensatz zum Fall 2. Ordnung miissen hier auch Differentialgleichungen
gelost werden, welche sich manchmal mit Hilfe charakteristischer Mengen vereinfachen lassen.

Zuletzt wird die vollstindige Zerlegung gewdhnlicher Differentialoperatoren von beliebiger Ord-
nung in lineare Faktoren behandelt. Unter Zugrundelegung einer linearen Basis des Losungsraums
wird eine Zerlegungsformel entwickelt. Diese theoretische Darstellung erweist sich als hilfreich zum
Versténdnis des klassischen Beke-Algorithmus und seiner Varianten - wie Beke-Bronstein-Algorithmus
oder Schwarz” LODEF-Algorithmus.
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1. INTRODUCTION

1.1 Historical Motivation

Let (k, 0) be a differential field of characteristic 0 with algebraically closed field of constants C. We
will write y(™) instead of §"(y) and y',y",... for 6(y),5(y),.... Let D = k[J] be the ring of linear
differential operators over k, that is, the non-commutative polynomial ring in the variable 0, where

da = ad + d’ for all a € k.
Any linear differential operator L € k[9] of the form
L=0"4+a,_ 10" "+ 4+ a0+ apgd°
defines an order n linear homogeneous scalar differential equation L(y) = 0 by

Y™ 4 a1y 4+ ary + agy = 0.

Factorizing a linear differential operator L into a product L = QR, simplifies the computation of
solutions as a solution of R(y) = 0 is a solution of L(y) = 0 as well. Moreover, we can find linearly
independent solutions. As an example consider the following linear ordinary differential operator:

P+ (r—1)0—=x
whose factorization is
(O0+x)(0—1).

Its scalar equation can be written as

d
y'+ (@ -1y —zy = <d+x) W -y =0
x
which has linearly independent solutions

2

y1 = €e¥ and yo = e‘”/e*%*mdx.

In particular, an operator L is said to be reducible if there exists operators L; and Ly of lower
order such that L = Lo Ly, in this case we say that Ly is a right factor and Lo is a left factor of L. If
an operator is not reducible then it is called irreducible.

From Landau [1902], we know that any two decomposition of an operator L into irreducible com-
ponents have the same number of factors and their orders are the same up to permutations. As an
example consider the derivative § = d/dx in the field k then the following linear differential operator

82—88—<5‘+1> (3 ! )7
x—c x—c

with ¢ € C has essentially two different factorizations.

Even when the intention of the this part of the thesis is to study the existent algorithms for factoring
linear ordinary differential operators, in section 2.3 we will discuss rational and exponential solutions
of linear ordinary homogeneous differential equations. However, we would like to mention that there
are several algorithms for solving linear differential equation in particular we give a short survey about
them:
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1. Rational solutions:

Rational solutions are elements of k. To decompose the operators of this class, Liouville [1833a,b]
already gave an algorithm, but only when k is a rational function field over the constants. More
general versions have been presented by Singer [1991] and Bronstein [1992a]. To solve scalar
equations, there are implementations by Abramov and Bronstein in MAPLE and in the BERNINA
package. To solve matrix equations, there is an implementation by M. Barkatou in the ISOLDE
package. Both cases are restricted to the field Q(x) of rational functions in o with coefficients in
the algebraic closure of Q.

2. Algebraic solutions:

Algebraic solutions are solutions lying in an algebraic extension of k; i.e., they satisfy an irre-
ducible polynomial over k. An example for this class is /1 — /.

Many renowned mathematicians like Pépin [1881], Fuchs [1875, 1878], Klein and Jordan [1878]
were searching for an algorithm for algebraic solutions. Today there exists an algorithm by Singer
[1979] with some improvements in Singer and Ulmer [1993], but it is far from being satisfactory
because it is very expensive; in this case one needs to substitute a minimal polynomial decom-
posed into invariants in the differential equation. Another method from Fakler [1997] combines
Liouvillian solutions with the algebraic case of Risch’s algorithm (see Bronstein [1997]), it has
not been implemented.

3. Liouvillian solutions:

Liouvillian solutions are solutions generated by repeatedly adjoining algebraic numbers, integrals
or exponentials of integrals. An example of such a generation is

xﬂﬁiexp[/ﬁ]

In Singer [1981] it was shown that given a homogeneous linear differential equation L(y) = 0
with coefficients in F, a finite algebraic extension of Q(x), one can find in a finite number of
steps, a basis for the vector space of Liouvillian solutions of L(y) = 0.

For order two equations the method is given by Kovacic [1986], with small improvements by Weil
[1994]. For order three, the methods are given by Singer and Ulmer [1993].

Although the problem of finding all the Liouvillian solutions of a homogeneous linear differential
equation is decidable in theory for any order Singer [1991], the published decision procedure is
not consider a practical algorithm and has not been implemented.

4. Exponential solutions:

An exponential solution of the equation L(y) = 0 is a solution whose logarithmic derivative %
lies in k.

Exponential functions form the most important subclass of Liouvillian functions. Procedures
providing algorithms that produce exponential solutions lie at the basis of all known algorithms
for finding Liouvillian solutions. Fortunately, there are algorithms for exponential solutions. The
very first one is from Beke [1894]. For the formal case, van Hoeij [1997a] has implemented classical
methods. Factorization over Q(z) is based on the formal case.

Dividing functions into one of these classes is not always unique; e.g., for the function y =/,
it is possible to attach it either to the algebraic functions or to the exponential, since % = i,
and ﬁ € k. Furthermore, it can be hard to decide for a given function whether it is Liouvillian
and how one could find the simplest construction. A combination of the above methods is used

in the implementation by van Hoeij in the MAPLE computer algebra system.

For factorization of linear differential operators which constitutes the main subject of this thesis,
we have the following known methods:
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1. Beke’s method: In 1894 Beke gave a method for factorization of linear differential operators in
the ring Q(x)[d]. Previous implementations for factorization in k(z)[d] are based on his method.
For example, the factorizer in the Kovacic algorithm (Kovacic [1986]) is based on Beke’s method.
To find a factor via Beke’s method one must first compute another operator (the second exterior
power) and then compute a first order right-hand factor. Construct an auxiliary operator L whose
associated Riccati equations have among their solutions all possible coefficients b; of factors

M =0" 4 by 10" "+ 4+ 510 + byd°
of L. From L one can bound the degrees of the numerators and denominators of these coefficients.

An implementation of Beke’s method has been accomplished by Bronstein [1992b] in the AX-
I0M system. Schwarz [1989] has implemented the full algorithm for equations of small order in
SCRATCHPAD II. Simplifications of the the Beke algorithm as well as a detailed complexity anal-
ysis can be found in Grigoriev [1990a]. There is an algorithm for determining the reducibility
of a differential system in Grigoriev [1990b]. A method to enumerate all factors of a differential
operator is given in Tsarev [1996].

2. The eigenring method: The eigenring of a differential equation L(y) = 0 is the finite dimensional
C-algebra of all the endomorphisms of the equation, where C is the subfield of constants of k.
This eigenring is the set of all rational solutions of other differential equations associated to L.
If this eigenring is not too trivial, then some factorizations of L can be deduced from it. The
method was introduced by Singer [1996] and has been improved by van Hoeij [1997b].

3. Van Hoiej’s methods for factoring differential operators are not based on Beke’s algorithm. He
uses algorithms to find local factorizations (i.e., factors with coefficients in k(z)) and applies an
adapted version of Padé approximation to produce a global factorization.

In order to do this, one should make a good choice of a singular point of the operator L and
a formal local right-hand factor of degree 1 at this point. After a translation of the variable
(x +— x+porx— z71) and a shift 9 — 0 + e with e € k(z), the operator L has a right-hand

’

factor of the form 0 — % with an explicit y € k[[z]]. Now one tries to find out whether 4- belongs

to k(z). Equivalently, one tries to find a linear relation between y and y’ over k[z]. This is carried
out by a Padé approximation. The method extends to finding right-hand factors of higher degree
and yields in that case a generalization of the Padé approximation.

This local-to-global approach has been implemented in MAPLE V.5 computer algebra system.

4. Full factorizations: The structure of all possible factorizations of an ordinary differential operator
is known due to a fundamental theorem of Loewy [1906]: An ordinary operator has unique
factorization into completely reducible factors, i.e., in operators that have enough right factors.
Recent work of Tsarev [1996] combined the local formal factorization of the previous case with
the classical work of Beke [1894].

In general, the main disadvantage of all factorization algorithms is their tremendous complexity,
especially if the order if the given operator is higher than two.

Much less is known about factorization of linear partial differential operators. In the 19th century, a
vast interest in finding solutions of non-linear partial differential equations resulted in the development
of the methods of Lagrange, Monge, Boole, and Ampere. In particular, Darboux [1870] generalized
the method of Monge (known as the method of intermediate integrals) to obtain the most powerful
method in those days for explicitly integrating partial differential equations.

In Anderson and Kamran [1997], Juras [1995], and Zhiber, Sokolov, and Startsev [1995], the Dar-
boux method was put in a more precise and efficient (although not completely algorithmic) form. For
the case of a single second order non-linear partial differential equation of the form

Ugy = f(2, Y, U, Uz, Uy) (1.1.1)
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the idea was to linearize it. Using the substitution
u(z,y) — ulw,y) + ev(,y)
and canceling the terms proportional to €, n > 1, we obtain the linear partial differential equation
Vgy = Avy + By + Co (1.1.2)

with coefficients A, B, and C' depending on z, y, u, u,, u,. Studying equations of type (1.1.2), Laplace
invented a method for their transformation that is sometimes called the Laplace cascade method. First,
the corresponding linear partial differential operator satisfies the condition

L = 9,0, — Ad, — B0, — C =
(1.1.3)
(0, — B)(0, — D) + H = (9, — A)(d, — B) + K,

where
H=0,A-AB—-Cand K =0,B—-AB—-C

are the Laplace invariants of Equation (1.1.2). Therefore, if either H = 0 or K = 0, the second order
linear partial differential operator L is factorable, and the solutions of Equation (1.1.2) can be found
through quadratures. If both H and K vanish, L is a left least common multiple of the two first order
linear partial differential operators. If both H and K are nonzero, the two Laplace transformations
L — L1 and L — L_; can be applied using the substitutions

v1 = (0y — A)v, v_1 = (9y — B)v. (1.1.4)

These (invertible) transformations result in two new second order linear partial differential operators
Ly and L_; of the same form as (1.1.2) with different coefficients if and only if H # 0 and K # 0. In
the general case, we obtain the two infinite sequences

L—Li—Ly—---

L—>L 1—L og—---

If one of these sequences is finite (i.e., the corresponding Laplace invariant vanishes at some step,
and the Laplace transformation cannot be applied further), then the final linear partial differential
operator L; is trivially factorable.

We can consider initial Equation (1.1.1) and calculate all Laplace invariants and Laplace trans-
formations (which means that we express all the mixed derivatives of w in terms of x, y, u, and the
non-mixed derivatives u, . and wu, . ).

Theorem 1. A second order scalar hyperbolic partial differential equation of the form (1.1.1) is Dar-
boux integrable if and only if both its Laplace sequences are finite.

In Juras [1995] and Anderson and Kamran [1997], this method was also generalized to the case of
a general second order non-linear hyperbolic partial differential equation

F(%%%“wUyaum,uxy,uyy) =0.

The original “Darboux method” (as Darboux stated in Darboux [1870]) is extendable in principle
to equations of all orders in an arbitrary number of variables, even to systems of equations; however, in
Darboux [1870] and subsequent papers by Goursat, Gau, Gosse, Vessiot, et al., the detailed calculations
were performed only for a single second order equation with one dependent and two independent
variables.

On the other hand, Blumberg [1912] and Miller [1932] have discussed the necessity of a suitable
generalization of the concept of completely reducible operators to partial operators, and they have
illustrated this problem with few typical examples. In particular, in Blumberg [1912] is given an
example of a third-order operator which has two different factorizations into completely reducible
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factors. With this it is shown that the result of Loewy about the uniqueness of the factorization into
completely reducible factors, is not true for partial differential operators.

Nowadays, due to the growing interest in Computer Algebra and the use of the Computer Algebra
Systems, one tendency is treat factoring as finding superideals of a left ideal in the ring of linear
partial differential operators rather than factoring a single linear differential partial operator, as done
by Tsarev [2000] and Li, Schwarz, and Tsarev [2003]. In Tsarev [2000] a concept of factorization is
developed which makes some characteristic factors to be uniquely defined similar to the case of ordinary
operators. In Li et al. [2003] the factorization of systems of linear partial differential operators with a
finite-dimensional (over the subring of constants) space of solution is studied, then the linear differential
subvarieties are viewed as the factors of the input systems.

Another tendency is to try to imitate the procedures and use the techniques for factoring poly-
nomials, as done by Grigoriev and Schwarz [2004] with their algorithm “Hensel Decent” for factoring
lineal partial differential operators of arbitrary order. They have named it in that way because it is
close in nature to the well-known Hensel lifting.

Grigoriev and Schwarz consider the homogeneous part of a differential operator, they define the
symbol of an operator as the homogeneous polynomial with the same coefficients as the homogeneous
part and the same powers as the corresponding derivatives. They define an operator to be separable
if its symbol is separable, i.e., if all the roots of the symbol are distinct in an algebraically closed field
extension of the field of coefficients. If the operator is separable then to find its possible factorizations
reduces to polynomial factorization in the field of coefficients, rational operations in that field and
taking derivatives.

We present a naive approach for factoring second order linear differential operators into linear
factors in the ring k(x,y)[0., 0,], the ring of linear partial differential operators in the indeterminates
Oz, Oy, with coeflicients in the field of rational functions over the field k of characteristic zero, i.e., an
operator of the form

L:= 0 + E0,0, + D2 + CO, + B, + A

with coefficients A, B,C, D, E € k(x,y).

In the very general case we do not need to solve any differential equation, we only need to find a
square root and solving a system of linear equations plus a test equation (a first order linear partial
differential equation), if we are lucky and there exists the square root, the system has a unique solution
and afterwards if the test equation is satisfied, we can get a factorization in linear factors.

Our result improves the theorem 3.1 (Miller [1932]) of Grigoriev and Schwarz [2004], because we
do not only propose a possible right factor of a partial differential operator of second order, but rather
we find the factorization at once when it exists, with this we avoid the division in each particular case;
moreover, we do not make case distinction.

1.2 Outline of the Thesis

The thesis is organized in the following way:

e Chapter 2 is the motivation for the study of the symbolic treatment for the factorization of
linear differential operators. In Section 2.1 we present the basic definitions related with linear
differential operators. In Section 2.2 we introduce the main contribution of the thesis, a naive
approach for factoring second order linear partial differential operators in the ring k(x, y)[0, 0],
the algorithm ¢l1 derived from it and one example of the procedure.

In Section 2.3 we extend the procedure to linear partial differential operators of third order. We
propose answers for the two possible factorizations, reducing the problem to solving a system
of algebraic and differential equations, which can be triangularized by characteristic sets. In
Section 2.4 we give an outline of the recent algorithm called “Hensel Decent” due to Grigoriev
and Schwarz [2004].
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e In Chapter 3 we start the study of the factorization algorithms for linear ordinary differential
operators. Section 3.1 contains the basic facts about Galois theory of linear differential equations,
starting with differential field extensions and a factorization formula in the settings of the ring
of linear differential operators, provided available a fundamental set of solutions.

Section 3.2 deals with the generalization of the Frobenius method for solving second order ordi-
nary differential equations, using the natural embedding k(z) < k((x)), partial fraction decom-
position and indicial equations.

Section 3.3 is devoted to finding exponential solutions of linear homogeneous differential equations
in a particular case, i.e to finding rational solutions of the Riccati equation associated to the given
linear equation with rational function coefficients and solutions of the same kind. We study the
RiccatiRational algorithm due to Schwarz [1994], which searches for bounds on the coefficients
of a possible solution and reduces to solving a linear system. If this system is feasible we obtain
a rational solution of the associated Riccati equation and at once a right-hand factor of the
operator corresponding to the original equation.

In Section 3.4, the core of the thesis, we study Beke’s algorithms for finding right-hand factors of
linear differential operators. The main idea of Beke’s algorithm is to decide in finitely many steps
if a differential operator is reducible or not, and - in the first case - to construct a non-trivial
right-hand factor. For this one must first compute another operator, the second exterior power.
The main obstacle for using this approach is its tremendous complexity.

In Section 3.5 we present the algorithm LODEF of Schwarz [1989], which is implemented in
Scratchpat II. In LODEF, which is the first algorithm that appeared after Beke’s algorithm,
Schwarz modifies Beke’s algorithm making it recursively reducing the order of possible right
factors. He estimates degree bounds for the coefficients of right factors and computes the size of
rational solutions of certain differential equations. Later Schwarz developed the RiccatiRational
algorithm thereby specifying the last step of the Beke algorithm.

In Section 3.6 we introduce the efficient algorithm due to Bronstein [1994], for computing the
associated equations appearing in Beke’s method.

e Chapter 4 gives an outline of more advanced methods beyond Beke’s approach. Section 4.1 deals
with Singer’s eigenring factorization algorithm, an adaptation of the Berlekamp algorithm to the
ring of operators. Section 4.2 is devoted to a geometric factorization method using a generalization
of Newton polygons. Section 4.3 contains van Hoeij’s techniques for local factorization in k((z))[0]
(i.e., the ring of linear differential operators with coefficients in the field of formal Laurent series in
the indeterminate x over k) using new notions of Newton polynomials and coprime factorization.

Finally, in Section 4.4, we present van Hoeij’s method for local factorization over k(x) using a
generalization of Padé approximation.



Part I

FACTORIZATION OF LINEAR PARTIAL DIFFERENTIAL
OPERATORS



2. FACTORIZATION OF LINEAR PARTIAL DIFFERENTIAL OPERATORS

In this chapter we motivate the study of symbolic factorization of linear differential operators. We give
a naive approach for factoring second order linear differential operators from k(xz,y)[0, 0,] into linear
factors. Inspired by the fact that the Laplacian is reducible in C,

V2 = 0y + Oyy = (0r — 0yi)(0 + Oyi).

we propose an answer in the way of a undetermined coefficients procedure. The problem of factorization
reduces to finding a square root and solving a system of linear equations plus a test equation (a first
order linear partial differential equation). If the square root exists, the linear system has a unique
solution. If in addition the test equation is satisfied, we otain a factorization into linear factors.

In this approach we only need to:
e compute a square root;
e solve a system of two linear equations in two unknowns; and

e evaluate the linear system’s solution in a linear partial differential equation.

Our approach provides an algorithmic solution to the problem of factoring second order linear
partial differential operators. It is based on naive algebraic methods, and it is general in the sense that
it produces the same known results for second order linear ordinary differential operators. In contrast
to the ordinary case, for the partial case we need not consider any Riccati equation.

Comparing our approach with other known ones, we have found that we not only propose a possible
right factor but rather we find the factorization when it exists, without appealing to the necessity to
define new structures or to extend the original domain in which we are working.

We have tried to generalize our approach for higher order operators, however we have found that
the situation is rather different. In order to get a possible factorization in a product of lower order
operators one needs to solve a system of algebraic and differential equations. But the main difficulty is
in fact that the number of algebraic equations is always less than the number of differential equations.
In some cases we can plug in the solutions of an overdeterminated algebraic system into the differential
equations, however we still have to solve some differential equations.

The chapter is organized in the following way:
e In Section 2.1 we present the basic definitions and the necessary algebraic machinery.

e Section 2.2 presents our approach, which is our main result, a theorem that establishes the bases
for factoring second order linear partial differential operators in k(x, y)[0y, 9y

e In Section 2.3 we extend our approach to the case of third order linear differential operators.

e In Section 2.4 we present the recent algorithm “Hensel Decent” for factoring lineal partial dif-
ferential operators, which reduces to polynomial factorization (over k), rational operations in k
and taking derivatives.
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2.1 Definitions

In this section we present the algebraic machinery in which the factorization algorithms of linear dif-
ferential operators can be presented and proved to be correct. The main idea is to define the notion of
derivation in a pure algebraic setting (i.e., without using the notions of “function”, “limit”, and “tan-
gent line” from analysis). This way, we can later translate a factorization problem of linear differential
operators to a factorization problem of polynomials in some algebraic structure, which can be done
using algebraic algorithms.

Let R be a commutative ring (resp. field). A derivation on R is a map 6 : R — R such that
d(a+b)=d(a)+0(b), and §(ab) = d(a)b+ ad(b).
for all a,b € R. The pair (R, d) is called a differential ring (resp. field). The set
Consts(R) = {c € R such that §(c) = 0}

is called the subring (resp. subfield) of constants of R w.r.t. ¢.

A subset § C R is called a differential subring (resp. subfield) of R if S is a subring (resp.
subfield) of R and 6(S) C S.

The following are examples of differential rings:

e Any ring R with trivial derivation, i.e., § = 0, is a differential ring.
e The ring of real C'"*°-functions on an open subset U C R with ordinary derivation %.

e The ring of real C'"*°-functions on an open subset U C R" with partial derivation ai (1<i<n).

Zq

e the ring of analytic functions on an open set of C with complex differentiation.

For a commutative ring R we also have
e The polynomial ring R|[t] with formal derivation %.

e Rlty,...,t,] with formal partial derivation %.

The following are examples of differential fields. Let C denote a field.
e C(2), with derivation f — f' = fil—];.
e The field of formal Laurent series C((z)), with derivation f — f' = g—é.
e The field of convergent Laurent series C({z}), with derivation f +— f' = %.

e The field of all meromorphic functions on any open connected subset of the extended complex
plane C U {oo}, with derivation f — f/ = %.

o C(z,€%), with derivation f+— f' = j—f.

z

Let R be a differential ring with derivation a — a’. The ring of differential polynomials in
Y1, -..,Yn Over R, denoted by

R{{y1s-- - unt}

is defined in the following way. For each ¢ = 1,...,n let

yi(j), JEN
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be an infinite set of distinct indeterminates. For convenience we will write y; for ygo), y, for ygl) and

yy for y(z). We define

g R{{yh.--,yn}},

to be the polynomial ring

R, YY1 Y2, Yo Yo oo ooy Yns Yns Y - - -

We extend the derivation of R to a derivation on

R{{y1:- - yn}}s
by setting (yl(j)), = yl(jﬂ).
A A-ring is a commutative ring R with identity 1z equipped with a set of derivations
A={b1,...,6:},

such that
6i§j = (5]'57;, for all Z7j = ].7 PPN

A A-field £k is a field that is a A-ring. If R is a A-ring, the set
{ceR|di(c)=0foralli=1,...,r}

is called the constants of R. This can be seen to be a ring and, if R is a field, then this set will be a
field as well.

The following are examples of A-fields.

e Let C be a field and t¢4,...,¢, indeterminates. The field C(t1,...,t,) with derivations ¢;, i =
1,...,7 defined by
0;(¢) =0, for all ¢ € C and

1 if i=j
9i(t) =
0 if i#j
is a A-field.
e The field of fractions C((t1,...,t,)) of the ring of formal power series in r variables is a A-field

with the derivations defined above.

e For C = C, the complex numbers, the field of fractions
C({t1,...,t+})

of the ring of convergent power series in r variables with A defined as above is again a A-field.

Let R and S be A-rings, and let ¢ : R — S be a ring homomorphism. If ¢ commutes with each
d € A, then ¢ is called a differential homomorphism (or A-homomorphism).

Let k be a A-field with derivations A = {0y,...,9,}. The ring of linear partial differential
operators k[0, ..., d,] with coefficients in k is the non-commutative polynomial ring in the variables
0;, where the 0; satisfy

d;a = a0; + 0;(a) for all a € k.

where 0;(a) € k is the derivative of a with respect to 0;.

