Exercises Algorithmic Combinatorics May 17, 2021
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Let (fn)n>0 and (gn)n>0 be sequences. Prove that the difference operator satisfies the
product rule

An(fngn) = (Anfn)gn + fn+1(A9n), n > 0.
Use this law to deduce the formula for summation by parts,

n

Z Ji(Brgr) = fas19n+1 — fogo — Z(Akfk)ngrl-
k=0

k=0

Let (an)n>0 be the coefficient sequence of an algebraic power series. Show that then
the sequence of partial sums (Y, ax),~, is the coefficient sequence of an algebraic
power series. a

Let T, be the number of tilings of a 3 x n rectangle with straight trominoes (i.e.,
1 x 3 and 3 x 1 pieces).

(a) Determine a recurrence relation for 7,,.

(b) Express the partial sum s, = >_;'_, T} in terms of T,,.

Express s, = >, _qai in terms of @, a,11, ..., where the sequence (an)n>0 is given
by the recurrence -

Qpts = Dpt1 — 4ay, ag=a1 =1, ay,=2.