The following are examples of rings of differential operators.
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e Let (k, ") be a differential field such that its subfield of constants C is different from %k and has
characteristic 0. When » = 1 we obtain the skew ring (i.e., non-commutative ring) D := k[d],
called the ring of linear ordinary differential operators with coefficients in k, which consists
of all expressions

L:=a,0"+---+a10+ag

withn €Z, n>0, and a; € k fori =0,...,n.
The degree of L above, denoted by deg L, is m if a,, # 0 and a; = 0 if ¢ > m. In the case L =0
we define the degree to be co. The addition in D is obvious and the multiplication is completely

determined by the prescribed rule:
da = ad +d.

Since there exists an element a € k with a’ # 0, the ring D is not commutative. A differential
operator
L:an8"+---+a18+a0

acts on k£ with the interpretation

Thus the equation L(y) = 0 has the same meaning as the scalar differential equation

any(”) + .-+ aly/ + apy = 0.

In connection with this one sometimes uses the expression “order of L” and writes ord(L), instead
of the degree of L.

e Let k be a field. The ring k(z, y)[0,, 0,] of linear differential operators in the variables 9, 9, with
coefficients in k(z,y), the field of the rational functions in the indeterminates x,y over k.

2.2 Naive Approach

Let k be an algebraically closed field of characteristic zero. k(x,y)[05, 0], the ring of linear differential
operators in the variables 0., 0y,.

Theorem 2. Let
Ly := 92 + E8,0, + D3> + C9, + BO, + A. (22.1)

be the second order linear partial differential operator with coefficients in k(x,y). The operator Ly splits
into linear factors
[0z + 8Oy + ] [0z + Y0y + W] (2.2.2)

if and only if

ﬁ_g_ E? — 4D ¢_§+\/m
2 2 772 2
and the following system is solvable
a+w = C
0:(¥) + B0y (Y) + fw+ o) = B. (2.2.3)

Oz (w) + B0y (w) + aw = A
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Proof. Suppose that there exist «, 3,9, w € k(z,y) such that
Lo = [0y + 80y + a] [0, + Y0, + w].
Now, developing the right hand side
92 + (B +1)0,0, + Bp0; + (a + w)du+

[690 (¢) + ﬁay (¢) + fw + 0”” 8y+

0 (W) + 50, (w) + aw
Comparing the second and third coefficients with original operator we get
G+ =F and Sy = D.

Hence,
B —EB+D=0

Therefore,

E VE?-4D E VE?—-4D
A R T

Comparing the rest of the coefficients with the original operator we obtain the following system of
equations

a+w = C
Oz (V) + B0y () + pw+ay = B.
Oz (w) + B0y (w) + aw = A

If we can solve this system of the first two equations for o and w (system (2.2.3)), then we can
have a factorization of the operator (2.2.1) in the form (2.2.2), otherwise the original operator has not

this kind of factorization in k(z,y).
O

Now from the previous theorem we can extract a procedure that we called Pseudo-algorithm g¢l1.
Algorithm gi1
Input: A second order linear partial differential operator
Ly := 9 + E9,0, + DO, + C0, + BO, + A (2.2.4)
with A, B,C,D, E € k(x,y).

Output: A factorization of the form:

{896 - (f —~ Z) dy + a] {895 - (f - Z) Dy + w} . (2.2.5)

1. Compute
7 =—. (2.2.6)

2. If VE? — 4D does not exist in k(x,y) go to step 10.

3. Solve the system
a4 w = C

O <§ - Z) + (g - Z) 9y (g + Z) + (2.2.7)

(5-7)e- (52)-

where o and w are the unknowns.

I
Sy
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4. If System (2.2.7) is not solvable go to step 10.
5. If System (2.2.7) has unique solution, then test the solution in the equation:

Ba(w) + (f - z) 0,(w) + aw = A. (2.2.8)

If Equation (2.2.8) is not satisfied go to step 10.
Substitute E, Z, @ and w in Expression (2.2.5).

Return Expression (2.2.5) and go to step 11.

© »® N2

If System (2.2.7) has infinitely many solutions then return “There is no decision”, and go to step
11.

10. Return “The operator (2.2.4) has not non-trivial factorization of the form (2.2.5) in k(x, y) [0y, 0y]” -

11. End.

Remark 2.2.1. Note that if we are lucky we can compute the step 1 in k(x,y), however we can always
compute the step 3 in k, and the step 5 is completely finite because in k(x,y) we can decide the equality.
If System (2.2.7) has infinitely many solutions then we can not decide if there exists a factorization
of the form (2.2.5), because in that case we should solve the differential equation (2.2.8). By the proof
of Theorem (2) the algorithm is correct, and for the structure of itself it is completely clear that the
algorithm terminates.

Now we will show how the theorem (2) works in the application of algorithm ¢i1 to the next example
taken from Grigoriev and Schwarz [2004].

Example 1. Let L € C(x,y)[0,,0,] be

1
02+ (@ + & — )20, + L2’y — )] — aly — 1)+

1
ﬁ(m4y2+x3y+x2y2 —2Py—x+y)o, —2*y—z—y
where )
Yy
E=—(®y+z—y), D="("y 1), C=—a(y 1),
1
B= E(x4y2 + iy + a2ty — 2Py —x+y), and A= -2y —x—y.

By Equation (2.2.6) we have

1
Z = ﬂ(mQyQ -z —vy).

By Fquation (2.2.5) we are searching for a factorization of the form
(0 + 0y + ) [aﬁ (xy2 - %) C'Jy—i-w} .
By System (2.2.7) we get
ot w - sy —1)

1 1
y2+%+2xy—g+w+xy2a—%a = ﬁ(ﬂc4y2+m3y+x2y2 =

—a?y—x+y)
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o+ w = Tr—xy
2 Y 2,2 '
wtarya——a = x°Y —xy—yY
x
The solution of this system is:
a=2x and w = —xy.

Now, testing this solution in Equation (2.2.8) we obtain in fact that

Oz (w) + (g — Z) Oy(w) + aw = —y — x — 2°y.

Therefore, the factorization of L in C(x,y)[0s,0y] is:

(0p + 0y + ) - {@-—t—(mﬁ—%)-ay—xy].

Remark 2.2.2. As we have seen above, the last procedure provides a computational algebraic approach
to the problem of fatorization of linear partial differential operators. But despite of it with the same
ideas we can not factorize second order ordinary homogeneous operators in the same way, because if
we consider a second order ordinary operator

L,=0"+C0+A
and we want a factorization of the form
(04 a)(0+w)
applying the same procedure we get the system

a—+w = C
. (2.2.9)
Ow)+aw = A

If we substitute w from the first equation of this system into the second one we obtain the following

Riccati equation
a4+a>—Ca—C'+A=0.

Althout with this approach we cannot solve Riccati equations we obtain the same reduction procedure
from second order differential equation to a Riccati equation, in Chapter 2 we dedicate an entire section
to the computational algebraic methods for solving certain particular Riccati equations, namely Section
3.3.

2.3 Extension of the Order: Case Third Order

In this section we generalize our approach to operators of higher order, in particular to third order linear
differential operators, and we will see that the problem of factoring higher order operators reduces to
solveing a system of algebraic and differential equations.

As the ring of linear partial differential operators is not commutative, for third order operators we
have two possible factorizations in a product of lower order operators, as we will see in the following
theorem that we present without proof.

Finally, we would like to mention that if we act recursively applying the algorithm ¢l1, then we
can find a factorization of a third order operator into linear factors, if it exists.
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Theorem 3. Let
L3 := 93 + J020, + HO,02 + GO} + FO2+

(2.3.10)
Ed,0, + DO} + Cd, + B, + A
be a linear differential operator of third order with coefficients in k(x,y).
1. The operator Lz can be factorized in the following way
(92 + €020y + 60, + 10 + B0y + ) (0y + YOy, + w) (2.3.11)

where a, 3,7,0,€,1% and w are undetermined variables in C(z,y), if and only if the following
system is solvable

V+e = J
e+ 6 = H
51 - G
W+ - F
205(¥) + €0y (¥) + ew + 7Y + 8 = E
. (2.3.12)
€0z (V) + 200y (Y) + dw + 6 + [y = D
20, (w) + €0y (w) + Yw + « = C
O (V) + €0y (V) + 60,y (V) + 70 (1) +
€0p(w) + B0y (Y) +200y(w) + fw+ayp = B
Opa(w) + €02y (W) +70:(w) + Oy(w) +aw = A
2. The operator Ly can be factorized of the following way
(02 + By + @) (02 + 00.0y + 7O, + Oy + VI + w) (2.3.13)

where o, B,0,7, 0,10 and w are indeterminates variable en k(x,y), if and only if the following
system is solvable

o+ = J
T+ fBo = H
BT = G
o+« = F

Ox(0) + ¥+ BOy(0) + o+ ac = (2.3.14)
Ou(7) + BOy(1) + B +ar =
02 () +w + 50,(9) + agp

02 (V) + Oy () + Pw+ oy =

Il
= W Q U =

0 (w) + 50, () + ow
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Remark 2.3.1. In this case, due to the derivation rules of the definition ring of operators, it is much
more difficult to obtain a closed form of the possible factorization, moreover if one wants to extract a
term from the left. However, in this case we could propose a factorization of the form:

07 + (J + H)0,0, + GO, + Fdy + (E + D)9y + o(05 + 0y + w).

It is clear that this is a particular factorization, however it gave us the idea that it could be also
possible to factor in the same way as the second order case.

Example 2. Blumberg [1912]

Let
03 + 2020, + 207 + 2(x + 1)0,0, + (z +2)9,

be the third order operator with
J=xz, H=0, G=0, F=2, E=2(z+1), D=0,
C=1, B=z+2, and A=0.
By Fquation (2.3.11) we are searching a factorization of the form
(02 4 €020y + 60, + 10z + BOy + ) (0y + Y0y + w).
By System (2.3.12) we have

b+e -
ep+6 = 0
59 = 0
Y+ w = 2
20, (¢) + €0y (¥) + ew + Y + B = 2x+1)
€0 (V) 4+ 200y (V) + dw + 0 + [y = 0
20, (w) + €9y (w) +yw + = 1
Oua (V) + €04y (V) + 60,y (V) + 70, (V) +
€0y (w) + B0y (V) + 200y (w) + fw+ap = x+2
Oza(w) + €02y (w) + 705 (w) + BOy(w) + aw = 0
By the fourth the equation, if » = 0 then
€ = T
) = 0
Y+ w = 2
cw + 3 = 2z+1) =
20, (w) + €0y (w) + yw + « = 1
€0y (w) + 200y (w) + fw = z+2
0o (W) + €04y (w) +70s(w) + BOy(w) + aw = 0
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v = 2-w
aw+ B = 2 +1)
20, () + 20y (W) + W + & = 1 =
20, (w) + Bw = x+2
O (W) + 200y (W) + 70z (W) + BOy(w) + aw = 0
v = 2-w
2w+ 3 = 2x+1)
20, (w) + 20y (w) 4+ 2w — w? + « = 1
20y (w) 4 fw = z+2
Opa (W) + 202y (W) + (2 — w)0p (W) + BOy(w) + 0w = 0

which has solution
w=1= =1, =x+2anda=0.

Where,
(02 + 20,0, + 0, + (x +2)0,] (05 +1).

Now, working in a recursive way, let us consider the left factor

with

E=2, D=0,C=1, B=xz+2, and A=0.
By Equation (2.2.6) we have

7=2
2

By Ezpression (2.2.5) we are searching, for this second order operator, a factorization of the form

(O + @) [0, + 20, + @] .

By System (2.2.7) we obtain

at+w = 1
l+xza = x+2
which has solution: .

Substituting the solution in Equation (2.2.8) we get
; E L
O (@) + 5~ Z | 0y(w) + aw # 0.
Hence, the solution of the system (2.2.7) does not satisfy Equation (2.2.8). By Theorem (2), the
left factor does not have factorization in linear factors in C(z,y)[0y, 0y]. Therefore,

03 + 2020, + 207 + 2(x + 1)0,0, + (x +2)0, =

(02 + 20,0y + 0, + (x +2)0,] (05 +1).
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Example 3. Let us consider again the third order operator of Example (2)
0% + 2020, + 207 + 2(x + 1)0,0, + (z +2)9,

we know that
J=xz, H=0, G=0, F=2, E=2(x+1), D=0,

C=1, B=x+2, and A=0.
By Equation (2.53.13) we are searching first for a factorization of the form
(0z + B0y + @) (92 + 00,0, + TO; + ¢Ox + Y0y + w) .
By System (2.5.14) we get

o+ 0 - 2
7+ fo - 0
BT = 0
¢+a = 2

0:(0) + 1+ B0,(0) + Bp+ a0 = 2x+1).
Ou(T) 4+ Oy (1) + B +ar = 0
0:(¢) + w + Oy () + g = 1

0o (V) + B0y () + Bw+ayp = x+2

Oz (W) + BOy(w) + aw = 0

By the fourth equation, if 3 =0 then

o = x
T = 0
d+a = 2
Ou(0)+p+ac = 2x+1)
() +w+ap = 1
W) +ap = x+2
pw)+aw = 0
Where,
o+ a = 2
l+¢+za = 20a+1)
Q(d) +w+adp = 1
Q)+ = x+2
Op(w)+aw = 0

which has solution
a=1= ¢=1,v=x+1andw =0.
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Hence, we can factor the operator in the form
03 + 2020, + 202 + 2(x + 1)9,0, + (x +2)0, =

(0p + 1) [0F 4 20,0y + 0y + (x +1)0,] .

Now, working in a recursive way, let us consider the right factor
02 4+ 20,0y + 0; + (v +1)9y

with

E=2,D=0,C=1,B=x2+1, and A=0.

By Equation (2.2.6) we have
i
Z="2
2

By FEzxpression (2.2.5) we are searching, for the second order operator, a factorization of the form
(Or + @) [0y + 20y + @]

By System (2.2.7) obtain
at+tw = 1

l+2xaa = z+1

which has solution:
a=1andw=0.

Substituting the solution in the Equation (2.2.8) we get in fact that

0z (@) + (;3 — Z) 0y (@) + aw = 0.

Therefore, the factorization of the right factor in linear factors in
C(z,y)[0z,0y) is:
02 + 20,0y + 0y + (x + 1)y, = (9x + 1)(9, + x0,).

In conclusion, the factorization of the original operator in linear factors in C(x,y)[0y, 0y is:

03 + 2020, + 202 4+ 2(x + 1)0,0, + (x +2)0, = (0r + 1)(9y + 1)(9x + x0y).

2.4 The Hensel Descent Algorithm

In this section the recent algorithm due to Grigoriev and Schwarz [2004] is discussed. It is named
Hensel descent because it is close in nature to the well-known Hensel lifting used widely in polynomial
factorization. The main difference is that in case of differential operators one has to compute the
coeflicients starting with the highest derivatives going to the lowest because in the product of operators
the coefficients of higher derivatives in the factors contribute to the coefficients of lower derivatives in
the product.

Grigoriev and Schwarz define the symbol of an operator as the homogeneous polynomial with
the same coefficients as the homogeneous part and the same powers than the corresponding derivatives.
They call an operator separable if its symbol is separable, i.e., if all its roots in a splitting field are
distinct.

If an operator is separable then to finding a factorization reduces to polynomial factorization in the
field of coefficients.

Let k be a A-field and let D = k[04,...,0,,] be the non-commutative polynomial ring of linear
(partial) differential operators in the variables 0; with coefficients in k.
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For a derivative
o’ =90 o
denote its order
ord(a']) =|Jl=ji+ +jm-

For a linear partial differential operator L € D denote
L= Z ajaJ + Z b']a‘]
|J|=r [J|<r

of the order ord(L) = 7.

Let us consider the polynomial ring k[Z1, ..., Z,,] in the algebraic indeterminates Z;. The symbol
of L, denoted by s(L) is homogeneous polynomial defined by

s(L) =Y a;27 €klZ1,.... Zu).
|J|=r

For example, if Ly € Q(z,y)[0s, 0y given by
2y 2 2y y2 4.2
Ly = ﬁaw +2(z +1)0,0, + (v +2)0, + 20, — ?81, + ﬁ(l —zty?),
then s(Ls) € Q(x,y)[Z1, Z2], is the polynomial
2
s(La) = 528 +2a+ )21 22 + (v + 975,
The operator L is called separable if s(L) is separable.

The Hensel Descent Algorithm

Input: A separable operator L € D of order r given by
L:ZQJ8J+ZbJaJ-
|J|=r [J|<r

Then,
s(L) = gh

where

9= 92" h=" h;27 € F|Zy,..., Zy)]
J J

are homogeneous polynomials of degrees
deg(g) = k, deg(g) =k, with k +1=1r.

Output: A factorization in the form:

L= > g0’ + > G| |d o'+ Y H (2.4.15)
J J

0<j<k—1 0<y<i-1

where

G = Z gJ,jaJ, and H; = Z h,,,jaJ

|J]=3 [J]=3

contain only the derivatives or the order j.

Denote the corresponding homogeneous polynomials of degrees j by

9i = Z 9s;Z7, and h; = Z h;Z7.

[T]=j [7|=j

Proceed recursively decreasing the order in the following way:
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Suppose that G;,, Hj, are already constructed with

Jj1 > max{t — 1+ 1,0}, and jo > max{t — k+ 1,0}

for certain 0 < ¢t < r —1 (at the first step of the recursion set ¢t = r — 1).
Compare the coefficients of the derivatives of order ¢ in both sides of (2.4.15).

Rewrite the the right-hand side in terms of the corresponding homogeneous polynomials of degree
t and obtain
ghi— +hgi—1 +p

(provided that ¢t > k, t > [) where the coefficients of the homogeneous polynomial p are al-
ready known being the rational expressions of the derivatives of the coeflicients of the already
constructed G, , Hj,.

Since t — k < I, due to the separability of L the polynomials g, h are relatively prime, we can
conclude that there exists at most one pair of polynomials g;—;, hs—j which yields a known
polynomial

q=ghi—r + hgi—.

Look for g;—;, ht_; by means solving a linear algebraic system in the coefficients of g;_;, hi—_g.

If the system is unfeasible then halt and say that the polynomial factorization s(L) = gh does
not lead to a factorization of L.

Otherwise, output g;—;, ht—; and continue the recursion.
In the case when t < k (or t < [, respectively) the polynomial h;_, is absent (or g;—; is absent,
respectively).

In the case when both ¢t < k, t <[ verify whether the coefficients at the derivatives of order ¢ in
both sides of (2.4.15) coincide. And again halt if this fails.



Part II

FACTORIZATION OF LINEAR ORDINARY DIFFERENTIAL
OPERATORS



3. THE BEKE ALGORITHM

In 1894 Beke gave a method for factoring linear differential operators in the ring Q(x)[d], and after
almost one hundred years it has been improved and extended to the ring k(x)[0] where k is an arbitrary
differential field of characteristic 0. It has also been implemented in Computer Algebra Systems by
Schwarz [1989], Schwarz [1994], Bronstein [1994], Bronstein and Petkovsek [1996].

Schwarz analyses the costs of factoring linear homogeneous differential equations with rational
coefficients and he describes the algorithm of Beke in a different way by recursively reducing the order
of possible right factors. Moreover, he estimates bounds for the degree of their coefficients and he
computes the size of rational solutions of certain differential equations. Finally, he describes how the
algorithm LODEF is implemented in the computer algebra system Scratchpat II.

The first section of this chapter is devoted to some basic preliminaries about differential Galois
theory of linear homogeneous differential equations. Subsequently, Sections 3.2 and 3.3 are developed
to study the methods for finding rational and exponential solutions of linear homogeneous differential
equations. In section 3.4 we will present the Beke’s algorithm. In section 3.5 and 3.6 we present some
variants of the Beke’s algorithm, namely the Schwarz’s LODEF algorithm and the Beke-Bronstein
algorithm, respectively.

3.1 Preliminaries

In ordinary Galois theory of algebraic equations, questions about solvability of equations are translated
into questions about fields and finite groups. For differential equations, the proper setting is differential
fields and algebraic groups.

The goal of Differential Galois Theory is a Fundamental Theorem which sets up a bijective cor-
respondence between the intermediate differential subfields of an extension of differential fields and
certain subgroups of the group of differential automorphisms of the field extension (the differential
Galois group).

Let (k,0) be a differential field. We also write 3™ instead of 6" (y) and y/, 5", ... for 6(y),6(y), . . ..
The field of constants
Consts(k) = {c € k| =0}

is denoted by C. A differential field extension of (k,J) is a differential field (K, A) such that K is
a field extension of k and A is an extension of the derivation of k to the derivation on K. An order n
linear scalar differential equation over £ is an equation of the form

y(n) + an_ly(n’_l) 4+ 4 aly/ —+ apy = b (3.11)

where a;,b € k. The equation is called homogeneous if b = 0, and inhomogeneous otherwise. A
solution of (3.1.1) in a differential extension K 2 k is an element f € K such that

f(n) +an71f(”—1) +--+arf +aof =0.

A differential field extension (K, A) of (k,¢) is called a Liouvillian extension if there is a tower
of fields
k=K¢CK,C---CKyp=K

where K11 is a simple field extension K;(n;) of K;, such that one of the following holds:
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e 7); is algebraic over K, or

e 1), € K; (extension by an integral), or

e 1}/n; € K; (extension by the exponential of an integral).

A solution of L(y) = 0 which is contained in

e k, the coefficient field, will be called a rational solution,

e an algebraic extension of k will be called an algebraic solution,
e a Liouvillian extension of k will be called a Liouvillian solution.

A solution z of L(y) = 0 is called exponential if z’/z is in the coefficient field k.

Let A € k™™ be an n X n matrix with entries in the field k. A linear system is a vector equation

of the form
y' = Ay. (3.1.2)

A solution of (3.1.2) in a differential extension K D k is an element v € K™ such that v’ = Awv.

The solution set of a linear system (3.1.2) in a given extension K D k is a vector space over C.
The same is true for homogeneous linear scalar equations. Practically, both concepts describe the same
situation.

The companion matrix of a homogeneous scalar linear differential equation

Ly) =y™ +a, 19" V4 a1y +agy =0

is the matrix

0 1 0 0
0 0 1 0
AL =
0 0 0 1
—ap —ap —as Ap—1

In the following lemma we will see the relation between scalar equations and linear systems.

Lemma 1. Let j : k — k™ be the map
P (1 F T,
For any scalar equation L(y) = 0, the map j induces a C-linear isomorphism
{fek|L(f)=0}={vek™|v =ALv}.
Proof. Let us write L in the form
L=9y"™ +a, 19" Y+ + a1y +aoy

If L(f) = 0 then
i) = AL -3(f).

Conversely, if v/ = Apv then

VA ©) oD d W —
V2 = V1,03 =V "y.euvyUp = Vg and v,, = —agV; — a1V — - — Ap—1Un,

whence L(v1) =0 and j(v1) = v.
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Therefore, any homogeneous linear differential equation can be considered as a linear system. The
following lemma describes the relation between linear dependency over the ground field k& and its
subfield of constants C.

Lemma 2. Let A € k™™ and consider solutions vi,vs,...,v, € k™ of the system y' = Ay. If
{v1,...,v:} is linearly dependent over k then also over C.
Proof. By induction over r. For r = 1 the statement is true, so let » > 1 and assume that vy,..., v,

are linearly dependent over k. Then

> Awi =0, A €k, not all \; = 0.

=1

If a proper subset of {vy,...,v,} is linearly dependent over k then by induction hypothesis it is
linearly dependent over C. So assume that all proper subsets are linearly independent. This implies
that

A #0, foralli=1,...,7,

and so

v = Z )\1

=2

s
Writing «; = —/\—Z we get
1

T

Ozv’l—Am:Z(a;vi—&—aw — Avy = Zavz—l—AZasz Avy = ZozvZ

i=2
and thus of, = --- = . = 0, which means that as,...,a, € C. Therefore,
V1 — Qg — +++ — U = 0
shows that vy, ..., v, are linearly dependent over Cy.

Corollary 4. A € k""", K D k with const(K) = C. Then
dime{z € K" |2’ = Az} <n.
Consider a matrix A € k™*", and assume for a moment, that the system ¢y’ = Ay admits n C-

linearly independent solutions vy,...,v, € k™. Then the matrix F = (v1,...,v,) is non-singular and
F' = AF.

Let K D k be a differential extension with Const(K) = C, A € kE™*". A matrix F € GL,(K) is
called a fundamental matrix of the system 3’ = Ay if I/ = AF.

The Wronskian matrix of y1,...,y, € k is the n x n matrix:
Y1 Y2 e Yn
" Yo o Un
W(yla-“ayn): : . . :
-1 —1 —1
S SO G

The Wronskian, w(y1,...,yn) of y1,...,Yyn is det W (y1,...,yn)).
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Theorem 5. Let k be a differential field with field of constants C. Then n elements of k are linearly
dependent over C if and only if their Wronskian vanishes.

Proof. Suppose yi, . ..,y, are linearly dependent over C, then there exist ¢; € C for i = 1,...,n not all
zero such that

cayr+ ...+ ey, = 0.

On differentiating this equation n—1 times we get the n linear homogeneous equations for ¢y, ..., ¢;,:

ay)+ ...+ ey, = 0

clygn_l) + ...+ cny%n_l) = 0.

There are thus n equations to determine the constants cy,...,c,. Since the ¢; are not all 0, the
determinant must vanish.

Conversely, suppose that the Wronskian of yi,...,y, vanishes. By induction we can construct a
monic scalar differential equation L(y) = 0 of order n over k such that

L(y;)) =0fori=1,...,n.

For n =1, put
Y1
Li(y) =y — =y,
231

/

where the term LI is interpreted as 0 if y; = 0. Suppose, by induction hypothesis, that L., (y) for

Y1
m > 1, has been constructed such that
Lyn(y;))=0fori=1,...,m.

Define now ,
o L (Ym+1)

Lm+1(y) = Lm(y) L (y +1)

Lin(y)

an (y7n+1 )/

where the term
Lm Ym+1

is interpreted as 0 if L., (ym+1) = 0. Whence,

Liyi1(y;)) =0fori=1,...,m+1.

Then L = L,, has the required property. The columns of the Wronskian matrix are solutions of the
associated companion matrix differential equation ¢y’ = Apy. By Lemma (2), y1,...,y, are linearly
dependent over C.

O

A set of n solutions {y1,...,y,} of an order n equation L(y) = 0, linearly independent over the
constants C, is a fundamental set or fundamental system ! of solutions of L(y) = 0.

Let £k C Ky and k C K5 be extensions of differential fields. A field isomorphism o : K1 — Ks is a
differential k-isomorphism if

(0(a)) =o(a'), for all a € K; and

o(a) =a for all a € k.
The differential Galois group of a differential extension K of k, denoted by G(K/k), is the set

of all k-automorphisms of K.

A differential extension field K of k is called a Picard-Vessiot extension of k for the equation
L(y) =0 if:

! The term fundamental system is due to Fuchs, J. fiir Math. 66 (1866), p. 126 [Ges. Math. Werke 1, p.165]
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1. K is generates over k as a differential field by a fundamental set of solutions {y1,...,y,} of
Ly)=0,ie, K=k <wyi,...,Yn >;

2. K has the same field of constants as k, i.e., const(K) = C.

In other words, a Picard-Vessiot extension field K is the smallest differential field extension of k£ such
that the equation has solution space dimension n over C. The Picard-Vessiot extension is the equivalent
of the splitting field for an algebraic equation. If C is is algebraically closed and of characteristic 0,
then there is always a Picard-Vessiot extension, unique up to differential isomorphisms. See Kaplansky
[1957], p. 21 or Kolchin [1948], p. 412.

Proposition 1. Let k be a differential field of characteristic 0 with algebraically closed subfield of
constants C. Let L(y) = 0 be a linear differential equation over k. Then,

1. there exists a Picard-Vessiot extension for the equation,

2. any two Picard-Vessiot extensions for the equation are isomorphic.

Let k be a differential field of characteristic 0 with algebraically closed subfield of constants C.
Let L(y) = 0 be a linear differential equation over k. Let K be the Picard-Vessiot extension of k for
L(z) =0, and write

V(L) ={f € K[L(f) = 0}

for the space of solutions. V(L) is generated as C-vector space by n C-linearly independent solutions
Y1,--.,Yn. The Galois group of L(y) = 0, denoted by Gal(K/k), is the differential Galois group
G(K/k) of the Picard-Vessiot extension K . A computational representation of Gal(K/k) is obtained
as follows:

Assume that f € V(L), then for any automorphism o € Gal(K/k) we have

L(o(f)) = o (L(f)) = 0.

In other words, each automorphism moves a solution of L(y) = 0 to another solution. Consequently,
o(f) is a linear C-combination of the y;’s. This yields a matrix representation of Gal(K/k).

Thus Gal(K/k) acts faithfully on the vector space V(L), and so Gal(K/k) can be viewed as
a subgroup of GL(V'(L)); more precisely, it is a linear algebraic group over C. There is a Galois
correspondence between algebraic subgroups of GG and differential subfields of K. The fixed field of
Gal(K/k) under this correspondence is k.

A linear differential equation L(y) = 0 defined over k is said to be solvable in terms of linear
differential equations of lower order if the associated Picard-Vessiot extension K of k lies in a
tower of fields

k=kyCk C-- Cky,

where k; = k;—1(t;), and ¢; is algebraic over k;_1, or ¢; satisfies a linear differential equation of lower
order defined over k;_1, for each i.

It has been shown in Singer [1989] that L(y) = 0 is solvable in terms of Liouvillian solutions (i.e., its
Picard-Vessiot extension lies in a Liouvillian extension of k) if and only if its Galois group Gal(K/k)
contains a solvable (in the algebraic sense) subgroup of finite index. However, finding Liouvillian
solutions is still hard and one attempt is to find these solutions by effectively searching over a bounded
space (see Singer [1981]).
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Notation 1. For an order n monic scalar linear homogeneous differential equation
L(y) = y"™ + an-1y"™ "V 4+ ary +agy =0

it 18 convenient to write

— w(y7y17 s 7yn)
w(y17 e 7yn)

yYn) = Wy, is the Wronskian of y1, . . .

L(y)

=0

where w = w(yy, . . . s Yn, and wy,_, is obtained from w by replacing

y%n_r) by yin), yén_r) by ygn) and so on (these determinants were called afterwards the generalized
Wronskians). Then
Wp—r
= 3.1.3
a " (3.1.3)

This means that the logarithmic derivative of each non-zero a; can be expressed as a quotient of

two w. In particular,
/

_ w / =0
Ap_1 = _E’ orw + Gp_ 1w =

(3.1.4)

which is known as Liouville’s relation.

Example 4. Let L3(y) = 0 be the third order monic scalar linear differential equation given by
Ls(y) = y® + asy® + a1y + agy = 0

with ag,a1,a2 € k. Let {y1,y2,y3} be a fundamental set of solutions of L3(y) = 0. Then,

Y Y1 Yo Ys
(A T T S
w(y7y17y27y3) - -
2 2 2
y@ P Py
3 3 3
y@ oy gy
Y1 Yo Ys Y1 Ys Ys y% y% yg
BRI T B I T M
Y1 Yo Ys Y1 Y2 Ys y?) yéﬁ%) yéB)
v Y s
2 2 2
R P
yg) yé) y:g)
where
h Ya Ys
w=w(y,y2,ys) =—| Y1 Yo Y3 |=ws
2 (2 (2
hn Yo Y3
Y1 Yo Ys y% y% yg
o % 3{% 1{% =o', wi=|y” oy Y|, and
3 3 3 2 2 2
Y1 Ys Ys y§) yé) yi(‘))
3 3 3
O
wo=| Y Yy Y3
2 2 2
A0 P
In other words,
Lj(y):() w(y7y17y27y3) :0 =

w(y1, Y2, Y3)
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3 3 3
Vi Yo Y 3{;’) y(g’) ?{g) T T
w4 Yoy Yy U yé) yé) v
(3) (3) (3) 2 2 2
y(g) R Ys Ys y(g) B U1 Ys Y3 y, B Y1 Y2 Ys y=0
Y1 Yo Ys Y1 Yo Ys 1 Yo Ys
v v s Y Y s Y Y s
2 2 2 2 2 2 2 2 2
yg) yé) yé) yg) yé) yg) yg) yg) y:g)
Therefore,
Y1 Yo Ys
G R CENOING)
Y1 Yo Ys 9%2) 9%2) 9?2)
3 3 3
y? oy Y w’ v Y Y wy
a9 = — =—, a =— = —, and
Y1 Y2 Ys w Y1 Y2 Ys w
Y Y s Y Y s
2 2 2 2 2 2
NP NI
3 3 3
SO P o
v Y s
2 2 2
T SR ol I
a’O = — = —
Y1 Yo Ys w
Y1 Yo Y3
2 2 2
ORI

which correspond to Equation (8.1.3).

Let (k,’) be a differential field such that its subfield of constants C is different from k and has
characteristic 0, and let us consider the non-commutative ring D := k[9)] of linear differential operators
with coefficients in k. Let L € D be an operator given by

L=0"4+a,_10" "4+ +a10+ ayd’.
Let us consider the scalar equation L(y) = 0, i.e.,
Y™+ anry" T ay + agy = 0.

If y € k is a solution of the equation L(y) = 0 such that ¢ = u € k then we will write, as a formal

notation
Y= / u.

Now the homogeneous differential equation L(y) = 0 with fundamental solutions yi,...,y, is
obtained by eliminating the n arbitrary constants ¢; from the n + 1 equations

y = cayi+-+caln
y = Clyi et Cnyg
J = el ot eagl?

and is therefore
w = w(yayla"'ayn) = Ov

where w is the Wronskian of y,41,...,yn. In its development, the coefficients of 3™ will be the
w(Y, Y1, ..., Yn) which is not zero since yi, ..., y, form a fundamental set.

An operator L is said to be reducible if there exists operators L, and Ls of lower order such that
L = LyLq, in this case we say that L is a right factor and Lo is a left factor of L. If an operator is
not reducible then it is called irreducible.
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Remark 3.1.1. If we interpret this definition in terms of the scalar equation we can say, in the old
fashion way, that:

“A linear homogeneous differential equation is called irreducible when it is has no common solu-

tions with any other linear homogeneous differential equation of inferior order with the same kind of
coefficients.”

The next theorem describes a full factorization of L in terms of a fundamental system.

Theorem 6. Let
L=0"4a,_ 10" "+ 4+ a10+ apd®

be a linear differential operator of order n with coefficients in k. Let

{ylvaa s ayn}
be a fundamental set of solutions for the scalar equation L(y) =0, and define
wo =1 and

Wy 1= w(y15y27"'7y7') fO’f"l": 1a2a"'an'

Then /
w w? w2 w? Y Y
L(y) = (—1)" =" n-1 ( 2 ( i ()))
Wn—1 WpWn—2 W3wi \ Wawop \ Wi
and
L=(-1)"L,Lp_1...LoL,4
where

!
Wi
Wi—1

Li=0—qa; and a; = ~——— foralli=1,... n.

(=)

Ao =yand A, =w(y,y1,...,Yyr), forr=1,...,n.

Proof. Let us define

Using the formula
Arwp_1 = A _qwl — Al w,

which is proved by partially expanding the determinants, we get

L(y) = =-

An o wnAnwnfl Wn, (An1>/

Wn, Wn—lw»,zl Wnp—1 Wn,

Suppose, by induction hypothesis, that

’ !
L(y) = (-1)" =" ( Wi < w3 <A1>> )
Wn—1 WnWn—2 w3wi w2
2 2 2 N’ !
(—1)nt W1 [ Wi (wiBiwo R
Wn—1 \ Wpwn—_2 waw1 \ Wawow?

/

!
2 2 2 / / /
(—1)n Wn Wpo1 [ wi  (wi(Aowy — Agwi) N
Wn—1 \ WnWn—2 wsw1 Waow
i
/

/
2 2 2 / ! !
(_l)n_l Wn Wn—1 . w3 o Wi ow1 — Aowl - =
Wn—1 \ WpWn—2 wawi \ wawp w?

!

then
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/ /

!
e (o (e (e ()
Wnp—1 \ WpWn—2 W3Wwi \ Wawop \ Wi
w2 w2 w2 N’
L(y) = (-1~~~ n-1_ .. 2 1 <y>
Wn—1 \ WpWnp—2 W3wi \ Wawop \ W1

and using the fact that wy = 1 by definition, we obtain
’ !
L(y) = (—1)n-n [ Enol@nol (2202 (91 <y>
Wp—1 Wn Wp—2 w3 w1 w2 w1

Now, let us define
/
(=)

(=)

in particular a3 = W /w;. By the formula

Therefore,

o = foralli=1,...,n;

Z\' a
a (7> =z — —zforalla,z €k,
a a

we have

/ /

w

Wi (y) =y — Ly =y —ay=(0-o)(y)
w1 w1

and taking z; =y’ — a1y we get

!
/
w2 wlz w2 [ 2 -,
Z =) === =4
wy \w2 wy \ &2 (ﬂ)
w1

(0 —a2)(y’ — a1y) = (9 — a2)(d — a1)(y)-
Suppose, by induction hypothesis, that

!
/
Wn—1 Wn—2 Wp—2 Wa W2 wlw ( Yy )
el =2 =0 [ £ - —
Wn—2 \ Wp—1Wp—-3 w3 w1 \ w2 w1

21 = 2] —agz; = (0 — a2)(z1) =

and put
Zn-1=(0—an_1)...(0—a2)(0 —a1)(y)
then ,
L(y) = (—1)”% (wz;lzn_1> = (—1)”% (ZZf) —
(=" Z;rl - (<w”n1)>2”1 = <_1)n(2’:7471 —Qpzp-1) =
(=™ — an)(zn-1) = (=1)"(0 — @n)(0 — an-1) ... (0 — @2)(9 — a1)(y).
Therefore,

L=(-1)"(0—an)(0—an_1) (0 —a3)(0—a)(0—ay).
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Remark 3.1.2. Note that the order of the factors (0 — «;) must in general be preserved, for it is not
true for any two suffizes i and j

(0 — i) (0 — o) = (0 — ;) (9 — q).

In other words, the factors of the differential operator are in general not permutable (Landau [1902]).

3.2 Rational Solutions of Linear Differential Equations

In this section we present a method for finding rational solutions of linear differential equations with
coefficients in k(x) in case char(k) = 0 and ordinary derivative d/dx. This method generalizes the well
known Frobenius method for solving second-order ordinary differential equations relative to a singular
point, like e.g. the Euler equation, the hypergeometric equation or equations of Fuchsian type. See for
instance Ince [1964]), Cohen, Cuypers, and Sterk [1999] (for equations of third order) and van der Put
and Singer [2003]. It will appear again later in connection with finding exponential solutions of linear
differential equations. Although the coefficients of the linear differential equations that we consider
here are in k(x), we will work in the field k((z)) of formal Laurent series. In the sequel we denote the
algebraic closure of an arbitrary field K by K.

Let k be a field of characteristic 0 and k[[z]] the ring of formal power series. A typical element of
E[[z]] is
Zaixi, where a; € k.
=0

The quotient field of k[[z]], denoted by k((z)), is the field of formal Laurent series. k((z)) is contained
in the algebraically closed field of formal Puiseux series

U k(™).

neN

A typical non-zero element a € k((x)) can be written as

a=z" Zajxj where ag # 0 and m € Z.
i>0

The order ord(a) of a is the exponent m of the first non-vanishing term of a. By definition ord(0) =
oo. In Chapter 4 we present more details on Puiseux series.

We consider k(z) and k((x)) as differential fields equipped with derivation 9 = d/dx.

Let L € k(x)[9] be the operator
L=0"+a,_10" "4+ +a10+ agd’.
We write the coeflicients of L as partial fractions
s -1 t e T ( )

d;
@i = Zpi,jxj + Z Z q j(r — z,) + Z Z iizx‘;, for all i.
§=0

o=1j=dJ T=1j=1

An element a € k((z)) is said to have a pole of order n at x = x, if in the Laurent series, a,, =0
for m < —n and a,, # 0, i.e.,
a= Zai(x —x0)".

>n

a is said to have a pole of order n at oo, if the Laurent series of a € k((z~!)) at 0 has only
finitely many negative degree terms, starting with —n.
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Proposition 2. A solution f of the equation
y(") + an71y("_1) N a1y(1) +aoy =0

can only have a pole at « if at least one of the a; has a pole at . Also, oo is a possible pole of f.
Hence the location of the possible poles of f is known.

Proof. Suppose that f has a pole at 0 of order s. Then the expansion of f at 0 is
z° + ls+1xs+1 + ... with s < 0.
If @;(0) # 0 for all i, then the lowest power of z in the equation
Y™+ a1y Y+t ay +ay =0

is s —n and it would appear in only one member, namely the first one ™ and as a consequence it
must have 0 as a coefficient, i.e.,

s(s—1)(s—2)...(s—n+1)=0.

Then, s =0,s=1, ..., s =n — 1. In any case, s > 0 which is a contradiction.

If it exists, a rational solution of the scalar equation L(y) = 0 has the form

t N7 BT(I‘) N v,

M s -1
fzz_:opjxj+z Z q;-’(x—xg)j+ZZAT](x)j+Zx_0i.

o=1j=M°? T7=1j=1 i=1

Let p € k((x)) be given by

p=a™ Zpixi, where pg # 0 and m € Z.
i>0

The indicial polynomial I,(m) in m (seen as variable) of degree < n, for the linear differential
equation
y(n) + an—ly(nil) + .4 a1y(1) 4+ apy =0

at 0 is the coefficient of the term of lowest degree of x after substituting p in the differential equation.
It is obvious that I,(m) will be independent of the coefficients ay,as,... , and will involve a¢ as a
multiplicative factor. The roots of I,(m) (in an algebraic closure of k) are called local exponents of the
equation at 0. The equation I,(m) = 0 is called the indicial equation.

Now we are ready to present the algorithm.

Algorithm:

Let us consider the equation

y™ 4+ an_ 1y 4 agy =0 (3.2.5)

where some a; € k(x) has a pole at 0. Suppose that the expansion of f in the Laurent series at 0 is

f:gzms+ls+1xs+1+~~ with s € Z and s < 0.
v

The expansion of the a; in Laurent series at 0 is written as

a; = g a; jo’ for all i,

Jjzng
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where a;,,, € k" and n; € Z. If a; = 0 we put n; = oo and a;,, has no meaning. Then the lowest
power of z in Equation (3.2.5) are

s(s—=1)(s—=2)...(s—=n+ 1",

s(s—=1)(s—2)...(s—=n+1)(s —n+2)an_14, x> "1

8a1 p, ¥ and

ag po s,

Let m denote the minimum of {—n,—n+1+mn,_1,...,—1+ny,n9}. The coefficient I(s) of z5+t™
can be written as

es(s—1)(s=2)...(s—n+ 1)+
+eas(s—1)(s=2)...(s—=n+1)(s—n+2)apn-1n, , + -+
€15G1,n, + €000,ng>
where ¢; = 1 if the corresponding element in
{-n,—n+14+n,_1,...,—14+n1,n0}
is minimal and ¢; = 0 otherwise.

The expression for I is a non-zero polynomial in s (seen as a variable) of degree < n, this is precisely
the indicial polynomial for Equation (3.2.5) at 0.

Since f satisfies Equation (3.2.5) the coefficient I(s) of 5™ must be 0. Thus s is a solution of the
equation
I(s)=0

which is exactly the indicial equation for Equation (3.2.5) at 0. We have three possibilities, namely

1. If there is no s with I(s) = 0 then we can stop the calculations since in that case there is no
rational solution f # 0 of the equation.

2. If there is no negative integer s with I(s) = 0 but there is an integer r > 0 then we define sy = 0.

3. If there is a negative integer solution of I(s) = 0 then so < 0 denotes the smallest one.

In other words, the possible values s for the exact power z* are the negative integers s with I(s) = 0.

Now we perform a similar calculation at co. Let ordg(f) denote the order of the function f at the
point s.

Let «; denote the poles of a;. For every i, the method above yields an integer s; < 0 such that, for
any rational solution f # 0, one has ord,, (f) > s;, or there are no rational solutions.

This means that (working in the Laurent series field k((x~!))) we can write

T
[ = ~ € k(z)*
with known
N = H(x — ;)% and with some polynomial 7.

%
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In order to estimate the degree of T' let us consider the expansions in Laurent series of f and the a;
at oo (i.e., we make a calculation in the differential field k((z~1))). Suppose that the expansions have
the form

f=a"+g2"™ + .- and

a; = Z bi,ja:j for all 1.

j=zm;

If a; # 0, then b; ,», € k* and m; € Z. If a; = 0 then we put m; = —oo and b; ,,,, has no meaning.
Then, the possible highest power of z in Equation (3.2.5) are

tt+1)(t+2)... (t+n+ 1Dt

tE+D)E+2) ... t+n+ D)t +n+2)by_1,m, a7 HEma—

t—14+m
th1,m, T 1, and

bO,mo ghtmo,

Let M denote the maximum of {—n,—n—+1+4+my,_1,...,—1+mi,mg}. Let J(¢) be the expression
ett+1)(t+2)...(t+n+ 1)+
ett+1)t+2)...t+n+1)t+n+2)bp—1.m,_, + -+

€1tb1,m, + €0bo,my,

where ¢; = 1 if the corresponding term is equal to M and ¢; = 0 otherwise.

Then J(t) is a non-zero polynomial of degree < m in t (seen as a variable). This is the indicial
polynomial of Equation (3.2.5) at oc.

If there is no integer ¢ with J(¢t) = 0 then we stop the procedure. In other case, let s, denote the
largest integer that is a zero in J. Then we find that ¢t < s.

T
Expanding f = N at 0o leads to the inequality

deg(T) < Soo + deg(N).

Let d be the bound for the degree of T' and write

T = tgz® + - +to.

The equation satisfied by f provides an order n equation for T'. This leads to a set of linear equations
for the coefficients ¢;. With linear algebra one can find all solutions. This ends the algorithm.

Example 5. Consider the equation

8x2 — 63x — 27 44822 4+ 1080z + 1080 24
3 _ y® gy — y=0
(24 +27)x 3(8z +9)%x 8z +9)%x
with coefficients in partial fraction decomposition
o L1661 152 18 40
2T 3 8 +9 "2 T 9Bz +9) (8z+9)2 9z’
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64 64 8

= N Re+9)  3Bz+972  2Ta

The poles of the coefficients are at 0 and at —9/8. First, let us consider the expansion in Laurent
series of the a; at 0, that is

L 13128 1024, 8192 5 65536

= == - 1o
=Tty Tt e T Gse1” T 500497 (=),

40 _, 280 1088 34304 2 339968 3 360448 "

=T TR T o3 6561 50089 ° ~ so0d0 ° TO@),
po_ 8 4128 512 1638 , 163840 ;524288
0T 797 243~ 7207 T 196837 T 1771477 T 5314417

+O(2°).

Then the indicial polynomial at 0 is

I(s) = €e15(s —1)(s — 2) + €2(s — 1)ag n, + €35a1 0, + €000 n,

where ¢; = 1 if the corresponding element in {—3, —2+ns, —14+n1,no} is minimal and €; = 0 otherwise.
Since ng = ny = ng = —1 we have

I(s) = 8% =35 + 25+ (s* — s)ag,, = s° — 25 + 5.
Therefore, the indicial equation at O is
I(s) =0, ie., s3—25°+5=0
which has solutions s = 0,1, 1, whence sy = 0. Then a term of the possible rational solution is
fl(nc) = clxo = ¢y, with ¢1 a constant.

Now, let us consider the expansion in Laurent series of the a; at —9/8, that is
as =2 l‘-‘rg 71—2—% x—l—g _ oLz x—l—g 2—
: 8 9 31 8) 129 8
4096 (- 9\ 82768 9\ 262144 (0 9\ (9N
6561 8 59049 8 531441 8 8) )’
ool OY 10 9\ 320 2560 (0
e 8 9 8 81 729 8
20480 (9" 163840 1310720 (9"
6561 8 59049 531441 8
10485760
4782969 ’
-2 -1
B O T U I e VI A B
=3 "8 27 \" "8 243 " 2187 \" " 8
4096 (9 2 | 32768 L 262144 (9 4 N
42 J
19683 8) T irriar T 1501323 8

2097152
14348907 '
Then, the indicial polynomial at —9/8 is

I(t) = €1t(t — 1)(t — 2) —+ Eg(t — 1)b21m2 —+ 63tb1,m1 —+ 60b07m0
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where ¢; = 1 if the corresponding element in {—3,—2 4+ ma, —1 4+ my,mg} is minimal and €, = 0
otherwise. Since mg = —1, m; = —2 and mg = —2 we have

I(t) = 3 — 3t2 + 2t + (£ — t)bg,my + thym, = t° — 3t% + 2t + 24> — 2t — 2t
Therefore, the indicial equation at —9/8 is

I(t) =0, e, t2—1t* =2t =0

which has solutions t = 0, —1,2, whence tg,s = —1. Then, another term of the possible rational solution
is o A
fa = ——5 with ¢1 a constant.
8
After substituting
c
Atfa=ca+— 5
T+ ]
in the equation we obtain
24(by + 8b2)
—————=2 =0 = ¢ = —8cy.
(8z +9)2x ! ?
. 1 1 , . L
Taking co = ~61 we get ¢; = 3 and in fact the rational solution is
1+
F=3 '
x+9

If we consider the expansion in Laurent series of the a; at oo we obtain the same result.

3.3 Exponential Solutions of Linear Differential Equations

A major subproblem for algorithms that either factor ordinary linear differential equations or compute
their closed form solutions is to find solutions y which satisfy y’/y € k, where k is the constant field for
the coefficients of the equations, these solutions are called exponentials. In other to look for exponential
solutions in & one should consider the associated Riccati equation and search for its rational solutions,
because the key property of the Riccati equation is:

If y # 0 is any solution of a linear differential equation, then u = 3’ /y a solution of the corresponding
Riccati equation, and vice versa.

Although the exponential solutions form only a subspace of the Liouvillian solutions, the main
subalgorithm of the algorithms that find the Liouvillian solutions Kovacic [1986] and Singer [1991] is
to find the exponential solution of higher order equations.

There are several algorithms for finding rational solutions of the Riccati equations in particular
cases, among them we have:

e solve_riccati from Bronstein [1992a], coefficients in k(z) and solutions over k(z).
e RiccatiRational from Schwarz [1994], coefficients in Q(x) and solutions over Q(x).

e An improved solve_riccati from Li and Schwarz [2001], coefficients in k(z) and solutions over

There is however no known general algorithm for finding rational solutions of Riccati equations.

In this section we present the RiccatiRational algorithm which finds solutions in k() of the Riccati
equation associated with a linear differential equation having coefficients from k(x). The algorithm
looks for bounds on the coefficients of possible solutions and reduces the problem to solving a linear
system. If this system is feasible we obtain a rational solution of the associated Riccati equation and
at once a right-hand factor of the original linear differential equation.
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Let k£ be a differential field of characteristic 0 with algebraically closed field of constants C. Let
L € E[0] be given by
L=0"+a, 10" ' 4+ 4 a0+ ayd’.

Let K D k be the Picard-Vessiot extension for L(y) = 0, set
Vi={yeK|Ly) =0}
and let G C GL(V) be the differential Galois group of L.

A non-zero element y € V C K with L(y) = 0 is called an exponential solution of L if

/
=2
Y
lies in k. We will write, as a formal notation,
Y= el
Let y,u € K satisfy v’ = uy. Formally differentiating this identity yields
y(l) - PL(”? ul’ A 7u(1/71))y7
where the P; are polynomials with integer coefficients satisfying
Py=1, and P, = P|_; +uP;_; for alli > 1.

!

Furthermore, y # 0 satisfies L(y) = 0 if and only if u := Y satisfies
Y

R(u) = P, (u, . ,u("_1)> + ap_1Pp_1 (u, . ,u("_Q)) +...4+ay=0. (3.3.6)

Equation (3.3.6) is the Riccati equation associated with L(y) = 0.

The next proposition proposed as an exercise in van der Put and Singer [2003], provides the relation
between exponential solutions of a linear differential equation and rational solutions of the associated
Riccati equation. Furthermore it points the way to detect first order right-hand factors.

Proposition 3. 1. An element v € k is a solution of the Riccati equation if and only if 0 — v is a
right-hand factor of L (i. e., L = L(0 — v) for some L).

2. The element v € K is a solution of the Riccati equation if and only if there is a y € V C K,
y # 0 withy'/y = v.

Proof. 1. If v € k is a solution of the Riccati equation R(u) = 0 there exist y; € K with y; # 0
and y] = vy; such that y; is a solution of the linear equation L(y) = 0. Let L; be the operator
defined by

L1 = 8 — U,

where its scalar equation is

!
Li(y) =0 = @-0)(y) =0 = d(y) —vy=0 = y'—%yzo.
1

Then y; is also a solution of the equation Li(y) = 0, by Theorem (6), 9 — v is a right-hand factor
of L.

Conversely, suppose that v € k is such that 0 — v is a right-hand factor of L(y) = 0. Let yo € K
be solution of the equation 0 — v, that is

(0—0)(yo) =0 = A(yo) —vyo =0 =y, —vyo = 0y = vyo.
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Since 0 — v is a right-hand factor of L and 1y € K is a solution of the equation 3y’ — vy = 0 we
have L(yo) =0 and so yp € V.

Now, yo € V C K and y{, = vyo with v € K, by the previous considerations we obtain that v is
a solution of the Riccati associated equation of L(y) = 0.

2. If the element v € K is a solution of the Riccati equation, then by part 1. we have that 9 — v
is a right-hand factor of L, and so 0 — v and L have a common solution. Let y € V with y # 0
such that (0 — v)(y) = 0. Whence, we get

Conversely, if y; € V C K is such that y; # 0 and y}/y1 = v1 with v; € K then L(y;) = 0. On
the other hand, ¥} = v1y; and by the previous considerations we obtain that v € K is a solution

of the Riccati equation.
O

An element v € K is called a Riccati solution for the equation L(y) = 0 if v is the logarithmic
derivative v = y'/y of some non-zero solution of y of L(y) = 0. If v is an algebraic Riccati solution (a
Riccati solution in k) then the minimal polynomial of v over k is called a Riccati polynomial of L.

Since for an exponential solution y of L(y) = 0, u = 3/ /y € k(z), finding exponential solutions of
L(y) = 0 is equivalent to finding the rational solutions of 3.3.6.

Next we present the RiccatiRational algorithm from Schwarz [1994].
Algorithm RiccatiRational Schwarz [1994]:

Input: R(u) = 0 with a; € Q(x) given as partial fractions

S e Y ey + 3 G
o=1j=d7 r=1j=1
fori=0,...,n—1.
Output: A rational solution of the form:
t N7 B(x N 4
S S W (RIS D e

o=1j=M° T j=1

with v; € N, is the well known structure of rational solutions to be determined.

1. Determine the bounds M, M?, and N7.

2. Determine the algebraic systems for the coefficients po, ..., par, q7 ;- -, G550, and b7 g, ... b r 01,
solve them and construct the solution candidates from these solutions.

3. For each candidate found in (2.), determine the equation for the possible polynomial factor and
determine a bound for it.

4. Determine the polynomial factor and return the complete solution.

The next example is taken from Schwarz [1994], however we make the computations differently.
Instead to compute the bounds M, M?, and N7 with the theorems Bound 1, 2 and 3 of Schwarz [1989],
in an easier way, we compute the indicial equations of the polynomial part, rational part at any pole
and the logarithmic derivative part at any other kind of singularities.
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Example 6. Consider the equation

(2) 2 4
v+ ot it e

3 +3
z ]y<1>+

2
2 — —
S e L P L G VR R,

3 6 122 — 4
x x }:0

where the indicial equation for the polynomial part is
Pim)=0 = 1=0,
which has no solutions, then

M = max (2, integer solution of P(m)=0) =2

So the bound for the polynomial part is M = 2, that means that the possible polynomial part of the
solution has degree 2, say
Up = p2x2 + p1x + po-

Substituting the possible polynomial part of the solution in the equation

u fu + (@2 Du+a?+26+3=0

we get
2p2 + p1 + (p22® + P12+ po)? + (2 + 4) (p22® + 1z +po) +2° + 20 +3=0 =
(95 + p2)a” + (2pap1 + p1)2® + (pT + 2p2po + 4p2 + po + 1)z +
(2p2 + 2p1po +4p1 +2)x + (p3 + p1 +4po +3) =0 =
P5+ Do =0
2pap1 + p1 =0
Py 4 2popo +4p2 +po+1 = 0 =
2pa +2p1po+4p1 +2 = 0
P53+ p1+4po+3 = 0
(p2 + 1)p2 =0
(p2 + 3)m1 =0 .
papo+2p2 + 3pi+3p0+3 = O
All coefficients are determined uniquely by this system, which has solution ps = —1, p1 = 0 and

po = —3. Therefore, the polynomial part of the possible solution is

_ 2
Up = — 3.
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We try to find a possible bound at the rational pole x1 = 5, where the indicial equation is
Qim?)=0 = 3m?—6=0 = m’ =2
with

M? = min ( negative integer solution ofQ(m?) =0) = —2.

So the bound for the rational part is M = —2, that means that the possible rational part of the
solution has the form

Uy =by(x —5)"  +bo(x —5)72 = +

Substituting the possible rational part of the solution in the equation

3 3 6
(1) 2 _ -0
R T e P E R P
we get
by 204 b? 2b1 by b2
G52 =3P  @-52  @-5) (-5
3 b1 ba 3 6
— =0 =
@52 |z=5  (@-52]  (@=52 (z—5)7
b +3 = 0
(ba + 3)bs = 0
—2by +2b1by +3b1 —6 = 0 = .
b1b2—b2+%b1—3 = 0
—by + b% +3=0
The complete solution is obtained as by = —3 and by = 0. Therefore, the rational part of the possible
solution is
——_ 3
" (x—5)%

Finally, we try to find a possible bound at the singularity x2 + 1, where the indicial equation is
3 1 3 1
Qn")=0 = <——i)n7+<+') =0 = n" =2

with
N7 = min ( negative integer solution ofQ(n™) =0) = —2.

So the bound for the logarithmic derivative part is NT = —2, that means that the possible logarithmic
part of the solution has the form

(EbQ + bl LL‘b4 + b3
241 @)

= (zbo +by) (22 + 1)1+ (2by + b3) (2 +1) 72 =

Substituting the possible logarithmic derivative part in the equation

@ e EE e
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we get
boxt + 2b1 2 + 3byx? + 4dbsx + 2bix — by — by
) (o = 1)? !
120 — 4
i (;zj i ?)2% @ T 0z~ (zszr 0=
b2 — by =0
2b1by — 2b1 + 1 = 0
2boby — 3by + b + 203 =0
2b1bg + 2bobs + 4b1bo + 3by — 3by — 10 — 4b; = 0 =
2b1b3 + 2boby + 4 + 2by + 3by — by + 2b% + b3 + b3 =0
2b1by + 2b3by + 2bobs + 2b1bo + 3by + 3Dy — 11 — by —3b3 = 0
4+ 3by + by + 3b3 + by + b3 + 2b1bg + b3 = 0
byby + babs + 5b1 + 5by — 2b3 — 6 =0
b3 + 2b1bg — 2boby +5by — by +3b1 +4 = 0
b2 + by — b2 — 3bg — 0
bsbs + 3by + 1bs =0

The non-linear system comprising the highest equation for bs and by has to be transformed into a
Grobner bases. Due to factorization two non-trivial alternatives are obtained:

bs+3 = 0 bj+3bs5+5 = 0
or .
ba+1 = 0 b3+3bs+2 = 0
From the first alternative we get by = —1 and by = —3. Substituting them in the remaining equations,
the linear system
by + %bl = 0 b = 0
= =
bo —3b = 0 bp = 0

is obtained with the solution by = by = 0.Therefore, the logarithmic derivative part of the possible

solution is
T+ 3

(2 +1)%
Combining these results yields the solution candidate

Uy = —

3 _ z+3
@=57 @+ 17

2
U=1up,+u +u =-x"—3—

It turns out that this is already a genwine solution of the Riccati equation. It generates the factor-
1zation
3 z+3

2
(0+1) |0+ +3+ e + iy |-

The other two alternatives lead to complex expressions which do not turn into solutions of the
Riccati equation.
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3.4 The Beke’s Algorithm

In this section we will give an exposition of the classical Beke algorithm for factoring linear differential
operators in the field k(x). The original paper Beke [1894] appeared at the end of the 19th century and
after almost one hundred years it has been improved and implemented in Computer Algebra Systems
by Schwarz [1989], Schwarz [1994], Bronstein [1994], Bronstein and Petkovsek [1996].

In 1894 Beke gave a method for factorization of linear differential operators in the ring Q(z)[d)].
The original idea of Beke’s algorithm is:

“To decide, in finitely many steps, if a linear homogeneous differential equation is reducible or not,
and to construct in the first case an irreducible equation, which has all its solutions in common with
the given reducible equation”.

In modern language we would say:

“To decide in finitely many steps if a differential operator is reducible or not, and to construct in
the first case a non-trivial right-hand factor”.

To find a factor via Beke’s algorithm one must first compute another operator (the second exte-
rior power) and then compute a first order right-hand factor, construct an auxiliary operator whose
associated Riccati equations have among their solutions all possible coefficients of the possible factor.
From the auxiliary operator one can read off degree bounds of the numerators and denominators of
these coefficients. The main disadvantage of Beke’s approach is its tremendous complexity, originating
from the necessity to solve several Riccati equations.

Throughout this section k is a field of characteristic 0, (k(x), ) is equipped with derivation’ = d/dz,
L € k(z)[0] is
L=0"4+a, 10" '+ - 4+ a10+ apd°

and K D k(x) stands for a Picard-Vessiot extension for L(y) = 0. Let
V={feK|L([f)=0}

denote the solution space of L in K and let G(K/k) C GL(V) be the differential Galois group of L.
By Proposition (3), a first order operator 0 — v is a right-hand factor of L if and only if v € K is a
rational solution of the associated Riccati equation, and also if there is y; € V such that y] = vy;.
Such an y; is an exponential solution of the equation L(y) = 0.

Beke’s algorithm for first order right-hand factors. Beke [1894]:

Input: A linear differential operator
L=0"+a, 10" '+ 4 a10+ apd".
with rational coefficients a; € k(z) for all i.
Output: A first order right-hand factor
0 — b with b € k(z).

1. Determine the associated Riccati equation R(x) = 0 of the corresponding scalar equation L(y) =
0.

2. Find a rational solution b € k(x) of the equation R(x) = 0 with the method specified in Section
2.3 or another method mentioned there.

3. If none exists, return “There is no first order right-hand factors” and end, else return “0 — b is
the right-hand factor” and end.
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What happens now if we want to have a right-hand factor of order m with 1 < m < n?

Suppose that there exist another operator M € k(x)[0] of order m < n with
M=0"+b, 10"+ +b,0" + byd°

such that M is a right factor of L. In other words, the linear homogeneous differential equations
M(y) =0, i.e.,
Y™ b1y ™Y by + by =0, (3.4.7)

of order m, which has all its solutions in common with the scalar equation L(y) = 0.
Let {y1,...,ym} be a fundamental set of solutions of Equation (3.4.7), as we already know by

Proposition (3), the coefficients of Equation (3.4.7) can be represented by this fundamental set in
terms of the Wronskians in the following way

bm—r = _Umer o all = 1,....m
w
where w = w(y1,...,Ym) = wy, is the Wronskian of y,...,y,, and w,,_, is obtained from w by
replacing y§m_r) by ygm), ygm_r) by ygm) and so on, for all » =1,...,m. In particular we have:
/
w
bmfl i
w

in other words, w is an exponential solution of an linear differential equation.
Now the question is:

How can we find a set of equations, actually linear homogeneous differential equations, whose
coefficients can be described in a rational way by the coefficients of the the given equation?

The easy way to find them is the following:

1. Write the derivative of each generalized Wronskian as a linear combination of the Wronskians
themselves. Differentiating the determinants w; according to the independent variable, we obtain
as a result a linear group of the Wronskians. In particular,

! ! !
Wy, -« Wy, € klwo, ... wy,]

actually, the coefficients of the w; in the expression of each w; are polynomials in the coefficients
of the original equation.

2. By successive differentiation and suitable elimination, taking into account that the set of Wron-
skians is closed under differentiation if the original equation is used to substitute derivatives of
order higher than n — 1, for each of the Wronskians we obtain an ()-th order linear differential
equation, i.e., there exist ¢; g, ..., Ci(m) € k such that

(m)
cmwlgj) =0 for all 3.
§=0

These equations are called associated equations.

Once we have the associated equations, we want to determine b,, 1. To this aim we consider the
associated equation of w = w,, and search for exponential solutions, i.e., for rational solutions of the
associated Riccati equation.

For a rational coefficient b,,_1 to exist the equation for w,,_1; must have a solution with a rational
logarithmic derivative due to Liouville’s relation. If this is true, the equations for the remaining coeffi-
cients b; are obtained from the associated equations for the Wronskians w;. If each of these equations
has a rational solution, a candidate for a right hand factor of the equation L(y) = 0 has been found.
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First we build this way the differential equation for w

Cm, oW’ + cm,g,lw(”_l) + -+ emow =0 with o = (n) (3.4.8)
m

/

In order that Equation (3.4.7) exists, b,—1 = ¥ has to be rational. This means, Equation (3.4.8)

w
has to have a solution whose logarithmic derivative is rational. If there is no such solution, we stop the
process.

Beke’s algorithm for right factors of higher order. Beke [1894]:

Input: A linear differential equation
v+ any " 4 anay" Y b ary +agy = 0
with a; € k() for all i and m < n.

Output: A right-hand factor
Y™ 4 b1y by - by 4 boy = 0

with b; € k(). If no genuine factor exists, the input equation is returned unchanged.

1. Determine the associated equations.

2. Determine a solution of the equation for b,,_; found in step 1 with rational logarithmic derivative
and determine b,,,_; from it. If none exists then end.

3. Determine the equation for b;.

4. Find rational solutions of the equation determined in step 3 and determine b; from it. If none
exists, then end, else go to step 5.

5. From the coefficients b;, construct a right hand factor of the left side of the input equation and
return.

Example 7. Let L € k(z)[0] be the operator

L =08%+ 0% + a10 + apd°,
and consider the scalar equation L(y) =0, i.e.,

y? + a2y + ary’ + agy = 0.

Suppose first that there exists a first order operator My = 0 + bd°. Let yo € k(x) be a solution of

the equation My(y) = 0. Then, b = @, and b € k(x) is a rational solution of the associated Riccati

y
equation ’
R3(u) = P3 (u7u',u(2)) + as Py (u, u’,u("_g)) + a1 Py (u, v, u®) + a9 =0

where the P; are polynomials with integer coefficients satisfying
Py=1, and P, = P/_, +uP;_1 for all i > 1.
Now, suppose that there exists a second order right factor operator
My = 9% 4+ 510 + by0".

Let {y1,y2} € k(x) be a fundamental set of solutions of My(y) = 0, and consider the generalized
Wronskians:

! !
A Ys Y1 Yo ‘ Y Y2
wo = 2 2 , W1 = , W2 =
’ y? oy y? s Y Ys
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The associated linear system is

wo —aoWwq + agwa

Wl = wo— aw —ajwy .
I

Wy = w1

Therefore, the associated equations are:
(ao)Qwég) + 2(agag — a6)a0w(()2)—|—
{ao(agao — af)as + 2ap(abag — azaf) + (ag)?a; — [aoa((f) — 2a0(a6)2] } wh+
{a1a2(a0)2 + ag(abag — asaf))as + (ao)QagQ) — aoa(()z)ag

—2agapab, — 2(ap)?az — (ao)?] wo =0,

a3wt? + 2ag(agas — ah)w® +

[aZa3 + aka; + 2a3al, — 3agahas + 2(ah)? — aoagz)]wi—i—

2 2
[aZaias — af + adagaly — agahal — 2apafhal, + 2(af)? — aoa(() Ja + a%ag )]wl =0

w§? + 2000 + (a1 + a3 + ah)wh + (—ao + a1as + awp = 0

In order words,

u}(()S) + P072wé2) + P071w6 + P070w0 =0

wES) + P1,2w£2) + P jw] + Piow; =0,

wg?’) =+ P2’2w£2) + P271w§ + P270w2 =0
where
P 2(apaz — ap)ag
02=—""" 5 >
(ao)?

ao(azag — afy)as + 2ag(abag — azaf) + (ag)?a; — aoagf) - 2a0(a6)2}

P =
0,1 (a[))z ’

P aras(ag)? + ap(ahap — azal)as + (a0)2a§2) — aoaéQ)ag — 2apapal, — 2(ah)?az — (ag)?
0,0 — )
(a0)?

2a0(apaz — ag)

P1,2 = 2
ag

Y

2
P ata3 + ata; + 2a3al, — 3agahas + 2(ah)? — aoaé )
1,1 — CL2 )
0

2 2

P atajas — al + adagaly — agahal — 2apafhal, + 2(afh)? — aoag Jas + agag )
1,0 — CL2 )
0

P2,2 = 2(12, P271 = (a1 —+ a% —+ CLIQ)7 and P270 = (7(10 —+ ai1ag + a'l)
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Finally, the associated Riccati equations are

ug + 3u6u0 + uéz) + Poﬁl(’u% + ’11,6) + PO’QUO + P()’() =0

’LL‘;’ + 3UI1’LL1 + qu) + Pl’l(u% + ’U,/l) + P1’2’LL1 + PLO =0.

’LL% + 3’LL12’U,2 + ’UéQ) + ngl(u% + ’U,/Q) + P2’2u2 + P()yo =0

3.5 The Schwarz’s LODEF Algorithm

Schwarz made an analysis of the costs of factorizing linear homogeneous differential equations with
rational coefficients. He then described the algorithm of Beke differently. He recursively reduces the
order of possible right factors, beginning with order n - 1, ending with the search for first order factors.
Moreover, he estimates bounds for the degree of the coefficients of possible right factors and computes
the size of polynomial and rational solutions of certain differential equations. In this way he developed
the RiccatiRational algorithm to complete the last step of the Beke algorithm, that is, solving the
generalized Riccati equations derived from the associate equations.

To factor operators over k we proceed as follows:

Let L = LoLy where Ly has order n — r and Ly has order r. Since the solutions of L;(y) = 0 are
also solutions of L(y) = 0, we can write

Yy Y. Yr
(A S 74
(.r) (.r) o (.T)
. . y y cee Y
L1(y)=y()+br71y( 1)+--~+boy: L
Y1 e Yr
v Y
y](-rfl) o yT(.rfl)

where y1,...,y, are solutions of L(y) = 0. Note that the denominator of the right-hand side of the
latter equation is the Wronskian of a fundamental set of solutions of L;. Therefore it is exponential
over k. Consider L € Q(x)[d],

L=0"+a, 10" "4+ + a0+ ayd’

and let {y1,...,yn} be a fundamental set of solutions of L(y) = 0. Build the matrix

Y1 Ya e Ym
Vi Yoo o Um
. . . (3.5.9)
= SR 2
I S B
where m < n. We denote the determinants of the m x m sub-matrices of (3.5.9) by z1,.. ., Z(ny- The set
{zp |v=1,..., (:1)} may be considered as a set of new functions, which is closed under differentiation

if the original differential equation is used to substitute derivatives of order higher than n — 1.

By suitable differentiations and elimination for each of these functions, an (:l)—th order linear
differential equation may be obtained. These equations are called associated equations for the
original one.
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Procedure. Schwarz [1989]: The full range for the index v is subdivided into n —m+1 subintervals

I™®) which are defined by
<k>+1§u§(k+1), m—lgk‘gn—l}
m m

I*) = {1/

An index v belongs to I®) if in the corresponding z, the highest derivatives of yi,¥s,...,yn are
exactly of order k. Each z/, may be expressed as a linear homogeneous function of the z,, where
v=1,...,("), by using the original differential Equation (3.1.1) for substituting derivatives of order
higher than n — 1. As we enumerate with respect to z, these relations may be written in the form

[
Z2, = g Ayp s

eI (MUt

where a,,, is integer for v € I(k), m—1<k<n-—2,and

()
z'y = Z QupZu,

pn=1

where o, is linear homogeneous in ag,...,a,—1 forv el (n=1) The associated equations are general-
izations of Liouville’s relation.

Example 8. For n = 3 we have the equation
Y +azy® +ary +aoy = 0.

Ifm=1then k=1, and

I(l){l/

If m =2 then k=1 or 2, and

Qo= ()
I(a):{,, @>+1<y< (2"2”> }:{2, 3).

There are three second-order determinants,

o fork=1,

o fork =2,

/ /
oo ‘ 2.12 122 T yg?) y??) e yg?) yyég) ‘
From these expressions we get
2 =29, 2b = —a121 — agza + 23, Wy = —apz1 — azzs.
Therefore, the third order equations for wy and wy are
Y 420528 4 (a1 + a2 + ab) 2, + (—ap + aras + af)z =0 (3.5.10)
a(2)2£3) + 2ag(agas — ag)z§2)+
[a2a2 + a2a1 + 2a2d)y, — Bagahas + 2(a))? — apald]Zh+ (3.5.11)

2 3 2 / ;2 I, 7\2 (2) 2 (2) _
[agaras — ay + ajasas, — apajas — 2apagas + 2(ag)” — agag az + agas ']z2 = 0.
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Algorithm LODEF Schwarz [1989):

Input: A linear differential equation
v a1y ™Y 4 an 0y 4t agy +agy =0 (3.5.12)
with a; € Q(x) for all i =0,...,n — 1.
Output: A right-hand factor
Y™ 4+ b1y ™Y b oy ™D by by =0
of order m < n with b; € Q(z). If no genuine factor exists, the input equation is returned unchanged.
m:=0,7:=1
1. m:=m+ 1. If m = n return the input equation.
2. Determine the associated equations.

3. Determine a solution of the equation for b,,_; found in step 2 with rational logarithmic derivative
and determine b, 1 from it. If none exists, go to step 1.

4. j:=j4+1.If 7 > m go to step 7.
5. Determine the equation for b;.

6. Find rational solutions of the equation determined in step 5 and determine b; from it. If none
exists, go to step 1, else go to step 4.

7. From the coefficients b;, construct a factor of left side of Equation (3.5.12) and return.

The above yields all the possible candidates for right factors of order m, and trial divisions either
determine an actual factor, or prove that there is no such factor.

Example 9. Let us consider the equation

2
T — T 2
Lo(y) =y + y? + v+ 5y =0,
where
z—1 ) 2
az = ; a1 = , 40 = —5-
x x x
Differentiating as,a; and ag, we get
1 22+ 2 -4 (9 -2 (9 -4 (9 12
A 4 = ! = — = — = — = —.
a2 =73 M 22 0 YT T3 G2 230 N 230 40 24

In this case n = 3, and we can take m = 2. By Equation (3.5.10), the corresponding associated
equation for z1 is:

-1 3 2_4 2 392 2
P (I (R

By Fquation (3.5.10) the corresponding associated equation for zs is:

O 2ot @ @@aite-1) (@ -a’—rt+])

3 2y 29 = 0. (3.5.14)

x T x3

The generalized Riccali equation associated to Equation (3.5.13) is:

—1 —1 34 a2 —da 42 50 +2
u® 4 Bur e (Tt e (T ) g (AR (T
x x x? x?
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which has solution , ,
u=1<%« Y _ 1< d
Yy Wws,

By the Liouville’s relation, Equation (3.1.4) , we obtain r1 = —1. To obtain the equation for rs,
substitute

=1

20 = ve™ = ve !

in the associated Equation (3.5.14). We get

3 3
3)_($—2)v(2)+(9€ —x—l)v,_(x —1)1]:0,
€T

U( 3
€T

and its generalized Riccati associated equation is:

— — 3_x—1 31
u(2)+[3u—(x 2)}u'—|—u3—($ 2)u2+($ €z )u—(x ):O.
x x

The solution of the generalized Riccati equation is

21 21
x , and then ro = v .

Therefore,
22 -1 2?2 -1
ﬁ”+M+Lfgjy=8%m+3@%+L——lW@)=

(z? — 1)

P2+a+ aﬂ(m

is a right factor of the equation. Now, in order to find a left factor in this case we subtract the derivative
of the right factor from the original equation and rearrange the terms to obtain:

1 22 —1
_ = <y(2) + y/ + ()y> .
X x

1
Then, O — — is the left factor. We can factor La(y), as:
z

2 _
L, = (a—lao) [82+a+(””1)60].
X €T

Remark 3.5.1. We have solved the last Riccati equation with the algorithm RiccatiRational of Schwarz
[1994], explained in section 3.

3.6 The Bronstein’s Algorithm

In this section we present the efficient algorithm due to Bronstein [1994], for computing the associated
equations appearing in the Beke factorization method. It produces several possible associated equations,
of which only the simplest can be selected for solving.

Let k be a field of characteristic 0, n,m € Z with n > m > 0, A € k™*™ a matrix with entries in
k, given by

aix  aiz ... Qim

as1 a9 N a2m
A =

an1 Ap2 ... QApm

nxm

and any set

S={s1,.-.,5m }
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of m positive integers with
1<s < <5 <

Let Ag denote the square sub-matrix obtained from the rows s, ..., s,
Asq1 g2 .. QAgim
Asy1 As52 cee Asom
Ag =
as,, 1 Qs,2 ... Qg m mxm

and let wa, be its determinant. Let ' : k — k be a derivation and consider L € k(z)[d)],
L=0"4a, 10" '+ 4 a10+ agd’.

Let K D k(z) be a Picard-Vessiot extension for L(y) =0, V = {y € K | L(y) = 0} the solution
space of L in K and G C GL(V) the differential Galois group of L. Suppose that there exists another
operator M € k(x)[0] of order m < n with

M=0"+4b,_ 10 '+ 4+b,0+b0" =0
such that M is a right factor of L. In other words, the scalar equation

M(y) =y + bpoay™ ) 4 by + by @ =0

of order m has all its solutions in common with the scalar equation L(y) = 0. Let {y1,...,ym} C K
be the fundamental set of solutions of the scalar equation M (y) = 0, and define the n-th generalized
Wronskian matrix of {y1,...,¥m} to be the n x m matrix:
Y1 Y2 e Ym
/ / /
Y1 Yo e YUm
W = : : . . (3.6.15)
= = : 2
S S R s

Now, consider the following sets:

50:{2,...,m+1},
Si={1,...;i}u{i+2,...om+1}, fori=0,...,m, and (3.6.16)

Sm={1,...,m}.

Then
Y1 Y2 cee Ym
Y1 Yot Um
i—1 i—1 i—1
g g Ly
;= i+1 i+1 i+1
I e S P A
-1 —1 -1
In particular, Wg,_ is the usual Wronskian matrix of {y1,...,¥m}. In fact, in this case we have
Sm ={1,...,m} with n = m. Then
Y1 Y2 e Ym
/ / /
Y1 Ya X Ym
Ws, = | . S
—1 -1 -1
" Y Y
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and
Y1 Y2 Ym
i Yo o oo Um
Wsm = : : : :
ygm—l) y;m—l) o yrgﬁm—l)
Example 10. If m = 2 then for i = 0,1,2 we have,
So={2,3},S1={1}u{3}={1,3}, and So ={1,2}
where
Y1y
el P AEE M AT ]
If m = 3 then fori=0,1,2,3 we have,
So=1{2,3,4},S1={1}uU{3,4} ={1,3,4}, S, ={1,2}u{4}={1,2,4},
and S3={1,2,3}
where
2 2 2
wsy = y%?)) %3) ?3) » Wsp = y§ : yé : y:(a : ’
3 3 3
Y1 Ya Y3 yg ) yé ) y:g )
41 Y2 U3 41 Y2 Y3
ws, = y:i3 y% y’g , and wg, = y’% y’% y’% :
yg) yé) y:(),) y§) yé) yg)
From Theorem 5 we know that, if the set {y1,...,ym} is a fundamental system of solutions of
M (y) = 0 then

wswz #O
S Ci(m) € K such that

m

and for each ¢ = 0,...,m — 1 exists then ¢; o,

()
Civngji) =0.
0

Jj=

This means that each wg satisfies a linear ordinary differential equation of order at most (;‘L) with
coefficients in K. These equations are called the m-th associated equations of L.

Let S be a set of positive integers and assume that it is sorted in increasing order. Define the
following operations in S:

Increment the i-th element of S: S;" = (SU{1 +s;})\ {s:}.
Replace the i-th element of S by Sl[l] =(SU{l})\{si}
Number of elements of S which are strictly between [ and s;:

sU(S) = #{seS:l<s<s;}

We only need to manipulate the subsets of {1,...,n} for a given integer n (the order of the operator
we want to factorize), and we can apply the above set of operations to minors of a rectangular matrix:
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Let R be any commutative ring, and A an n X m matrix with coefficients in R where n > m given
by:

aill a12 A1m
asy a9 e a2m
A =
an1 An2 e Apm, nxm
For any set S = {s1,...,$mn } of m integers with
1<s1<s59< <5, <M
we define
wt, = WAy Z.f1—|—8i¢SU{n+1} . (3:6.17)
’ 0 ifl4+s,eSUu{n+1}
In particular, if 1 +s;, ¢ SU{n+ 1} then
asll aslg aslm
As; 11 Qs;_12 -+ Us;ym
WAS+ == a1+81‘1 a1+8i2 ... a/1+8im )
' As; 11 Qs;pq2  --- Qs;yim
Aspml Uspm2 - o0 Gspm

and for 1 <[ < n we define

(1) Swa  if 1¢ S\ {s:}

1 _ i
wg; = (3.6.18)
0 ifleS\ {5}
ie,if I ¢ SU{s;} then
asll aslg P aslm
0 sl(s As; 11 Qs;_42 -+ Qg m
wS,i = (—1) o (9) an aro Alm
Asip1l Asipi2 oo Osim
Qs,, 1 as,,2 -+ Qs,m

The following two lemmas, corresponding to Lemma 1 and 2 of Bronstein [1994] respectively, give
us explicit formulas for the derivative of each wg as a linear combination of the minors. The proofs are
straightforward from the properties of the determinants and the previous definitions, for that reason

we omit the details.

Lemma 3.

m
n¢gS = w’S:Zw;i.

=1

Lemma 4. If there exist ay,...,a, € k such that
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Let
L=0"+a,_ 10" "4+ + a0+ agd’

be a linear ordinary differential operator with coefficients in R. For any integer 0 < m < n we defined
the m-th associated system of L to be the first order linear system

W' = My (L)w

where w is the vector of all the m x m minors of W, the generalized Wronskian matrix of {y1,...,ym},
and L(y;) = 0 for 0 < i < m. M,,(L) is the matrix of coefficients of the derivatives of the minors as
linear combinations of the minors themselves.

The algorithm for computing the associated system is then:
Bronstein’s Algorithm, Bronstein [1994]:

Input: Two integers, one n (the order of the operator we want to factorize), and another m (the
order of the possible right factor).

Output: The m-th associated system of a generic operator of order n.

1. Enumerate all the subsets of m integers in {1,...,n},

w= (Sl,...,S(Z))T.

2. For each 7 express Wlsi as
(uil,...,uim) cw

for some u;;’s in K, using Lemma (3) if n ¢ S;, and Lemma (4) if n € S;.

n

3. The matrix M,,(L) is then (u;;) fori,j € {1,...,(") }.

Example 11. Let L = 0* +a30° 4+ a30% +a,0+agd° be the generic operator of order 4. Let us compute
its second associated system.

Step 1: Order the subsets of size 2 of {1,2,3,4}:
Sl :{172}352:{173}753 :{273}754:{174}7
55 = {2,4}, and56={3,4}.

Step 2: Apply Lemma 3 to those subsets which do not contain 4:
2
r_ + _ .t +
Wor = D Wiy = Wiy T2
i=1

By Equation (3.6.17):

W2y if2¢{1,2tu{5}

Wiyt = ’
0 if2e{1,2}uU{5}
that is,
w?_m}@ =0
and ‘
wioyr W 3¢{1,21U{5}
Wiioy e =

0 if3e{L2}U{5}’
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where
Wiizye = ey = @S
since
{12} =({12}u{3h\{2}={13}
Therefore,
ws, = ws, = Ows, + lwg, + Ows, + 0ws, +wg, + Ows,. (3.6.19)
Simialarly,
oJva2 =wg, +ws, = Owg, + O0wg, + lwg, + lws, + Ows, + Owsy, (3.6.20)
and
wg, = ws; = Ows, + Owg, + Ows, + 0ws, + lwg; + Ows,. (3.6.21)

Now apply Lemma (4) to those subsets which do contain 4:

1 3
/. + _ i+
Ws, = Z“’{u},z‘ Zaﬂ”{1,4},z
i=1 =0

=wf, — agw ] —a w[Q] —a wm —a w[4]
{1,4},1 0%y41,4},2 1%11,41,2 2% 4y ,2 3%i1,4} 2

By Fquation (3.6.17):

Wi 4yt if2¢{1,4tu{5}

Wi =
{1,431 '
0 if 2e{1,4}U{5}

where

+ _ _
Witay1 = Wayd T Wss
since

{La} =({Laruf{eh\ {1} ={24}.
Applying Equation (3.6.18) to the other kind of sets we obtain:

[1] .
. ()R A e if 1 {1,4)\ {4)

Wii4ye = g
0 if 1e{1,4\ {4}
that is,
(1] _ 0
Wiiare = 0;
5[2] , .
(2] (_1) 2 ({1 4})""){1)4}[22] Zf 2 ¢ {174} \ {4}
Witar2 =
0 if 2€{1,4}\ {4}
then,
2]
(4_)4[{21]74}72 f (—1)52 ({174})&){174}[22]
where
0P ({1,4)) = # ({se{1,4}:2<s5<4}) =0
and
(Ll = {1,2,4}\ {4} = {1,2}.
Therefore

(2] _
“itay2 T Wi
On the other hand,
(3] _

[4] _
W14y = WS and Wy 4y 5 = Wsy,
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whence
Ws, = —a1ws, — Aaws, + Ows, — azws, + lwg, + Ows,. (3.6.22)
Simalarly,
W, = aws, + 0ws, — asws, + Ows, — asws, + lws;, (3.6.23)
and
ws, = Ows, + apws, + a1ws, + Owg, + Ows, — asws,. (3.6.24)

Step 3: By Equations (3.6.19), (3.6.20), (3.6.21), (3.6.22), (3.6.23), and (3.6.24) the second asso-
ciated system for a generic operator of order four is:

0 1 0 0 0 0
0 0 1 1 0 0
W = 0 0 0 0 1 0 w
| —a1 —as 0  —ag3 1 0
aq 0 —as 0 —as 1
0 ag ai 0 0 —as
where w s the column vector
T
W= (wsl , WSy, WG, Ws, , WSy, WS(;)
In conclusion,
0 1 0 0 0 0
0 0 1 1 0 0
0 0 0 0 1 0
My (L) = R S 0 (3.6.25)

ag 0 —ag 0 —as 1
0 ag ay 0 0 —ag

Now we will see how to go from the associated system to the associated equations. We assume from
now on that the coefficients of the operator to factor are in some differential field .

The following sequence of matrices:
Mya(L), ..., My n(L)

where N = () is defined by M,, 1(L) = M,,(L), and

M,, (L) = M),

m,i—1

(L) +Mm,z—1(L)Mm(L)7 (3626)

for 2 <7 < N, where ' means point-wise differentiation.

Example 12. For i =2 we have
My, 2(L) = My, 1 (L) + M1 (L) My, (L).
Substituting M,, 1 we get

My,2(L) = M/

’ m

(L) + M, (L)M,, (L), i.e.,

Mm,Q(L) = M,,/ml(L) + [Mm(L)}z .
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Example 13. Consider following the operator
L=0"—220" - 20 + 220"

with coefficients

as =0,a0 = —2z,a1 = —2, and ag = z°.

By the matriz (3.6.25), the associated matriz of the second associated system is:

0 1 0 000
0 0 1 1 00
0 0 0 010

MQ(L)_22x0010’
22 0 22 0 0 1
0 22 =2 0 0 0

and by Equations (3.6.26) the corresponding sequence of matrices is:

My 1 (L) = My(L),

0 0 1 1 0 0
2 2 0 0 2 0
22 0 2¢ 0 0 1
Map(L)=| o 4 4y 22 0 1|
2¢ 222 0 0 2z O
0 2¢ a2 12 -2 0
2 2 0O 0 2 0
202 4 6x 2x 0 2
Moo — 2z 222 0 0 2z O
23 = 6z 622 6 6 6x 0 |’
2 + 222 6x 622 22 2 2x
0 24222 0 dr 222 -2
272 4 6x 2z 0 2
8x Q12 6 6 8x 0
Moo — 2+ 213 6x 622 272 2 2z
247 [ 18+ 623 30z 18x2 622 18 6z |’
1222 8 + 83 18z 10z 82 4
8 + 224 1222 6+62° 6+22° 8r 212
Sz ]2 6 6 8z 0
20 + 823 36z 242 8?2 20 8x
Mo - — 1222 8 + 8x° 18z 10x ]2 4
25 = 4812 48 + 2423 90z 42z 2412 24 |
447 + 8zt 6022 18 + 2423 18 + 823 447 82
20 + 202% 44z + 8zt 49242 1822 20 4+ 823 12z
and
20 + 83 36x 242 Qa2 20 8x
6022 56 + 3223 108z 52x 3222 28
Mo o — 442 + 824 6022 18 + 2423 18 + 822 440 Q2
267 1 180z + 2424 29872 90 + 7223 90 + 2423 180z 2472
80 + 9223 200z + 32z* 20422 8472 80 + 3223 60z

11622 +82° 64+ 1002® 1441 + 242* 80z + 8x* 8422 32 + 83

Proposition 4. Bronstein [1994]. For each i > 2 we have

w® = M,, i(L)w.



3. The Beke Algorithm 59

For any subset S of m integers in {1,...,n }, we write w§ for the column vector
T
(w's,wg,...,wgv)> (3.6.27)

and ng for the index of S in the chosen ordering of those subsets. Define the matrix Ag to be the
N x N matrix such that the i-th row of Ag is the ng-th row of M, ; for each i. Then we have

Asw = wg (3.6.28)
and the following situations:

Case 1: If Ag is non-singular then the ng-th equation in the system

ws = Ag'w} (3.6.29)
is the associated equation for wg, while the other equations give formulas for all the other wy’s as
linear combinations of wg, ... ,wéN).

Case 2: If Ag is singular then let (w1,...,uq) be the kernel of the transpose of Ag. Since each

u; € KV corresponds to a linear dependence of the rows of Ag, each dot product
U W (3.6.30)

gives an associated equation for wg. If ¢ = N —rank(Ag) > 1, we obtain an overdetermined system of
associated equations for wg, which is handled as one equation with extra conditions.

Lemma 5. Bronstein [199]]. Let W as in Equation (3.6.15), and suppose that there exist by, ... by, €
K such that

= =3 bl i1
Jj=1

Then, for any set S of m integers in {1,...,n} there exist ¢, € K with

Ws = CSW{1,...,m}-

’
As a consequence, either wg =0 or if € K for each S.

Procedure. Bronstein [1994]: To complete the algorithm, we search for right-factors of L of order
m < n. If there is such a factor, say M, we consider a fundamental set of solutions {yi,...,ym } of
the equation M = 0. In this case

Wi1,...,m} #0

and we compute the associated system and the matrices M, ;(L) given in Equation (3.6.26). We look
for a subset S such that Ag is non-singular.

Case 1: If Ag, is non-singular for some Sy, then we compute the associated equations for wg, as
described in Equation (3.6.29). We are interested only in solutions whose logarithmic derivatives are
in K, otherwise, by Lemma (5), wg, = 0.

Since wyy,... m} i a linear combination of w’SO, . ,ng), w(1,...,m} = 0, which implies that L has no
right factor of order m. Otherwise, we do not need to compute or solve any other associated equation,
as we have expressions available for all the other wr’s as linear combinations of w'SO, .. ,wg:), and the

candidates for wg, yield all the possible candidate factors.

Case 2: If Ag is singular for every S, then we need associated equations for wg,,...,ws, , where
S; is given by Equation (3.6.16). We first compute the associated equation for ws,, = wyy,. m} as
described in Equation (3.6.29). As before we search only for solutions with logarithmic derivatives in
K.
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By Gaussian elimination on Ag, , we get an invertible matrix B and an upper triangular matrix
U such that Ag,, = BU, and we can obtain expressions for some other wg,’s as linear combinations of

/ (N) :
wg, »---,wg ~ from the equations

Uw= B Wi .

m

Then we generate the associated equations for the next required wg,, and either look for its solutions
with logarithmic derivatives in K, or replace wg,, , by

(_]—)iw{l,...,m}bi

and search for all the solutions b; in K. We repeat this process until candidates for all the wg,’s are
found. Note that after each step, the decomposition

As, = BU
may yield expressions for the other wg,’s.
We can summarize the algorithm in the following steps:

Algorithm 2. The Beke-Bronstein Algorithm, Bronstein [1994]:

Input: A linear differential operator
0"+ an 10" 4+ a0+ agd
with coefficients in the field k.

Output: A right factor of order m < n
O™ 4 by 0™ o 510 + b0,
with coefficients in k. If no genuine factor exists the input operator is returned unchanged.

Look for right factors of order m (1 < m < n — 1), using the pre-computations provided by the
Bronstein’s Algorithm, as follows:

1. Build an equation whose solution space is spanned by all the Wronskians of order m.
2. Solve for exponential solutions.

3. Test which solutions are Wronskians, and obtain a right factor.

Example 14. Let us consider again the operator of Example (13)
L=0"—2t0> — 20 + t*0°.
Order the 2-element subsets of of {1,2,3,4} as in Example (11), that is,
S ={1,2},5,={1,3},53=4{2,3},5,={1,4},
S5 ={2,4}, and S¢ = {3,4}.
According to Equation (8.6.27) we have the following column vectors:

T
x / o mo(4)  (5)  (6)
Ws; = (wsﬂwsﬂwslvwsl WshWsy ) s

T
 _ / o mo (4)  (5)  (6)
Ws, = (w52’w52’w52’w52 WsyHWsy | s

T
 _ / wo o (4)  (5)  (6)
Wsy = (wsgwsngssvwsg WsyHWsy |
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T
_ 4) (5)  (6)
ws, = (“)54"‘){9/4@%27“’54 Ws, Ws, ) J
* 5 6
wS5 = <WS5, wg57 w.lgll 7wg )7 Wég é; ) )
wgﬁ = ((JJSG,L«ngG, g‘évw,(sb) Wfs'i) ng)) (3631)

By the sequence of matrices My ; fori=1,...,6 of Example (12),

0 1 0 0 0 O
0 0 1 1 0 0
A — 2 2x 0 0 2 0
L 222 4 6z 22 0 2 |’
8x 82 6 6 8 0
20 + 82% 36x 24z% 822 20 8z
0 0 1 1 0 0
2 2x 0 0 2 0
A, — 222 4 6x 2x 0 2
2T 8 82 6 6 8x 0 |’
20 + 83 36x 2422 8z 20 Sz
6022 56 4+ 3223 108z 52z 3222 28
0 0 0 0 1 0
22 0 2x 0 1
A.— 2z 222 0 0 2z 0
3T 2+ 223 6x 62 212
1222 8 + 823 18z 10z
442 + 8x* 6022 18 + 2423 18 + 823 4433 833
2 2x 0 0 1 0
z? 4 4z 21 0 1
A, — 6z 62> 6 6 6z 0
4T 18 + 62° 30z 1822 622 18 6z |’
4822 48 + 2423 90x 42x 242?24
180x + 24z* 22822 90 + 7223 90+ 2423 180z 24x2
22 0 2x 0 0 1
2x 222 0 0 2x 0
A — 2 + 223 6z 62> 222 2 2z
> 1222 8 + 82° 18z 10z 82 4 |-
44z + 8z* 6022 18 + 2423 18 + 823 44x 8?2
80 +92z% 200z + 322* 20422 84x? 80+ 3223 60z
and
0 z2 -2 0 0 0
0 2x x? 22 -2 0
A — 0 2 4+ 223 0 4x 22 -2
6= 8x + 2z 124 6 + 62° 6 + 223 8z 22 ’
20 +202®  44x + Szt 4222 1822 20 + 83 12z
11622 4+ 8z° 64 + 10023 1442 + 24z* 80z + 8z 842 32 + 823
where Ag is the only invertible matriz. Its inverse is
0 1 =z z2(82°—31)2 (312% —562°4+48) —z(22%—62°+19)
2 3 30(z3—2) 60(% ~1027+16) 30(2®—1023+16)
0 0 1 —x(2o;3—5) —22(112%—19) (316—8x3gr10)
6 10(z3—2) 30(26—1023+16) 60(26—1023+16)
1 0 22 —x?(22%—5) —z*(112°-19) z% (325 —82°4+10)
Al — 2 12 20(2°-2) 60(«° 1023 +16) 120(2° 1027 116)
6 1 0 _z? (6x°+x°—20) z(11z°+7x°—64) —z°(z°—6)
2 12 60(%~2) 60(«° ~1027+16) 20(z®—1023+16)
0 1 x —z? (2 =5) —x3(32%-2) z(x®—25410)
2 6 157 —2) 20(z%—1027 +16) 60(26—1023+16)
;o2 21 z(22°—202345)  —32%(2®—42®+10)  (2”—62°+302°+10)
2 6 3 30(m3 2) 20(2°—1023+16) 60(2°—1023+16)




3. The Beke Algorithm 62

By Equations (3.5.13), (5.6.31) and (3.6.29)

_ -1 x
wss = Ag, Ws,-

By Equation (3.6.29), from the sizth row of Agl we obtain the following associated equation for

Wsq
1 z(22% — 2023 +5) (4
wgs = TWs, — 2x2wg6 + 6(1;3 — 2wy, — 3007 — 2) wéﬁ)
B 322 (2% — 423 + 10)w(5) 2? — 62° + 302 + 10 (5
2p(x) %

6p(x) e
where p(z) = 10(z% — 1023 + 16). In particular,

9 — 62° + 302° + 10 322 (28 — 42® + 10 2% — 202 +5
x 20 + 3023 + w(sﬁ): x*(x x® + )w(s5) x(2x z® + )wg;) (3.6.32)
6p(x) ‘ 2p(x) ° 30(z? = 2) ‘

1 1
—6(333 —2)wg., + §m2wg6 — Twg, + Ws-
For the singular matrices, by Equation (3.6.32), the associated equations for wg,, ws,, and ws, are

given by the the first, second and third rows of Agﬁl, according to the chosen ordering of the sets, which
yield formulas for the other minors in terms of ws, and its derivatives:

z(22° — 62° +19) (5

ws, = — SP(Z') Wg,

(312 — 562° 4 48) (5

w m2(8x3 — 31)w(4) _
6p(x) Ss T 30(x3 —2) %

1 1
37 S 2 S

(325 — 8% +10) (5 2?(112® —19) (5
WS2 =

6p(z) s 3p(x) o

5C(2:E3 — 5) (4) 1 "
T 10(2® —2)“ss T §se

s, — 22(328 — 8a® + 10)w(6) B r*(1123 — 19)w(5) B 3 (223 — 5)w(4) . ixzw’” 1
; 12p(x) Se 6p(x) So 20(z3—2) e T 127 "% 9

As the space of solutions of Equation (3.6.30) is generated by the functions x® — 2,22 and x, the
general solution is given by

/
wSG.

ws, = ax® + bx? + cx — 2a,
where a, b, and ¢ are arbitrary constants. Hence

wigﬁ = 3ax? + 2bx + ¢, wgﬁ = Gaz + 20, wg; = 6a,

and w(si) = wg‘? = w(si) =0.
Therefore,

c
ws, = ar +b,ws, = a, and wg, = —ax* —br — —.

2
Now, if % + b10 + by is a possible right factor of L, then by Equation (3.1.3) for our particular
enumeration of the sets S we get

wes, ar +b’

7('052 —

b1

—ar — _
and by — ws,  —ax® —br—c/2

ws, ar +b

Compare with Example (10) for m = 2 in the reverse ordering from 3 to 1. Finally, dividing the
operator L by

52 _ ¢ —ax? —br —c/2
axr+b ar +b
on the right we obtain the following quotient q and the remainder r:

a

_ 92
4= +(cwc—i—b)

—2a223 — dabx? — 2b%x — 242 + acx + be
d+ )
2(ax + b)?
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(4ab + c?)
4(ax +b)2 "

For exact right division we get the conditions:

and r =

4ab + ¢ = 0 and either a # 0 or b # 0.
Let us take a = 0. Now, in order to have a factorization of the form

L=0"—2¢0*+2>=L,L,,

with
[y c? B a3 — 8b?c?x? + 2b(823 + )z + ¢* — 8b3¢
L (2 — 4b?) (c?x — 4b?)?
and 2 2.2 4b2 20
L —5?_ c [ cCa? —4b%z — 2bc
r=9 (2w — 4b2) 0 ( 2z — 4b? ’

where b and ¢ are constants not both 0, we realize that for b=1 and ¢ =0
Li=8—zand L, =8> —x
satisfy the requirements. In conclusion,

o' —220% — 20 + 2* = (0° — 2)(0* — 2).

|\



4. ADVANCED METHODS

In this chapter we will present methods for factoring linear differential operators which are not based
on Beke’s algorithm. We discuss Singer’s eigenring factorization method, introduced in Singer [1996],
Newton polygons introduced in Malgrange [1979], and van Hoeij’s factorization methods introduced
in van Hoeij [1997a] and in van Hoeij [1997b].

Let K, denote the field with p elements. The core of Berlekamp’s algorithm for factoring a squarefree
polynomial f € K,[z] is the structure of the quotient

A=K, [o)/K,[a] - .

In particular, if f = f1--- f,, where the f; are pairwise relatively prime irreducible polynomials of
degree d;, then A is the direct sum of fields,

A:Kpdl @"‘@Kpdm.

If @ is the map ® : x +— 2P — z, then dimg, (ker ) = m. Therefore, computing the kernel of the
map P gives a quick way of determining the number of factors of f and, in particular, irreducibility.

Singer tried to generalize this idea to non-commutative polynomial rings and faced various problems.
For example, let k be a field and o a non-trivial automorphism of k and consider the ring k[z; o] of
polynomials in x over k with the usual addition and multiplication defined by

x-a=o(a) xforallack.
Let f € k[z; 0] and consider the left ideal k[z; o] - f. The quotient
M = klz;o]/klz;o] - f

is a left k[z; o]-module without a cononical ring structure. Singer replaces M with the ring £(M) of
k[x; o]-endomorphisms of M, called the eigenring of k[z; o] - f. In Griesbrecht [1992] it is shown that
f is irreducible if and only if £(M) has no zero divisors (and in fact is a field).

Considering the ring D = k[0] one can start to proceed as with the ring k[z; o]. In contrast to k[z; o],
D has in general a poor supply of two sided ideals. Furthermore, one cannot completely rely on these
rings to determine irreducibility. Singer therefore looked beyond purely ring theoretic properties to find
criteria for irreducibility. The key fact is that to each linear operator L € D one can associate a linear
algebraic group Gal(K/k), the Galois group of L(y) = 0, where K is its Picard-Vessiot extension, and
that L’s factorization properties are intimately related with the structure and representation theory
of Gal(K/k).

There are distinguished two cases:

1. Gal(K/k) is a reductive group, and

2. Gal(K/k) is a non-reductive group.

When Gal(K/k) is a reductive group, properties of Endp(D/D - L) determine if L is reducible.

Recall that a linear algebraic group is a subgroup or the group of invertible n x n matrices (under
matrix multiplication) that is defined by polynomial equations. An algebraic group is a group that
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caries the structure of an algebraic variety, such that the multiplication and inverse are given by regular
functions.

A reductive group is an algebraic group G such that the unipotent radical of the radical of G is
trivial and G # {e} is connected. The unipotent radical of G is the normal subgroup of all unipotent
elements in the radical of G.

The radical of G is the identity component of the unique maximal normal solvable subgroup of G,
which is automatically closed in the Zariski topology. The identity component of GG, as a topological
group, denoted by G° is the unique connected component that contains the identity element e of G.
An algebraic group G is connected when G = G°.

Now for an introduction of the other methods, assume that f € C[[z,y]], the ring of formal power
series in the indeterminates x and y with complex number coefficients, and suppose that we are
interested in solving for y the equation f(x,y) = 0, to find a sort of series in x,y(z) such that
f (z,y(x)) = 0. Suppose that

f= Z Ajyia:j yi
3,40
is an element of C|[[x, 3], and plot on R? the discrete set of points with non-negative integral coordinates

A(f) =100 | Aji # 0}
called the Newton diagram of f. The idea is to have a polygonal line whose vertices are points of
A(f) and whose sides leave the origin of coordinates and the whole of A(f) in different half-planes, so
that we obtain the set

A'(f) = A(f) + (RT)2.

Then consider the convex hull A(f) of A’(f) (i.e., the minimal convex set containing A’(f)); the
border of A(f) consists of two half-lines parallel to the axis and a polygonal line (maybe reduced to
a single vertex) joining them. The Newton polygon of f, denoted by N(f), is this polygonal line
(which has their sides oriented from left to right and from top to bottom).

If the vertices of a Newton polygon, taken according to orientation, are
Pr=(my,mn), l=1,...,r
then
mp < myqyr and ng >npypq, [ =1,...,r—1.
The slopes of the Newton polygon are

ZZM forl=1,...,r—1.
miy1 —my
The height h(N) and the width w(N) of the Newton polygon N are defined, respectively, as the
maximal ordinate and the maximal abscissa of its vertices, that is,
h(N) =n; and w(N) = m;.

In particular, height and width of the Newton polygons are additive functions. If n > 1 is an integer,
consider C ((2'/™)) as an extension of C((z)), consistining of elements of the form

— pd/n
5= E ajxl’".
jzd

Let C((z)) stand for the union of all C ((z!/™)). In the sequel C((z)) will be taken as the set of
all formal Laurent series
s = Z ajxj/" with d,n € Z, and n > 1.
j>>d
Define the order of s to be ord,(s) = oo if s =0 and
mingj | a; #0}
n

ord,(s) =

otherwise. The fractionary power series s with ord,(s) > 0 are called Puiseux series. The main
properties of Puiseux series are:
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A Puiseux series s € C [[xl/"ﬂ is a y-root of f € C[[z,y]] if and only if y — s divides f in
C [[z*/,y]].

e Assume that the Newton polygon N(f) has a positive height, otherwise it has no y-roots, with
the Newton-Puiseux algorithm, which is an inductive procedure, we can find all y-roots of f.

e The series given rise up to by the Newton-Puiseux algorithm are Puiseux series.

(Puiseux’s theorem) If f € C[[z,y]] and kA (N(f)) > 0, then there is a Puiseux series s which
is a y-root of f, namely f (z,s(x)).

As a consequence the ring C [[z,y]] is a unique factorization domain, and the field C ((z)) is alge-
braically closed.

For further details about the Newton polygons and the Newton-Puiseux algorithm we recommend
the book of Casas-Alvero [2000].

A generalization of Newton polygons to the ring k((z))[d] is given in Malgrange [1979]. He shows
that in the following two cases a differential operator L € k((z))[0] is reducible in this ring and how a
factorization can be computed:

1. An operator with broken Newton polygon (i.e., more than one slope).

2. An operator with one slope > 0 where the Newton polynomial is reducible and not a power of
an irreducible polynomial.

More recently, van Hoeij [1997a] unified these two cases of factorization and the factorization of
regular singular operators (operators with only one slope g = 0 in the Newton polygon), in the so
called coprime index 1 factorizations.

Since the elements of k((x)) consist of infinitely many terms only a finite number of them can be
computed. van Hoeij uses local factorization, whose main ingredients are Newton polygons and Newton
polynomials, to factor L € k((x))[0] into L = QR with some accuracy. Coprime index 1 factorization
means that ged(Q, R) = 1 and then the factorization can be lifted by the usual Hensel lifting algorithm.

4.1 The Singer’s Factorization Method

In this section we will present an exposition about the first method for factoring linear differential
operators not based in the Beke’s algorithm, the Singer’s eigenring factorization method, which was
introduced by Singer [1996].

The eigenring Ep(L) of a differential equation L(y) = 0, is the finite dimensional C-algebra of all
endomorphisms of the equation, where C is the subfield of constants of k. It is the set of all rational
solutions of another differential equation associated to L. Singer gives the following method for its
computiation:

Suppose the dimension of £p(L) is more than 1, then take an element R € k[J] in Ep (L) which is
not a constant (we should take R of order less than ord(L)). Now R is a k-linear map from V(L), the
space of solutions of the equation, to V(L). We can obtain a basis of V(L) by computing the matrix
of the map R in this basis and take an eigenvalue ¢ € k. Then

gerd(R — ¢, L) € k[0)
is a non-trivial factor of L.

Let (k, ) be a differential field of characteristic 0 with algebraically closed field of constants C. Let
D = k[0] be the ring of linear ordinary differential operators, that is, the non-commutative polynomial
ring in the variable 0, where
Oa = a0 + a’ for all a € k.
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For any L € D given by
L =0a,0"+ -+ apd° with a, #0,

the order of L, denoted by ord(L) is said to be the integer n and ord(0) = —oo. The ring D is both
a left and right Euclidean ring, that is, for any Ly # 0, Ly € D there exist unique Q.., R, Q;, R; € D
with

ord(R;), ord(R;) < ord(Lq)

such that
Ly =QyL1+ R, and Ly = L1Q; + R;.

For k C K, the space of solutions of L(y) =0 in K is denote by Solng (L). If
dime Solg (L) = ord(L),
then we will say that K contains a full set of solutions of L.

Recall that an element L € D of positive order is said to be reducible if L. = LiLy for some
operators Ly, Lo € D of positive order. In this case, L1, Lo are called factors of L. If L is not reducible,
we say that it is irreducible.

Given two operators Ly, Ly € D the greatest common right divisor of L; and Lo, denoted by
gerd(Ly, Lo) is defined to be the monic non-zero operator of greatest order which divide both operators
L1 and L5 on the right.

Two operators Ly, Ly € D are said to be relatively prime if there is no operator of positive order
dividing both on the right.

Given two operators Li, Ly € D the least common left multiple of L; and Lo, denoted by
[L1, La]; is defined to be the monic non-zero operator of smallest order such that both L; and Lo
divide this operator on the right. One can extend this definition to the least common left multiple
[L1,..., Ly of any finite set of operators { L1,..., L, }.

An operator L € D is said to be completely reducible if it is a k-left multiple of the least common
left multiple of a set of irreducible operators.

The module D/D - L is not a ring and one cannot apply Berlekamp techniques directly to this
module. A substitute for this module is the ring Endp(D/D - L).

Let L1, Ly € D and denote by R the equivalence class of R in D/D - Ly, and define
E(L1,Ly) ={R€D/D- Ly | Ly R is divisible on the right by Lo }.

It is easy to show that this condition depends only on the equivalence class and not on the choice
representative. Note that Ep (L, L) is closed under addition and multiplication by elements in C.

If Ly = Ly = L, one can define a multiplication on this vector space and the resulting ring is called
the (left) eigenring of L and is denoted by Ep(L), i.e.

Ep(L)={ReD/D.L| LR=SL, for some S €D}

The multiplication on Ep(L) is defined in the following way: for Ry, Ry € Ep(L), let
El 'Eg = R1R>.

This shows that Ep(L) is a C-algebra. More important, if L is a completely reducible operator,
then:

e L is irreducible in k [0] if and only if Ep(L) =C.
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e If &p(L) contains a non-trivial element R, then gerd(R — ¢, L) must be a non-trivial right factor
of L for some c € C.

Factoring completely reducible operators thus reduces to computing Ep(L), which is done in the
following way:

Let n = ord(L), A be the n X n companion matrix corresponding to L,
B=I,0A-AT®1,,
where I, is the n x n identity matrix, and let Y € k™" be the rational solution of Y’ = BY. If,
R=1y0+yn0+ Y200 + - + Yn_2n0" % + Y(n_1)n0" "
then R € Ep(L), where Y = (Yo, Y1, -+, Yn2—n )-

If one has found an element R € Ep(L), R of order greater than or equal to 1, then one can produce
a non-trivial factor of L. To do this, let R € Ep(L) be of ord(R) > 1. Then LR is divisible on the right
by L. Therefore, if z is a solution of L(y) = 0, we have that R(z) is again a solution of L(y) = 0. This
implies that z — R(z) is a linear map of the solution space of L(y) = 0 into itself. If ¢ is an eigenvalue
of this map then
(R—=c)(y) =0and L(y) =0

have a common solution. Since 0 < ord(R — ¢) < n, the gerd(R — ¢, L) will be a non-trivial factor of
L. Therefore, given R € Ep(L), the condition

gerd(R—¢, L) #1
defines a non-empty set of at most n constants and for each of these
gerd(R — ¢, L)
will be a non-trivial factor of L. The advantage of this approach is that the system Y’ = BY is easy

to compute and that it is a first order system.

Example 15. Consider the operator L = 0% in k = C(x). Its corresponding companion matriz is

A:
0 0

The matriz B =1, @ A — AT @ I, where I, is the 2 x 2 identity matriz, is

0 1 0 0

0 0 0 O
B =

-1 0 0 1

0 -1 0 0

We try to find a rational solution Y € (C(a:)z2 with Y = (yo,y1,Y2,y3 ) of the system Y' = BY,
i.e.,

Yo 0 1 00 Yo
Yo =1
Yy 0o 0 00 (7
= = QY=Y+ =
Y5 -1 0 01 Y2
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Yo = [1hde +c3
yngfyldech

yg:f(—f—yldI—Cg—fy1+02)dl'+61

If y3 = 0 and c3 = —1 then by the first equation yo = —1. On the other hand, if co = 0 in the
second equation then ys = 0 and yo = x + c3, taking cs = 0 we get yo = x. Whence Y = (—1,0,z,0).

if
R=yo+ys0=—1+ad

then R € £(0%) with ord(R) > 1. In other words, L has a right-hand factor. To find it, the condition
gerd(z0 — 1 —¢,0%) # 1
gives us the non-empty set { ¢; = 0,¢0 = —2} such that
gerd(R — ¢, L)

is a non-trivial factor of L. Therefore,

enae(o41) (o).

4.2 Factorization via Newton Polygons

The Newton polygon is a tool for understanding the behavior of polynomials over local fields. In the
original case, as we have seen in the introduction of this chapter, the local field of C[[z]] is its field of
fractions C((z)). The Newton polygon is an effective device for understanding the leading terms of

y(z) =) aza/
§>d

of the Puiseux series expansion solutions to equations

f(2,y(x)) =0,

where f € C[[z,y]]; that is, implicitly defined algebraic functions. The exponents j/n depending on
the chosen branch, and the solutions themselves are power series in C[[z'/"]] for a denominator n cor-
responding to the branch. The Newton polygon gives an effective, algorithmic approach to calculating
n and hence the y-roots of f.

In this section we present the use of the Newton polygons for factoring linear differential operators,
following the exposition of van der Put and Singer [2003], which is due to the works of Malgrange
[1979] and Ramis [1978].

Let k be a field of characteristic 0. A typical non-zero element a(z) € k((z)) can be written as

a(z) =™ Zajxj = Z aj_mx’ where ag # 0 and m € Z.

=0 jzm

The order of a, denoted by ord(a), is the exponent m of the first non-vanishing term of a. By
definition the ord(0) = oo.

Once again we consider k((z)) as a differential field equipped with derivation ' = d/dx. The ring
k((x))[0] is governed by the rule
Oxr =20+ 1.
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Consider a new indeterminate § := 20, actually 6 € k((x))[9], and denote k((z))[d] as the skew ring
of linear differential operators in the indeterminate §. Then, we have

ox = xd + x in k((x))[d].

~

By the isomorphism k((x))[d] = k((z))[0] which sends 0 to 0 and any other arbitrary operator
Z a6 Z a;(xd)",
we can represent differential operators in the form

L =a,0"+ -+ apd’ with a,, # 0. (4.2.1)

This form has several advantages, in particular if

a; = E aj;x? for all 4,

j>>—00
then by the isomorphism k((z))[d] = k[d]((x))
L= Z ajiz’ | 0" = Z ajizl st = Z I L(5)(6).
=0 \j>>—00 0<i<n,j>>—o00 j>>—00
where

L(j)(6) = Zaji(si € k[d] for j >> —c0
i=0

are polynomials in § of degree bounded by the ord(L). With this we can obtain later the multiplication

formula
(Zx%ﬂz’)(é)) ijLg(j)((D => 2™ > Li(i)(0 + §)L2(5)(6).

i+j=m

Roughly speaking, we can construct the Newton polygon N(L) of f in the following way:

The Newton polygon N (L) of an operator L is the convex hull of the union of all rectangles with
vertices (0,7), (4,7), (i,00) and (0, 00), for all points (i,75) for which 276° has a non-zero coefficient in
L (i.e., the minimal convex set containing all these rectangles)”.

Now, we are going to formalize this construction, in order to do this we need some basic definitions
like polyhedral sets and Minkowski sum, and certain ordering on the points of the plane R2.

A polyhedral set is a subset of R? that is the intersection of a finite number of closed half-planes.
For practical reasons, we will consider connected polyhedral sets with non-empty interior.

The boundary of such a set is the union of a finite number of closed line segments called edges.
The endpoints of the edges are called vertices or extremal points.

The vertices and the edges of a polyhedral set are collectively referred to as the faces of the set.

Given two subsets M; and M in R? the Minkowski sum of these two sets is the result of adding
every element of M7 to every element of My, i.e., the set

M1+M2:{m1+m2|m1€M1,m2€M2}.

In particular, any face of the sum M; + M is the sum of the faces of M7 and M. The same is true
for vertices.
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Fig. 4.1: Sets M1 and Ma, resp.
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Fig. 4.2: My + M>

For example, if we have two 2-simplices (triangles) in R?, with points represented by

M; ={(1,0),(0,1),(0,-1) } and My = {(0,0),(1,1),(1,—1) },

as we have in Figure (4.2), then their Minkowski sum is
My + My = {(1,0),(2,1),(2,-1), (0, 1), (1,2), (1,0), (0, =1), (1,0), (1, =2) }.
as we can see in Figure (4.2).
Define the following partial order in R?
(z1,51) = (22,92) <= y1 = y2 and z1 < 9.

The monomials in D = k((x))[d] are the elements of the form z™§". The Newton polygon N (L)
of L # 0 is the convex hull of the set

{(x,y) € R? | there is ™0™ in L with (2,y) > (n,m) }.
N(L) has finitely many extremal points

{(n17m1)7 ) (nr+17mr+1)}

with
0<n;<ng <+ <nypyp =n.

The positive slopes of L are

Miy1 — My

py < oo < pp with gy = and f,41 = 00.

N1 — Ny

If n; > 0 then one adds a slope pg and in this case we put ng = 0. This definition has the property
that all the slopes are > 0.

If L has only one slope = 0 then L is called regular singular.

Let f:[0,n] — R be given by
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1. f(no) = f(nl) =msj.
2. f(n;) = my for all 4.
3. f is (affine) linear on each segment [n;,n;41] .

The slopes are the slopes of the graph. The length of the slope k; is n;11 — n;. We reserve the term
special polygon for a convex set that is the Newton polygon of some differential operator.

Let b(L) denote the graph of f. The boundary part B(L) of L is

B(L) = Z O 20"

(n,m)€b(L)

Write
L=DB(L)+ R(L).

We say that Ly > Lo if the points of b(L;) either lie in the interior of N (L) or on the vertical ray
{(rg,y) [y >mep b
Clearly R(L) > B(L) and R(L) > L. We note that the product of two monomials
My = zx™16™ and My := 26"
with mq,me € Z and ny,no € N is not a monomial. In fact, the product is
™2 (§ 4 mg )™ 6", (4.2.2)

However,
B(M; M) = gmtm2gmitne,

As consequence of Formula (4.2.2) we have the formula
27 L(5)(0)x" = L(j)(6 + i) for all i > 0 and j >> —oo0. (4.2.3)

Form (4.2.1) has several advantages, because if L1, Ly € D where

Li= Y 2'Li(i)(0) and Ly = Y a7Ly(5)(9),

i>>—00 j>>—00

by Formula (4.2.3) we get the multiplication formula

(_Z m@@)) > PLG)O) | =

(4.2.4)
Y@ Y L8+ 5)La(5)(9).
m>>—c0  itj=m
The main properties of the Newton polygons are
o N(LiLz) = N(L1)+ N(L2),
e the set of slopes of L1Ls is the union of the sets of slopes of L and Lo,
e the length of the slope of LiLs is the sum of length of the same slope for L; and Lo,
for all Ly, Ly € k((z))[d].

The next theorem will provide us a way to factor linear differential operators using Newton polygons.
For a proof we refer to van der Put and Singer [2003], pp. 88.
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Theorem 7. Suppose that the Newton polygon of a monic differential operator L can be written as
a sum of two special polygons Py, Py that have no slope in common. Then there are unique monic
differential operators L1, Ly such that P; is the Newton polygon of L; and L = LiLs. Moreover,

D/DL = D/DL, & D/DL,.

We will illustrate the theorem with the next example taken from van der Put and Singer [2003].

Example 16. Let us consider the operator L = x6 4+ § — 1 where ord(L) = 2 and m = 0.

. .
rT—TT o LI I I N A DN N N N N NN NN NN BN DN B B BN B

-1 1 1 2 3 4

Fig. 4.3: N (L): Newton polygon of L

The Newton polygon N (L) of L is represented in Figure (4.3). From this figure we can see that the
Newton polygon N (L) is the sum of two special polygons Py with unique slope 0, and Py, with unique
slope 1, namely
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A .
rT—TT o T 1T T 11T T 11111171117

-1 1 1 2 3 4

A .
T T o T 11T TrT1r T 17111171171 17117

-1 1 1 2 3 4

Fig. 4.4: Specials polygons P; and Pa, resp.
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By Theorem (7) we want to find Ly, La € k((x))[0] such that P; is the Newton polygon of L; and
L = LyLy. Suppose that
Ly = Ly(0)(6) + xLy(1)(6) + -+,

Since n1 = 1 (i.e. the abscissa of the extremal point (1,0)) and ord(L) we have L1(0)(d) is monic
polynomial of degree 1 and the L1(i)(d) have degree O for i > 0.

On the other hand, Py has no slope equal to 0, this means that L2(0)(8) is a constant. In fact
L2(0)(8) = 1, because (0,0) is an extremal point of Py. Comparing the coefficients of 2° in L = Ly Lo
we get

L1(0)(6)L2(0)(0) = L(0)(§) = L1(0)(d) =6 — 1.

Comparing the coefficients of x' we have
L1(0)(6 4+ 1) L2(1)(0) + L1(0)(8) L2(0)(8) = L(1)(3) =
§Lo(1)(8) + L1 (1)(8) = 6%
This implies that Lo(1)(0) =6 and L1(1)(6) = 0. It can be shown by induction that
L1(i)(0) = La(i)(6) = 0 fori > 2.
Therefore, the operator L factors as L = LiLs where

Li=0—1and Ly = z6 + 1.

4.3 Factorization via Newton Polynomials and Coprime Index 1

From Malgrange [1979] we know that an element of k((x))[0] which has only one slope in the Newton
polygon and which has an irreducible Newton polynomial is irreducible in k((x))[0]. He shows that
in the following two cases a differential operator L € k((x))[d] is reducible in this ring and how a
factorization can be computed:

1. An operator with broken Newton polygon (i.e. more than one slope).

2. An operator with one slope > 0 where the Newton polynomial is reducible and not a power of
an irreducible polynomial.

In van Hoeij [1997a] these two cases of factorization and the factorization of regular singular oper-
ators are unified in the so called coprime index 1 factorization.

Since the elements of k((x)) consist of infinitely many terms, only a finite number of them can be
computed. This means that a factorization can only be determinated up to some finite accuracy.

We start this section with some basic definitions like filtered ring, filtration and associated graded
ring. These important concepts will become very useful, since often information can be obtained by
passing from a ring with a “natural” filtration to the associated graded ring, and then translating the
result back to the original ring. In particular, this is useful if the ring is filtered by (additive) subgroups,
such that the associated graded ring is commutative.

A filtration of a ring D is a chain of additive subgroups D; of D, such that

1€Dg, ---D2D;-1DD; > Djy1D---, i €Z,with

DiD; C Dy for all i, j € Z, and D = | ] D;.
i€L
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A ring equipped with a filtration is called a filtered ring.
A grading {D,};cz of the ring D is a sequence of additive subgroups D; of D such that

D =P D; and D;D; C Dy for all i, j € Z.
1€Z

A ring with a grading {D;} is called graded. The elements of D, are called homogeneous of
degree i. A homogeneous element of R is simply an element of one of the groups D;. If f € D, there
is a unique expression for f of the form

f:f0+f1+ WithfiGDiadejZOfOI'j>>0,

the f; are called the homogeneous components of f. In particular, the component Dy is a subring
of D containing 1p.

Let D be a filtered ring with a filtration { D, },cz. The associated graded ring, denoted by gr(D)
is defined as
gr(D) = @ D;/D; ;1 (as additive groups),
i€z

equipped with the obvious addition and multiplication given by
(r+Diy1)(s+ Dji1) = (rs+ Djqj41), for r € D;,s € D;.
The symbol map o : D — gr(D) is defined as:
0(0) =0, and o(f) = f+ Djy1 if f € D\Dj41.
Let D be a ring, a discrete valuation on the ring D is a map v : D — Z U {oco} such that
e u(fg) = () +v(9).
o o(f +g) = min(v(f), 0(g), and
e v(0) = oo,
for all f,g € D. As a consequence of the first two properties we have

o(f +g) = min (v(f),v(g)) if v(f) # v(g).

A valuation v defines a filtration on a ring D as follows

D;={feD|u(f)=i}.

For a positive integer a the set Dy/D, has the structure of a ring.

For a ring D with a valuation v we define a truncation o, with accuracy a for non-zero elements
f € D and a positive integer a as follows

Ua(f) = f + Dv(f)+a € D'U(f)/Dv(f)+a~

Let k be a field of characteristic 0 and consider the ring D = k((x))[d], where 6 = 20 € k((z))[0].
Let L € D be a differential operator given by

_ § j §i
L= ajixjé .
Jrt

Let s € Q be a rational number with s > 0, write s = u/d with u,d € Z, ged(u,d) =1 and d > 0.
Then the function v, : D — Z U {oo} given by

Vg Zajixjtsi = inf{jd —iu : aj; # 0},
Iy
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defines a discrete valuation on D. We take infimum instead of minimum for formal reasons with respect
to the zero operator. As mentioned above, the valuation v, gives a filtration (D;);cz

D; = {L € D|vy(L) > i}
and a truncation o, s with accuracy a
0a,s(L) =L+ Dy (1)+a € Dy, (1)/ Dy, (L)+a-

To o1 for L € D corresponds the so-called Newton polynomial Ns(L) of L for slope s (which
does not correspond to the usual definition of the Newton polynomial), and roughly speaking we can
compute it in the following way:

“The length [(s) of a slope s in the Newton polygon N (L) is defined as the length of the projection
of this slope onto the z-axis. The Newton polynomial Ns(L) is a polynomial in a new indeterminate
T of degree

I(s)

d’
and its monomials can be computed from the points which lie exactly on the slope s and the leading
cocfficients of the corresponding a;”.

In particular, o1 4(L) is an element of

D= U D;i/Diy1.
€L

A multiplication is defined for elements of D, and an addition is only defined for f,g € D which
are elements of the same D;/D;.1. There is a k-linear bijection N! : Dy/Dy — k[T] which is also a
ring isomorphism if ¢ = 0. If ¢ = 0 then N/ is defined by

%64 — T

For every i € Z there is a unique pair of integers u;, d; with
0 <d; <dand vy (z"6%) =i
such that the map ¢; : Do/D1 — D;/D; 1 defined by
pi(a) = 2"16%q
is a bijection. Now, for s > 0 let N/ : D;/D;+1 — k[T be defined by
Ni(a) = N; (¢; '(a))

as we see in the next diagram
!/

Do/Dy ——2 s k[T]
/‘f
2 N
P e
Di/Di+1

N/ is also defined for non-zero elements of L € D as N/ (01,5(L)). For slope s = 0 define the Newton
polynomial Ny(L) as N{(L). By Formula (4.2.4) the following property follows for Q, R € D

No(QR) = Sr—11v,(r)(No(Q))No(R).

Here St—14v,(r)(No(Q)) means No(Q) with T" replaced by T'+vo(R). For slope s > 0 we have the
following property for Q, R € D
N{(QR) = TP N(Q)N(R).
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Here p is either 0 or 1, depending on the slope s and the valuations vs(Q) and vgs(R). Let i = v5(Q)
and j = vs(R). Then
¢Z(1) : ¢](1) = IUi+uj 5di+dj mod Di+j+1-

This is either equal to ¢;4;(1) or 2“6%¢;+;(1) mod D, ;41, depending on whether d;+d; is smaller
than d or not. In the first case p = 0, in the second case p = 1.

Now, for s > 0 define the Newton polynomial Ns(L) of L for slope s > 0 as N/(L) divided by T
to the power the multiplicity of the factor T'in N/(L). Then

Ns(QR) = Ns(Q)Ns(R)
for s > 0 and for all @, R € D. If s > 0 then

Ul,s(Q)ULs(R) = Ul,s(QR) = Ul,s(R)Ul,s(Q)
for all @ and R in D. If s = 0 then

UI,S(Q)ULS(R) =01s5(QR) = S—vs(Q) (01,5(R)) - Svs(R) (01,5(Q)) -

So 01,5 is commutative (i.e. is the same for QR and RQ) if s > 0. If s = 0 then o0y 5 is commutative
up to substitutions S_,, gy and S, (r) which map d to ¢ plus some integer.

The Newton polynomial is useful for factorization in D because if L = QR then 01 5(Q)o1 s(R) =
01,s(L). So a factorization of L induces a factorization of the Newton polynomial.

The roots of No(L) in k are called the exponents of L. If L € D is regular singular (i.e. L has
only one slope s = 0, or equivalently deg(No(L)) = ord(L)) and all exponents of L are integers, then
L is called semi-regular.

Property: If L = QR then the Newton polynomial of the right-hand factor N,(R) divides Ng(L).
However, for a left-hand factor this need not hold. But if s > 0 or if vg(R) = 0 (for example if R is

regular singular and monic) then
NS(L) = NS(Q)NS(R)

so in such cases N;(Q) divides N, (L).

Example 17. Consider the operator

2 . 2 _ .
L:5s+<2wjl>52_(%;1)5+<$§1):
X X T

—x Bl a0+ 22— 20+ 2R 22760 4+ 60 =
3 (=14 0) + a3 (—1+0+ 63 + 2711 —20 4 6%) + 6%

The Newton polygon N (L) of L is given in Figure (4.5), where the slopes are s = 0,1, and 2. We
compute the Newton polynomial Ns(L) of L for the slope s:

1. Compute the deg(Ng(L)) using l(s) the length of the slope s.

2. Compute the monomials using the leading coefficient of the points which lie exactly on the slope
s.

e For s =0 we get

I(s) 1(0) 1
deg(No(L)) = —+=—+=-=1
eg(No(L)) 1 1 1
and for the points (0, —3) and (1, —3) we have ap,—3 = —1, a1,—5 = 1. Then,

No(L) = ap,-3 + ai,—3 T=-1 + T.
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Fig. 4.5: Newton polygon of L

e For s =1 we have
deg(N1(L)) =
and for the points (1,—3) and (2,—2) we have a1,_3 =1, and as _o = 1. Then,
Ni(L)=a1_s+as sT=1+T.
e For s =2 we get
deg(N2(L)) =
and for the points (2,—2) and (3,0) we have ag o =1 and aso = 1. Then,

NQ(L) = a2,-2 + 3.0 T=1 + T.

Now let us compute the Newton polynomial in the formal way using the valuation vs for each of the
slopes. For s =0 we have u =0, d =1, whence

vo(L) = inf(—3.1 — 0.0, -2.1 — 0.0, —1.1 — 0.0, —3.1 — 1.0,
-21-10,-21-1.0,-2.1-2.0,—1.1 —2.0,0.1 — 3.0) =
inf(—3,-2,—1,-3,-2,—1,-2,—1,0) = —3.
’U()(L) = 3.
1

For s = 5 we have u =1 and d = 2, whence

vy (L) = inf(—3,-2,—1,-4,-3,-2,—4, -3, —3) = —4.
V1 (L) = —4.
For s =2 we have u =2 and d = 1, whence

vo(L) = inf(=3, -2, —1, =5, —4, -3, —6,—5, —6) = —6
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Fig. 4.6: Newton polygon of L

V2 (L) = —6.

On the other hand, the truncation for each of the slopes are
01,0(L) = L+ Dyyrys1 € Dog(r)/Dugrys1 = o010(L) =L+ D_3€ D_3/D_».
Similarly,
o11(L)=L+D_y € D_4/D_3, ando12(L) =L+ D_g € D_s/D_s.
Now, we need to compute the polynomials N.(L) for all the slopes,
e For s =0 the bijection N{ : Do/Dy — k[T] is defined by
Ng(2°6') = N§(6) = T.
Now, for i =vo(L) = =3 and d = 1 we have 0 < d; < 1 and vo(x*§%) = —3 that means

di=0 and u1.1—-d;.0=-3 = u; = —3.

Let ¢_3: Dy/Dy — D_3/D_q be defined as

$_3(a) =2%%a=2"a

whence
NH(L) = Nf (01,0(L)) = N(L+ D_3) = Nj(—273 + 2726) =
—N§(x73) + Nj(2736) = —N§ (¢=3(x)) + N (¢Z3(20)) =
—Ny(1) + N)(6) = —1+T.
Therefore,

Ni(L)=—-1+T = No(L)=1+T.
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For s =1 the bijection Ny : Do/Dy — k[T] is defined by
Ni(z'6') =T.
Fori=wv1(L) =—4 and d = 1 we have

0<d_4<1 and vl(x“*‘l(;d*‘*) =4

that means
dy4=0andu_41—-d_4.1=—-4 = u_13=—4.

Let ¢_4: Do/Dy — D_4/D_3 be defined by

é_4(a) =27*% =2 7"a

whence
Ni(L) = Ni(o11(L)) = Ni(L + D_4) =
Ni(a™%6 +2726%) = N{ (¢Z4(x0)) + Ny (924(2%6")) =
Ni(z6) + N{(2?6*) =T+ T*=T(1 +T)
Therefore,

Ni(L)=N{(L)/T=1+T.
For s = 2 the bijection N} : Dy/Dy — k[T] is defined by
Ny(z?6Y) =T
For i =wvy(L) = —6 and d = 1 we have

0<d <1 and vy (z"~96%°) = —6

that means
d_¢g=0 and u_gl —d_g.1=—-6 = u_g=—6

Let ¢_¢ : Dy/D1 — D_g/D_5 be defined as

b_¢(a) =27%% = 27 %

whence
N3(L) = Ny(01,1(L)) = N3(L + D_g) = Ny(z726% +6°) =
N3(x720%) + N3(6%) = Ny (6Zg(2"0%)) + N3 (9Z5(a°0%)) =
Nj(2*6%) + Ny (%63 = T> + T3 = T?(1 + 7).
Therefore,

Ny(L) = Ny(L)/T* =1 +T.
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Suppose that L € k((x))[d] is monic and L = QR is a non-trivial factorization, where @ and R are
monic elements of k((x))[d]. The coprime index of a factorization L = QR is the smallest positive
integer t for which the following holds:

For all integers a > ¢t and monic elements @ and R of D, if

Ua,S(Q) = Ua,S(Q) and Ua,S(E) = Ua,S(R) and Uath,s(@ﬁ) = Ja+t,S(L)

then

Ja+1,s(Q) = JaJrl.,s(Q) and 0a+1,8(§) = 0a+1,S(R)~

Coprime index 1 means that ged(@, R) = 1 and then the factorization can be lifted by the usual
Hensel lifting algorithm. In this case we must solve a system of the form

ZJLS(R) + Ul,s(Q)T =49

where ¢ is computed by multiplying the so far computed truncations (called é and E) of @ and R and
subtracting this product from L. This equation can be converted to an equation

qRo+1Qo =g

for certain ¢, 7, Qo, Ro,g € k[T] and ¢, unknown. Such an equation can be solved by the Euclidean
algorithm.

Now the question is:
How to compute 04+1,5(Q) and 0441,5(R) from o4 5(Q),04,s(R) and L?

Suppose that ¢ < a, we will use indeterminates for those coefficients of 044+(Q) and o441t s(R)
which are not yet known. Then the equation

Oatt,s(QR) = 0qpt,s(L)

gives a set of equations in these unknowns. ¢t < a is needed to ensure that all the equations are linear.

Coprime index ¢t means that 044+ s(Q) and o4+ s(R) can be uniquely determined from these linear
equations. A truncation
Ua,S(R) =R+ DUS(R)Jra

is store as an element R € K[z, 1/x,6] with no terms in D, (g){,. Now write
r = Z ’I“jixjéi
Jri

where the sum is taken over all j,4 such that
vs(R) +a < wy(276") <ws(R) +a+t and i <ord(R).
Here r;; are indeterminates. We set
rj; = 0 for i = ord(R), and j # 0

and set
rj; = 1 for i = ord(R), and j = 0.

Similarly write @ and ¢. Now look for values for the [;; and 7;; such that
R+r and @ +q

approximate R and @ up to accuracy a + 1. If the coprime index is ¢, the accuracy is at least a + 1 if
the following holds:

Garts ((Q+0)(R+7)) = 0ura(L),
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or equivalently _ _
(Q+q@(R+7r)=L mod Dy (1)4a+tt

(Q+q)(R+7)=QR+qR + Qr+ qr.
To determine

q-l§ mod DUS(L)—&-a—l-t

it suffices to have R up to accuracy t because

vs(q) +vs(R) > vs(L) + a.

Similarly v +(Q) suffices to compute

@7‘ mod Dy (r)4a+t-

vs(gr) > vs(L)+a+a>vs(L)+a+t

so qr vanishes modulo D, _(r)q+¢- Hence

L= @R + qat,s(é) + 0,578(@)1" mod Dy, (1)+att-

By equating the coefficients of the left-hand side to the coefficients of the right-hand side (the
coefficients of all monomials of valuation < vs(L) 4+ a + t) we find the linear equation in g¢j; and r;;.

To determine these equations we must multiply ¢ by o(R), (= 04,s(R) because R equals R up to the
accuracy a and t < a) which is the lowest block of R with slope s and with ¢ in the Newton polygon
of R. Similarly we must compute oy 4(Q)r.

Algorithm Coprime Index 1 Factorizations
Input: L € k(())[d], L monic

Output: All monic coprime index 1 factorizations L = QR in k((x))[d] such that does not have a
non-trivial coprime index 1 factorization.

Note: The definition of coprime index 1 depends on the valuation that is chosen on k((z))[4].
for all slopes of L do

g:= Ns(L)
Compute a prime factorization of g in k[T, g = cg7* ... g5,
where the g; are the different monic irreducible factors and ¢ € k.

if s =0 then

M :={g1,..., 9}

N:=M\{geM |3heMANieN st g(T)=h(T+1i)}
else

N=A{gi"s- - 97}
end if
for hin N do

Write h = TP + hy,_1 TP~ + -+ + hoT°.

Write s = u/d with d > 0 and ged(u,d) =1
(if s=0thenu=0,d=1)

R:= 67 ¢ hp_lx’"5(p71)d + hp_2x72”5(p72)d+

. (4.3.5)
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Now R has Newton polynomial h. We want to lift Rtoa right-
hand factor R such that R is R modulo Dq;<(§)+1'

Q := an operator such that oy (L) = 01 ,(QR).

@ is uniquely determined by requiring that @ has no
monomials of valuation > vs(Q).

L, @7 R with the lift algorithm gives a factorization L = QR
end do

end do

Example 18. Let us consider again the operator of Example 17
L=—as3—2242 4235 +2720 — 22710+ 27 26% + 227162 + 63,

where the slopes of the Newton polygon are s = 0,1, and 2, and the Newton polynomials for each of
the slopes are
No(L)=—-1+T, Ny (L)=1+T, and No(L) =1+T.

We want to_find operators R which has Newton polynomial Ng and also operators @ such that
01,s(L) = 01,5(QR) for each of the slopes.

e Fors=0 we haveu=0 and d=1, N ={T — 1} with p = 1. By Equality 4.5.5,
R=36"+(—1)a%"'=6—1,

then

vo(R) = inf(0.1 — 1.0,0.1 — 0.0) = inf(0,0) = 0
and . .
01,0(L) =010(QR) = L+ Dyyr)11 =QR+D, gry1 =
L+D_311=QR+D, 51 = L+D2=QR+D, g

In particular,

2= u(@)+1 = v(Q) = —3.

Whence, e ~
L+D 2=QR+D 5 = -z 3+23=Q0—-1) =
pH =148 =Q[F—1).
Thus, @ =3,
e Fors=1we hawveu=1andd=1, N ={T+ 1} with p=1. By Equality 4.5.5,

R=6"+12"1"=§+a271,

then B
v1(R) =inf(-1.1-0.1,0.1 — 1.1) = inf(-1,-1) = -1

and
0'1,1([/) = 0’171(QR) = L+ DUI(L)+1 = QR_‘_Dvl(@ﬁ)—i—l =

L+D 411 =QR+ Dvl(é)+v1(§)+1 = L+Ds=QR+ Dvl(@)—1+1'
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In particular, v1(Q) = —3. Whence,

L+D_s5=QR+D_5 = 2 30+2 26+2 22 =Q(z ' +4) =

272z 40 =Q 7 +06) = Q=ua"%.
Thus, @ =24,
For s =2 we have w =2 and d =1, N = {T — 1} with p = 1. By Equality 4.5.5,

R=06"4+(-1)z72° =6+ 272,

then _
va(R) = inf(—2.1 — 0.2,0.1 — 1.2) = inf(-2, —2) = -2,

and
0'1}2(.[/) = Ul,g(QR) = L+ DUQ(L)+1 = QR + Dvg(éﬁ)-l—l =

L+D_gi1=QR+ D @u@+r = Lt Ds= QR+ D, &)-2+1-

In particular,

S5=10(Q) =1 = 12(Q) = —4.

Whence, s _
L+D 5=QR+D_5 = 222 +6*=Q (72 +9).

It is easy to verify that there is no operator é with vg (@) = —4 which can satisfy the last equality.
In fact,
x7262 4073 = (x72 4 6)6?

but mot on the left, because it is also clear by the non-commutativity of the multiplication in D,

that
(x72 4 6)6% # 6%(x2 +0).

Now, we want to lift CNQ and R to Q and R. Let q,v € D be given by

q= Z qjixjéi and r = erimjdi,
i I

where qj; and r;; are unknowns and the sums are taken over all j,i such that

05(Q) + 1 < vs(276%) < v5(Q) + 2 and vs(R) +1 < vs(276") < vy(R) +2 =

respectively. So,

@+ Q) (R+7)+ Dy, ry11 = L+ Dy (r)41.

Then we have also

0 for i=o0rdQ) andj #0 0 for i=ord(R) and j #0
qji = ~ y Tji = _ s

1 for i=ord(Q)andj=0 1 for i=ord(R) andj=0

qfr € DUS(L)+1'
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e Fors=0 we haveézé—l, @zw“g and for q we get
00(Q) + 1 < vp(2767) < vo(Q) +2 = —2 < wp(a?d’) < —1 =
vo(278%) = —2,

for r we get B o B o
vo(R) +1<wv(2’0") <m(R)+2 = 1<v(2/d") <2 =

vo(x96) =1,

m turn
qo2 =1 and q;2 for j #0, and ro1 =1 and r;1 for j # 0.

Whence,
r=ry0x and q = q_20x72 + q_11m715 + 62

Substituting the product @E and the operator L in the equality
QR+qR+Qr=1L,

we obtain, B B
27260 — 1)+ Qr+qR=

—r Pt a3 220 - 207 S 2262 + 227 6% 4 60
After some computations and simplifications we get
q—207" %0 — qo0x 2+ g 1z 6 — gz 6 — 6% + ot =

—x 24 42— 2+ 2202+ 22712 =

q-20 = 1
g-11 = 2
Qo = 0
52— gl 252

This system is not feasible because x is an indeterminate and it is not equal neither 0 nor 1.
However, if we take the obtained values for the coefficients and substitute in q and r then

=z 54+ 6%andr =0,

and afterwards in Q and R we get

Q=242+ and R=6 -1,

we see that indeed these two possible factors do not lead us to a factorization of the operator L.
e For s =1 we have we have R = x~! + d, @ = 272§ and for q we get
v (Q) +1< (@70 <0 (Q)+2 = —2< v (aF) < -1 =
v1(276") = -2,

for r we get

vi(R)+1 <0 (2’6) <vi(R)+2 = 0<u(276') <1 =
vy (276%) = 0,
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m turn
qo2 =1 and q;2 for j #0, and ro1 =1 and r;1 for j # 0.

Whence,
r=roo and q=q_sx > +q-nz 6+ 6%

Substituting the product @R and the operator L in the equality
QR+qR+Qr=1L,

we obtain, _ _
2720+ 6) + Qr+qR =

—z el e300 — 207 o 4 202 + 227167 4 63,
After some computations and simplifications we get
q—207"> + (q—20 + q-11 + r00)2 %6 — q_112 > + -1z '8 =

—x 24274718 =

q-2,0 = 0 G20 = 0
q—20+q-11+7100 = 1 =<qg-11 = 1.
qd—1,1 =1 70,0 = 0
So,
g=2"15+6% and r = 0.
Therefore,

Q=z2+2"%94+6%andR=2""+4

are the factors of the only coprime 1 factorization of the operator L. Actually, Q and R are a left-hand
factor and a right-hand factor, respectively, of the operator L.

4.4 The van Hoeij’s Factorization Method for Computing a Right-Hand Factor

In this section we will present the van Hoiej’s methods to factor differential operators that are not
based on Beke’s algorithm. In van Hoeij [1997b], he uses algorithms to find local factorizations (i.e.
factors with coefficients in k((z)), where k is a field of characteristic zero) and applies an adapted
version of Padé approximation to produce a global factorization.

In order to do this, one should make a good choice of a singular point p of the operator L and a
formal local right-hand factor of degree 1 at this point. After a translation of the variable (z +— z+p or

x +— z~1) and a shift @ — 9+ e with e € k(z), the operator L has a right-hand factor of the form 8—%
with an explicit y € k[[z]]. Now one tries to find out whether % belongs to k(). Equivalently, one tries

to find a linear relation between y and 4’ over k[z]. This is carried out by a Padé approximation. The
method extends to finding right-hand factors of higher degree and applies in that case a generalization
of the Padé approximation.

This local-to-global approach has been implemented in MAPLE V.5. We start this section, which is
extracted from van Hoeij [1997b], with some basic definitions like ramification of a field and ramification
index, and the construction of the universal extension of a differential ring.

A ramification of the field k((x)) is a field extension k((x)) C k((r)), where r is algebraic over
E((x)) with minimum polynomial ™ — ax for a non-zero a € k and positive integer n. If a = 1 this is
called a pure ramification.



4. Advanced Methods 89

For r € k((x)) (not necessarily with minimum polynomial r" — ax), the ramification index
of , denoted by ram(r), is the smallest positive integer n for which r € E((x'/™)). If K is a finite
algebraic extension of k((x)) then the ramification index of K is the smallest positive integer n for
which K C k((z'/™)).

All finite algebraic extensions k((x)) C K are of the following form:
K =1((r)
where k C [ is a finite extension and I((x)) C I((r)) is a ramification.

Let V be the universal extension of k((z)), i.e., the differential ring extension of k((x)) consistent
of all solutions of all L € D = k((x))[d], which is constructed as follows:

Define the set

= E|zt/n] .
E nLEJNk[:r }

Consider Exp(e) and log(x) as indeterminates and define the free k((x))-algebra W in these inde-
terminates

W = k((z)) [{ Exp(e) |e € E },log(z)] .

Define the derivatives 1
Exp(e) = EExp(e) and log(z) = —.
x x

This turns W into a differential ring. We can think of Exp(e) as

Exp(e) = exp (/ ;)

because x% acts on Exp(e) as multiplication by e. Define the ideal I is generated by the following
relations:
Exp(e; + e2) = Exp(e1) - Exp(ez) for e1,e2 € E

and

Exp(q) = 27 € k((z)) for ¢ € Q.
This ideal is closed under differentiation. Now define V' as the quotient ring V' = W/I, hence V is
a differential ring with k the field of constants of V. For e € E denote
Ve = Exp(e). (k.k((2))[e]) [log(x)] C V-
Note that - -
kk((2))]e] = Bk ((xl/)) le]
where n is the ramification index of e. Define ~ on E as follows:

1
ram(eq )

Z

€1~ ey & e —ecE

i.e., e — ey is an integer divided by the ramification index of e;. Then

Vel :‘/;32 < €1 ~ €y
so V, is defined for e € E/ ~. Denote the set of solutions of L € D\{0} in V as V(L). This is a k-vector
space. Since every L € D\{0} has a fundamental set of solutions in V' it follows that

dim(V (L)) = ord(L).

The number dim(V' (L)) is useful for factorization because it is independent of the order of multi-
plication, i.e.

dim(V (fg)) = dim(V (gf)).



4. Advanced Methods 90

Now split V(L) in a direct sum and look at the dimension of the components

V:@Ve.

eCE/~
The V, are k-linear spaces and also D-modules. So
Ve(L) C Vg for all L € D\{0}
Then L(V,) = V. because L is surjective on V. The kernel of L on V is denoted by
Ve(L) =V (L)N V..

Denote
pe(L) = dim (Ve(L)) .

This number is called the multiplicity of e in L. The multiplicities u. are useful for factorization
because they are also independent of the order of the multiplication, e.i., if f,g € D\{0} then

pe(gf) = pe(fg) = pe(f) + p(g).

It is also follows from the fact that the dimension of the kernel of the composition of two surjective
maps equals the sum of the dimension of the kernels.

An element e € E/ ~ is called an exponential part of L if u.(L) > 0. The sum of the multiplicities
of all exponential parts of L equals the order of L.

Let e € k((x)). Then the substitution map S, : D — D is a k((x))-homomorphism defined by
Se(6) =08 +e,
which is a ring automorphism. Then,
V(L) = Exp(e) - V(Se(L))-

Let L € D\{0} and e € E. Let n be the ramification index of e. Let P = Ny (Sc(L)) be the Newton
polynomial corresponding to slope 0 in the Newton polygon of S.(L) € k((z'/™))[6]. Now p.(L) is
defined as the number of roots (counted with multiplicity) of P in %Z. If e; ~ e then

e, (L) = pe, (L) for all L € D\{0}

hence p.(L) is defined for e € E/ ~ as well.

Let K be a finite algebraic extension of k((z)) and let L € KJd]. Then L is called semi-regular
over K if L has a fundamental system of solutions in K[log(x)]. This is equivalent to the following two
conditions

e [ is regular singular.

e The roots of the Newton polynomial Ny(L) are integers divided by the ramification index of K
over k((z)).

Note that the definition of semi-regular depends on the field K. For L € D we have
po(L) = ord(L)
if and only if all solutions of L are elements of
Vo =k - k((x))[log(x)]

if and only if L is semi-regular over k((z)). A regular operator is semi-regular as well.
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For a point p € P}(k) = kU {oc} let I, : k — k be the k-automorphism defined by

z+p ifpek
lp(z) = .
1/z ifp=oc

It can be extended to a ring automorphism of k(z)[d] by defining

0 ifpeck
lp(a) =

—2%20 ifp=oc0

For any differential operator L € k(x)[d] the operator I,(L) viewed as an element of k((z))[d]
instead of k((x))[d], is called the localization of L at the point x = p.

Let e € E/ ~, L € k(x)[0] and p € P'(k). Define

frep(L) = pie(lp(L))-

If pie p(L) > 0 then e is called an exponential part of L at the point p, and the number g, (L)
is called the multiplicity of ¢ at the point p.

If p is a semi-regular point of L then L has only a trivial (i.e., zero module ~) exponential part at

Denote by p.(L) : (E/ ~) x PY(k) — N the function which maps (e,p) to pep(L). Then, for
f, g € k(x)[0] we have
ps(fg) = pa(f) + 1 (9)-

Let L € k(x)[0] and suppose a non-trivial factorization L = QR exists with Q, R € k(x)[0]. We
want to determine a right-factor of L. This could be done if we knew a non-zero subspace W C V(R).
We only know that V(R) C V(L) but this does not give any non-zero element of V(R).

For any exponential part e of L at a point p € P!(k) we have (after replacing f, L, R by [,(L),1,(Q),1,(R)
we may assume that p = 0)

Ve(R) C Ve(L) and p1¢(Q) + pre(R) = pre(L).

Suppose that we are in a situation where p.(Q) = 0. Then the dimension of V.(R) and V. (L) are
the same and hence we have found a subspace V.(L) = V.(R) of V(R), i.e.,

V.(L) C V(R).

Then we can factor L. Note that we do not necessarily find the factorization QR, it is possible that
instead of R a right-hand factor of R is found. In other words

Se(Re) € k((x))[e, ]
is a right-hand factor of R, where R, is the semi-regular part of f.

We want to have a local right-hand factor r of R. There are several strategies:
1. We can take r = S_.(R.), or we can take a first order right-hand factor in k((x))[e, 6] of S_.(Re).

2. Another strategy, to speed up the algorithm, is first to try to factor L in k(x)[0] instead of k(x)[0)].
If no factorization in k(z)[d] is obtained, then we can get rid of the computations afterwards to
search a factorization in k(x)[0].
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If we want to factor L in k(z)[0] then we can take r € D of minimal order such that S_.(R.) is a
right-hand factor of r. So, depending on whether we want to factor L in k(z)[0] or in k(z)[0], we have
a right-factor r € k((x))[0] or r € k((z))[e, d] of R.

From now on assume that » € D, the other case works precisely the same (just replace k by k).

Let n = ord(L). The goal is to compute an operator
R=ag0% + -+ apd® € k[z, 0]

that has r as a right-hand factor. Here d should be minimal. Because r divides both L and R on the
right it also divides gerd(L, R). Then

gerd(L,R) =R
because d is minimal. We conclude that R is a right-hand factor of L. If d < n a non-trivial factorization

is obtained this way:.

There are two ways to choosing the number d. The first is to try all values d = 1,2,...,n — 1.
Suppose that for a certain d we find an R that has r as a right-hand factor and for numbers smaller
than d such R could not found. Then d is minimal and hence R is a right-hand factor of L.

The second approach to take d = n — 1. If we find
R=ag0" + -+ apd® € k[x, 0]
that has r as a right-factor we can compute gerd(L, R). This way we also find a right-factor of L.

Sometimes it is possible to conclude a priori that there is no right-hand factor of order n — 1. If for
instance all irreducible local factors have order > 3 then the order of a right-hand factor if < 3 and so
we can take d = n — 3 instead d = n — 1.

We can compute a bound N for the degree of the a;. So the problem now is:

Are there polynomials a; € k[z] of degree < N, not all equal to 0, such that r is a right-hand factor
of
R:ad8d+~~+a080 ?

Let m be the order of r. The D-module D/Dr is a k((x))-vector space of dimension m with basis
%0, ..., 0m L. Write 0°,0,...,0% on this basis as vectors vy, ...,vq in k((z))™. Now multiply
v, . .., Uq with a suitable power of x such that the v; become elements of k[[x]]™. r is a right-factor of
R if and only if

agvg + -+ aqug =0

in E[[z]]™. This is a system of linear equations with coefficients in k[[z]] which should be solved over
k[z]. One way of solving this is to convert it to a system of linear equations over k using the bound
N. A much faster way is the Beckermann-Labahn algorithm Beckermann and Labahn [1994]. Their
method is the following.

Sketch of the Beckermann-Labahn algorithm
e Let M; C k[z]?*! be the k[z]-module of all sequences (ag,ay,...,aq) for which
v(agvg + + -+ + aqug) > i.

The “valuation” v of a vector is defined as the minimum of the valuation of its entries. The
valuation of 0 is infinity.

e Choose a basis ( as k[z]-module) of Mj.

e For i =1,2,3,... compute a basis of M; using the basis for M;_;.
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Define the degree of a vector of polynomials as the maximum of the degree of these polynomials.
From the basis for M; we can find a non-zero polynomial A; € M; with minimal degree. Suppose there
exists such

R=aq0"+ -+ apd° € k[z,0)

having r as a right-hand factor. Then there exists such R with all
deg(a;) < N

where N is a bound we can compute. So then there is a non-zero (ao, . ..,aq) of degree < N which is
an element of every M;. Because of the minimality of deg(A4;) it follows that then deg(A;) < N for all
i. So whenever deg(A;) > N for any i we know that there is no R € k(z)[0] of order d which has r as
a right-hand factor.

Algorithm Construct R

Fori=10,1,2,... do

e Compute M; and A; € M; of minimal degree.

o If deg(4;) > N then RETURN “R does not exist”.

o If deg(Al) = deg(Ai_3) then

Comment: The degree did not increase 3 steps in a row so it is likely that a right-hand factor is
found.

If A; = (ao,...,aq) then write R = aqd? + - + apd°. Divide by a4 to make R monic. Test if
R and f have a non-trivial right-hand factor in common. If so, return this right-hand factor,
otherwise continue with the next .



5. CONCLUSIONS

In this thesis, starting from an overview of symbolic factorization of linear differential operators, a new
result — a procedure for factoring second order partial differential operators — was presented. Beginning
with the ring of linear differential operators the research took us — through differential Galois theory
and the body of methods for finding rational and exponential solutions of linear differential equations —
to the state of the art: Singer’s eigenring factorization algorithm, factorization via Newton’s polygons,
and the van Hoeij’s methods for local factorization.

In Chapter 1, we presented an algorithmic solution of the problem of factoring second order linear
partial differential operators. Based on purely algebraic methods and by using techniques of differential
algebra, we solved the problem in its original settings.

In contrast with the case of ordinary differential operators, the advantage of this approach is that,
in the most general case, it is not necessary to solve a Riccati equation for partial differential operators.

Comparing our method with other known ones, we have found that:
e Compared with (Miller [1932]), our work is characterized by the following.

— We do not only propose a possible right factor but rather we find the factorization when it
exists, without appealing to the necessity to define new structures or to extend the original
domain in which we are working.

— While Miller found only a possible right-hand factor, we devise a complete factorization of
the operator, and, in each case, we avoid dividing the operator by the right-hand factor.

— We do not make a case distinction, since we propose to find a square root and to solve a
system of two linear equations in two unknowns plus one first order linear partial differential
equation.

— If the square root exists and if the system of algebraic equations which we obtain has a
unique solution, we consider the extra linear partial differential equation. The extra partial
differential equation is used as a test equation, rather than been used as an additional
condition.

e Comparing our approach with the Hensel descent of Grigoriev and Schwarz [2004], for second
order linear differential operators we have found following.

— We need neither to define new objects nor to work in another algebraic structure, because we
find the factorization at once in the domain of definition of the linear differential operators.

— Instead of solving the problem by reformulating it in a commutative ring, we solve it in the
original non-commutative setting.

— We do not need to apply undetermined coefficients, after applying polynomial factorization
in each particular case. This reduces the complexity of our approach.

We would like to mention also that:

e The structure of Theorem (2) proposes an algorithmic method, algorithm g¢l1, whose proof of
correctness is given by the proof of Theorem (2). This method can be easily implemented in any
computer algebra system;
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e The method above has been generalized to operators of third order, but this results in a more
complicated system of equations. In contrast to the second order case, we must solve certain
differential equations, which, in particular cases, are simplified with the aid of characteristic sets.

In Chapter 2 we have introduced a formula for the complete factorization of a given element of the
ring of linear differential operators. This factorization is always possible when a fundamental set of
solutions of a differential equation is available. With the formula above we have explained, in a direct
way, the classical Beke algorithm (Beke [1894]) and its variants, as well as the algorithm LODEF by
Schwarz [1989], and the Beke-Bronstein algorithm Bronstein [1994].

We can summarize Beke’s algorithm in the following way:

e For first order right-hand factors, the idea is to find a rational solution of the Riccati equation
associated with the linear scalar equation defined by the linear differential operator. If this Riccati
equation has a rational solution, then it is also at once an exponential solution of the linear scalar
equation. This exponential solution yields a first order right-hand factor.

e For searching right-hand factors of higher order, the idea is to determine the coefficients of the
possible right-hand factor of order m, where m < n and n is the order of the given operator. After
having chosen m we have to express the associated equations for it (i.e., the differential equations
in the generalized Wronskians, of a subset of m elements, of a fundamental set of solutions of the
scalar equation); solve the equations for rational solutions; and construct a right-hand factor. If
one of the associated equations has not rational solution, then stop the process by saying that
there is not a right-hand factor of order m. Then try another m, and so on.

After almost one hundred years, Schwarz [1989] automated Beke’s algorithm, extending it to search
recursively from possible right-hand factors of order n — 1, until possible right-hand factors of order 1.
He described also a different way to find the associated equations, and implemented this procedure —
the algorithm LODEF — in the Scrachpad II computer algebra system. He then analysised the cost of
factorization of linear differential operators with rational function coefficients, estimating bounds for
the size of the polynomials in the numerator of the rational function solutions. With these ideas, he
developed the RiccatiRational algorithm, to complete the last step of the Beke algorithm, namely to
solve the generalized Riccati equations derived from the associated equations.

A faster approach — the Beke-Bronstein algorithm, Bronstein [1994] — is an efficient procedure
for computing the associated equations, based on elementary operations on sets of positive integers.
It produces many possible choices of the associated equation. The algorithm is designed to select the
simplest equations for solving. These ideas were formalized, Two years later in Bronstein and Petkovsek
[1996], in the so called “Pseudo-Linear Algebra”. The resulting theory was formulated afterwards as
operations in differential modules (Chapter 2 of van der Put and Singer [2003]).

There are several algorithms for finding rational solutions of linear differential equations, some of
them depending on the coefficient field and others on the order of the equation. For our explanation
of how to find rational solutions of linear differential equations, we have chosen an algorithm for
finding solutions of differential equations with rational function coefficients. The procedure depends
on a theorem which says that a solution can only have a pole at either a or oo, if at least one of the
coeflicients has pole either at a or co. After identifying the poles of the coefficients, we expand them
in Laurent series at each of the poles, we use indicial equations to find bounds on the numerator of the
coefficients of the solution, and with linear algebra we can find the numerators and hence the solution.

In contrast to the case of rational solutions of linear differential equations, there are few algorithms
for finding either exponential solutions of linear differential equation or rational solutions of the asso-
ciated Riccati equation, only for particular cases. We have discussed the RiccatiRational algorithm —
Schwarz [1994] — for finding rational solutions in the coefficient field of the Riccati equation associated
with a given linear differential equation. The algorithm searches for bounds on the coefficients of the
possible solution and is ultimately reduced to solving a system of linear equations. If the system is
feasible, we obtain a rational solution of the associated Riccati equation and at once a right-hand
factor of the original linear differential equation. In our example, we have simplified the application of
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the algorithm, namely the computation of the bounds given in Schwarz [1989], using the techniques
commonly applied only to rational solutions in the general case.

Recently Cluzeau and van Hoeij [2004] presented a new algorithm, based on local and modular
computation, for finding exponential solutions of differential equations with rational function coeffi-
cients. The approach reduces the number of possibilities in the combinatorial part of the algorithm.
The authors have also showed how unnecessary extensions of the constants can be avoided. Their idea
is to use information mod p in several ways, in order to speed up the computations the exponen-
tial solutions in characteristic 0. They also devised a recursive algorithm — Algorithm FindASol — for
constructing a field extension over which an exponential solution, if one exists, can be found.

We concluded this work, in Chapter 3, by presenting the known algorithms for commutative poly-
nomials with a view to adaptation, generalization, and reformulation of their analogues for linear
differential operators, as follows

e Berlekamp algorithm for the Singer’s eigenring algorithm (Singer [1996]),

e Newton polygons for geometric factorization and module decomposition (van der Put and Singer
[2003]),

e Puiseux series and local parametrization of curves for factorization via Newton polygons and the
coprime index 1 (van Hoeij [1997a]),

e Padé approximation for the van Hoeij’s algorithm for finding right-hand factors (van Hoeij
[1997D]).

In conclusion, this work presents the results of our studies in differential Galois theory, as applied
to symbolic factorization of differential operators. Starting from the clarification and systematiza-
tion of the theoretical foundations relevant to factorization, we have evolved original ideas about the
factorization of partial diffential operators and provided the thoretical foundations and algorithmic
specifications for second order linear operators. Furthemore, we have complemented the theoretical
work with a number of concrete examples chosen from relevant application areas.

This work can be extended in a number of ways. On the theoretical side, we feel that interesting
future work could be in the area of differential elimination, where our results may be instrumental
in solving linear differential equations by operators. On the applications side, the our results can
complement a computer-algebra system, by proving tools for solving a class of partial differential
equations, by factorization.
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